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This note is an explanation of the computational data obtained in the pa-

per [Paper]. These data are written in the GAP [GAP] format, and are available

from the author’s website

http://www.math.sci.hiroshima-u.ac.jp/~shimada/lattice.html.

The data is presented in 3 files:

basiccompdata.txt(6.1MB), OLQ.txt.zip(275.7MB), ShortVectorsLQ.txt.zip(77.7MB).

The zipped file of a folder compdataL64 containing these 3 files is also available

from the website above.

In the following, we use the notation fixed in [Paper].

1. Basis computational data

The file basiccompdata.txt contains the following data.

• GramR is the Gram matrix of R:

GramR =

 6 1

1 6

 .

• ORGenerators is the generating set of O(R) consisting of the following

matrices:  0 1

1 0

 ,

 −1 0

0 −1

 .

• projdiscR is the 2× 1 matrix 175

35

 ,

which has the following property. The mapping

v 7→ v̄ := v · projdiscR mod 35
1
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gives the natural projection R∨ → DR, where v ∈ R∨ is written with

respect to the standard basis e1, e2 of R ⊗ Q, and v̄ ∈ DR
∼= Z/35Z is

written with respect to the generator

u :=
1

35
(34e1 + 6e2) mod R.

In the following, elements of DR
∼= Z/35Z are written with respect to this

generator u; that is, n means the element nu ∈ DR, where n is an integer

satisfying 0 ≤ n < 35.

• uDR is the vector [34/35, 6/35] that describes the generator u of DR.

• discR is the 1 × 1 matrix [[6/35]] that describes the finite quadratic form

qR : DR → Q/2Z with respect to the generator u of DR.

• HR is the list [1, 6, 29, 34] of the elements of H(R) = O(qR) ⊂ (Z/35Z)×.

• GramR32 is the Gram matrix of R32; that is, the block-diagonal matrix of

size 64 whose diagonal matrices are 32 copies of GramR.

• projdiscR32 is the 64× 32 matrix which has the following property. The

mapping

v 7→ v̄ := v · projdiscR32 mod 35

gives the natural projection (R32)∨ = (R∨)32 → DR32 = (DR)
32; that is,

projdiscR32 is the block-diagonal matrix whose diagonal matrices are 32

copies of projdiscR.

• discR32 is the 32 × 32 diagonal matrix with diagonal components 6/35 ∈
Q/2Z. This matrix describes the finite quadratic form qR32 : DR32 → Q/2Z.

• lambdas is the list of

λ(n) := min { x2 | x ∈ R∨, x mod R = n },

where n ∈ DR = Z/35Z. For an integer n with 0 ≤ n < 35, the (n + 1)st

entry of lambdas is λ(n).

• P1 is the list of points P = [α : β] = [alpha, beta] of P1(F31) sorted as

[∞, 0 | 1, 32, 34, . . . , 328, | 3, 33, 35, . . . , 329 ].

The point ∞ is written as [1 : 0], whereas the points in the finite part F31

are written in [ν : 1] (0 ≤ ν < 31).

• PSLGenerators is the list [ξ, η, ζ] of generators of PSL2(31) embedded in

S = S(P1(F31)) ∼= S32. Each element is given by a 32 × 32 permutation

matrix P such that v 7→ vP gives the permutation of components of a vector
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v whose components are in one-to-one correspondence with the points of

P1(F31) with the ordering fixed by the list P1.

• T is the template matrix T of generalized quadratic residue codes of length

32. The rows and columns of T are indexed by P1(F31) with the ordering

fixed by P1. Components of T are strings "a", "b", "d", "s", "t", "e"

• abdste = [0, 0, 1, 7, 3, 2] is the parameter of the generalized quadratic residue

code Q.

• QGenerators is the list of the generators v∞, v0, v1, . . . , v30 ∈ (Z/35Z)32

of Q. The list QGenerators is obtained from the template matrix T by

substituting ["a", "b", "d", "s", "t", "e"] with abdste = [0, 0, 1, 7, 3, 2].

• QBasis is the basis of Q written is the form [ I16 |B ], where B is the 16×16

matrix given in Table 1.1 of [Paper].

• AutQGenerators is a finite generating set of AutH(R)(Q). Each element of

this list is given as a 32× 32 matrix M such that v 7→ vM mod 35 gives an

automorphism of Q.

• embR32L is the matrix of the embedding R32 ↪→ LQ. This matrix fixes a

basis b1, . . . , b64 of LQ in the following sense: the row vectors of the inverse

matrix embLR32−1 are the vector representations of b1, . . . , b64 with respect

to the standard basis E = {e(1)1 , e
(1)
2 , . . . , e

(32)
1 , e

(32)
2 } of R32 ⊗Q.

• embR32Linv is the inverse matrix of embR32L.

• GramLQ is the Gram matrix of LQ with respect to the basis b1, . . . , b64 fixed

above.

• GammaLQGenerators is a finite generating set of ΓQ ⊂ O(LQ). Each mem-

ber is written in the form of a 64 × 64 matrix with respect to the basis

b1, . . . , b64 of LQ. This list is sorted according to AutQGenerators; that is,

the ith member of GammaLQGenerators is the unique lift of the ith member

of AutQGenerators.

• Taus is the list of the triples [tau, size, indices] of a type τ = tau of

vectors in S, the size of Sτ , and the list of indices i such that oi ⊂ Sτ ,

where oi ⊂ S is the orbit under the action of ΓQ that appears at the ith

position of the list ShortVectorsLQ below.

• S0 is the list S0 of vectors in S with type [ 1377392, 578256, 38343, 304, 1 ].

The size of S0 is 23808, and S0 is the disjoint union of the two orbits o7

and o9. The elements in the first half of S0 form o7, and the elements in

the second half form o9.
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• NewBasisV0 is the list V0 = [v1, . . . , v64] of vectors in S0. The vectors vi

are written with respect to the basis b1, . . . , b64 of LQ.

• GramLQV0 is the Gram matrix of LQ with respect to the basis V0.

• TenVs is the list [V1, . . . , V10] of lists Vi of vectors of S0.

• TenOLQGenerators is the list [g1, . . . , g10] of elements gi of O(LQ) such

that V gi
0 = Vi. These isometries gi are written with respect to the basis

b1, . . . , b64 of LQ.

• smallms is the list [ma,mb,md,ms,mt,me] of the 2× 2 matrices.

• Mrho is the matrix representation Mρ of ρ⊗Q ∈ O(R32 ⊗Q) with respect

to the standard basis E of R32 ⊗Q.

• GramNebe is a Gram matrix of Nebe’s lattice N64. This matrix is copied

from the website [NS].

• GammaNebeGenerators is a finite generating set of Nebe’s subgroup of

O(N64) with order 587520. This list is copied from the website [NS].

2. Big data

• The file OLQ.txt contains the list OLQ of elements of O(LQ). This list

OLQ consists of two lists. The first is the list of elements of the subgroup

ΓQ ⊂ O(LQ). The second is the list of elements of O(LQ) \ ΓQ.

• The file ShortVectorsLQ.txt contains the list ShortVectorsLQ that de-

scribes the orbit decomposition of the set S of vectors in LQ of square-norm

6. The vectors are written with respect to the basis b1, . . . , b64 of LQ fixed

by embR32L. This list is decomposed into 56 orbits by the action of ΓQ.

The first orbit is o1 and the second orbit is o2.
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