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ABSTRACT. In this paper, we prove that the tangent bundle t(L"(3)) of the (2n+ 1)-
dimensional mod 3 standard lens space L"(3) is stably extendible to L™(3) for every
m >n if and only if 0 <n <3. Combining this fact with the results obtained in [6],
we see that (L2(3)) is stably extendible to L3(3), but is not extendible to L3(3).
Furthermore, we prove that the ¢-fold power of 7(L"(3)) and its complexification are
extendible to L™(3) for every m>n if +>2, and have a necessary and sufficient
condition that the square v? of the normal bundle v associated to an immersion of L"(3)
in the Euclidean (4n+ 3)-space is extendible to L™(3) for every m > n.

1. Definitions and results

The extension problem is one of the fundamental problems in topology.
We study the problem for F-vector bundles over standard lens spaces mod 3,
where F is either the real number field R or the complex number field C.

First, we recall the definitions of extendibility and stable extendibility
according to [12] and [2]. Let X be a space and A be its subspace. A
k-dimensional F-vector bundle { over A4 is said to be extendible (respectively
stably extendible) to X, if there is a k-dimensional F-vector bundle over X
whose restriction to A4 is equivalent (respectively stably equivalent) to { as
F-vector bundles, that is, if { is equivalent (respectively stably equivalent) to
the induced bundle i*a of a k-dimensional F-vector bundle « over X under the
inclusion map i: 4 — X. For simplicity, we use the same letter for an
F-vector bundle and its equivalence class, and use a non-negative integer k for
the k-dimensional trivial F-vector bundle.

For a non-negative integer n and an integer ¢ > 1, let L"(g) denote the
(2n + 1)-dimensional standard lens space mod ¢ and L{(g) its 2n-skeleton (cf.
[3], [4] and [11]). For a positive integer n, let #, stand for the canonical C-line
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bundle over L"(g). For simplicity, we use the same symbol 7, for the re-
striction of #, to L{j(¢). For a differentiable manifold M, let (M) denote the
tangent bundle of M.

On extendibility and stable extendibility of tangent bundles over standard
lens spaces mod 3, we have

THEOREM 1. As for the tangent bundle t(L"(3)) of L"(3). The following
three conditions are equivalent:

(1) =(L"(3)) is stably extendible to L™(3) for every m > n.

(2) t(L"(3)) is stably extendible to L**2(3).

(3) 0<mn<3.

Combining Theorem 1 with Theorem 5.1 of [6], we obtain

COROLLARY 2. t(L*(3)) is stably extendible to L3(3), but is not extendible
to L3(3).

Another example of an R-vector bundle that is stably extendible but is
not extendible is given by the tangent bundle 7(S”) of the n-sphere S” in the
(n+1)-sphere S™! for n #1,3,7 (cf. [10, Proof of Theorem 2.2]).

Let ¢: Kr(X) — Kc(X) be the complexification. Then we have

THEOREM 3. The complexification ct(L"(3)) of t(L"(
extendible to L™(3) for every m withn <m < 2n+ 1, but ct(L"(3
extendible to L*'**(3) if n> 6.

3)) is stably
)) is not stably

For a positive integer ¢, let 7(L"(¢q))" = 7(L"(q)) ® --- ® 7(L"(q)) (t-fold)
be the #-fold power of 7(L"(gq)), where ® denotes the tensor product. Then we
prove

TueoreM 4. t(L"(3))" is extendible to L™ (3) for every m >n if t > 2.

THEOREM 5. The complexification ct(L"(3))" of ©(L"(3))" is extendible to
L™(3) for every m>n if t > 2.

As for the normal bundle v associated to an immersion of L"(3) in the
Euclidean (4n + 3)-space R**3 it was proved in [9, Theorem B] that the
following three conditions are equivalent:

(1) v is extendible to L™(3) for every m > n.

(2) v is stably extendible to L™(3) for every m > n.

(3) 0<mn<s.

For the square v?

=yv®v of v, we have

THEOREM 6. Let v be the normal bundle associated to an immersion of
L"(3) in R*3 and v? its square. Then the following three conditions are
equivalent:
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(1) v?* is extendible to L™(3) for every m > n.
(2) v?* is stably extendible to L™(3) for every m > n.
(3) 0<n<13 or n=15.

Theorem 2 of [5] is the result which corresponds to Theorem 6 for
extendibility of the square of the normal bundle associated to an immersion of
the real projective n-space RP" in R>'*!

This paper is arranged as follows. In Section 2 we recall results that are
necessary for our proofs. In Section 3 we prove Theorem 1, Corollary 2 and
Theorem 3. In Section 4 we prepare lemmas and prove Theorems 4 and
5. In Section 5 we give Whitney sum decompositions of the squares v? of the
normal bundles v associated to immersions of L"(3) in R**3 for 0 <n <13
and n =15 and prove Theorem 6.

2. Preliminaries

For a positive integer n, let #, denote the canonical C-line bundle over
L"(3) and o, = 1, — 1 its stable class. Let r: Kc(X) — Kgr(X) be the forgetful
map and Z/q denote the cyclic group of order ¢, where ¢ is an integer > 1.
For a real number x, let |x| denote the largest integer s with s < x.

The ring structure of the reduced Grothendieck ring Kg(L"(3)) is de-
termined in [3] as follows (cf. [4] and [11]).

THEOREM 2.1 (cf. [3, Theorem 2] and [4, Proposition 2.11]).

N Kr(L'(3))+Z/2 for n=0 mod 4,
Rz = | KR + 272 for n=
Kr(Lj(3)) otherwise,
where + denotes the direct sum. The group Kg(L%(3)) is isomorphic to the
cyclic group Z /372 of order 31"/?) and is generated by ra,. Moreover, the ring
structure is given by

(ron)* = =3ray, namely (rm,)* =, +2, and (ran)v'/zﬁl =0.

The ring structure of the reduced Grothendieck ring K¢ (L"(3)) is de-
termined in [3] as follows (cf. [4] and [11]).

THEOREM 2.2 (cf. [3, Theorem 1] and [4, Lemma 2.4]).

o ~ (T [ Z/32  z/32 for even n,
KC(L (3)) = KC(LO(3)) = {Z/3L’1/2J+1 + Z/3Ln/2J for Odd n.

The first summand is generated by o, and the second summand is generated
by a2 Moreover, the ring structure is given by

o) = 30> — 30, namely n’=1, and o' =0.
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We recall two theorems on F-vector bundles over L"(p) which are useful
for our proofs.

THEOREM 2.3 (cf. [6, Theorem 1.1] and [8, Theorem 3.1]). Let p be an
odd prime and { be a k-dimensional R-vector bundle over L"(p). Assume that
there is a positive integer ¢ such that { is stably equivalent to a sum of |k/2| + ¢
non-trivial 2-dimensional R-vector bundles and |k/2| + ¢ < p"/(?=DI. Then n <
21k/2] 4+ 2¢ and { is not stably extendible to L™(p) for every m with m >
20k/2| +2¢.

THEOREM 2.4 (cf. [7, Theorem 1.1] and [9, Theorem 4.5]). Let p be a
prime and { be a k-dimensional C-vector bundle over L"(p). Assume that there
is a positive integer { such that { is stably equivalent to a sum of k + { non-
trivial C-line bundles and k + ¢ < pt" P~V Then n < k + ¢ and { is not stably
extendible to L™(p) for every m with m >k +/.

Let d =1 or 2 according as F = R or C. For a real number x, let [x]
denote the smallest integer s with x <s. The following results are known.

THEOREM 2.5 (cf. [1, Theorem 1.2, p. 99]). Let m=[(n+1)/d —1].
Then each k-dimensional F-vector bundle over an n-dimensional CW-complex X
is equivalent to o @ (k —m) for some m dimensional F-vector bundle o over X if
m< k.

THEOREM 2.6 (cf. [1, Theorem 1.5, p. 100])). Let m=[(n+2)/d —1].
Then two k-dimensional F-vector bundles over an n-dimensional CW-complex
which are stably equivalent are equivalent if m < k.

3. Proofs of Theorem 1, Corollary 2 and Theorem 3

Let ¢ be any integer > 1. As for extendibility of 7(L"(g)), the following
result is obtained.

THEOREM 3.1 ([6, Theorems 5.1 and 5.3]). For any integer q > 1, the
following three conditions are equivalent:

(1) =(L"(q)) is extendible to L™(q) for every m > n.

(2) (L"(q)) is extendible to LI™(q).

(3) n=0,1or 3.

As for stable extendibility of 7(L"(g)), the following result is obtained.

THEOREM 3.2 ([8, Theorem 4.3]). Let p be an odd prime. Then t(L"(p))
is not stably extendible to L*'**(p), if n>2p — 2.

ProOF OF THEOREM 1. Obviously, (1) implies (2). It follows from
Theorem 3.2 that (2) implies (3), since n <2p —2 for p =3 if and only if
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0 <n < 3. Hence it remains to prove that (3) implies (1). If n=0,1 or 3, (1)
holds by Theorem 3.1. Let n=2. Then ry, —2 is of order 3 by Theorem
2.1, and so 3ry, = 6 in Kg(L*(3)). As is well-known,

(L*(3)) @ 1 = 3,
So we have 7(L*(3)) =3, — 1 =15 in Kg(L*(3)). Hence t(L?*(3)) is stably

trivial, and so 7(L?(3)) is stably extendible to L™(3) for every m > 2, as
desired. O

ProOF OF COROLLARY 2. The former part follows from Theorem 1. By
Theorem 3.1, 7(L?(3)) is not extendible to L3(3), and hence is not extendible to
L3(3). So we obtain the latter part. O

ProoF oF THEOREM 3. As is well-known,
(L"(3))® 1 = (n+ 1)m,.

Applying the complexification ¢ : Kg(L"(3)) — Kc(L"(3)) to the both sides of
the equality, we have

ct(L"(3)) @ 1 = (n+ Vern, = (n+1)(n, + 1),

since cr, =1, +n, ' (cf. [1, Proposition 11.3, p. 191]) and 2 =1 (cf. Theorem
2.2).

Suppose m < 2n+ 1. Then dim{(n+ 1)(y,, +n2)} — [@m+1+1)/2 — 1]
=2n+2—-m>1. Hence, by Theorem 2.5, there is a (2n+ 1)-dimensional
C-vector bundle o over L™(3) such that

(n+ 1)+ 1) = 2@ 1.
Let n<m and i:L"(3) — L™(3) be the standard inclusion. Then,
applying i* to the both sides of the equality above, we have
(n+ 1), + 1) = "2 @1,

since i*n,, =#, Hence ct(L"(3)) is stably equivalent to i*«. Now, both
ct(L"(3)) and i*o are (2n + 1)-dimensional. So ct(L"(3)) is stably extendible
to L™(3). Thus the former part of the theorem is proved.

Put p=3,{=ct(L"(3)), k=2n+1and / =1 in Theorem 2.4. Then the
latter part of the theorem follows from Theorem 2.4, since 2n + 2 < 31"/2 if
and only if n > 6. O

4. Proofs of Theorems 4 and 5

In Sections 4 and 5, # denotes the canonical C-line bundle 7, over L"(3)
and N the set of all positive integers. We prepare some lemmas for our proofs.
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LemMMA 4.1. Let t be any positive integer. Then there is a function
g: N — N such that

t(L"(3)" = g(t)rm + (2n+1)" = 2g(r)  in Kr(L"(3)),

namely t(L"(3))" — (2n+1)" = g(t)(ry —2) in Kg(L"(3)). Furthermore, the
function ¢(t) is uniquely determined modulo 3"/

Proor. We prove the first part of the lemma by induction on ¢. Since
7(L"(3)) = (n+ 1)rp — 1 in Kg(L"(3)), we may define g(1) =n+ 1. Assume
that there exists g(¢) for every ¢ > 1 such that t(L"(3))" = g(£)rp + 2n+1)" —
2¢g(t) and g(1) =n+1. Then, by Theorem 2.1,

(L"(3))" = {g(Oym + 2n+ 1" = 2g()H{(n + g — 1}
= g()(n+1)(rn)* +{2n+1)"(n+ 1) = 29()(n + 1) = g(1) }r
—2n+ 1) +29(2)
={2n+1)'(n+1)—g()(n+2)brm— 2n+1)" +2g(¢)(n + 2).

Now set
git+1)=2n+1)'(n+1) —g(t)(n+2).

Then we have —(2n+ 1) 4+ 2¢g(1)(n+2) = 2n+ 1) —2g(t+ 1), as desired.
Suppose there are two functions f,g: N — N such that
@+ (2n+1)" =2f (1) = g(t)rm + (2n + 1)" = 2¢(2).

Then (f (1) — g(t))(rp —2) =0, and so f(¢) — g(¢) = 0 mod 3"/2/ by Theorem
2.1. So we have the latter part. O

LemMmA 4.2. There is a function g: N — N defined in Lemma 4.1 which
satisfies the inequalities:

Qn+1)"""<glt)<27'@n+ 1) for n>3 and t>2.

Proor. We prove the lemma by induction on ¢. Define g(1) =n+ 1.
Next, by Theorem 2.1,

t(L"3): = {(n+ D)y —1}* = (n® — 1)y + 20> + 4n + 3.

Define ¢(2) =n? —1. Then clearly 2n+1< g(2) <2 '(2n+1)* for n> 3.
Assume that there exists ¢(¢#) for ¢>2 which satisfies the inequalities:
2n+1)"" < g(t) <27'(2n+1)" for n > 3. As in the proof of Lemma 4.1, set
g(t+1)=2n+1)'(n+1) —g(t)(n+2). Then, by the inductive assumption,

g+ 1) > 2n+1)'(n+1)=27'2n+ 1) (n+2)

=2'2n+1)'n>@2n+1)
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and
gt+1) < 2n+1)'(n+1) = 2n+1)""(n+2)
=@2n+ D)2 +2n 1)
<@n+1)"7'r2 4 2n+1/2) =271 2n+ 1)
Thus the inequalities: (27+ 1) < g(t+1) <27 1(2n+1)""" hold. O

ProoF oF THEOREM 4. If n=0,1 or 3, 7(L"(3)) is extendible to L™(3) for
every m = n by Theorem 3.1. Hence 7(L"(3))" is extendible to L"(3) for
every m >n, where t > 1. If n =2, we see in the proof of Theorem 1 that
7(L*(3)) is stably trivial. So t(L?*(3))" is stably trivial, where ¢ > 1. If, in
addition, ¢ > 2, 7(L*(3))" is trivial by Theorem 2.6, since [(dim L?(3) 4+ 2) — 1]
=6 <5'=dimt(L*(3))". Hence t(L*(3))" is extendible to L™(3) for every
m>n, if t>2. We may therefore devote our attention to the case where
n=4.

According to Lemmas 4.1 and 4.2, there is a positive integer g(¢) such
that ©(L"(3))" = g(£)rp + (2n+1)" —2g(¢) in Kr(L"(3)) and (2n+1)" —2¢g(?)
>0 for n>3 and r>2. Since [(dim L"(3)+2)—1]=2n+2<(2n+1)' =
dim 7(L"(3))" for n>1 and > 2, we have the equality

o(L"(3)) = g(m @ {(2n+1)" —29(1)}

of R-vector bundles by Theorem 2.6. Since ry and the trivial R-vector bundle
over L"(3) are extendible to L™ (3) for every m > n, t(L"(3))" is extendible to
L™(3) for every m >n, as desired. O

Complexifying the equality in Lemma 4.1, we have
LemMmA 4.3. For the function g : N — N in Lemmas 4.1 and 4.2,
ct(L"(3))" = g()(n+n*) + 2n+1)" =2g(r)  in Kc(L"(3)).

PrOOF. Since cry = 5 + 52, the result follows from the equality in Lemma

4.1. O

PROOF OF THEOREM 5. As is well-known, 7(L!(3)) is trivial. In the proof
of Theorem 1, we see that t(L?(3)) is stably trivial. So cr(L'(3))" and
ct(L?*(3))" are stably trivial for any ¢> 1. Furthermore, ct(L'(3))" and
ct(L*(3))" are trivial for any > 1 by Theorem 2.6, since [(dim L'(3)+2)/
2-1]1=2<3"=dimer(L'(3))" and [(dim L?>(3)+2)/2—-1]=3<5"=
dim ct(L*(3))" hold for any #> 1. Hence we have the results for n =1 and
n =2, since the trivial C-bundle over L"(3) is extendible to L™ (3) for every
m = n.
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Suppose n>3. Then, by Lemma 4.2, (2n41)" —2g(f) >0 for > 2.
Since [(dim L"(3)+2)/2—1]=n+1<(2n+1)" = dim cz(L"(3))" holds for
any ¢ > 1, it follows from Lemma 4.3 that the equality

ct(L"(3))" = g()(n @ n*) @ {(2n+1)" —29(1)}

of C-vector bundles holds by Theorem 2.6. Since 5, #> and the trivial C-
vector bundle over L”(3) are extendible to L”(3) for every m > n, ct(L"(3))" is
extendible to L™(3) for every m > n, as desired. O

5. Proof of Theorem 6

First, we study the square of the normal bundle associated to an im-
mersion of L"(3) in R¥*3,

THEOREM 5.1. Let v=v(f,) be the normal bundle associated to an im-
mersion f, : L"(3) — R**3 and v2 =v(f,)* its square. Then we have the
Whitney sum decompositions:

v(fo)® =4, v(fi)? =16, v(f2)* =36,
W) =23 @60, v(fa)? = 5my @90, v(f5)" = 144,
V() =8me @180, v(f7)? =11, ®234,  w(f)? =324,
v(f5)? = 29rmy @ 342, v(fi0)? = 125rm,, @ 234,

v(fi1)? = 207m,, @162, v(fi2)® = 275r,, @ 126,

v(fi3)? = 861, @ 612, v(fis)? = 395r,5 ® 234.

Proor. If n =0, the result is clear. Hence we assume that n > 0. Let
7 =1(L"(3)) denote the tangent bundle of L"(3). Then t@® 1 = (n+ 1)ry and
t@®v=4n+3. Hence v=—(n+1)rp+4n+4. By Theorem 2.1, we have

V2= (n4 1)*(mm)* = 2(n+ 1)(4n + 4)rp + (4n + 4)*
= (n4+1)*(m+2) —8(n+ 1)’y + 16(n + 1)
= {32 —T(n+1)*}rn + 18(n 4 1)* — 243172

in Kgp(L"(3)), where a is any integer. If a3"/2 —7(n+1)>>0 and
18(n+ 1)* — 243"/} > 0, then we have the equality
v = {3 — 7+ 1) @ {18(n + 1) — 2431721}

of R-vector bundles, since [(dim L"(3) 4 2) — 1] =2n+2 < (2n+2)*> = dim 12
by Theorem 2.6.
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Puta=28forn=1,a=21 forn=2, a=238 for n =23, a =20 for n =4,
a=28forn=5a=13forn=6,a=17forn=7, a=7forn=38, a=9 for
n=9 a=4forn=10, a=5forn=11, a=2 for n=12, a=2 for n=13
and a=1 for n=15. Then we can check easily that the two inequalities
32 —7(n+1)? >0 and 18(n+1)> — 24372/ >0 hold, if 1 <n<13 or
n=15. ]

Theorem 3.1 of [5] is the result corresponding to Theorem 5.1 for the
square of the normal bundle associated to an immersion of RP” in R>'*!,

THEOREM 5.2. Under the assumption of Theorem 5.1, the following two
equalities hold in Kg(L'*(3)) and Kr(L'¢(3)), respectively.

v(fig)? = 612m, — 324, v(fi6)* = 4538rm,5 — 7920.

Proor. Putting @ =1 for n = 14 and 16 in the proof of Theorem 5.1, we
have the desired equalities. O

Using Theorem 2.3, we prove

THEOREM 5.3. Let v be the normal bundle associated to an immersion of
L"(3) in R**3. Then the square v* of v is not stably extendible to L™(3) for
m=2{3"2 —7(n+1)%}, if n=14 or n > 16.

ProOF. We see in the proof of Theorem 5.1 that v? is stably equivalent
to {3172 —7(n+ 1)*}ry. Note that 312 —9(n+1)> > 0 if n = 14 or n > 16.
Then, putting p =3, { =12, k=4(n+1)* and 7 = 3"/l —9(n+1)? in The-
orem 2.3, we see that v’ is not stably extendible to L™(3) for m = 2{3\"/2] —
7(n+ 1)}, if n=14 or n> 16, by Theorem 2.3. O

COROLLARY 5.4. Under the assumption of Theorem 5.1, v(fi4)* and v(fi6)*
are not stably extendible to L'??*(3) and L*°'®(3), respectively.

Proor. The results follow from Theorems 5.2 and 5.3. O

ProOF OF THEOREM 6. Clearly (1) implies (2). It follows from Theorem
5.3 that (2) implies (3). It follows from Theorem 5.1 that (3) implies (1), since
rn and trivial R-vector bundles over L"(3) are extendible to L™(3) for every
m = n. O
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