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Problem

Give C(s)-rational points of the following elliptic curve.

E : y2 = x3 � 1

4

3

�
76771008 + 44330496

�
3 s4x + s5(s2 + 1)
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Theorem (Kuwata & U.)

S2 =

S1 =

E(C(s)) � ZS1 � ZS2
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Example
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How?

What?§1

§2



内海　和樹（広島大学）有理関数体上の楕円曲線の有理点について

What?§1

X : singular K3 surface with TX �
�

6 0

0 6

�

X � P1 : Jacobian fibration with II� � 2

X

P1
s

II� II�

0 � s

�4

I0I1
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What?§1 What?§1

X : singular K3 surface with TX �
�

6 0

0 6

�

X � P1 : Jacobian fibration with II� � 2

y2 = x3 � 1

4

3

�
76771008 + 44330496

�
3 s4x + s5(s2 + 1)

is given by the following Weierstrass equation.
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Type Arrangement 
(with multiplicity)

1

11

1
1 n

1 1

1

1 1 1 1
2

n+5
1 1 1 1

2
2 2

2
1 1 1

2 2 2
3

1 1
23 3

4

2 2
1 23 45

62
3

4

1

1

1

1

Singular fibers (Kodaira’s classification)
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X �� P1

(x, y, s) �� s

Example (Elliptic K3 surface with 2II* ) 

�
y2 = x3 � 3�x + s +

1

s
� 2�

�

y2 = x3 � 3�s4x + s5(s2 + s � 2�), �, � � C
Weierstrass equation

Elliptic parameter
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X : K3 surface

H2(X, Z) � E8(�1) � E8(�1) � U � U � U

U �
�

0 1

1 0

�

NS(X) := {divisors}/
alg. equiv.

�
�

TX := NS(X)� � H2(X, Z)

� {divisors}/
lin. equiv.� = Pic(X)

Néron-Severi lattice

Transcendental lattice

Properties
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X : K3 surface

1 � rk NS(X) � 20

algebraic

singular K3 surface � rk TX = 2
:=�(X) : Picard number



内海　和樹（広島大学）有理関数体上の楕円曲線の有理点について

singular K3 surface

Theorem (T. Shioda & H. Inose)

{singular K3 surface} 1:1�� Q/SL2(Z)

Q :=

��
2a b

b 2c

�
| a, b, c � Z, a, c > 0, b2 � 4ac < 0

�
X �� TXX[a,b,c] :=

(positive definite integral even lattice)
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Theorem (D. Morrison)

Shioda-Inose structure�singular K3 surface admits a

(�(X) � 19 �)
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Shioda-Inose structure
Definition
A K3 surface X admits a Shioda-Inose structure.

def� �� � Aut(X) : symplectic involution

with rational quotient map � : X � �X/� � Km(A)

�� : H2(X) � H2(Km(A)) induces a Hodge isometry

TX(2) � TKm(A)

&
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Shioda-Inose structure

X

Km(A)

A

TX � TA

2 : 1 2 : 1

X is a double cover of a Kummer surface
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Symplectic involution on elliptic K3 surface with 2II*

X

P1
s

II� II�

0 � s

�4

I0I1

� � �X/� � Km(E1 � E2)
product type
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Elliptic K3 surface with 2II*  

X : y2 = x3 � 3�s4x + s5(s2 + s � 2�)

X
2:1� Km(E1 � E2)

� = 3
�

J(E1)J(E2), � =
�

(1 � J(E1)) (1 � J(E2))

(J(Ei) := j(Ei)/1728)
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Elliptic K3 surface with 2II*  

The case of X[a,b,c]

�
singular K3 surface with TX �

�
2a b
b 2c

��

Ei � C/Z + �iZ

�1 =
�b +

�
b2 � 4ac

2a
, �2 =

b +
�

b2 � 4ac

2
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X : singular K3 surface with TX �
�

6 0

0 6

�

X[3,0,3]

=

E1 = C/Z + iZ

E2 = C/Z + 3iZ

�
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How?§2

A. Kumar & M. Kuwata : 
• “Elliptic K3 surfaces associated with the product of 
two elliptic curves: Mordell-Weil lattices and their 
fields of definition”, arXiv:1409.2931.

Based on
Some Shioda’s papers : 
• “Correspondence of elliptic curves and Mordell- Weil 
lattices of certain elliptic K3 surfaces” 

• “Kummer sandwich theorem of certain elliptic K3 
surfaces”  

• … 

!
 



内海　和樹（広島大学）有理関数体上の楕円曲線の有理点について

Kummer sandwich theorem (T. Shioda)

X : Elliptic K3 surface with II� � 2

��, � � Aut(X) : symplectic involutions

X/��� � Km(E1 � E2)

X/��, �� � X

�E1, E2 : elliptic curves
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Kummer sandwich theorem (T. Shioda)

Km(E1 � E2) Km(E1 � E2)X

P1
sP1

t P1
T

s = t2 T = s + 1/s

II�

II�
IV�

IV�

I�0
I�0

II�s = 0

s = �
t = �
t = 0

T = �

T = ±2s = ±1
I0
I0

S-I str.
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X P1
s

Km(E1 � E2) P1
t

y2 = x3 � 3�s4x + s5(s2 � 2�s + 1)

s = t2

Y = y/t3

X = x/t2

Y 2 = X3 � 3�t4X + t4(t4 � 2�t2 + 1)F (2)(E1, E2) :

F (1)(E1, E2) :
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y2 = x3 � 3�s4x + s5(s2 � 2�s + 1)

Y 2 = X3 � 3�t4X + t4(t4 � 2�t2 + 1)F (2)(E1, E2) :

F (1)(E1, E2) :

F (2)(C(t)) � Hom(E1, E2) � (Z/2Z)2

F (1)(C(s)) � Hom(E1, E2)[2]

�
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rk Hom(E1, E2) =

�
���

���

0 E1
isog.� E2

1 E1
isog.� E2

2 E1
isog.� E2 : CM type

X : singular K3 surface
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X : singular K3 surface with TX �
�

6 0

0 6

�

X[3,0,3]

=

E1 = C/Z + iZ

E2 = C/Z + 3iZ

�
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E1 = C/Z + 3iZ

X : singular K3 surface with TX �
�

6 0

0 6

�

X[3,0,3]

=

�

E2 = C/Z + iZ
j(E2) = 1728

E2 : y2
2 = x2(x2 � 1)(x2 + 1)

j(E2) = 76771008 + 44330496
�

3

E1 : y2
1 = x1(x1 � 1)(x1 � �1)

�
�1 = �193 � 112

�
3 � 44

�
9 + 6

�
3 � 76�

3

�
9 + 6

�
3

�
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Hom(E1, E2) = ��1, �2�

�1 =

�2 =

�1 : E1
3:1� E2 �2 : E1

�1� E2
�i� E2
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singular a�ne model of Km(E1 � E2)

x2(x2 � 1)(x2 + 1) = t2x1(x1 � 1)(x1 � �1), t =
y2

y1

F (2) : Y 2 = X3 � 1

4

3

�
76771008 + 44330496

�
3 t4X + t4(t4 + 1)

= j(E1)

�
Y 2 = X3 � 3�t4X + t4(t4 � 2�t2 + 1)

� = 3
�

J(E1)J(E2), � =
�

(1 � J(E1))(1 � J(E2))

�
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How to find rational points of F (2)(E1, E2)

 : Trivial lattice

F (2)(C(t)) � NS(X)/T (X)

T (X) = � irr. comps. of red. fibs., zero-section, gen. fib.�
� E8(�1) � E8(�1) � U

NS(X) � F (2)(C(t))

D �� sum(D|F (2))

� F (2)(C(t))
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� � Hom(E1, E2)

� : (x1, y1) �� (x2, y2) = (�x(x1), �y(x1)y1)

�
x2(x2 � 1)(x2 � �2) = t2x1(x1 � 1)(x1 � �1)

x2 = �x(x1)

gives the divisor on Km(E1 � E2).

x2(x2 � 1)(x2 � �2) = t2x1(x1 � 1)(x1 � �1)

(�y(x1) � t)(�y(x1) + t)x1(x1 � 1)(x1 � �1) = 0
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Proposition

D±
� � div(Km(E1 � E2)) is defined by �y(x1) = ±t.

(1) D±
� = Q±

1 + · · · Q±
r : irr. decomp. /C(t)

� P±
� :=

�
Q±

i � F (2)(C(t))

(2) P+
� � P�

� � Im
�
F (1)(C(s)) � F (2)(C(t))

�

(�y(x1) � t)(�y(x1) + t)x1(x1 � 1)(x1 � �1) = 0
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For our �1, �2 · · ·

• Q±
i : solution of cubic equation over C(t)

•
�

Q±
i : hard to compute

x2(x2 � 1)(x2 � �2) = t2x1(x1 � 1)(x1 � �1)

at 3 points (over C(t)).

D±
�i

: 3-sections on F (2)(C(t)) intersect with



Cubic

3-section

Conic

P1

P2

P3
P4

P5

P6

P1 + P2 + P3 + P4 + P5 + P6 = O

Section!
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How to get such a conic

• p(x1) := numerator of �1y(x1) � t (deg p(x1) = 3)

• x2 = �1x(x1) =: ax2
1 + bx1 + c � C(t)[x1]/(p(x1))

• give a matrix A s.t.

�
1 x1 x2 x1x2 x2

1 x2
2

�
=

�
1 x1 x2

1

�
A

• for ker A =: �v1, v2, v3� give q1, q2, q3 s.t.

(q1v1 + q2v2 + q3v3)

�

���������

1

x1

x2

x1x2

x2
1

x2
2

�

���������

= 0 passes (0, 0), (0, �1).

Case of D+
�1
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Resultant(Cubic, Conic, x2) = (x1 � �)p(x1)x
2
1q(t)


