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Abstract. We shall give a new elementary proof for the conjugacy theorem of Cartan

subalgebras of a finite-dimensional Lie algebra over an algebraically closed field of

characteristic zero.

1. Introduction

The aim of this paper is to give a new proof for the conjugacy theorem of

Cartan subalgebras in a finite-dimensional Lie algebra over an algebraically

closed field of characteristic zero.

The known proofs of this theorem use geometric methods (algebraic

geometry or analytic methods in the case the base field is the complex

number field) or elementary but complicated inductive arguments (see [1], [4],

[5], [6], [7], [8], [9]). In this paper we shall give an elementary, direct proof

for this theorem which fits into the theme of the presentation in Bourbaki

[4]. From our arguments the conjugacy theorem of Borel subalgebras is also

deduced.

Let us go into the detail. For the basic theory of Lie algebras we refer to

Bourbaki [2], [3], [4]. We fix the following notations and definitions which will

be used throughout the paper. We fix a (commutative) field F which is

algebraically closed and of characteristic zero. All Lie algebras are finite-

dimensional and are defined over F. For a Lie algebra L its center is denoted

by ZðLÞ. For a subalgebra C of L we denote its normalizer in L by NLðCÞ.
A subalgebra of a Lie algebra is called a Cartan subalgebra if it is a self

normalizing nilpotent Lie algebra, and is called a Borel subalgebra if it is

a maximal solvable subalgebra. For a Lie algebra L we denote its auto-

morphism group by AutðLÞ. We denote by AuteðLÞ the subgroup of AutðLÞ
generated by the elements of the form expðadðxÞÞ where x A L is such that

adðxÞ A EndðLÞ is nilpotent.

Suppose that H is a nilpotent subalgebra of a Lie algebra L and let
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L ¼
X

a AH �
LaðHÞ

be the primary decomposition (the weight space decomposition) of L with

respect to H. We denote by ELðHÞ the subgroup of AuteðLÞ generated by

the elements of the form expðadðxÞÞ where x A LaðHÞ for some a0 0.

Our main results are as follows.

Proposition 1. Let L be Lie algebra, and let C1;C2 be Cartan sub-

algebras of L. Then we have ELðC1Þ ¼ ELðC2Þ.

Hence the subgroup ELðCÞ of AutðLÞ do not depend on the choice of

a Cartan subalgebra C of a Lie algebra. We shall denote it by EL in the

following.

Theorem 2. Let L be a Lie algebra. Then the group EL acts transitively

on the set of Cartan subalgebras of L.

Theorem 3. Let L be a Lie algebra. Then the intersection of two Borel

subalgebras of L contains a Cartan subalgebra of L.

In particular, any Borel subalgebra of a Lie algebra L contains a Cartan

subalgebra of L. By Theorem 2 and a standard argument involving the Weyl

group we also obtain the following.

Corollary 4. Let L be a Lie algebra. Then the group EL acts tran-

sitively on the set of Borel subalgebras of L.

2. Cartan subalgebras

Let L be a Lie algebra.

For x A L set

L0ðxÞ ¼ L0ðFxÞ ¼ fa A L : adðxÞnðaÞ ¼ 0 for a su‰ciently large ng:

We define the rank RkðLÞ of L by

RkðLÞ ¼ minfdim L0ðxÞ : x A Lg:

We call an element x A L regular if dim L0ðxÞ ¼ RkðLÞ.
We shall use the following fundamental results on the Cartan subalgebras

(see [4, Ch. VII, § 2]).

Proposition 5. (i) Let j : L! L 0 be a surjective homomorphism of Lie

algebras. If C is a Cartan subalgebra of L, then jðCÞ is a Cartan subalgebra of
L 0. If C 0 is a Cartan subalgebra of L 0, then there exists a Cartan subalgebra C

of L such that jðCÞ ¼ C 0.

( ii ) Let x be a regular element of L. Then L0ðxÞ is a Cartan subalgebra of L.
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(iii) If C is a Cartan subalgebra of L, then there exists some x A C such that

C ¼ L0ðxÞ.
(iv) Assume that L is semisimple. If C is a Cartan subalgebra of L, then C is

commutative and consists of semisimple elements.

We note the following facts on the group ELðHÞ.

Lemma 6. Let H be a nilpotent subalgebra of L

( i ) If L1 is a subalgebra of L containing H, then any u A EL1
ðHÞ can be

extended to some v A ELðHÞ.
(ii) Let j : L! L2 be a surjective homomorphism of Lie algebras. By re-

stricting the canonical group homomorphism AutðLÞ ! AutðL2Þ we obtain
a surjective group homomorphism ELðHÞ ! EL2

ðjðHÞÞ.

Proof. The statement (i) is obvious from the definition, and the statement

(ii) follows from [4, Ch. VII, § 1, Proposition 9(iv)]. r

The following result is a refinement of [4, Ch. VII, § 3, Théorème 3]

although the proof is almost identical. We include the proof here for the

convenience of readers.

Proposition 7. Assume that L is solvable. Let C1;C2 be Cartan sub-

algebra of L. Then there exist ui A ELðCiÞ ði ¼ 1; 2Þ such that u1ðC1Þ ¼ u2ðC2Þ.

Proof. We use induction on dim L. The case dim L ¼ 0 is trivial.

Assume that dim L > 0. Since L is solvable, it contains a non-zero ideal. Fix

a non-zero ideal N of L with minimal dimension, and let j : L! L=N be the

canonical homomorphism. By Proposition 5 jðCiÞ for i ¼ 1; 2 are Cartan sub-

algebras of L=N. By the hypothesis of induction there exist ~uui A EL=NðjðCiÞÞ
satisfying ~uu1ðjðC1ÞÞ ¼ ~uu2ðjðC2ÞÞ. By the surjectivity of ELðCiÞ ! EL=NðjðCiÞÞ
we conclude that there exist vi A ELðCiÞ satisfying v1ðC1Þ þN ¼ v2ðC2Þ þN.

Hence we may assume C1 þN ¼ C2 þN. If C1 þNWL we can apply the

hypothesis of induction for the Lie subalgebra L 0 ¼ C1 þN. Hence we may

assume that L ¼ C1 þN ¼ C2 þN.

Since ½L;N� is an ideal of L contained in N we have ½L;N� ¼ f0g or

½L;N� ¼ N by the minimality of N. If ½L;N� ¼ 0, we have ½N;Ci�J ½L;N� ¼
f0gJCi, and hence NJNLðCiÞ ¼ Ci. In this case we have C1 ¼ L ¼ C2.

Hence we may assume that ½L;N� ¼ N.

Regard N as an L-module via the adjoint action. It is an irreducible

module by the choice of N. By L ¼ Ci þN and ½N;N� ¼ f0g, N is even

an irreducible Ci-module. Since N VCi is a Ci-submodule of N, we have

N VCi ¼ N or N VCi ¼ f0g. If N VCi ¼ N, then we have L ¼ Ci þN ¼ Ci,

and hence L is a nilpotent Lie algebra. In this case we have C1 ¼ C2 ¼ L.

Hence we may assume that N VC1 ¼ N VC2 ¼ f0g.
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Define f : C1 ! N so that x� f ðxÞ A C2. We see easily that f ð½x; y�Þ ¼
½x; f ðyÞ� � ½y; f ðxÞ� for any x; y A C1. Moreover, we have N VL0ðC1Þ ¼
N VC1 ¼ f0g. Hence there exists a A N such that f ðxÞ ¼ ½x; a� by [4, Ch. VII,

§ 1, Corollaire to Proposition 9]. By adðaÞ2ðLÞJ ½N; ½N;L��J ½N;N� ¼ f0g,
we obtain expðadðaÞÞðxÞ ¼ x� ½x; a� A C2 for any x A C1. Hence ðexpðadðaÞÞÞ 

ðC1ÞJC2. It implies in particular that dim C1 a dim C2. Hence we have

dim C1 ¼ dim C2 by the symmetry, and it follows that ðexpðadðaÞÞÞðC1Þ ¼ C2.

It remains to show expðadðaÞÞ A ELðC1Þ. Since N is adðC1Þ-stable, we

have N ¼
P

aðN VLaðC1ÞÞ. Hence by L0ðC1Þ ¼ C1 and L ¼ C1 lN we

obtain N ¼
P

a00ðLaðC1ÞÞ. Write a ¼
P

a00 aa where aa A LaðC1Þ. Then we

have

expðadðaÞÞ ¼
Y

a00

expðadðaaÞÞ A ELðC1Þ

by ½N;N� ¼ f0g. r

Corollary 8. Assume that L is solvable. If C1;C2 are Cartan sub-

algebras of L, then we have ELðC1Þ ¼ ELðC2Þ.

Proof. Take u1; u2 as in Proposition 7. Then we have

ELðC1Þ ¼ u1ELðC1Þu�1
1 ¼ ELðu1ðC1ÞÞ ¼ ELðu2ðC2ÞÞ ¼ u2ELðC2Þu�1

2

¼ ELðC2Þ: r

In particular, if L is solvable, then the subgroup ELðCÞ of AuteðLÞ, where
C is a Cartan subalgebra of L, does not depend on the choice of C. We shall

denote this group by EL (when L is solvable).

Corollary 9. Assume that L is solvable.

( i ) The group EL acts transitively on the set of Cartan subalgebras of L.

( ii ) Any Cartan subalgebra of L has dimension RkðLÞ.
(iii) An element x A L is regular if and only if L0ðxÞ is a Cartan subalgebra of

L, and any Cartan subalgebra is obtained in this manner.

Proof. The statement (i) is a consequence of Corollary 8 and Proposition

7(ii). The statements (ii) and (iii) follow from (i) and Proposition 5(ii). r

Proposition 10. Let R be the radical of L, and let j : L! L=R be the

canonical homomorphism. The following statements (i), (ii) for Cartan sub-

algebras C1;C2 of L are equivalent.

( i ) There exist ui A ELðCiÞ ði ¼ 1; 2Þ such that u1ðC1Þ ¼ u2ðC2Þ.
(ii) There exist vi A EL=RðjðCiÞÞ ði ¼ 1; 2Þ such that v1ðjðC1ÞÞ ¼ v2ðjðC2ÞÞ.

Proof. The implication (i) ) (ii) is obvious. Let us show (ii) ) (i).

Since ELðCiÞ ! EL=RðjðCiÞÞ is surjective, we can take ui A ELðCiÞ such that
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jðu1ðC1ÞÞ ¼ jðu2ðC2ÞÞ. Set T ¼ u1ðC1Þ þ R ¼ u2ðC2Þ þ R. Since T is a solv-

able Lie algebra and since uiðCiÞ are Cartan subalgebras of T, we can take

u 0i A ETðuiðCiÞÞ such that u 01u1ðC1Þ ¼ u 02u2ðC2Þ. Then we have u 0i ui A ELðCiÞ by

u 0i ui A ELðuiðCiÞÞui ¼ uiELðCiÞ ¼ ELðCiÞ: r

Lemma 11. Assume that L is semisimple. Let C be a Cartan subalgebra

of L and let B be a solvable subalgebra of L containing C.

( i ) We have B ¼ Cl ½B;B�.
(ii) The set ½B;B� coincides with the set of nilpotent elements in L contained

in B.

Proof. By L0ðCÞ ¼ C we have B0ðCÞ ¼ C, and hence B ¼ ClP
a00 B

aðCÞ. Set BþðCÞ ¼
P

a00 B
aðCÞ. We can take s A C satisfying

C ¼ L0ðsÞ by Proposition 5(iii). Since adðsÞ jBþðCÞ is bijective, we have

BþðCÞJ ½B;B�.
Now ½B;B� consists of nilpotent elements by Lie’s theorem, and C

consists of semisimple elements by Proposition 5(iv). In particular, we have

½B;B�VC ¼ f0g. Hence (i) follows from B ¼ ClBþðCÞ and BþðCÞJ ½B;B�.
By Lie’s theorem the set of nilpotent elements in B is a subspace of B. Hence

(ii) follows from (i) and the facts that elements of ½B;B� are nilpotent and

elements of C are semisimple. r

If L is a semisimple Lie algebra, we denote by k the Killing form on L,

and for any vector subspace S of L we denote by S? the vector subspace of L

which is orthogonal to S with respect to k.

Lemma 12. Assume that L is semisimple. Then a subalgebra B of L is a

Borel subalgebra of L if and only if ½B;B� ¼ B?.

Proof. Note that a subalgebra H of L is solvable if and only if

½H;H�JH? by Cartan’s criterion [2, Ch. I, § 5, Théorème 2].

Suppose that B is a Borel subalgebra, and assume that ½B;B�WB?. Then

we have BW ½B;B�?. By applying Lie’s theorem to the B-module ½B;B�?=B
we see that there exists x A ½B;B�?nB such that ½B; x�JBþ Fx. Set B1 ¼ Bþ
Fx. We see easily that B1 is a subalgebra of L. Let us show ½B1;B1�JB?

1 .

Note B?
1 ¼ ðBþ FxÞ? ¼ B? V ðFxÞ? and ½B1;B1� ¼ ½B;B� þ ½B; x�. Since B is

solvable, we have ½B;B�JB?. Since x A ½B;B�?, we have ½B;B�J ðFxÞ?.
For a; b A B we have kð½a; x�; bÞ ¼ �kðx; ½a; b�Þ ¼ 0 by x A ½B;B�?, and hence

½B; x�JB?. For a A B we have kð½a; x�; xÞ ¼ kða; ½x; x�Þ ¼ 0, and hence

½B; x�J ðFxÞ?. The statement ½B1;B1�JB?
1 is proved. Hence B1 is a

solvable subalgebra of L. This contradicts the assumption that B is a Borel

subalgebra. Hence ½B;B� ¼ B?.
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Suppose that ½B;B� ¼ B?. Let B1 be a solvable subalgebra of L con-

taining B. Then we have

½B1;B1�JB?
1 JB? ¼ ½B;B�J ½B1;B1�:

It follows that B?
1 ¼ B? and hence B1 ¼ B. Hence B is a Borel sub-

algebra. r

Lemma 13. Assume that L is semisimple. Let C1;C2 be Cartan sub-

algebras of L, and let B1;B2 be Borel subalgebras of L containing C1;C2

respectively.

( i ) B1 VB2 contains a Cartan subalgebra of L.

(ii) There exist ui A ELðCiÞ ði ¼ 1; 2Þ such that u1ðC1Þ ¼ u2ðC2Þ.

Proof. Set Ni ¼ ½Bi;Bi�. By Lemma 11 and Lemma 12 we have Bi ¼
CilNi and Bi ¼ N?

i . Moreover, we have B1 VN2 ¼ N1 VN2 ¼ N1 VB2 by

Lemma 11 (ii). By

B1 ¼ N?
1 J ðN1 VN2Þ? ¼ ðB1 VN2Þ? ¼ B?

1 þN?
2 ¼ N1 þ B2

we have B1 ¼ N1 þ ðB1 VB2Þ.
Set ri ¼ dim Ci. By the symmetry we may assume r1 a r2. Moreover,

we have ri ¼ RkðBiÞ by Corollary 9. We can take some z A C1 such that

C1 ¼ L0ðzÞ by Proposition 5 (iii). Take n A N1 such that w ¼ zþ n A B1 VB2.

Then we have

r1 ¼ dim L0ðzÞ ¼ dim L0ðwÞb dim B0
i ðwÞbRkðBiÞ ¼ ri b r1;

where the equality dim L0ðzÞ ¼ dim L0ðwÞ follows from Lie’s theorem. Hence

we obtain

r1 ¼ r2 ¼ dim L0ðzÞ ¼ dim L0ðwÞ ¼ dim B0
i ðwÞ ¼ RkðBiÞ:

It follows that all Cartan subalgebras of L have the same dimension r1 ¼
r2 ¼ RkðLÞ. Hence we see from Proposition 5(ii) that a subalgebra C of L is a

Cartan subalgebra of L if and only if C ¼ L0ðxÞ for some x A L and dim C ¼
RkðLÞ. In particular, L0ðwÞ is a Cartan subalgebra of L. Moreover, by

dim L0ðwÞ ¼ dim B0
i ðwÞ we have L0ðwÞ ¼ B0

i ðwÞJB1 VB2. The statement

(i) is proved. Since B0
i ðwÞ is a Cartan subalgebra of Bi, we can take some

ui A EBiðCiÞ such that u1ðC1Þ ¼ L0ðwÞ ¼ u2ðC2Þ by Corollary 9. We can regard

ui as an element of ELðCiÞ since any u A EBiðCiÞ can be extended to an element

of ELðCiÞ. The statement (ii) is proved. r

By Proposition 10 and Lemma 13 (ii) we obtain the following.

Corollary 14. Let C1;C2 be Cartan subalgebra of L. Then there exist

ui A ELðCiÞ ði ¼ 1; 2Þ such that u1ðC1Þ ¼ u2ðC2Þ.

Similarly to Corollary 8, Corollary 9 we have the following.
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Theorem 15. (i) The subgroup ELðCÞ of AuteðLÞ, where C is a Cartan

subalgebra of L, does not depend on the choice of C (We shall denote it by EL in

the following).

( ii ) The group EL acts transitively on the set of Cartan subalgebras of L.

(iii) Any Cartan subalgebra of L has dimension RkðLÞ.
(iv) An element x A L is regular if and only if L0ðxÞ is a Cartan subalgebra of

L, and any Cartan subalgebra is obtained in this manner.

A subalgebra S of a Lie algebra L is called an Engel subalgebra if

S ¼ L0ðxÞ for some x A L. An Engel subalgebra S of L is called a minimal

Engel subalgebra if it does not properly contain any Engel subalgebra of L.

The following corollary relates our result with the work [1].

Corollary 16. Cartan subalgebras of L are precisely minimal Engel sub-

algebras of L.

Proof. By the definition of RkðLÞ any Engel subalgebra has dimension

bRkðLÞ. Hence any Cartan subalgebra is a minimal Engel subalgebra by

Theorem 15 (iv). Assume that S is a minimal Engel subalgebra. Then S

contains a Cartan subalgebra C of L by [4, Ch. VII, § 2, Proposition 11].

Since C is an Engel subalgebra, we have S ¼ C by the minimality of S. r

3. Borel subalgebras

We first establish the following.

Theorem 17. Any Borel subalgebra of L contains a Cartan subalgebra

of L.

Proof. Let R be the radical of L, and let j : L! L=R be the canonical

homomorphism. For any Cartan subalgebra C 0 of L=R there exists a Cartan

subalgebra C of L such that jðCÞ ¼ C 0 by Proposition 5. In particular, the

natural group homomorphism EL ! EL=R is surjective. Taking into account

of these facts and the fact that Borel subalgebras of L are in one-to-one

correspondence with the Borel subalgebras of L=R we see easily that we have

only to show the corresponding statement for L=R. Hence we assume that L

is semisimple in the rest of the proof.

Let B be a Borel subalgebra of L and let C be a Cartan subalgebra of B.

We shall prove that C is a Cartan subalgebra of L by showing NLðCÞ ¼ C.

We first show that for any c A C its semisimple part cs and its nilpotent

part cn (as an element of L) are elements of C and that cs A C VZðL0ðCÞÞ.
Note that adðcsÞ acts on each weight space LaðCÞ by the scalar multiplication

of aðcÞ. In particular, we have ½cs;L0ðCÞ� ¼ 0. By CJL0ðCÞ we have only
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to show cs A C. Since adðcsÞ is a polynomial in adðcÞ, we have cs A NLðCÞV
NLðBÞ. We have NLðBÞ ¼ B by Lie’s theorem, and we have BVNLðCÞ ¼ C

since C is a Cartan subalgebra of B. We obtain cs A NLðCÞVNLðBÞ ¼
NLðCÞVB ¼ C.

Observe that L0ðCÞ is reductive by [4, Ch. VII, § 1, Proposition 112], so

that L0ðCÞ ¼ ZðL0ðCÞÞl ½L0ðCÞ;L0ðCÞ� by [2, Ch. 1, § 6, Proposition 5]. By

CJL0ðCÞ we have ½ZðL0ðCÞÞ;C� ¼ 0 and hence ZðL0ðCÞÞJNLðCÞ.
Moreover, we have NLðCÞJL0ðCÞ. In fact, for x A NLðCÞ; c A C we have

adðcÞðxÞ A C. Since C is nilpotent, we have adðcÞnðadðcÞðxÞÞ ¼ 0 for a suf-

ficiently large n, and we obtain x A L0ðCÞ. It follows from ZðL0ðCÞÞJ
NLðCÞJL0ðCÞ that

NLðCÞ ¼ ZðL0ðCÞÞl ðNLðCÞV ½L0ðCÞ;L0ðCÞ�Þ: ð1Þ

Hence we have only to show

ZðL0ðCÞÞJC; ð2Þ

NLðCÞV ½L0ðCÞ;L0ðCÞ�JC: ð3Þ

Let us show

½B;B�J ðZðL0ðCÞÞÞ?: ð4Þ

Set BþðCÞ ¼
P

a00 B
aðCÞ. Since C is a Cartan subalgebra of B, we have

B ¼ ClBþðCÞ. We can take c A C satisfying aðcÞ0 0 for any a A C �nf0g
such that BaðCÞ0 f0g. Since adðcÞ acts bijectively on BþðCÞ, we have

BþðCÞJ ½B;B�, and hence ½B;B� ¼ ðC V ½B;B�ÞlBþðCÞ. By a standard ar-

gument we see that kðLaðCÞ;LbðCÞÞ ¼ 0 unless aþ b ¼ 0, and in particular, we

have BþðCÞJ ðZðL0ðCÞÞÞ?. Hence we have to show C V ½B;B�J ðZðL0ðCÞÞÞ?.
We have ½ZðL0ðCÞÞ;C V ½B;B�� ¼ f0g by C V ½B;B�JCJL0ðCÞ. Moreover,

C V ½B;B� consists of nilpotent elements by Lie’s theorem. It follows that

adðxÞ adðyÞ is nilpotent for any x A ZðL0ðCÞÞ, y A C V ½B;B�. Hence we have

C V ½B;B�J ðZðL0ðCÞÞÞ? by the definition of the Killing form k. (4) is

proved.

By (4) and Lemma 12 we have ½ZðL0ðCÞÞ;B�JB? JB, and hence

ZðL0ðCÞÞJNLðBÞVNLðCÞ ¼ BVNLðCÞ ¼ C. (2) is proved.

Let us show (3). Let z A NLðCÞV ½L0ðCÞ;L0ðCÞ� and c A C. Then we

have ½C þ Fz;C þ Fz�JC, and hence C þ Fz is a solvable subalgebra of L.

Since cn is a nilpotent element belonging to C, we have kðz; cnÞ ¼ 0 by Lie’s

theorem. Since cs belongs to ZðL0ðCÞÞ, we have

kðz; csÞJ kð½L0ðCÞ;L0ðCÞ�;ZðL0ðCÞÞÞ

¼ kðL0ðCÞ; ½L0ðCÞ;ZðL0ðCÞÞ�Þ ¼ 0:
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Hence we have kðz; cÞ ¼ 0. We have proved that NLðCÞV ½L0ðCÞ;L0ðCÞ�
JC?. We have also NLðCÞV ½L0ðCÞ;L0ðCÞ�JL0ðCÞJ ðBþðCÞÞ? since

BþðCÞJ
P

a00 L
aðCÞ. By B ¼ ClBþðCÞ and Lemma 12 we obtain

NLðCÞV ½L0ðCÞ;L0ðCÞ�JB? VNLðCÞJBVNLðCÞ ¼ C:

(3) is proved. r

Corollary 18. The intersection of two Borel subalgebras of L contains a

Cartan subalgebra of L.

Proof. We can assume that L is semisimple similarly to the proof

of Theorem 17. Then the assertion is a consequence of Theorem 17 and

Lemma 13. r

Corollary 19. The group EL acts transitively on the set of Borel sub-

algebras of L.

Proof. We can again assume that L is semisimple. For Borel sub-

algebras B1 and B2 of L we have to find u A EL satisfying uðB1Þ ¼ B2. By

Corollary 18 B1 and B2 contain a common Cartan subalgebra C of L. Then

the assertion follows from a standard argument involving the Weyl group

(see [3, Ch. VI, § 1, Théorème 2] and [4, Ch. VIII, § 2, Corollaire to Théorème

2]). r
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[ 4 ] N. Bourbaki, Groupes et algèbres de Lie, Ch. 7, 8 Herman, Paris 1975.
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