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ABSTRACT. We shall give a new elementary proof for the conjugacy theorem of Cartan
subalgebras of a finite-dimensional Lie algebra over an algebraically closed field of
characteristic zero.

1. Introduction

The aim of this paper is to give a new proof for the conjugacy theorem of
Cartan subalgebras in a finite-dimensional Lie algebra over an algebraically
closed field of characteristic zero.

The known proofs of this theorem use geometric methods (algebraic
geometry or analytic methods in the case the base field is the complex
number field) or elementary but complicated inductive arguments (see [1], [4],
(5], 6], [7], [8], [9]). In this paper we shall give an elementary, direct proof
for this theorem which fits into the theme of the presentation in Bourbaki
[4]. From our arguments the conjugacy theorem of Borel subalgebras is also
deduced.

Let us go into the detail. For the basic theory of Lie algebras we refer to
Bourbaki [2], [3], [4]. We fix the following notations and definitions which will
be used throughout the paper. We fix a (commutative) field F which is
algebraically closed and of characteristic zero. All Lie algebras are finite-
dimensional and are defined over F. For a Lie algebra L its center is denoted
by Z(L). For a subalgebra C of L we denote its normalizer in L by N, (C).
A subalgebra of a Lie algebra is called a Cartan subalgebra if it is a self
normalizing nilpotent Lie algebra, and is called a Borel subalgebra if it is
a maximal solvable subalgebra. For a Lie algebra L we denote its auto-
morphism group by Aut(L). We denote by Aut.(L) the subgroup of Aut(L)
generated by the elements of the form exp(ad(x)) where x e L is such that
ad(x) € End(L) is nilpotent.

Suppose that H is a nilpotent subalgebra of a Lie algebra L and let
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L= > L*H)
aeH*
be the primary decomposition (the weight space decomposition) of L with
respect to H. We denote by E;(H) the subgroup of Aut.(L) generated by
the elements of the form exp(ad(x)) where x e L*(H) for some o # 0.
Our main results are as follows.

ProrosITION 1. Let L be Lie algebra, and let C,,Cy be Cartan sub-
algebras of L. Then we have Er(C)) = Er(C).

Hence the subgroup E;(C) of Aut(L) do not depend on the choice of
a Cartan subalgebra C of a Lie algebra. We shall denote it by E; in the
following.

THEOREM 2. Let L be a Lie algebra. Then the group Ep acts transitively
on the set of Cartan subalgebras of L.

THEOREM 3. Let L be a Lie algebra. Then the intersection of two Borel
subalgebras of L contains a Cartan subalgebra of L.

In particular, any Borel subalgebra of a Lie algebra L contains a Cartan
subalgebra of L. By Theorem 2 and a standard argument involving the Weyl
group we also obtain the following.

COROLLARY 4. Let L be a Lie algebra. Then the group Ep acts tran-
sitively on the set of Borel subalgebras of L.

2. Cartan subalgebras

Let L be a Lie algebra.
For xe L set

L°(x) = L°(Fx) = {a e L : ad(x)"(a) = 0 for a sufficiently large n}.
We define the rank Rk(L) of L by
Rk(L) = min{dim L°(x) : x e L}.

We call an element x € L regular if dim L°(x) = Rk(L).
We shall use the following fundamental results on the Cartan subalgebras
(see [4, Ch. VII, §2]).

ProposITION 5. (i) Let ¢ : L — L' be a surjective homomorphism of Lie
algebras. If C is a Cartan subalgebra of L, then ¢(C) is a Cartan subalgebra of
L'. If C' is a Cartan subalgebra of L', then there exists a Cartan subalgebra C
of L such that ¢(C) = C'.

(ii) Let x be a regular element of L. Then L°(x) is a Cartan subalgebra of L.
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(iii) If Cis a Cartan subalgebra of L, then there exists some x € C such that
C=Lx).

(iv) Assume that L is semisimple. If C is a Cartan subalgebra of L, then C is
commutative and consists of semisimple elements.

We note the following facts on the group Er(H).

LEmMMA 6. Let H be a nilpotent subalgebra of L

(1) If Ly is a subalgebra of L containing H, then any ue Ep (H) can be
extended to some ve Ep(H).

(i) Let ¢:L — L, be a surjective homomorphism of Lie algebras. By re-
stricting the canonical group homomorphism Aut(L) — Aut(L,) we obtain
a surjective group homomorphism Ep(H) — Ep,(¢p(H)).

ProOF. The statement (i) is obvious from the definition, and the statement
(ii) follows from [4, Ch. VII, §1, Proposition 9(iv)]. O

The following result is a refinement of [4, Ch. VII, §3, Théor¢me 3]
although the proof is almost identical. We include the proof here for the
convenience of readers.

PRrROPOSITION 7. Assume that L is solvable. Let Cy,C, be Cartan sub-
algebra of L. Then there exist u; € Er(C;) (i =1,2) such that u;(Cy) = u(Cy).

Proor. We use induction on dim L. The case dim L =0 is trivial.
Assume that dim L > 0. Since L is solvable, it contains a non-zero ideal. Fix
a non-zero ideal N of L with minimal dimension, and let ¢ : L — L/N be the
canonical homomorphism. By Proposition 5 ¢(C;) for i = 1,2 are Cartan sub-
algebras of L/N. By the hypothesis of induction there exist % € Ez/y(p(C;))
satisfying #1(p(C1)) = ii2(p(C2)). By the surjectivity of E7(C;) — Ep n(9(C;))
we conclude that there exist v; € EL(C;) satisfying v;(Cy) + N = v2(C,) + N.
Hence we may assume C; + N =C,+N. If C;+ N & L we can apply the
hypothesis of induction for the Lie subalgebra L' = C; + N. Hence we may
assume that L=C; + N = C, + N.

Since [L,N] is an ideal of L contained in N we have [L,N]= {0} or
[L,N] = N by the minimality of N. If [L,N] =0, we have [N,C;] < [L,N] =
{0} = C;, and hence N < N.(C;) = C;. In this case we have C; =L = C,.
Hence we may assume that [L, N] = N.

Regard N as an L-module via the adjoint action. It is an irreducible
module by the choice of N. By L=C;+ N and [N,N]= {0}, N is even
an irreducible C;-module. Since NN C; is a C;-submodule of N, we have
NNC=Nor NNC;={0}. If NNC;=N, then we have L=C;+ N = C;,
and hence L is a nilpotent Lie algebra. In this case we have C; = C, = L.
Hence we may assume that NNC, = NN C, = {0}.
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Define f: C; — N so that x — f(x) € C;. We see easily that f([x, y]) =
[x, f(»)] = [y, f(x)] for any x,ye C;. Moreover, we have NNL°(C))=
NN C, ={0}. Hence there exists @« € N such that f(x) = [x,a] by [4, Ch. VII,
§1, Corollaire to Proposition 9]. By ad(a)*(L) < [N, [N, L] < [N,N] = {0},
we obtain exp(ad(a))(x) = x — [x,a] € C; for any x € C;. Hence (exp(ad(a))) -
(C1) € G,. It implies in particular that dim C) < dim C,. Hence we have
dim C; = dim C, by the symmetry, and it follows that (exp(ad(a)))(C;) = Cs.

It remains to show exp(ad(a)) € EL(C;1). Since N is ad(C))-stable, we
have N =Y (NNL*C)). Hence by L°(C;)=C, and L=C ®N we
obtain N =} _(L*(Cy)). Write a =), _,a, where a, € L*(C;). Then we
have

exp(ad(a)) = H exp(ad(a,)) € EL(Cy)
oa#0

by [N,N] = {0}. O

COROLLARY 8. Assume that L is solvable. If C,,C, are Cartan sub-
algebras of L, then we have Er(C) = EL(C)).

Proor. Take uj,u; as in Proposition 7. Then we have
EL(Cl) = ulEL(Cl)ufl = EL(ul(Cl)) = EL(uz(Cz)) = quL(Cz)ugl
=E (C). O

In particular, if L is solvable, then the subgroup E;(C) of Aut.(L), where
C is a Cartan subalgebra of L, does not depend on the choice of C. We shall
denote this group by E; (when L is solvable).

COROLLARY 9. Assume that L is solvable.
(1) The group E; acts transitively on the set of Cartan subalgebras of L.
(ii) Any Cartan subalgebra of L has dimension Rk(L).
(iii) An element x € L is regular if and only if L°(x) is a Cartan subalgebra of
L, and any Cartan subalgebra is obtained in this manner.

Proor. The statement (i) is a consequence of Corollary 8 and Proposition
7(ii). The statements (ii) and (iii) follow from (i) and Proposition 5(ii). [

PropoSITION 10. Let R be the radical of L, and let ¢ : L — L/R be the
canonical homomorphism. The following statements (i), (ii) for Cartan sub-
algebras Cy,C, of L are equivalent.

(i) There exist u; e E(C;) (i=1,2) such that u1(C) = u(C).
(i) There exist v; € Erjr(p(Ci)) (i =1,2) such that vi(p(C1)) = v2(p(C2)).

Proor. The implication (i) = (ii) is obvious. Let us show (ii) = (i).
Since EL(C;) — Er/r(p(C;)) is surjective, we can take u; € EL(C;) such that
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p(u1(C1)) = p(ua(C2)). Set T =u;(C;) + R=uz(Cy) + R. Since T is a solv-
able Lie algebra and since u;(C;) are Cartan subalgebras of T, we can take
u! € Er(u;(C;)) such that uju;(C1) = ubup(C). Then we have u/u; € E;(C;) by

ul{u,- € EL(u,-(C,-))u,- = u,—EL(C,-) = EL(C,) O

LemMma 11.  Assume that L is semisimple. Let C be a Cartan subalgebra
of L and let B be a solvable subalgebra of L containing C.
(i) We have B= C @ [B, B).
(i) The set [B, B] coincides with the set of nilpotent elements in L contained
in B.

Proor. By L°(C)=C we have B°(C)=C, and hence B=C®
> y20B*(C). Set BT(C)=3,.,B*C). We can take seC satisfying
C = L%s) by Proposition 5(iii). Since ad(s)|B*(C) is bijective, we have
B*(C) < [B, B].

Now [B,B] consists of nilpotent elements by Lie’s theorem, and C
consists of semisimple elements by Proposition 5(iv). In particular, we have
[B,B]N C ={0}. Hence (i) follows from B= C @® B"(C) and B*(C) < [B, B.
By Lie’s theorem the set of nilpotent elements in B is a subspace of B. Hence
(ii) follows from (i) and the facts that elements of [B, B] are nilpotent and
elements of C are semisimple. O

If L is a semisimple Lie algebra, we denote by x the Killing form on L,
and for any vector subspace S of L we denote by S* the vector subspace of L
which is orthogonal to S with respect to .

LemMmA 12.  Assume that L is semisimple. Then a subalgebra B of L is a
Borel subalgebra of L if and only if [B, B] = B*.

Proor. Note that a subalgebra H of L is solvable if and only if
[H,H] < H* by Cartan’s criterion [2, Ch. I, §5, Théoréme 2].

Suppose that B is a Borel subalgebra, and assume that [B, B] < B-. Then
we have B < [B,B]". By applying Lie’s theorem to the B-module [B, B]* /B
we see that there exists x € [B, B]*\B such that [B,x] = B+ Fx. Set B, = B+
Fx. We see easily that By is a subalgebra of L. Let us show [By, B|| < Bf.
Note Bf = (B+ Fx)" = B'N(Fx)" and [Bi,Bi] = [B,B] + [B,x]. Since B is
solvable, we have [B,B] < B:. Since xe[B,B]", we have [B,B|< (Fx) .
For a,be B we have r([a,x],b) = —x(x,[a,b]) =0 by xe[B,B]", and hence
[B,x] = B*. For aeB we have «([a,x],x)=x(a,[x,x])=0, and hence
[B,x] < (Fx)". The statement [B),B;] < B is proved. Hence B, is a
solvable subalgebra of L. This contradicts the assumption that B is a Borel
subalgebra. Hence [B, B] = B*.
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Suppose that [B,B] = B-. Let B, be a solvable subalgebra of L con-
taining B. Then we have

[Bi,Bi] = By = B = [B, B] = [Bi, Bi].

It follows that Bf = B and hence B; =B. Hence B is a Borel sub-
algebra. O

LemMA 13. Assume that L is semisimple. Let Ci,C, be Cartan sub-
algebras of L, and let By, B, be Borel subalgebras of L containing Ci, C,
respectively.

(i) BN By contains a Cartan subalgebra of L.
(i) There exist u; € EL(C;) (i =1,2) such that u;(Cy) = uy(Cy).

ProOF. Set N;=[B;,;B;]. By Lemma 11 and Lemma 12 we have B; =
C,®N; and B; = N}. Moreover, we have BN N, =N NN, =N NB, by
Lemma 11 (ii). By

By = Nit = (NN Ny)" = (BiNNy)" = Bf + N = N, + B,

we have By = N + (BiNBy).

Set r; =dim C;. By the symmetry we may assume r; <r,. Moreover,
we have r; = Rk(B;) by Corollary 9. We can take some z e C; such that
Ci = L°(z) by Proposition 5 (iii). Take n e N; such that w=z+ne B; N B,.
Then we have

ri = dim L°(z) = dim L°(w) > dim BY(w) > Rk(B;) = r; > r1,

where the equality dim L°(z) = dim L°(w) follows from Lie’s theorem. Hence
we obtain

ri = ry = dim L°(z) = dim L°(w) = dim BY(w) = Rk(B,).

It follows that all Cartan subalgebras of L have the same dimension r; =
r, = Rk(L). Hence we see from Proposition 5(ii) that a subalgebra C of L is a
Cartan subalgebra of L if and only if C = L°(x) for some x € L and dim C =
Rk(L). In particular, L°(w) is a Cartan subalgebra of L. Moreover, by
dim L%(w) = dim B’(w) we have L°w)= B%(w)< BiNB,. The statement
(i) is proved. Since B(w) is a Cartan subalgebra of B;, we can take some
u; € Ep (C;) such that u;(Cy) = L%(w) = uy(C,) by Corollary 9. We can regard
u; as an element of Er(C;) since any u € Ep,(C;) can be extended to an element
of E;(C;). The statement (ii) is proved. O

By Proposition 10 and Lemma 13 (ii) we obtain the following.

COROLLARY 14. Let Cy, Cy be Cartan subalgebra of L. Then there exist
u; € EL(C) (i=1,2) such that u;(Cy) = uy(Cy).

Similarly to Corollary 8, Corollary 9 we have the following.
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THEOREM 15. (i) The subgroup E;(C) of Aut.(L), where C is a Cartan
subalgebra of L, does not depend on the choice of C ( We shall denote it by Er in
the following).

(ii) The group E; acts transitively on the set of Cartan subalgebras of L.
(i) Any Cartan subalgebra of L has dimension Rk(L).
(iv) An element x € L is regular if and only if L°(x) is a Cartan subalgebra of

L, and any Cartan subalgebra is obtained in this manner.

A subalgebra S of a Lie algebra L is called an Engel subalgebra if
S = L°(x) for some x e L. An Engel subalgebra S of L is called a minimal
Engel subalgebra if it does not properly contain any Engel subalgebra of L.
The following corollary relates our result with the work [1].

COROLLARY 16. Cartan subalgebras of L are precisely minimal Engel sub-
algebras of L.

ProOF. By the definition of Rk(L) any Engel subalgebra has dimension
> Rk(L). Hence any Cartan subalgebra is a minimal Engel subalgebra by
Theorem 15 (iv). Assume that S is a minimal Engel subalgebra. Then S
contains a Cartan subalgebra C of L by [4, Ch. VII, §2, Proposition 11].
Since C is an Engel subalgebra, we have S = C by the minimality of S. [

3. Borel subalgebras
We first establish the following.

THEOREM 17. Any Borel subalgebra of L contains a Cartan subalgebra
of L.

Proor. Let R be the radical of L, and let ¢ : L — L/R be the canonical
homomorphism. For any Cartan subalgebra C’ of L/R there exists a Cartan
subalgebra C of L such that ¢(C) = C’ by Proposition 5. In particular, the
natural group homomorphism Ej — Ej g is surjective. Taking into account
of these facts and the fact that Borel subalgebras of L are in one-to-one
correspondence with the Borel subalgebras of L/R we see easily that we have
only to show the corresponding statement for L/R. Hence we assume that L
is semisimple in the rest of the proof.

Let B be a Borel subalgebra of L and let C be a Cartan subalgebra of B.
We shall prove that C is a Cartan subalgebra of L by showing N,(C) = C.

We first show that for any ¢ € C its semisimple part ¢; and its nilpotent
part ¢, (as an element of L) are elements of C and that ¢;e CNZ(L(C)).
Note that ad(c,) acts on each weight space L*(C) by the scalar multiplication
of a(c). In particular, we have [c;, L°(C)] =0. By C < L°(C) we have only



162 George Michael, A. A.

to show ¢; € C. Since ad(c) is a polynomial in ad(c), we have ¢, € N.(C)N
Nr(B). We have N.(B) = B by Lie’s theorem, and we have BN N, (C) =C
since C is a Cartan subalgebra of B. We obtain ¢, € N(C)NNL(B) =
NL(C)NB=C.

Observe that L°(C) is reductive by [4, Ch. VII, §1, Proposition 112], so
that L°(C) = Z(L°(C)) @ [L°(C), L°(C)] by [2, Ch. 1, §6, Proposition 5]. By
C< L°%C) we have [Z(L°(C)),C]=0 and hence Z(L°(C)) < N.(C).
Moreover, we have N (C) < L°(C). In fact, for xe N.(C), ce C we have
ad(c)(x) e C. Since C is nilpotent, we have ad(c)"(ad(c)(x)) =0 for a suf-
ficiently large n, and we obtain xe L°(C). It follows from Z(L°(C)) <
N.(C) < LY%(C) that

NL(C) = Z(L°(C)) @ (NL(C)N[L(C), L(CO))). (1)
Hence we have only to show
Z(L°(C)) = C, (2)
NL(C)N[LY(C),L°(C)] = C. (3)
Let us show
[B.B] = (Z(L°(C))". 4)

Set B*(C)=>",.oB*(C). Since C is a Cartan subalgebra of B, we have
B=C®B"(C). We can take ce C satisfying a(c) # 0 for any o e C*\{0}
such that B*(C) # {0}. Since ad(c) acts bijectively on BT(C), we have
B*(C) < [B,B], and hence [B,B]=(CN[B,B]) ® B (C). By a standard ar-
gument we see that x(L*(C),L#(C)) = 0 unless o + f = 0, and in particular, we
have B*(C) = (Z(L°(C)))". Hence we have to show CN[B, B] < (Z(L°(C)))*.
We have [Z(L(C)),CNI[B,B]] = {0} by CN[B,B] = C = L°(C). Moreover,
CN|[B,B] consists of nilpotent elements by Lie’s theorem. It follows that
ad(x) ad(y) is nilpotent for any x € Z(L°(C)), ye CN[B,B]. Hence we have
CN[B,B] < (Z(L°(C)))" by the definition of the Killing form x. (4) is
proved.

By (4) and Lemma 12 we have [Z(L°(C)),B] < B* < B, and hence
Z(L°(C)) € N.(B)NNL(C) = BNN(C)=C. (2) is proved.

Let us show (3). Let ze N (C)N[LY(C),L°(C)] and ce C. Then we
have [C+ Fz,C + Fz] = C, and hence C + Fz is a solvable subalgebra of L.
Since ¢, is a nilpotent element belonging to C, we have x(z,¢,) =0 by Lie’s
theorem. Since ¢, belongs to Z(L(C)), we have

K(z, ¢) = k([L°(C), L°(C)), Z(LY(C)))

= x(L%(C),[L°(C), Z(L*(C))]) = 0.
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Hence we have x(z,¢) =0. We have proved that N.(C)N[L°(C),L°(C)]
= Ct. We have also N, (C)N[LY(C),L°(C)] < L°(C) < (BY(C))* since
B*(C)<s > ,.0L*(C). By B=C®B"(C) and Lemma 12 we obtain

NL(C)N[L(C),L°(C)] € BENN(C) < BNN.(C) = C.
(3) is proved. O

COROLLARY 18. The intersection of two Borel subalgebras of L contains a
Cartan subalgebra of L.

PrOOF. We can assume that L is semisimple similarly to the proof
of Theorem 17. Then the assertion is a consequence of Theorem 17 and
Lemma 13. [

COROLLARY 19. The group Ep acts tramsitively on the set of Borel sub-
algebras of L.

PrOOF. We can again assume that L is semisimple. For Borel sub-
algebras B; and B, of L we have to find u € E; satisfying u(B;) = B,. By
Corollary 18 By and B; contain a common Cartan subalgebra C of L. Then
the assertion follows from a standard argument involving the Weyl group
(see [3, Ch. VI, §1, Théoréme 2] and [4, Ch. VIII, §2, Corollaire to Théoreme
2)). O
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