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ABSTRACT. A smooth closed manifold is said to be an almost sphere if it admits a
Morse function with exactly two critical points. In this paper, we characterize those
smooth closed manifolds which admit Morse functions such that each regular fiber is a
finite disjoint union of almost spheres. We will see that such manifolds coincide with
those which admit Morse functions with at most three critical values. As an appli-
cation, we give a new proof of the characterization theorem of those closed manifolds
which admit special generic maps into the plane. We also discuss homotopy and
diffeomorphism invariants of manifolds related to the minimum number of critical
values of Morse functions; in particular, the Lusternik-Schnirelmann category and
spherical cone length. Those closed orientable 3-manifolds which admit Morse func-
tions with regular fibers consisting of spheres and tori are also studied.

1. Introduction

In [42, 49] Suzuoka and the author studied the topology of generic smooth
maps between smooth manifolds whose regular fibers are unions of spheres or
homotopy spheres. One of the major motivations for studying such maps is
the fact that special generic maps have such a property, where a special generic
map is a generic smooth map between smooth manifolds which admit only the
simplest singularity, i.e. the definite fold point (for a precise definition, see
Definition 4.1 of the present paper). In other words, our aim was to generalize
those topological results which had been known for special generic maps (for
example, see [5, 39, 41]) to the class of generic smooth maps whose regular
fibers are unions of (homotopy) spheres. This makes sense, since the global

2000 Mathematics Subject Classification. Primary 57R65; Secondary 57R70, 57R60, 55M30,
57N10, 58KO05.

Key words and phrases. Morse function, sphere fiber, critical values, special generic map,
Lusternik-Schnirelmann category, homotopy sphere, handlebody decomposition, Heegaard genus.

The author has been supported in part by Grant-in-Aid for Scientific Research (No. 16340018),
Japan Society for the Promotion of Science.



142 Osamu SAEKI

topology of generic maps has not been clarified so much except for the class of
special generic maps.

In this paper, we study Morse functions on smooth manifolds whose re-
gular fibers are unions of spheres or homotopy spheres. Here, a Morse func-
tion is a smooth function whose critical points are all nondegenerate. Note
that we allow two or more distinct critical points to have the same value.

In order to formulate our results, in §2 we will introduce the notion of an
almost sphere. A closed connected manifold of positive dimension is called an
almost sphere if it admits a Morse function with exactly two critical points.
We will recall several known results about almost spheres.

In §3, we will see that the class of manifolds admitting Morse functions
whose regular fibers are unions of almost spheres coincide with the class of
manifolds which admit Morse functions with at most three critical values
(Proposition 3.2). Furthermore, we will give a characterization theorem of
such manifolds in terms of their decompositions into some simple pieces
(Theorem 3.7). For low dimensions, we can completely characterize those
manifolds which admit Morse functions with almost sphere fibers (Corollaries
3.14-3.16). We will also deduce several necessary conditions for such mani-
folds (Corollary 3.17).

In §4, we will apply the result obtained in §3 to give a new proof of the
characterization theorem of those closed manifolds which admit special generic
maps into the plane, originally proved in [41]. In the proof, we will show that
such manifolds admit Morse functions with almost sphere fibers as well.

In §5, we will study several homotopy and diffeomorphism invariants of
smooth manifolds related to the number of critical values of Morse functions.
It is a classical result of Lusternik-Schnirelmann [29] that the number of critical
points of a smooth function on a given closed manifold M is always bounded
below by the smallest number of open sets covering M each of which is
contractible in M. The smallest number of such open sets minus 1 is called
the Lusternik-Schnirelmann category of M. In homotopy theory, it is known
that the Lusternik-Schnirelmann category is closely related to the cone length of
the space, where the cone length of a space X is, roughly speaking, the number
of cones necessary to obtain X homotopically from a contractible space by
attaching them successively. We will see that the number of critical values of
a Morse function on a given manifold M is always bounded below by its
spherical cone length plus 1, where a spherical cone length is, roughly speak-
ing, the number of cones over a bouquet of spheres necessary to obtain M
homotopically from a contractible space. Using this, we will show that the
difference between the minimum number of critical values of Morse functions
and the minimum number of critical points of smooth functions on a given
manifold can be arbitrarily large, by giving explicit examples.
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In §6, we study the invariants mentioned in §5 more in detail for
manifolds of dimension 3. Furthermore, we will show that a closed connected
orientable 3-manifold admits a Morse function whose regular fibers are unions
of spheres and tori if and only if it is a connected sum of some copies of
S! x S? and/or lens spaces. Finally, we will propose a conjecture concerning
Morse functions on a 3-manifold and its Heegaard genus.

Throughout the paper, manifolds and maps are differentiable of class C*
unless otherwise indicated. The homology and cohomology groups are with
integer coefficients unless otherwise indicated. The symbol “~” denotes a
diffeomorphism between smooth manifolds. The symbol “#” is used for a
usual connected sum of manifolds, while the symbol “f” is used for a boundary
connected sum.

The author would like to express his sincere gratitude to Norio Iwase for
stimulating discussions and important comments on the theory of Lusternik-
Schnirelmann category. The author would like to express his thanks to
Keiichi Suzuoka for stimulating discussions and to the referee for useful sug-
gestions. Finally, the author would like to express his deep thanks to Pro-
fessor Takao Matumoto for having introduced him to the theory of Lusternik-
Schnirelmann category and for his constant encouragement.

2. Preliminaries

Let M be a smooth manifold. A smooth function f: M — R is called a
Morse function if its critical points are all nondegenerate. We do not assume
that the critical values are all distinct: distinct critical points may have the same
value.

DeriNITION 2.1. A smooth closed n-dimensional manifold M with n > 0
is called an almost sphere (or almost n-sphere) if it admits a Morse function
f M — R with exactly two critical points. For example, the standard n-
sphere S” is an almost sphere.

For a smooth closed manifold M, we denote by Crit(M) the minimum
number of critical points over all smooth (not necessarily Morse) functions on
M. Then we have the following characterization of almost n-spheres.

ProprosiTiION 2.2. For a smooth closed n-dimensional manifold M, the
following three are equivalent.
(1) M is an almost n-sphere.
(2) M is diffeomorphic to the closed manifold obtained by attaching two
copies of the n-dimensional disk along the boundary spheres.
(3) For n <6, M is diffeomorphic to the standard n-dimensional sphere S",
and for n>7, M is a homotopy n-sphere.
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Furthermore, for n # 4, all the above three conditions are equivalent to the

following.
(4) Crit(M) = 2.

Proor. The equivalence (1) < (2) is an easy exercise of the standard
Morse theory. The equivalence (2) < (3) is a consequence of celebrated re-
sults due to Smale [45, 46, 47], Cerf [7], etc.

It is easy to see that (1) always implies (4). Conversely, suppose (4) holds.
It is known that then M is homeomorphic to the standard n-sphere (for
example, see [35], [10, Proposition 7.24], [40]). Therefore, (3) holds, except
possibly for n = 4. ]

In [36], a manifold which satisfies Proposition 2.2 (2) is called a twisted
sphere. For Proposition 2.2 (2), refer to [34, p. 442] as well. In fact, it is
not difficult to see that for every n > 1, the set of all diffeomorphism classes
of oriented almost n-spheres forms an abelian group under connected sum.
Following [34], we denote this group by I"”. Note that ' =0 for n < 6 and
that I'" is isomorphic to the /-cobordism group @, of oriented homotopy n-
spheres for n > 5.

If M is an almost n-sphere, then M\Int D" is diffeomorphic to the standard
n-dimensional disk for every n-dimensional disk D” embedded in M. Note
also that every almost n-sphere is homeomorphic to the standard n-sphere S”.

3. Morse functions with almost sphere fibers

In this section, we give a characterization theorem of those closed mani-
folds which admit Morse functions with regular fibers consisting of almost
spheres. Let us begin by the following definition.

DEeriNITION 3.1. A proper smooth function f : M — R is almost spherical
(or f has almost sphere fibers) if every component of f~!(y) is an almost
sphere for all regular value y e f(M) = R. If every component of f~'(y) is
diffeomorphic to the standard sphere for all regular value y € f(M) = R, then
we say that f is purely spherical. Note that every surface clearly admits a
purely spherical Morse function.

The first result of this section is the following.

ProPOSITION 3.2. Let M be a smooth closed connected n-dimensional
manifold with n > 2. Then the following three conditions are equivalent.
(1) There exists a purely spherical Morse function f : M — R.
(2) There exists an almost spherical Morse function f: M — R.
(3) There exists a Morse function f : M — R with at most three critical
values.
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h=-1

Fig. 1. Smooth function 2 on J x J

Before proving Proposition 3.2, let us give an illustrating example of
Morse functions with exactly three critical values.

ExaMpLE 3.3. Let us consider the square J x J with J =[—1,1] and a
smooth function /2 : J x J — [—1,1] whose level sets are as depicted in Fig. 1.
Consider the equivalence relation on J x J generated by

(t,—=1) ~ (t,1) and (—=L,0) ~ (L) (Vtel).

Then the quotient space (J x J)/~ is naturally identified with the 2-dimensional

torus 72, and the function /4 induces a Morse function f; : T2 — [-1,1]. Note

that it has exactly four critical points ¢, ¢z, ¢3 and ¢4 with fi(c;) =1, fi(e2) =

fi(c3) =0 and fi(cs) = —1. Therefore, f; has exactly three critical values.
If we consider the equivalence relation on J x J generated by

(t,—1) ~ (-1,1) and (=1,0) ~ (1,1) (VtelJ),

then the quotient space (J x J)/~ is naturally identified with the Klein bottle
K2, and the function /4 induces a Morse function f; : K? — [—~1,1]. This also
has exactly three critical values.

ProoF OF ProposiTION 3.2, Clearly (1) implies (2).
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Let us show that (2) implies (3). Suppose that there exists an almost
spherical Morse function f: M — R. Let ¢ <c¢y <--- < ¢y, be its critical
values. Take real numbers #;, i=1,2,...,m+1,such that r; < ¢c; < tHh < ¢ <
t3 < <ty <Cm<tm and set M;= f~'t, 4], i=1,2,...,m+1. Note
that M; is the empty set. Since f is almost spherical, M; is a compact n-
dimensional manifold such that each connected component of dM; is an almost
sphere. Furthermore, M;,, i =1,2,...,m, is obtained from M; by simulta-
neously attaching those handles which correspond to the critical points with
critical value c¢;.

Since 0M; = f~!(t;) consists of almost (n — 1)-spheres, for each component
S of f~(t;), i>2, there exists an (n— 1)-disk embedded in S such that
the handles of index different from 0 or n are attached on the union of the
(n — 1)-disks. Furthermore, these (n — 1)-disks can be isotoped so that it does
not intersect those handles of positive index which were attached previously.
Therefore, M admits a handlebody decomposition of the form

(U hﬁ) U (O h;h) U (U hf), (3.1)
a=1 b=1 c=1

where /! denotes a handle of index r, the indices of the handles in the middle
satisfy 1 <r, <n—1, b=1,2,...,t, and the handles 4," are attached simul-
taneously to the union of the 0-handles.

Then any Morse function corresponding to such a handlebody decom-
position is a desired function as in (3).

Finally a Morse function as in (3) is always purely spherical. Therefore,
(3) implies (1). This completes the proof of Proposition 3.2. O

REMARK 3.4. Suppose that a manifold M admits an almost spherical
Morse function. By virtue of the above proof (see also the second paragraph
of the proof of Theorem 3.7), we see easily that the minimum number of
critical points over all Morse functions on M can be realized by a purely
spherical Morse function.

In order to state a characterization theorem of manifolds which admit
Morse functions as in Proposition 3.2, we need the following definition.

DEerINITION 3.5. (1) For n>3 and 1 <r<n—r, let us consider an
(n —r —1)-sphere S, embedded in S"°'. Let S; be the (r— 1)-sphere em-
bedded as the boundary of an r-disk fiber of the normal disk bundle to S, in
S"-1. Let W be the n-dimensional handlebody obtained from a 0-handle by
attaching an r-handle and an (n — r)-handle simultaneously along S; and S,
respectively, where we identify S”~! with the boundary of the 0-handle. Note
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that W is a compact (possibly nonorientable when r=1) connected n-
dimensional manifold with boundary. It is easy to observe that W is a
homotopy (n — 1)-sphere if r <n—r orif n#0 (mod4). If W is an almost
(n— 1)-sphere, then W (or any manifold which is diffecomorphic to such a
manifold W) is called an elementary handlebody with index pair (r,n—r).

(2) Forn>=4and n=0 (mod2), let W be an n-dimensional handlebody
obtained from a 0-handle by attaching some handles of index n/2 simulta-
neously. If W is an almost (n — 1)-sphere, then W (or any manifold which is
diffeomorphic to such a manifold W) is called a pseudo elementary handlebody
with index n/2.

ReEMaRrk 3.6. (1) In [33, §1], Milnor constructs an elementary handlebody
W, of dimension m + n+ 2 with index pair (m+ 1,n+ 1), by using the stan-
dard pair of an m-sphere and an n-sphere with linking number +1 disjointly
embedded in S”*"*+! and studies the diffeomorphism type of the boundary
homotopy sphere 0. Note that Milnor uses the “standard identifications”
between spheres for attaching the handles. Therefore, even if S, is a standardly
embedded (n — r — 1)-sphere in Definition 3.5 (1), the manifold W may not be
diffeomorphic to a manifold constructed by Milnor.

(2) In the stable range (i.e. when r > (n/3) + 1), the embedded (n — r — 1)-
sphere S, is standard in Definition 3.5 (1) (see, for example, [17]). In fact,
in the stable range, any pair of an (r — 1)-sphere and an (n —r — 1)-sphere
disjointly embedded in S"~! with linking number +1 is standard by virtue of a
result of Haefliger [17, 18].

Now we have the following characterization theorem.

THEOREM 3.7. Let M be a smooth closed connected n-dimensional manifold
with n > 3. Then conditions (1)—(3) of Proposition 3.2 are all equivalent to the
following.

(4) The manifold M\Int D" is diffeomorphic to t*,W; for some k >0,
where the boundary connected sum over the empty set is assumed to be
the n-dimensional disk, and each W; is either
(i) an elementary handlebody of dimension n, or
(i) a pseudo elementary handlebody of dimension n with index n/2 if

n=0 (mod4).

PrOOF. Suppose that M is diffeomorphic to a manifold as in (4). Then it
is easy to see that M admits a handlebody decomposition of the form

4
ROU( (Jh!|Uh"
j=1
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for some 0 </ < +o0 and 1<r,<n-1, j=1,2,...,/, where the handles
hi',h%, ... h) are attached simultaneously to A°. Therefore M admits a
Morse function f: M — R with /+ 2 critical points such that each handle
of index r corresponds to a critical point of index r and that all the critical
points corresponding to the handles 4, j=1,2,...,/, have the same value.
Then f has exactly three critical values and a regular fiber is either empty or
diffeomorphic to the standard (n — 1)-sphere. Thus (1), (2) and (3) of Propo-
sition 3.2 hold.

Let us now show that (3) implies (4). By the proof of Proposition 3.2, M
admits a handlebody decomposition as in (3.1). Since M is connected, the
union of the 0-handles and the 1-handles are connected. Therefore, the union
of the s 0-handles and some s — 1 1-handles connecting them can be considered
as a 0-handle. Thus, we may assume that the number of 0-handles s is equal
to 1. By dualizing the argument, we may also assume that the number of n-
handles u is equal to 1.

First note that for each r with 0 < r < n, the number of r-handles coincides
with the r-th betti number of M. Therefore, for each r with 0 < r < n/2, the
number of r-handles coincides with that of (n — r)-handles by Poincaré¢ duality
for Z/2Z-coefficients.

For each v with 0 < v < n/2, let M, be the union of the 0-handle 4° and
all the handles h;” with 1 <rp,<v orn—v<r,<n—1. Let us show, by
induction on v, that M,, v > 1, is diffeomorphic to a boundary connected sum
of (pseudo) elementary handlebodies, provided that n # 5. (For n =5, we will
use a different argument to prove the theorem.)

Let us begin by considering the case v = 1. First note that dM; must be
connected, since otherwise M\Int 4" would have disconnected boundary, which
leads to a contradiction. For an (n— 1)-handle 4"~!, its attaching sphere is
an (n — 2)-sphere embedded in an (n — 1)-sphere, the boundary of the 0-handle
h°.  Therefore, by Alexander duality, the boundary of the union A°UA”"~! has
two connected components. Thus, there must be a 1-handle ' connecting the
two connected components. Let us put ¥ = A°UAk' UA""! and show that it is
an elementary handlebody.

By the differentiable Schoenflies theorem (see [4] for n =3, [1] for n =4,
and [36, p. 112] for n > 6), the attaching sphere is isotopic to the standard
(n — 2)-sphere embedded in an (n — 1)-sphere. Therefore, the union of the 0-
handle 4° and the (n — 1)-handle 4"~! is diffeomorphic to X"~! x [0,1] for
some almost (7 — 1)-sphere 2"~!. Hence, the boundary of ¥ = h°Uh' UA"!
is diffeomorphic either to X"~ '#(—2""") =~ §"! or to the almost (n — 1)-sphere
>m=1gxm=1 where —X"~! denotes the manifold X”~! with the reversed orienta-
tion, and the second case occurs if and only if Y is nonorientable. Hence, Y
is an elementary handlebody with index pair (1,n—1).
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Let C be a small open collar neighborhood of Y in Y, which we identify
with Y x [0,1). Note that Y\C is diffeomorphic to Y. Furthermore, let 4
be a closed (n— 1)-disk embedded in 0Y Noh° such that all the handles of
index 1 and n—1 of M are attached outside of 4. Since 0Y is an almost
(n — 1)-sphere, we see the following:

(i) Y =(Y\C)U(4 x[0,1)) is diffeomorphic to Y,

(ii) the closure Dy of Y\Y' is difftomorphic to the n-dimensional disk,

and

(iii) Y'N Dy is difftomorphic to the (n — 1)-dimensional disk.

This implies that M, is diffeomorphic to the boundary connected sum of the
elementary handlebody Y and a handlebody M/ obtained by simultaneously
attaching 1- and (n — 1)-handles to an 0-handle, where the number of 1-handles
coincides with that of (n— 1)-handles and is smaller than that for M; by
one. Therefore, by an inductive argument, we see that M, is diffeomorphic
to a boundary connected sum of elementary handlebodies with index pair
(I,n—1), provided that n # 5.

Now let us proceed by induction on v. Let us assume 2 <v <n/2 and
M,y is diffeomorphic to a boundary connected sum of elementary handle-
bodies. Since 0M,_; is an almost (n — 1)-sphere, there exists an embedded
(n—1)-disk 4, in 0M,_; such that all the handles of index v and n— v are
attached to 4;. Therefore, M, is diffeomorphic to the boundary connected
sum of M, | and a handlebody P, obtained by simultaneously attaching v- and
(n —v)-handles to a 0-handle. Let us determine the structure of P,.

Case 1. 3 <v<n/2

Note that in this case, we have n > 7.

Let 4"~" be an (n—v)-handle. By sliding handles of index v, we may
assume that there exists a v-handle 4" such that the attaching spheres S| of A4*
and S, of 2"~ in the boundary of the 0-handle 4° of P, have linking number
+1, by virtue of the Poincaré duality for the manifold

h°U< U h;}), (3.2)
2<r,<n-2
which has an almost sphere boundary. Note that the boundary of the union
Y, =h"Uh*Uh"" is simply connected, since n —3 >n—v > v > 3. Further-
more, it is easy to check that dY, has the same Z-homology as S"~!. There-
fore, 0Y, is a homotopy (n — 1)-sphere. By Proposition 2.2, 07, is an almost
(n — 1)-sphere, since we have assumed n > 7.

Furthermore, if v > (n/3) 4+ 1, then the attaching spheres S; and S, form
a standard pair as noted in Remark 3.6 (2). Even if v > (n/3)+1 is not
satisfied, S; is homotopic in $”!\S, to the boundary (v — 1)-sphere S, of a
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disk fiber of the normal disk bundle to S, in S”~!. Then by [17], we see that
S| is always isotopic to Sy in S”‘I\Sz. Therefore, Y, is an elementary han-
dlebody.

Then by the same argument as for the case v =1, we see that P, is
diffeomorphic to a boundary connected sum of elementary handlebodies of
index pair (v,n —v).

Case 2. v=n/2.

Since M, = M\Int 4", we see that dM, must be diffeomorphic to S"!,
On the other hand, dM, is diffeomorphic to the connected sum of 0P, and
the almost (n — 1)-sphere dM,_;. Therefore, 0P, must be an almost (n — 1)-
sphere. Hence P, is a pseudo elementary handlebody with index n/2.

Furthermore, if » =2 (mod4) (and hence n > 6), then the intersection
form

Hn/2(Pv) X Hn/Z(Pv) —Z

is unimodular and skew-symmetric and hence is isomorphic to the standard
one. (Here, note that the manifold P, is orientable and hence the intersection
form is defined over the integers.) Therefore, an argument similar to that in
Case 1 can be applied to show that P, is diffeomorphic to a boundary con-
nected sum of elementary handlebodies with index pair (n/2,n/2).

Case 3. 2=v<n/2
Note that in this case n > 6. Furthermore, 0P, is simply connected by the
following reasons.

(1) By attaching handles of index r with 3 <r <n — 3 to P», we obtain a
compact manifold with boundary homotopy equivalent to S”~!.

(2) Attaching handles of index r with 3 <r <n — 3 does not change the
fundamental group of the boundary.

Moreover, by Poincaré duality for the manifold (3.2), the intersection form

Hz(Pz) X Hn,z(Pz) — 7

over the integers is unimodular, and hence 0P, is a Z-homology sphere.
Therefore, 0P, is a homotopy sphere and since n > 6, it is an almost (n — 1)-
sphere.

Let us show that P, is diffeomorphic to a boundary connected sum of
elementary handlebodies of index pair (2,n — 2).

Let
Py=h"U{ Uk U Unr
j=1 k=1

be the given handlebody decomposition of P,. Let D be a small n-dimensional
disk embedded in the interior of 4° such that A%\Int D =~ 0h° x [0,1]. Then
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there exist (n — 2)-handles }_z,’:’z, k=1,2,...,w, disjointly embedded in the

interior of
W
Xh0U<U h;ﬂ)
k=1

such that they are attached to D simultaneously. More precisely, /_z,’j’z is the
union of a small closed tubular neighborhood N of the core (n — 2)-disk of
hi=2 in hp=2 and (NxN0h°) x [0,1] = i°\Int D, k =1,2,...,w. Note that

X=DU[ |J A
k=1

is a deformation retract of X and that the closure of X\ X is diffeomorphic to
oX x [0,1].
Let us consider

Z = (X\Int X)U (U hf).
=

By considering the dual handlebody decomposition, we see that Z is diffeo-
morphic to a manifold obtained from 0P, x [0,1] by attaching w handles of
index n—2. Since 0P, is simply connected, so is Z.

Note that Ky = h"2ND = h}~2NaD is diffeomorphic to S"3 x D, k =
1,2,...,w. Let ¢, be a circle embedded in dD\K} obtained by pushing the
boundary of a disk fiber {x} x D? of K; slightly toward 0D\K;. Since Z is
simply connected and dim Z > 6, there exists an embedded 2-disk dj in Z with
ddy = ¢, which intersects dD transversely along ¢, and satisfies d N 0Z = ¢y.
We may further assume that dj,d,,...,d, do not mutually intersect. Then
small closed tubular neighborhoods 4} of dj in Z are 2-handles and are at-
tached simultaneously to D.

Set
P, =DU (U fzf) U <U E,ﬁz).
= k=1

Then by considering the intersection form of P,, we see that the inclusion
P, — P, is a homotopy equivalence. Furthermore, P,\Int P, is homotopy

equivalent to
z \( U dk)
k=1
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and is simply connected. Since 7;(0X) is normally generated by the elements
represented by ¢q,ca,...,c,, we see that 0P, is simply connected. Recall that
0P is also simply connected. Therefore, P,\Int P, is an A-cobordism between
0P, and 0P, of dimension n > 6 and is diffeomorphic to the product 6P, x [0, 1]
by the h-cobordism theorem [36, 46]. Hence, P, is diffeomorphic to Ps.

Therefore, we may assume that the attaching circle of the 2-handle h,f is the
boundary of a 2-disk fiber of the normal disk bundle to the attaching (n — 3)-
sphere of the (n — 2)-handle 47> in 0h° k=1,2,...,w. Then the boundary
of h® Uh} Uh}=2 is simply connected and hence it is an elementary handlebody
of index pair (2,7 —2). Now the argument in Case 1 can be applied to show
that P, is diffeomorphic to a boundary connected sum of elementary han-
dlebodies of index pair (2,n — 2).

This completes the proof of Theorem 3.7 for the case n # 5.
For n =15, we need the following.

LEMMA 3.8. Let X* be a smooth closed 4-manifold homotopy equivalent to
the 4-sphere S*.  Then there exist S-dimensional h-cobordisms Wy and W, be-
tween X* and S* such that Wy Ug Wy is diffeomorphic to X* x [0, 1].

The above lemma follows from [53] and [26] (see also [25]).

Let us consider the union X of the O-handle and the 4-handles in the
handlebody decomposition (3.1) of M with s=u=1. It is not difficult to
see that for each 4-handle, there exists a homotopy 4-sphere 2; embedded in
Int X which is the union of the core 4-disk of the 4-handle and a homotopy
4-disk properly embedded in the O-handle. We may further assume that the
embedded homotopy 4-spheres are mutually disjoint.

For each embedded homotopy 4-sphere X;, its closed tubular neighbor-
hood in X is diffeomorphic to X; x [0,1]. Therefore, by Lemma 3.8, we can
find an embedded 4-sphere S; inside the interior of the tubular neighborhood
which cuts 2; x [0, 1] into two h-cobordisms. Note that S; is embedded in X.

There exists a 5-disk D embedded in the interior of the 0-handle such that
(D,DNS;) is diffeomorphic to the standard disk pair for each S;.

Now let us consider the union M; of X and the 1-handles. For each 1-
handle, we can find a circle smoothly embedded in Int AM; which is the union of
the core arc of the 1-handle and a properly embedded arc in the 0-handle. We
may assume that these arcs are mutually disjoint and that each circle intersects
D in a properly embedded arc. Then it is not difficult to show that the union
T of the 5-disk D, the 4-spheres S;, and the circles is a deformation retract
of M,. Furthermore, a small regular neighborhood N(T) of T in M; is
diffeomorphic to (4(S' x S*))4(#2(S' x $*))\Int D>, where S' X §* denotes the
unique nonorientable S*-bundle over S', a is the number of orientable 1-
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handles, and b is the number of nonorientable 1-handles. Therefore, the
closure of M{\N(T) is an h-cobordism between S* and the homotopy 4-sphere
oM.

Thus, we have shown that M is diffeomorphic to

(10" x SH)E (S x $*))aM’,

where the smooth closed 5-manifold M’ is constructed from a compact con-
tractible 5-manifold with boundary diffeomorphic to dM; by attaching handles
of index 2 and 3 simultaneously and then by attaching a 5-handle. We see
easily that such a 5-manifold is simply connected and has torsion free homology
groups. Then, by the classification of smooth closed simply connected 5-
manifolds [2, 47], we see that M’ is diffeomorphic to a connected sum of some
copies of S? x §* and some copies of a unique nontrivial S3-bundle over S2.
Then we can show that M’\Int D’ is a boundary connected sum of elementary
handlebodies with index pair (2,3). Thus we have the desired result, since
both (S! x S)\Int D> and (S! x S*)\Int D° are elementary handlebodies of
index pair (1,4). This completes the proof of Theorem 3.7. ]

RemARK 3.9. Let W be an elementary handlebody of dimension n > 3,
n # 5, with index pair (1,n—1). If W is orientable, then the manifold W is
diffeomorphic to (S' x X"~!)\Int D" for some almost sphere X"~! of dimen-
sion n— 1.

In order to consider the case where W is nonorientable, let us introduce
the following notation. Let X' be an almost (n — 1)-sphere which is orientation
preservingly diffeomorphic to its orientation reversal —X. (This is equivalent
to that XX is diffeomorphic to S”~!. Thus, if 2I""~! =0, then every almost
(n — 1)-sphere satisfies this property.) Let r:X — X be an orientation
reversing diffeomorphism. We denote by S' X X the total space of the X-
bundle over the circle with the monodromy diffeomorphism given by r: i.e.

S'<x=10,1] x Z/(1,x) ~ (0,r(x)).

Note that the difftomorphism type of S' XX depends on the choice of r in
general, but that it is uniquely determined up to a connected sum with an
almost n-sphere.

Suppose that 7! is a Z./2Z-module, i.e. 2" 1'=0, and n >3, n#5.
(For example, n = 3,4,6,7,9,13,15,17, etc.) If W is nonorientable, then W is
diffeomorphic to S'x X\Int D" for some almost (n — 1)-sphere X. For the
case 211 #0, see Example 3.20.

ReEmarRk 3.10. Let W be an eclementary handlebody of index pair
(2,n —2) as in Definition 3.5 (1) with » > 6. Then the union of the 0-handle
and the 2-handle is diffeomorphic to a D"~2-bundle over S. If this bundle is
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trivial (or equivalently, if W is spin), then in some cases (for example, if n is
odd), W is diffeomorphic to an elementary handlebody of index pair (2,n —2)
such that the attaching sphere of the (n — 2)-handle is the standard (n — 3)-
sphere in the boundary of the 0-handle. For details, see [27, Theorem 1 and
Proposition 1].

RemARK 3.11. For n=25s+1>9 with s# 7, a diffeomorphism classi-
fication of elementary handlebodies of index pair (s,s+ 1) can be obtained
from results obtained in [54].

RemaRrK 3.12. For n even with n > 6, pseudo elementary handlebodies of
dimension » with index n/2 are studied in [52]. For example, it is shown that
the diffeomorphism classes of such manifolds are in one-to-one correspondence
with the “n-spaces” (see [52, p. 170]).

REMARK 3.13. We see casily that a manifold M as in Theorem 3.7 is
homeomorphic to a connected sum of the form Wlﬂszj .. ijk, where each W;
is the closed topological manifold obtained from a (pseudo) elementary han-
dlebody as appearing in Theorem 3.7 by attaching an n-dimensional disk along
the boundary almost (n — 1)-sphere by a homeomorphism.

Suppose that W; is an elementary handlebody of index pair (r,n —r). If
r=1, then W; is homeomorphic either to S! x §"! or to S! x§"!. If 3 <
r<n—r, then W; is homeomorphic to a manifold obtained from Milnor’s
manifold as described in Remark 3.6 (1) by attaching an n-disk, since every
(n —r — 1)-sphere smoothly embedded in S"~! is topologically unknotted by
[48, 56]. For r =2, we do not know if the corresponding statement for W; is
true or not.

As direct corollaries to Theorem 3.7, we have the following.

COROLLARY 3.14. A smooth closed connected 3-manifold admits a purely
spherical Morse function if and only if it is diffeomorphic to S* or to a connected
sum of some copies of S' x S? andjor S' x S°.

Note that the above corollary has already been obtained in [42] under the
assumption that the critical points of the Morse function have distinct critical
values. In §6 we give another proof of the above corollary (see Remark 6.3).
In §6 we also give a characterization theorem of 3-manifolds admitting Morse
functions whose regular fibers are disjoint unions of 2-spheres and tori (see
Theorem 6.5).

COROLLARY 3.15. A smooth closed connected 4-manifold admits a purely
spherical Morse function if and only if it is diffeomorphic to a manifold of the
form M\§M,, where My is S* or a connected sum of some copies of S' x S*
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andfor S' % S3 and M, is a closed 1-connected 4-manifold which admits a
handlebody decomposition without 1- or 3-handles.

It is still an open problem whether or not every smooth closed 1-connected
4-manifold admits a handlebody decomposition without 1- or 3-handles, as
far as the author knows (see also the final open question posed in [9, p. 459]).
Note also that every closed 1-connected 4-manifold is known to be covered by
three open 4-balls [28].

The following is a direct consequence of the proof of Theorem 3.7 for the
case n=>5.

COROLLARY 3.16. A smooth closed connected S-manifold admits a purely
spherical Morse function if and only if it is diffeomorphic to S° or to a connected
sum of some copies of the following manifolds:

) St x S§4,
(ii) S'x 84,
(iii) S? x S3,
) nontrivial S3-bundle over S>.
As another corollary to Theorem 3.7, we have the following.

COROLLARY 3.17. If a smooth closed connected n-dimensional manifold M
admits an almost spherical Morse function, then we have the following.

(1) The fundamental group m; (M) of M is free.

(2)  The homology group H;(M) is torsion free for all i if M is orientable.

(3) The cup product

—: H'(M;R) x H'(M;R) — H™/(M;R)
is nontrivial only if i+ j = n, where R =Z if M is orientable and R =
Z./2Z otherwise.
(4) Crit(M) < 3.
(5) M\{point} is homotopy equivalent to a bouquet of spheres.

Proor. Since M\Int D" admits a handlebody decomposition consisting
of a 0-handle and some handles of positive index which are attached simul-
taneously to the O-handle, (5) follows immediately.

(1) and (2) are direct consequences of (5).

The cup product of a manifold is the dual of its intersection form. By
virtue of the handlebody decomposition described above, the intersection of
two cycles representing the natural generators of the homology groups lies in
the 0-handle. Hence, the result is nontrivial only when the intersection is 0-
dimensional. Therefore, (3) follows.

(4) follows from Proposition 3.2 (3) and [50, Chap. II] (see also [10, Re-
mark 7.27]). O
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Note that (3) can also be proved by using the well-known relationship
between the cup-length and the Lusternik-Schnirelmann category (for the
definition, see §5). See [55, Chap. X] or [21, §4], for example. (1) can also
be proved by using the Lusternik-Schnirelmann category (see [12, §23] or [21,
§41)-

ExampLE 3.18. Let us consider an (n— 1)-connected 2n-dimensional
closed manifold with » > 3. By Smale [46], such a manifold admits a han-
dlebody decomposition consisting of one 0-handle, some n-handles attached
to the 0-handle simultaneously, and one 2n-handle. Thus, such a manifold
satisfies the properties mentioned in Proposition 3.2 and Corollary 3.17. See
also [52] where the diffeomorphism types of such manifolds are studied.

ExampLE 3.19. Let V' be a compact manifold obtained from D” by simul-
taneously attaching some handles of positive index. Then the double of V,
VUV, satisfies the properties mentioned in Proposition 3.2 and Corollary 3.17.
This construction is due to Mielke [31].

In Remark 3.9, when the manifold is nonorientable, without the hypothesis
2! = 0 we cannot conclude a similar result as the following example shows.

ExamPLE 3.20. Let A be the 2k-dimensional disk bundle over S ob-
tained as the closed tubular neighborhood of the diagonal of S§% x S%.
Furthermore, let W be the compact manifold of dimension 4k obtained by
plumbing eight copies of 4 according to the so-called Eg diagram. Then it is
known that for k > 2, X*~1 = W is homeomorphic to the standard sphere
S¥*=1"but is not diffeomorphic to S~ (see [23] or [35, §2]). It is also known
that 214241 s not diffeomorphic to S~

Note that W has a handlebody decomposition consisting of one 0-handle
and eight 2k-handles attached simultaneously to the 0-handle. Note also that
WHW gives a cobordism between X*~! and its orientation reversal —X*~!
and that this cobordism is obtained by simultaneously attaching sixteen 2k-
handles to Z*~! x [—1,1] on Z*1 x {—1}.

Let us consider the following construction. We first attach a 4k-
dimensional (4k — 1)-handle to a O-handle along the standardly embedded
(4k — 2)-sphere in the boundary of the 0-handle so that the resulting manifold
X; is diffeomorphic to X*~! x [~1,1]. We then attach sixteen 2k-handles
to X; simultaneously along X*~! x {—1} so that they do not intersect the
(4k — 1)-handle and that the result has boundary oriented diffeomorphic to
the union of two copies of Z*~1. Let us denote by X the resulting compact
4k-dimensional manifold. Then we attach a 1-handle to X> so that it connects
the two boundary components of X, and that we get a nonorientable man-
ifold. The resulting nonorientable manifold X3 has boundary diffeomorphic
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to ZH-1g(—x¥%-1) ~ §%-1  Finally, we attach a 4k-handle to X3 to obtain a
closed nonorientable 4k-dimensional manifold M.

By the above construction, M has a handlebody decomposition of the
form

16
M= hO Uhl U <U h2k> Uh4k71 Uh4k,

where 4" denotes a handle of index r and the handles of indices 1, 2k and
4 — 1 are attached simultanecously to the 0O-handle. Therefore, M admits a
Morse function f : M — R with exactly three critical values. Note that f is
purely spherical.

However, the union A°Uh'UA*-! has boundary diffeomorphic to
¥-lyy¥=1 " which is not diffeomorphic to S*~'. Therefore, we cannot
attach the 4k-disk so as to obtain a closed manifold. Note that 27"~ £ 0,
k>2.

REMARK 3.21. Manifolds which admit Morse functions with exactly three
critical points (and hence with three critical values) are studied in [11].

4. An application to special generic maps

As another interesting corollary to Theorem 3.7, we obtain a new proof
of the characterization theorem of those closed n-dimensional manifolds which
admit a certain generic smooth map into the plane. Let us first recall the
following definition.

DerFINITION 4.1. Let f: M — N be a smooth map between smooth man-
ifolds, where we assume n =dim M >dim N = p. A point xe M is a sin-
gular point of f if rank dfy < p. A singular point x of f is called a definite
fold singular point if there exist local coordinates (xj,xy,...,x,) around x and

(»1,¥2,...,¥p) around f(x) such that f has the form
X, 1<i<p-1,

X2 X2 e+ x2, i=p.
9 p+1 n’

yiOf—{

A smooth map f: M — N is called a special generic map if every singular
point of f is a definite fold singular point (see [5, 41]).

Then we have the following characterization theorem, originally proved in
[41] (see also [5, 39]).

COROLLARY 4.2. A smooth closed connected n-dimensional manifold with
n > 2 admits a special generic map into R* if and only if it is diffeomorphic to a
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manifold of the form My or MyiM;, where the closed manifolds My and M, are
as follows.

(1) M, is an almost n-sphere.

(2) M, is the connected sum

(1 (S % 27 DA, (8T % E7)

for some 0 < k < 400 and ¢ =0 or 1 with k + ¢ > 1, where X"~ is an
almost (n — 1)-sphere, X j’”l is an almost (n — 1)-sphere such that
fj"’llifj”’l is diffeomorphic to S"~', and S' % fj’”l stands for the total
space of a nonorientable Zj”’l—bundle over the circle.

ProoF. It is easy to see that the closed n-dimensional manifolds as above
admit special generic maps into R? (for example, see [41)).

Conversely, let /: M — R? be a special generic map of a closed n-
dimensional manifold M into the plane. Let us recall the Stein factorization

of f:

Here, gy is the map identifying each component of the inverse image of a point
under f to a point, W is the quotient space, and the continuous map fis
defined by the commutativity of the diagram (for details, see [41]). Note that
W; has the structure of a compact connected 2-dimensional smooth manifold
with boundary such that f is a smooth immersion.

By choosing an orthogonal projection 7:R?> — R generically, we may
assume that the composition g =7mo f: M — R is a Morse function (see
[30] and [13]). Take a regular value y e g(M). Since g=rnof =mno foqy,
we have g7'(y) = ¢;' (/7' (n'(3))). Note that z~'(y) is a line in R* and
that f : Wy — R? is an immersion of a compact surface with boundary such
that f]| ow; I8 transverse to n'(y). Therefore, each connected component y
of f~Y(n!(y)) is a properly embedded arc in W;. Furthermore, the map
qf|q71(7) :q/?l(y) —y=[0,1] is a Morse function with exactly one maximum
and one minimum. Hence qfl(y) is an almost (n— l)-sphere. Therefore,
g: M — R is an almost spherical Morse function (see also [42, Theorem 3.2
and Proposition 3.3]).

Furthermore, we see easily that the critical points of g have indices 0, 1,
n—1 or n. Hence, by Theorem 3.7 and its proof together with Remark 3.9,
we see that M is diffeomorphic to a closed n-dimensional manifold as described
in Corollary 4.2, provided that M is orientable or n = 5.
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When M is nonorientable and n # 5, we can take off orientable connected
summands from AM; until we have just one 1-handle left, where M; is as in
the proof of Theorem 3.7. (For this, consider sliding handles of index 1.)
The resulting manifold is a nonorientable elementary handlebody of index pair
(1,n — 1) and is diffeomorphic to the union of X"~ x [0, 1] and a nonorientable
1-handle for some almost (7 — 1)-sphere "', Since there are no handles of
index between 2 and n — 2, this must have boundary diffeomorphic to S"~!.
This implies that X"~ '43"~! is diffeomorphic to S”~'. Therefore, there exists
an orientation reversing diffeomorphism X"~! — ¥”~! and the union of X" ! x
[0,1] and the nonorientable 1-handle is diffeomorphic to (S'% X"~!)\Int D",
Thus we have the desired conclusion. This completes the proof. O

Note that the above proof is based on the idea given in [42] (see Prop-
osition 3.3 and the succeeding paragraph).

REMARK 4.3. Let f: M — R?” be a generic smooth map of a closed n-
dimensional manifold into R? with n > p such that every regular fiber is a
union of almost spheres (see [42]). Then by an argument similar to that in
the proof of Corollary 4.2, we see that f|i: /Y L) — L is an almost
spherical Morse function for every generic line L in R?. Therefore, each
component of the submanifold f~!'(L) of M is always diffeomorphic to a
manifold as described in Theorem 3.7.

5. Several invariants of manifolds

In this section, we study relationships among several homotopy or dif-
feomorphism invariants of manifolds related to smooth functions.

DerINTION 5.1. Let M be a smooth closed manifold of dimension n.
We define x(M) to be the minimum number of critical values among all Morse
functions on M (see [6, 32]).

Furthermore, we define the cell number, denoted by C(M), to be the
minimum number of open n-balls covering M (see [32, 44] or [10, §3.1]).

We say that a finite set of closed n-balls’ {B;} in M is a ball covering of
M if it covers M and B;NB; = dB;NdB; is an (n — 1)-dimensional manifold
whenever i #j. We define b(M) to be the minimum number of closed n-balls
among all ball coverings of M (see [6, 24]).

Note that these are diffeomorphism invariants of M.

1 Here, we mean by an “n-ball” a combinatorial n-ball with respect to a smooth triangulation of
M.



160 Osamu SAEKI

A subset U of a topological space’> X is said to be categorical if the
inclusion map U — X is null-homotopic. We denote by cat(X) the smallest
possible integer k such that there exist k + 1 open sets® of X covering X each
of which is categorical. If no such covering exists, then we define cat(X) to be
+oo. This integer (possibly +o0) is called the Lusternik-Schnirelmann category
of X [29] (see also [3, 8, 9, 10, 12, 14, 16, 21, 22, 37, 43, 51, 55] etc.).

Furthermore, we denote by gcat(X) the smallest possible integer k such
that there exist k + 1 open sets of X covering X each of which is contractible in
itself. Again, if there is no such covering, then we define gcat(X) = +o0. We
denote by Cat(X) the smallest possible gcat(Y) among all spaces ¥ homotopy
equivalent to X. This integer (possibly +o0) is called the strong category of
X. Note that both cat(X) and Cat(X) are homotopy invariants of X.

Moreover, we denote by Clg(X), the spherical cone length, the minimum
number n of cofibrations

Zi — Xi — Xip

such that 0 <i<n, Xy ~x*, X, ~X, and each Z; is homotopy equivalent to
a bouquet of spheres (for example, see [10, §3.5] or [43]). The cone length,
denoted by CI(X), is the minimum number n of cofibrations

Zi — Xi — X

such that 0 <i<n, Xo ~« and X, ~ X. Note that both Clg(X) and CI(X)
are homotopy invariants of X. It is known that CI(X) = Cat(X) always holds
[14]. Furthermore, by [51] we always have

cat(X) < Cat(X) < cat(X) + 1.

The following is known or is easy to prove. For the reader’s convenience,
we will give a brief proof.

ProPOSITION 5.2.  For a smooth closed connected manifold M of positive
dimension, we have the following.
(1) We always have

2<catiM)+ 1 <Cat(M)+1=CI(M) + 1
<C(M) <Crit(M) < u(M) <dim M + 1,

CI(M) + 1 < Clg(M) + 1 < u(M),

2In what follows, we consider only those topological spaces which have the homotopy type of a
CW complex.

3In this definition, “open” can be replaced by “closed”, provided that X is a normal ANR. See
[12] or [10, §1.2].
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and
C(M)<b(M) < uM).
(2) w(M)=2 if and only if M is an almost sphere.

Proor. (1) Since M is closed of positive dimension, it is not contractible,
and hence cat(M) > 1. The inequalities cat(M) < Cat(M) < C(M) — 1 follow
from the definitions. The inequality C(M) < Crit(M) is proved in [15].

Suppose f: M — R is a Morse function with the minimum number of
critical values. We may assume that the critical points of index 0 (or n =
dim M) all have the same value. Then, since M is connected, we may assume
that the number of critical points of index 0 (or n) is equal to 1. We may
further assume that for any critical point p of index 1 and for any critical point
P, f(p") < f(p) holds only if p’ has index 0. Then each critical level of f is
connected, and by using Takens’ technique [50, Chap. II], we can construct a
smooth function g on M such that the number of critical points of g is equal
to the number of critical values of f. Hence Crit(M) < u(M) follows.

The inequality u(M) < dim M + 1 can easily be proved by using the stand-
ard Morse theory (see [36, Theorem 4.8], for example).

The inequality Cl(M) < Clg(M) follows from the very definition.

Suppose that a compact manifold W is obtained from a compact manifold
V' with connected boundary by simultaneously attaching some handles to its
boundary. Then it is easy to see that there is a cofibration

Z—V->W

with Z a homotopy bouquet of spheres. (Take Z to be the union of the at-
taching spheres of the handles in the boundary of V' and some arcs connecting
them. See [9, §4].) Therefore, the inequality Cls(M)+ 1 < u(M) follows.

Finally, C(M) < b(M) follows from the very definition. The inequality
b(M) < u(M) can be proved by using an argument similar to that in the proof
of [24, Theorem 2.7].

(2) This also follows from the standard Morse theory. This completes
the proof. O

ExAaMPLE 5.3. Let us consider a smooth S*-bundle E over S* as follows.
Such a bundle has the same homotopy type as
S3 Uy et Uy e’,
where e stands for the k-dimensional cell, and v : de* — S3 and ¢ :de’ —
S3Uy e* are attaching maps. It is known that if i represents an element of
n3(S?) = Z distinct from +1, then we have cat(E) =2 (for example, see [3,
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22])*. However, if  # 0,41, then E — {point} is not homotopy equivalent
to a bouquet of spheres, since H3(S®Uy e*) has a nontrivial torsion. Hence,
1(E) cannot be less than or equal to 3 by Corollary 3.17 (5). Thus we have
cat(E) + 1 < u(E). (In fact, we can show that 3 =cat(E) + 1 =Cat(E)+1 <
CIs(E) + 1 = u(E) = 4)

Furthermore, since E is 2-connected, by [50, Corollary 6.6], we have
Crit(E) = 3. Therefore, we have 3 =C(E)=Crit(E) < u(E) =4. (We do
not know the exact value of b(E). It should be equal to 3 or 4.)

As Scheerer and Tanré [43, §3.3] point out, the difference Clg(X) — cat(X)
can be arbitrarily large for CW complexes X. Modifying their example, we
can show the following.

PropoSITION 5.4. For any positive integer k, there exists a smooth closed
connected manifold M such that

u(M) — Crit(M) > (Clg(M) + 1) — Crit(M) > k.

ProoOF. Let us consider the complex projective space CP’, where / = 2"
with n > 1. It is easy to see that for a generator a of H*(CP’;Z/2Z) =~ 7./2Z,
we have

qun o quw1 0---0 Sq4 o qu(a) =a*" #0.
Therefore, we have
Cls(CP’) > n

(see [10, Example 3.25], for example). Furthermore, for the suspension XCP’,
we have

Clg(XCP’) > n

as well, since the suspension operation is consistent with the squaring operation.
Note that cat(XCP’) =1 and that YCP’ is simply connected.

Now we can embed XCP’ in an Euclidean space R" of sufficiently high
dimension. Let ¥ be a regular neighborhood of XCP’ in RY. Note that V
is a compact N-dimensional manifold with boundary and is homotopy equiv-
alent to XCP’. Therefore, V is simply connected, and if N is sufficiently
large, 0V is also simply connected.

Thus by [10, §7.4] (see also [9]), there exists a smooth function f on V
which is regular, constant and maximal on JF with the number of critical
points at most cat(¥) +2 = 3.

“The inequality cat(E) <2 can easily be seen, since S*Uye* is homotopy equivalent to the
suspension of S2U,e® for an attaching map ' : de* — S? whose suspension is homotopic to .
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Now let us consider the double of V: M = VUV. Then M is a smooth
closed manifold of dimension N. If N is sufficiently large, then the in-
clusion V < M induces isomorphisms on cohomology groups of dimension
< dim XCP’. Therefore, we see that

Sqin ° Sq[n—l 0---0 Sqiz o Sqil (ﬁ) £0

for some fe H*(M;Z/2Z) and i\,i,...,in—1,i, = 1. Thus we have u(M) >
Cls(M)+1>n+1.

On the other hand, using the above constructed smooth function
f:V —R, we can construct a smooth function on M with at most 6
critical points. Therefore, Crit(M) <6 and we have u(M)— Crit(M) =
(Cls(M)+1) — Crit(M) > n—5. Choosing n so that n —4 > k, we have the
desired conclusion. This completes the proof. O

REMARK 5.5. By [10, Example 7.32], for the above constructed manifold
M, we have cat(M) < 2.

REMARK 5.6. We do not know how close are Clg(M) + 1 and u(M) (see
also [43, §7)).

Recall that (M) < 3 if and only if M satisfies one (and hence all) of the
conditions (1), (2) and (3) of Proposition 3.2.
In fact, we have the following.

PROPOSITION 5.7.  Let M be a smooth closed manifold. Then u(M) <3 if
and only if there exists a Morse function f : M — R such that for each regular
value y € f(M), we have u(f~'(y)) <2

Proor. If u(M) < 3, then there exists a Morse function f : M — R with
at most three critical values. Then it is easy to see that f~!(y) is a union
of finitely many standard spheres for every regular value y € /(M) and hence
u(f'(») <2

Conversely, if a Morse function f: M — R as in the proposition exists,
then u(M) < 3 holds by Proposition 3.2. O

It may be conjectured that for each integer k > 2, u(M) <k +1 if and
only if there exists a Morse function f : M — R such that for each regular
value y e f(M), we have u(f~'(y)) <k. The above proposition shows that
this is true for k = 2.

Note that the above conjecture is true at least for dim M < 3. The first
unknown case would be that of dim M =4 and k = 3.

ReMARrk 5.8. Let f: M — R be a Morse function on a closed manifold
M. By applying [38, Theorem 1.1] to the quotient map g, : M — W in the
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Stein factorization of f, we see that if cat(q/?l(x)) <m for all xe W, then
cat(M) <2m+ 1 holds. In particular, if x(f~!(y)) < k for each regular value
ye f(M), then we have cat(M) < 2k + 1.

REMARK 5.9. For a smooth closed manifold M, we could consider the
minimum number of critical values among all smooth (not necessarily Morse)
functions on M. However, it is clear that the number is always equal to one
(consider a constant function). Nevertheless, if the set of critical points has
some topological restrictions, then such a number makes sense. For details,
see [8].

REMARK 5.10. For smooth closed manifolds A, the author does not
know if Crit(M), C(M), b(M) or u(M) are invariants of the homotopy type
of M.

6. Further results in the 3-dimensional case

In this section, we study the invariants mentioned in the previous section
more in detail for 3-dimensional manifolds. We also study Morse functions on
3-dimensional manifolds whose regular fibers are unions of 2-spheres and tori.

First we show the following.

PROPOSITION 6.1.  Let M be a smooth closed connected 3-manifold. Then

we have the following.
(1) cat(M) = Cat(M) = CI(M) = Cls(M).
(2) C(M)=0b(M) =Crit(M) = u(M).

Proor. (1) If Clg(M) <1, then we have
cat(M) = Cat(M) = CI(M) =Cls(M) =1 (6.1)

and M is a homotopy 3-sphere. Furthermore, if M is a homotopy 3-sphere,
then the equalities in (6.1) hold.
If Clg(M) =2, then we have

cat(M) < Cat(M) = CI(M) <Cls(M) =2

and M has a free fundamental group ([16, 37]). If CI(M) <1 or cat(M) < 1,
then M is a homotopy 3-sphere and Clg(M) =1, which is a contradiction.
Thus we have

cat(M) = Cat(M) = CI(M) = Clg(M) =2
and M has a nontrivial free fundamental group.

Suppose now Clg(M) =3. If CI(M) <2 or cat(M) <2, then M has a
free fundamental group and is homotopy equivalent to a connected sum of
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some copies of S'x S? and/or S'x S? (see [19, p. 57]). Thus we have
Cls(M) < 2, which is a contradiction. Thus we have

cat(M) = Cat(M) = CI(M) = Clg(M) = 3.

This completes the proof of (1).

(2) If w(M)=2, then by Proposition 5.2 we have C(M)=b(M)=
Crit(M) = u(M). If w(M)=3, then we have C(M) < Crit(M) <3 and
b(M) < 3. IfCrit(M) =2, C(M) =2, or b(M) =2, then M is homeomorphic
to S* and u(M) = 2, which is a contradiction. Thus we have C(M) = b(M) =
Crit(M) = u(M) =

If u(M)=4, then we have C(M) <Crit(M) <4 and b(M)<4. If
Crit(M) <3, C(M) <3, or b(M) <3, then by [50, Theorem (3.3)], [20] or
[24, Theorem 4.3], M is diffeomorphic to a connected sum of some copies
of S' x S? and/or S!'x S?. Therefore, we have u(M) <3, which is a con-
tradiction. This completes the proof. O

REMARK 6.2. As the above proof shows, we have
cat(M)+ 1 =Cat(M)+ 1 =CI(M)+1=Cls(M) + 1
=C(M)=b(M) =Crit(M) = u(M)

for all smooth closed connected 3-manifolds M if and only if the Poincaré
conjecture is positive; i.e. if and only if every homotopy 3-sphere is homeo-
morphic to S°.

REMARK 6.3. Corollary 3.14 can also be proved in the following way.
For a smooth closed connected 3-manifold M, if u(M) <3, then we have
Crit(M) < 3. Hence, by [50, Theorem (3.3)] M is diffeomorphic to a con-
nected sum of some copies of S! x S? and/or S! % S2. Conversely, if M is
diffeomorphic to such a manifold, then it is easy to see that u(M) < 3 holds.

Let us now study Morse functions on 3-manifolds more in detail. Let M
be a smooth closed orientable 3-dimensional manifold and f : M — R a Morse
function. Note that every regular fiber of f is a closed orientable surface.

DEerINITION 6.4. The fiber genus of a Morse function f: M — R on a
smooth closed orientable 3-manifold M is the maximum over all genera of the
components of regular fibers of f. For example, a Morse function is of fiber
genus 0 if and only if f is purely spherical.

In the rest of this section, we will prove the following.

THEOREM 6.5. Let M be a smooth closed connected orientable 3-dimensional
manifold.  Then there exists a Morse function f: M — R on M of fiber genus
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at most 1 if and only if M is diffeomorphic to a connected sum of some copies of
the following 3-manifolds:

S3, S x $? lens space L(p,q), p=2.

For the proof, we need the following.

LEMMA 6.6. Let f: M — R be a Morse function of fiber genus g. Then
there exists a Morse function h: M — R of the same fiber genus g whose critical
points have distinct critical values.

PrOOF. Suppose that ¢ € f(M) < R is a critical value and let py, pa, ..., p,
be the critical points lying in f~!(c). We can take a sufficiently small & > 0
such that ¢ is the unique critical value in the interval [c —é& ¢ +¢]. Then,
changing f slightly on V = f~!([c — (¢/2),c + (¢/2)]), we can construct a
Morse function f.: M — R with the following properties:
(1) f.=f outside of V,
@) V) < le—(e/2),c+ (6/2)),

(3) f. has the same critical points as f, and

) fip) < folpy) T i< ).
By renumbering the critical points pi, pa,..., p, if necessary, we may further
assume that their corresponding indices are arranged in a form

0,...,0,2,...,2,1,...,1,3,....3.

It is easy to observe that attaching a O-handle or a 2-handle to a compact
orientable 3-manifold does not increase the maximum genus of the components
of the boundary surface. Dualizing the argument, we also see that attaching a
3-handle or a I-handle does not decrease the maximum genus.

Since the maximum genus of the components of f~!(c +¢) = f7(c +¢) is
smaller than or equal to g, the new Morse function f. has the same fiber genus
as f.

Repeating this procedure for each critical value of f, we obtain a desired
Morse function 4. This completes the proof of Lemma 6.6. O

PrOOF OF THEOREM 6.5. It is easy to see that the 3-sphere S3, lens spaces
L(p,q) and S! x S? all admit a Morse function of fiber genus at most 1.
Then on a 3-manifold obtained by their connected sum, we can also construct
such a Morse function by the obvious connected sum construction with respect
to disk neighborhoods of minimum or maximum points.

Conversely, suppose that M admits a Morse function f of fiber genus
at most 1. By Lemma 6.6, we may assume that the critical points of f have
distinct critical values. Let py, pa,..., pm be the critical points of f and we
assume f(p1) < f(p2) <- - < f(pm). Set f(p))=ci, i=1,2,...,m, and take
real numbers ¢, i=1,2,....m+1, such that f1, <¢ <t <<t < <
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tn < Cm < tpe1. We set M; = ffl[tl,ti], i=1,2,...,m+ 1. In the following,
for a compact 3-dimensional manifold ¥, we denote by ¥ the compact 3-
dimensional manifold obtained by attaching 3-dimensional disks to V" along all
the 2-sphere components of the boundary dV.

Let us show, by induction on i, that each component of M;, i >2, is a
connected sum of some copies of the following 3-manifolds:

S3, St x 82, lens space L(p,q), S! x D% (6.2)

Note that the assertion for i =m + 1 implies the theorem.

The assertion trivially holds for i =2, since M, is a 3-dimensional disk.
Let us assume that the assertion holds for M; for an i with m >i> 2.

If the index of the critical point p; is equal to 0 or 3, then it is easy to see
that the assertion holds also for M.

Suppose that the index of p; is equal to 2. Then M;,| is obtained from
M; by attaching a 2-handle. If the attaching circle bounds a 2-disk in the
boundary surface, then we see easily that AM; ~ M;,,. If the attaching circle
does not bound a 2-disk in dM;, then the boundary component along which
the 2-handle is attached should be a torus. By our induction hypothesis, this
implies that M; has S! x D? as a connected summand. Then we see that MM
is obtained from M; by replacing this S' x D? factor with S, S' x §2, or a
lens space L(p,q).

Now suppose that the index of p; is equal to 1. Then M;,; is obtained
from M; by attaching a 1-handle. If the 1-handle is attached to a connected
component of 0M;, then this component should be a 2-sphere and we see
that M, =~ M#(S"' x D?). Suppose that the 1-handle is attached to distinct
connected components of 0M;. Note that then one of the components, say S,
should be a 2-sphere. First, let us consider the case where these two com-
ponents are contained in a connected component of M;. If both of these
components are 2-spheres, then we see easily that M | ~ M,-ﬁ(S I'x §2).

If one of the components, say 7, is a torus, then we see that M,-H is
diffeomorphic to the boundary connected sum of M; and (S' x §?)\Int D,
where the boundary connected sum is performed along 7. (This can be
proved as follows. Let B® be the 3-disk in M; attached to M; along the 2-
sphere component S, and let B* be the union of B® and a small closed collar
neighborhood C of dB® in M;. Furthermore, let N be a closed tubular
neighborhood of a properly embedded arc in M;\Int B* connecting the torus
component T and 0B>. We may assume that N N T coincides with one of the
attaching 2-disks of the 1-handle. Note that M;\Int(B>UN) is diffeomorphic
to M;. Then M., is obtained from M; by removing Int(B>UN) and by
attaching the union of C, N and the 1-handle along a 2-disk. Since the latter
union is diffeomorphic to (S! x $?)\Int D3, the above assertion follows.)
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Therefore, we have M | =~ M#(S' x S?) again.

Finally, suppose that the 1-handle is attached to distinct connected com-
ponents of M;. If the corresponding components of dM; are 2-spheres, then
M., is obtained from M; by taking the connected sum of two components.
In fact, this holds even if one of the components is a torus.

Therefore, we have proved that each component of M, is a connected
sum of some copies of the 3-manifolds as in (6.2). This completes the induc-
tion and hence the proof of Theorem 6.5. O

ReEMARK 6.7. Recall that a smooth closed connected orientable 3-manifold
can always be decomposed as the union of two 3-dimensional handlebodies
attached along their boundaries (for example, see [19]). Such a decomposition
is called a Heegaard decomposition of the 3-manifold, and the genus of the
attaching surface is called the genus of the Heegaard decomposition. The
Heegaard genus of a 3-manifold is the minimum genus of its Heegaard
decompositions.

It is known that the Heegaard genus of a 3-manifold is at most 1 if and
only if it is diffeomorphic to S*, S! x $2, or a lens space L(p,q). Therefore,
Theorem 6.5 can be interpreted as follows. For a smooth closed connected
orientable 3-manifold M, there exists a Morse function f: M — R of fiber
genus at most 1 if and only if M is diffeomorphic to a connected sum of some
closed orientable 3-manifolds of Heegaard genus at most 1. We do not know
if the corresponding statement for higher genera holds or not. (Note that the
corresponding statement for genus 0 does not hold.)
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