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ABSTRACT. Let X be the Fermat hypersurface of dimension 2m and of de-
gree q + 1 defined over an algebraically closed field of characteristic p > 0,
where ¢ is a power of p, and let NL™(X) be the free abelian group of nu-
merical equivalence classes of linear subspaces of dimension m contained in X.
By the intersection form, we regard NL™(X) as a lattice. Investigating the
configuration of these linear subspaces, we show that the rank of NL™(X) is
equal to the 2m th Betti number of X, that the intersection form multiplied
by (—1)™ is positive definite on the primitive part of NL™(X), and that the
discriminant of NL™(X) is a power of p. Let £™(X) be the primitive part
of NL™(X) equipped with the intersection form multiplied by (—1)™. In the
case p = ¢ = 2, the lattice £L™(X) is described in terms of certain codes
associated with the unitary geometry over Fo. The lattice £2(X) is isomor-
phic to the laminated lattice of rank 22. This explains Conway’s identification
-222 = PSU(6,2) geometrically. The lattice £3(X) is of discriminant 216 - 3,
minimal norm 8, and kissing number 109421928.

1. INTRODUCTION

Let p be a prime integer, and ¢ = p” a power of p, where v is a positive integer.
Let X be the Fermat hypersurface of dimension 2m and of degree ¢ + 1 defined
over an algebraically closed field k of characteristic p > 0; that is, the hypersurface
X in P?m+1 is defined by the homogeneous equation

q+1 q+1
‘IO +'“+‘r2m+1_0'

Let CH™(X) be the Chow group of algebraic cycles on X with codimension m
modulo the rational equivalence. We have the intersection form on CH™(X),
which is Z-valued, bilinear and symmetric. We define N™(X) to be the quotient
group of CH™ (X)) by the numerical equivalence. Here an element o of CH™ (X)) is
said to be numerically equivalent to zero if a.f = 0 holds for any § € CH™(X).
Tate [16] proved that X is supersingular; that is, each element of the middle coho-
mology group H*™(X,Q;)(m) of X is represented by an element of CH™ (X ) ®zQ;.
(See also Shioda and Katsura [15].) In particular, the numerical equivalence on
CH™(X) coincides with the homological equivalence, and N™(X) is embedded in
H?™(X,Q;)(m). Moreover, because the intersection form is Z-valued, the subgroup
N™(X) of H*(X,Q;)(m) is finitely generated, and its rank is equal to the 2m th
Betti number by, (X) of X.
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On the other hand, the hypersurface X contains many linear subspaces of di-
mension m. The number of these linear subspaces is given by ]_[:,":0((]2”‘|r1 +1)
(cf. Corollary 2.22). Let NL™(X) be the subgroup of N™(X) generated by the nu-
merical equivalence classes of these linear subspaces. Our first result is as follows.

Theorem 1.1. (1) The rank of NL™(X) is equal to by (X).

(2) The signature of the intersection form on NL™(X) ®z R is (1,be,(X) — 1)
when m is odd, while it is (b (X),0) when m is even.

(3) The discriminant of the intersection form on NL™(X) is a power of p.

This result not only gives a new proof to the supersingularity of X but also
implies that N™(X)/NL™(X) is at most a finite p-group. It is quite plausible that
N™(X) actually coincides with NL™(X), but this conjecture is not yet verified.
Shioda [13] studied the Néron-Severi group of a complex Fermat surface, and asked
whether it is generated by the numerical equivalence classes of lines on the Fermat
surface (cf. [13, Question 7.4]).

In N™(X), we have the numerical equivalence class h of the intersection of
X with a general linear subspace of P?™*! of dimension m + 1. We define the
primitive part N/ (X) of N™(X) to be the orthogonal complement (h)* of h.

The assertion (2) of Theorem 1.1 implies the following.

Corollary 1.2. The intersection form multiplied by (—1)™ is positive definite on
N™ (X).

prim
When X is a surface, this corollary follows from the Hodge index theorem, which

is valid in any characteristics. Over the complex number field, the corresponding
result follows immediately from the Hodge theory.

We put
L7(X) = (=1)"(NL™(X) N N (X)),

prim
where the factor (—1)™ means that the intersection form is multiplied by (—1)™.
Then £™(X) is a positive definite lattice. Our second result describes the structure
of this lattice when p = ¢ = 2.

Suppose that p = ¢ = 2. Let k be the finite field Fy, and let T be the set of
k-rational points of the projective space P™ defined over k. We identify the power
set 27" of T with the vector space F} of Fa-valued functions on 7 in such a way
that a subset S of T' corresponds to the function from T to Fy whose pre-image
of 1 € Fy is exactly S. Via this identification, an addition is defined on 27 by the
symmetric difference;

Sl + SQ = (Sl U 52) \ (Sl N SQ)
A square matrix A = (a;;) of size m+1 with coefficients in k is said to be Hermitian

if it satisfies ‘A = A®), where A® := (). For a Hermitian matrix A, let Y (k) be
the set of k-rational points of the subvariety Y4 of P™ defined by the homogeneous

equation

Z aijxix? =0.

i,5=0
When A is the zero matrix O, we have Ypo(k) = T. Let R be the finite ring
7/(2™*1), and RT the R-module of R-valued functions on 7. For a subset S of T,
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we define Vg € RT to be the function given by

Ve(H) = 1 ifH eSS,
ST o itHeT) S

Let T be the disjoint union of T' and {p}, where ¢ is a formal element, and R%
the R-module of R-valued functions on T. For a function & € RT, we define its

extension ©~ € RT to be the unique function from T to R that satisfies

Ulr=v and 0 (p)= Y o(H).

HET
For an R-submodule M of R”| we define M~ to be the set {t” : © € M}, which
is obviously an R-submodule of RT isomorphic to M as an R-module. Let ZT be

the free abelian group of Z-valued functions on T. We equip ZT with a Q-valued
positive definite symmetric bilinear form defined by

(v, W) = Qm%(z o(HYw(H) + 3u(p)u(e)). (1.1)

HeT

Definition 1.3. We define H,,, to be the linear subspace of FZ generated by the
subsets Y4 (k) of T, where A runs through the set of all Hermitian matrices. Let
L™ be the submodule of R” generated by the vectors V1 and 2V g, where S runs
through H,,,. We define L™ to be the pull-back of the extension (L™)~ of L™ by

the natural homomorphism Z” — RT.

It turns out that the symmetric bilinear form ( , )7 takes values in Z on L™, so
that L™ becomes a lattice. Note that the rank |T'| + 1 of L™ is equal to the rank
bam (X) — 1 of £7(X).

Theorem 1.4. The lattice L™(X) is isomorphic to L™.
We will study the structure of £ (X) in detail for m < 3.

When dim X = 2, the lattice £!(X) = L'is easily seen to be isomorphic to
the root lattice of type Eg. In other words, the primitive part of the Néron-Severi
lattice of the cubic Fermat surface in characteristic 2 does not differ from that of a
nonsingular cubic surface in characteristic 0, which has been studied for many years

in the relation with the configuration of the twenty-seven lines on a cubic surface.
(See Manin [10].)

Theorem 1.5. Suppose that dim X = 4. Then the lattice L2(X) is isomorphic to
the laminated lattice Aoo of rank 22.

See the book by Conway and Sloane [2, Chapter 6] for the definition of the
laminated lattice Ass. This lattice is obtained as a section of the Leech lattice,
and the subgroup -222 of the automorphism group -0 of the Leech lattice acts on
A (cf. [2, Chapter 10]). In search for the explanation of Conway’s identification
-222 = PSUg(2) (cf. [2, Chapter 10, Table 10.4]), Edge [4] suggested that there
should be some correspondence between the planes contained in the cubic Fermat
4-fold X in characteristic 2 and certain vectors in the Leech lattice, and presented
some numerical evidences. Using this putative correspondence, Jénsson and McKay
constructed an embedding of the Mathieu group Mas into PSUg(2) explicitly in [9].
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In the course of the proof of Theorem 1.5, we construct an embedding of L? into
the Leech lattice. Combining this embedding with the isomorphism £2(X) = L2
in Theorem 1.4, we can make a correspondence between pairs of planes contained
in X and certain vectors of the Leech lattice. This correspondence explains the
numerical coincidences given by Edge [4].

Theorem 1.6. Suppose that dim X = 6. Then the lattice £3(X) of rank 86 has
discriminant 21 - 3, minimal norm 8, and kissing number 109421928.

Recall that the normalized center density of a positive definite lattice L is defined
to be

(disc L) ™Y2 . (Nyin/4)™2,
where disc L, Ny, and r are the discriminant, the minimal norm and the rank of
L, respectively. By Theorem 1.6, the normalized center density of £3(X) is equal
to 23°/4/3 = 2342075 " The Minkowski-Hlawka theorem (cf. [2, Chapter 1]) says
that there is a lattice of rank 86 with normalized center density at least

C(86) . 2785 . ‘/8?31 — 219‘3208.“,

where ( is the Riemann zeta function and Vgg is the volume of the 86-dimensional
unit ball. Thus the lattice £3(X) gives us a new example of sphere packing whose
center density exceeds the Minkowski-Hlawka bound (cf. [2, Chapter 1, Table 1.3]).

Computing the norms of geometrically natural generators of £™(X) and looking
at the results for m < 3, we are led to a guess that the minimal norm of £™(X)
is 2™ for every m. Shioda [14] and, independently, Elkies [5, 6] obtained many
lattices of high center density as Mordell-Weil lattices of elliptic surfaces in positive
characteristics. The minimal norm of a Mordell-Weil lattice is easily calculated
from geometric invariants of the elliptic surface (cf. [14, Section 2]). For our lat-
tices, unfortunately, we do not know any geometric method for determining the
minimal norm. The proof of Theorem 1.6 is carried out using a computer, and the
computation becomes intractable when m > 4.

Theorems 1.1 and 1.4 are proved by looking at the configuration of m-dimensional
linear subspaces contained in X. In order to study the configuration, we investigate
the action of the projective automorphism group of X on the set of linear subspaces
on X. Our new tool for carrying out this investigation is the notion of p-quadric
hypersurfaces and special linear subspaces (cf. Definitions 2.1 and 2.11). The notion
of p-quadric hypersurfaces has been introduced by Shimada in [12, Introduction]
in the study of unirationality of complete intersections in positive characteristics.
Some of the results about the configuration we prove in this paper have been ob-
tained by Segre [11] in the context of Hermitian hypersurfaces over finite fields.

We give a brief outline of our paper. In Section 2, we prove elementary facts
about p-quadric hypersurfaces, Hermitian hypersurfaces, and special linear sub-
spaces. A nonsingular hypersurface of degree ¢ + 1 is p-quadric if and only if
it is projectively isomorphic to the Fermat hypersurface of the same degree (cf.
Proposition 2.3), and any m-dimensional linear subspace contained in a nonsingu-
lar p-quadric hypersurface of dimension 2m is always a special linear subspace (cf.
Corollary 2.17). Therefore we are allowed to replace the Fermat hypersurface by
any nonsingular p-quadric hypersurface. In Section 3, we investigate the configu-
ration of special linear subspaces on a nonsingular p-quadric hypersurface X ; of
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dimension 2m defined by the equation

m

Z(wiyf —zly;) = 0.

=0

We show that, when p = ¢ = 2, each m-dimensional linear subspace contained in
X is labeled in a one-to-one way by a pair of a k-rational linear subspace of P
and a Hermitian hypersurface on it (cf. Corollary 3.11). In Section 4, we prove
Theorem 1.1 by writing down explicitly an embedding of NL™(X ;) into an R-
vector space of dimension by, (X ;) equipped with a symmetric bilinear form of
signature (b2, (X ), 0) or (1, bam (X 5) — 1), according to the parity of m. In Section
5, we prove Theorem 1.4. Using the labeling obtained in Section 3, we assign to
each generator of £L™(X ;) a vector of L™, and show that this assignment yields an
isomorphism of lattices between £™(X ;) and L™. In Section 6, we show that the
linear code Hs of length 21 is related to a certain subcode of the Golay code Ca4, and
construct an embedding of L? into the Leech lattice, whose image is the laminated
lattice Ags. This proves Theorem 1.5. In Section 7, we (ivaluate the discriminant,
the minimal norm and the kissing number of the lattice L3. In the last section, we
give a geometric explanation for the kissing number of Lm L™(X) form =1,2,3,
and present a conjectural formula of the kissing number of L™ for general m.

After the first version of this paper was finished, the author was informed that
Dummigan and Tiep [3] have also considered the lattices N[ (X) from a group-
theoretic point of view using an idea of Gross [8].
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Max-Planck-Institute fiir Mathematik in Bonn from June to July in 1998. The
author would like to thank the Max-Planck-Institute for giving him a stimulating
research environment. He also would like to thank Professors Eiichi Bannai, Yoichi
Miyaoka, Tetsuji Shioda and Tomohide Terasoma for many helpful discussions and
comments.

Conventions.

(1) We fix a prime integer p and its power ¢ = p”, where v is a positive integer.
(From Section 5 onwards, we put p = ¢ = 2.) Let k be the finite field F2, and k
its algebraic closure.

(2) For an algebraic variety V defined over a field K, we denote by V(K) the
set of K-rational points of V.

(3) The homogeneous coordinates of a projective space P™ are expressed as a
column vector Y(xq,...,x,), so that the group GL(n + 1) of (n +1) x (n + 1)
invertible matrices acts on P” from the left.

(4) We consider the empty set () as a linear subspace of P with dimension —1,
and understand that every subvariety of P contains ().

(5) Let » = p" be a power of p, where p € Z. For a matrix I' = (v;;) with
coefficients in k, we denote by I'") the matrix (7i;)- Then we have (I'y - Iy)" =

T . (). The transpose of a matrix I is denoted by ‘T

(6) For a set S, the cardinality of S is denoted by |S|. For an abelian group A4,
the A-module of A-valued functions on S is denoted by A°. The power set 27 is
identified with 5 in such a way that the addition of subsets of S is defined by the
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symmetric difference. The disjoint union of two disjoint sets S; and Ss is written
by S7 U Ss.

2. PROJECTIVE GEOMETRY OF p-QUADRIC HYPERSURFACES

Let n be a positive integer. We denote by M (n+1, K) the set of square matrices
of size n 4+ 1 with coefficients in a field K, where K is k or k.

First we work over k. We consider the projective space P" of dimension n
defined over k with homogeneous coordinates x = *(zo,...,2,). For a non-zero
square matrix A = (a;;) € M(n+1,k), we define a homogeneous polynomial f4 of
2n + 2 variables by

n
fA(xvy) = tx A y(q) = Z azjxlij
1,j=0

where x = Y(zo,...,2,) and y = Yyo,...,yn). We denote by X4 the hypersurface
of degree ¢ 4+ 1 defined in P™ by the homogeneous equation

fa(z,z)=0.

When A is the identity matrix I, the hypersurface X; is nothing but the Fermat
hypersurface of degree q + 1.

Definition 2.1. We say that a hypersurface of P" is a p-quadric hypersurface if it
is written as X4 by some non-zero matrix A € M(n + 1,k).

Note that the definition of p-quadric hypersurfaces does not depend on the choice
of homogeneous coordinates of P", because we have g~1(X4) = X4/ for any g €
GL(n+1,k), where A’ = 'gAg(?. We define an action p of the group GL(n+1,k)
on M(n + 1,k) from the left by

pg~")(A) = "gAglD, (2.1)

so that g(Xa) = X,(g)(a) holds for any g € GL(n+1, k). The following lemma will
be used frequently throughout this paper.

Lemma 2.2. Let Z be a reduced irreducible locally closed subvariety of GL(n+1,k),
and let H be a connected reduced algebraic subgroup of GL(n + 1,k). Suppose that
p(h)(Z) C Z holds for any h € H. If dim Z < dim H, then the action of H(k) on
the set Z(k) by p is transitive.

Proof. For a point A € Z(k), we define a morphism ¢4 : H — GL(n + 1,k) by
Ya(h) := p(h)(A). Let € be the dual number; €2 = 0. Then we have

Ya(l +ea) —ha(l) = —c'aA

for all a € Lie(H) € M(n + 1, k) because (I +¢ea)™* =1 —ea and (I —ea)® = 1.
Since A is invertible, we see that 14 is an immersion locally at I € H. On the
other hand, the image of 14 is in Z by assumption. Hence dim Z < dim H implies
that dimZ = dim H, and that ¥, is dominant onto Z. In particular, for any

two points A and A’ of Z(k), we have Imt4 N Ima # B, which means that

there exist elements h,h’ € H(k) such that p(h)(A4) = p(h')(A’). Hence we have
p(h'~1h)(A) = A’ q.e.d.
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Note that X4 is nonsingular if and only if det A # 0. Applying Lemma 2.2 to
Z = GL(n+ 1,k) and H = GL(n + 1,k), we obtain the following proposition,
which is a small part of the main result of Beauville [1].

Proposition 2.3. A nonsingular hypersurface of degree q + 1 is p-quadric if and
only if it is projectively isomorphic over k to the Fermat hypersurface X of degree
q+1.

By virtue of this proposition, we are allowed to replace the Fermat hypersurface
of degree ¢ + 1 by an arbitrary nonsingular p-quadric hypersurface in the proof of
our main results.

Next we recall the definition of Hermitian hypersurfaces, which is a notion over
the finite field k of ¢® elements.

Definition 2.4. Suppose that P™ is defined over the finite field k. A p-quadric
hypersurface X4 is said to be Hermitian if ‘A = A9 holds. In this case, we have
A = A, and hence X4 is defined over k. We define the rank of a Hermitian
hypersurface X 4 to be the rank of A. By abuse of language, we define a Hermitian
hypersurface of rank 0 to be the whole projective space P™.

Let H(n + 1,7) be the set of matrices A € M(n + 1,k) satisfying ‘A = A@
and rank A = 7. Note that, if A € H(n + 1,r), then ‘gAg(? is also an element of
H(n+ 1,r) for any linear transformation g € GL(n + 1, k) with coefficients in k.
Hence the finite group GL(n + 1,k) acts on the set H(n + 1,r) by p. Let GU(r, k)
be the finite group {g € GL(r, k) : 'gg'? = I'}. We understand that GL(0,%) and
GU(0, k) are the group of order 1. We have

r—1 T

|GL(r, k)| = [[(¢® —¢¥) and |GU(r, k)| =q" 2 T](& = (1))

j=0 j=1
The following is due to Segre [11, n. 3].

Proposition 2.5. (1) The action of GL(n+1,k) on H(n+1,7) by p is transitive
for each r.

(2) The stabilizer subgroup of an element of H(n + 1,7) in GL(n + 1,k) is of
order |GU(r k)| - |GL(n 41 — 7, k)| - g?r(+1=7),

Proof. Suppose that r # 0. Let A be an element of H(n + 1,7). Then there exist
vectors v, w € k™! such that f4(v, w) # 0. Because the homomorphism k — F,
of additive groups given by z +— z + z9 is surjective, there is a linear combination
u = A+ pw (A p € k) such that fa(u,u) # 0. Because the homomorphism
N : k™ — F7 of multiplicative groups given by z — 2971 ig also surjective, there is
a multiplicative constant v € k* such that ug := yu satisfies fa(ug,ug) = 1. The
k-rational linear subspace (ug)* = {z € k"' : fa(uo,z) = fa(x,up) = 0} of kn*1
is of codimension 1, and the restriction of fa to (ug)" is of rank r — 1. Hence the
assertion (1) is proved by induction on n. The assertion (2) is obvious. g.e.d.

Let H,.1 be the set of matrices A € M(n + 1,k) satisfying A = A@. Then H, 4,
carries a natural structure of the vector space over the subfield F, of k£ such that
dimg, H,11 = (n+1)%. The set of Hermitian hypersurfaces in P™ is then identified
with Hy, 1 /F.
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Corollary 2.6. (1) The group GL(n+1,k) acts on the set of Hermitian hypersur-
faces of rank r transitively for each r.
(2) The number h(n,r) of Hermitian hypersurfaces of rank r in P™ is

T 2(n+1—r)+25
Lo, H( M)
q-1 SN g = (1)
J
if r >0, while it is 1 if r = 0.

We shall study the set X 4(k) of k-rational points of a Hermitian hypersurface
X 4. The following is also due to Segre [11, n. 30].

Proposition 2.7. Suppose that X s is a Hermitian hypersurface of rank r. Then
| X 4 (k)| is equal to F(n,r), where

q2n—2r+2 -1 N q2n—2r+1 . (q2r -1 (_q)r _ 1)
-1 -1 qg+1 /

Proof. When r = 0, we have X4(k) = P"(k), and hence the assertion holds obvi-
ously. Suppose that » > 0. By Corollary 2.6, the hypersurface X 4 is projectively
isomorphic over k to the hypersurface defined by

1 1
m8+ +...+mgf1:07

F(n,r) =

which is a cone over the Fermat hypersurface Y of degree g+ 1 in P"~! with vertex
being a k-rational linear subspace of dimension n — r. Therefore we have

[ Xa(k)| =Y (k)] - |A T (R)[ + [P (K)],

where A""*1 is the affine space of dimension n — r + 1 defined over k. The
number of k-rational points of the Fermat hypersurface is classically known. We
use Edge’s argument (Edge [4]) to calculate |Y (k)|. Let v(¢) be the number of ¢-
tuples (C1,...,Gt) of elements of F satisfying (1 +---+(; = 0, which is determined
by the initial condition v(0) = 1 and the recursive relation

=y (0)v.

s=0

Because each fiber of the norm map N : k* — Fx consists of ¢ + 1 elements, we
have

Y (k)| = &%12 (;) (¢+1)°w(s) = é(q:zr__ll * (_5); T 1)'

s=1

Thus we obtain the formula for |X 4 (k)|. g.e.d.

Proposition 2.8. Let X4 and Xp be two Hermitian hypersurfaces in P™. If
Xa(k) = Xp(k), then there is a non-zero scalar A € Fy such that A = AB. In
other words, the Hermitian hypersurface is determined by the set of its k-rational
points.

Proof. Suppose that n = 1. Using Proposition 2.7, we can check that | X 4 (k)| =
|Xp (k)| implies rank A = rank B. In particular, the assertion is proved when
rank A = 0. Suppose that A is of positive rank. By Corollary 2.6, the defining
equation of X4 can be written as either 2™ = 0 or ™" 4 29" = 0, if we choose
appropriate k-rational homogeneous coordinates (zg,z1) of P!. It follows that

Xa(k) = Xa(k). (Note that the equation x97! +1 = 0 has ¢ + 1 distinct roots
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in the finite field k.) Hence we have X4(k) = Xp(k). Therefore f4 and fp are
proportional over k. Because A and B are Hermitian, this implies that A and
B are proportional over F,. When n > 2, the restrictions of f4 and fp to any
k-rational linear subspace of k"*! of dimension 2 are proportional over F, by the
above observation, whence so are A and B. g.e.d.

Next we introduce a notion of special linear subspaces of nonsingular p-quadric
hypersurfaces. From now to the end of this section, we always assume that A is
invertible, so that X 4 is nonsingular. We will work over k£ unless otherwise stated.

Let a be a k-rational point of a nonsingular p-quadric hypersurface X, (not

necessarily Hermitian). It is easy to see that the tangent space T'(a, X4) to X4 at
a is given by the linear equation f4(x,a) = 0.
Definition 2.9. The g-tangent space ¢T(a, X 4) to X4 at a is the reduced part of
the subvariety defined by fa(a,z) = 0. Because fa(a,z) is the ¢ th power of the
linear form f: (179 (ac,a(l/qz))7 the g-tangent space ¢7'(a, X 4) is a hyperplane for
any a.

It is easy to check that the definition of the ¢g-tangent space does not depend on
the choice of homogeneous coordinates of P™; that is, we have

9(qT(a, Xa)) = qT'(9(a),9(Xa)) = ¢T(9(a), Xy(g)(a))
for all g € GL(n + 1,k).
Proposition 2.10. Let L be a linear subspace of P contained in X 4, and let a be
a k-rational point of L. Then L is contained in T'(a, Xa) N qT (a, X4).

Proof. We choose homogeneous coordinates (zg, ..., z,) of P such that the point
ais Y(1,0,...,0). Let sz‘:o aijriz] = 0 be the defining equation of X4. We

have agp = 0 because a € X 4(k). In terms of the affine coordinates w; := x;/x¢

(i=1,...,n), the defining equation of X4 is written as follows:
n n q n
1
E a;ol; + ( E CLOJ/-q’U,j) + E aijuiug- =0.
i=1 j=1 1,5=1

It is easy to see that T'(a, X 4) is defined by Y i | ajou; = 0, and that ¢T'(a, X 1) is
defined by 77, aééqu = 0. On the other hand, each of the homogeneous parts

n n n
1
Z o, (Z aoj/-quj)q and Z aijuiuj
i=1 Jj=1 1,5=1
of the defining equation of X 4 must vanish on L, because the linear subspace L is
contained in X4 and contains the origin a. g.e.d.

Definition 2.11. A k-rational point s of a nonsingular p-quadric hypersurface X 4
is said to be a special point if T(s,X4) = qT(s,X ) holds. A linear subspace L
contained in X 4 is said to be a special linear subspace of X 4 if L is spanned by
special points of X 4. We denote by X!(X4) the set of special linear subspaces of
X4 with dimension I. We consider the empty set () as a special linear subspace
of X4 so that ¥71(X4) = {0}. (See Convention (4).) We denote by ¥(X4) the
disjoint union of ¥!(X4) for all I > —1, and define a structure of the poset on
3(X4) by
Ly < Ly<~= L; C Ls.



10 ICHIRO SHIMADA

Remark again that the definition of special linear subspaces does not depend on the
choice of homogeneous coordinates of P". If L € $!(X4), then g(L) € (X ,(4)(4))
holds for any g € GL(n+1,k). The map L — g(L) induces an isomorphism of posets
between ¥ (X 4) and ¥(X,(4)(a)). Hence, by Proposition 2.3, the isomorphism class
of the poset (X 4) depends only on ¢ and n, and is independent of the choice of
the invertible matrix A.

Proposition 2.12. Suppose that P" is defined over k and that X 4 is Hermitian.
Then a linear subspace L contained in X 4 is special if and only if L is k-rational.

Proof. It is enough to prove the assertion when dim L = 0. A k-rational point a of
X 4 is special if and only if the two linear forms f4(x,a) and fi a0 (2, a(l/q2)) are
linearly dependent. When *A = A this is equivalent to saying that Aa(? and
AaM/9 are linearly dependent. Because det A # 0, this is equivalent to saying that
a and a/7) are linearly dependent; that is, the point a is k-rational. g.e.d.

Remark 2.13. There is another characterization of special points of a nonsingular
p-quadric hypersurface (not necessarily Hermitian). It is known that the dual hyper-
surface X of X4 is again a nonsingular p-quadric hypersurface. Let § : X4 — X
and 0¥ : X} — X4 be the natural morphisms. Then a point a € X a(k) is a special
point if and only if §¥(6(a)) = a.

If X4 is Hermitian and s is a k-rational point of X 4, then the hyperplane T'(s, X 4)
is also k-rational. Using this, we get the following.

Corollary 2.14. Let X 4 be a nonsingular p-quadric hypersurface.

(1) ]le,LQ S E(XA), then L1 N Ly € E(XA)

(2) If L € (X 4) and s € 2°(X4), then LNT(s,X4) € %(X4).

(3) If L € X1(X4), then the number of special points of X4 contained in L is
(Y —1)/(¢> = 1). In particular, if L1,Ly € %(X4) and Ly \ (Lo N Ly) # 0,
then there is at least one special point of X4 on Ly \ (LN Ly).

The assertion (1) of Corollary 2.14 implies that any two elements L; and Lo of
the poset ¥(X 4) have the greatest common lower bound

Ll /\LQ = L1 ﬂLQ.

Proposition 2.15. Let Ly be the linear subspace of dimension I > 0 defined by
Tip1 = =x, =0, and let X4 be a nonsingular p-quadric hypersurface associated

with a matrix
A A12)
A 4’7 ,
(A21 Aso

where Ay1 18 a square matriz of size [+ 1. Then X 4 contains Lo as a special linear
subspace if and only if the following hold:

(i) the submatriz A1y is the zero matriz, and
(i) there is an invertible square matriz T' of size l + 1 such that A1o = I‘tAg{).
Proof. The condition (i) is equivalent to saying that Lo C X 4. We assume that Lo

is contained in X4. If a = Yao,...,a;,0,...,0) is a k-rational point of Ly, then
T(a, X 4) is defined by the linear equation

(l’l+1,...,$n) 'A21 ~a/ = 0,
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and ¢7T'(a, X 4) is defined by by the linear equation
(14155 Tp) - tAglz/Q) a9 =0,

where @' = Y(aq,...,a;). Suppose that Lg is special with respect to X 4. Then
there are special points sg, ..., s; of X4 spanning Lg. Let s; be the vector of the
first [ + 1 components of s;. Then Ag;s} and tA(112/ q)s'i(l/ ) are linearly dependent,
and hence there is \; € £ such that \;Ag; s = tAgE/q)sg(l/‘I). Because the points
s; span Lo, the square matrix o := (s, ...,s]) of size [ 4+ 1 is invertible. Let A be
the diagonal matrix with diagonal entries Ag, ..., A;. Then we have A5 = FtAgi),

where T' = {(0(@A@g—1). Conversely, suppose that Ay, = I‘tAéql) holds for some
I' € GL(I + 1,k). By the same argument as in the proof of Lemma 2.2, we can
prove that the action of GL(I + 1,k) on itself given by (v,3) — ‘7 @Dpy~1) is
transitive. In particular, the morphism GL(I + 1,k) — GL(l + 1,k) given by
v — Y(y@571) is surjective. Hence there is an invertible matrix o = (s},...,s})
such that ' = ¥¢(@¢~1). Then we have tAg/‘”a(l/q) = Asj0, which means that
the k-rational points s; of Ly whose first /41 coordinates form the (i+1) th column
vector s, of o are special points of X4. Because deto # 0, these points span L.
Therefore Ly is a special linear subspace of X 4. g.e.d.

Corollary 2.16.
YHXA) £ D= -1<1< (n—1)/2.

If dim X4 = 2m and [ = m, then det A # 0 and A;; = O imply det A1 # 0 and
det Aoy # 0. Hence we obtain the following.

Corollary 2.17. Suppose that a nonsingular p-quadric hypersurface X 4 is of di-
mension 2m. Then any linear subspace contained in X o of dimension m is special
with respect to X 4.

Corollary 2.18. FEvery m-dimensional linear subspace contained in the Fermat
hypersurface of degree q + 1 and of dimension 2m is k-rational.

Next we investigate the action of an automorphism group of X4 on the poset
3(X4). We put

Ga:={g€ GL(n+1,k) : p(g)(A)=A}.

If g € Gy, then g(qz) = g holds, and hence g is contained in GL(n+ 1, k). Therefore
G coincides with the group GU(n + 1,k). Then it follows from Proposition 2.3
that, for any A € GL(n + 1,k), the group G4 is conjugate to GU(n + 1,k) in
GL(n + 1,k). The group G4 acts on X4 projectively, and hence G4 acts on the
poset X(X4).

Proposition 2.19. The action of G4 on X(X4) is transitive for each I.

Proof. Let Ly be the linear subspace of dimension [ defined in the statement of
Proposition 2.15. We put

Zo:={A € GL(n+1,k) : Lo €2 (Xa)},
Hy=1{g€GL(n+1,k) : g(Lo) = Lo }.

By definition, the group Hy acts on Zy by p. Proposition 2.15 implies that Zj is
irreducible, and that

dimZy = (1+1)(n—10)+ (1 +1)*+ (n—1)* = dim H,.
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By Lemma 2.2, the action of Hy(k) on the set Zy(k) is transitive. Suppose that two
elements L; and Ly of ¥!(X 4) are given. There are elements g1, g2 € GL(n + 1, k)
such that g1(L1) = Lo and g2(L2) = L. Then both of p(g1)(A4) and p(g2)(A) are in
Zo(k), and hence there is an element h € Hy(k) such that p(h)p(g1)(A) = p(g2)(A).
Then we have g, 1h91 € G4. Thus we obtain an element g5 1hgl of G4 which
satisfies gy "hg1(L1) = Lo. g.e.d.

Using Proposition 2.12, we can also deduce Proposition 2.19 from Segre’s result [11,
n. 50].

Next we consider the projection from a special point of a nonsingular p-quadric
hypersurface, which enables us to investigate the structure of the poset (X 4) by
means of induction on dim X 4.

Let s be a special point of X 4. For simplicity, we denote by T the hyperplane
T(s,Xa) = qT(s,X4), and by PT, the projective space of lines in T, passing
through s. Then we have the projection T \ {s} — PT, with the center s. We put
XA[S] = (XA N Tq) \ {S}

Proposition 2.20. Suppose that dim X4 > 2.

(1) There is a nonsingular p-quadric hypersurface X 4[s] of dimension dim X 4 —2
in PTs such that X4 NT;s is the cone over X 4[s] with the vertez s.

(2) Let ¢s : Xals] — Xa[s] be the projection with the center s, every fiber of
which is isomorphic to an affine line. If L is a special linear subspace of X 4, then
the image of LN X a[s] by ¢s is a special linear subspace of X a[s].

(3) If L' is a special linear subspace of X a[s], then the union of ¢ (L") and {s}
s a special linear subspace of X o passing through s.

Proof. By Proposition 2.3, we may assume that X4 is a Hermitian hypersurface
defined by the equation

+1 1
zdrr + o +2dT 4+ 22T =0,

and by Proposition 2.19, we may assume that s is the k-rational point (1,0,...,0).

Let w; := z;/xzo (i = 1,...,n) be the affine coordinates of P™ with the origin s.
Then X 4 is defined by uj 4 uf —l—ug“ +- 4 udtl =0, and T, is defined by u; = 0.
We can consider ‘(us,...,u,) as homogeneous coordinates of PT,. Then X4 N T

is the cone over a hypersurface of PTy defined by
Wttt =,
which is nonsingular and Hermitian. We write this hypersurface in P75 by X 4[s].
The projection from T \ {s} to PT, with the center s is given by
Y1,0,az,...,a,) — Yaz,...,a,),

which is obviously defined over k. Hence, by Proposition 2.12 and Corollary 2.14,
we see that ¢, satisfies (2) and (3). (Note that ¢5(0) = 0 € X71(X4[s]), and that
o1 (D) U {s} = {s} € °(X,).) g.e.d.

For a special point s of X 4, we denote by (X 4; > s) the subset of ¥(X 4) consisting

of elements L such that s € L. We can define maps
D, N(Xy) = X(X4ls]) and T, : X(Xals]) — 2(Xa;>s)
by B
O (L) := ¢s(LN X4als]) and W (L'):=¢; (L) U {s}.
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Note that s € L € ¥(X4) implies L C T, by Proposition 2.10. We can easily prove
the following from the definitions.

Corollary 2.21. (1) If L € 3(X4) and L' € (X 4[s]), then

dim L if LCTs and s ¢ L,
dim L —1 otherwise,

dim ®,(L) {

and
dim V¥ (L) =dim L' + 1.
(2) The two maps 5 and U yield an isomorphism of posets between £(X 45> s)
and X(X als]) which shifts the dimension by 1.
(3) Suppose that s € L. Then ®5(L) A ®s(L') = Ps(L A L") holds for any
L' € X(X4). In particular, if s € L and s € L', then

dim(®4(L) A ®5(L")) = dim(L A L').
Using Corollaries 2.14 (3) and 2.21 (2), we have
_[E X)) BT (XS]]
(@D -1

On the other hand, we have |X°(X 4)| = F(n,n + 1) by Propositions 2.7 and 2.12.
Combining these formulas, we can calculate |%!(X 4)| by induction on dim X 4 and
[. This result corresponds, via Proposition 2.12, to Segre’s formula [11, n. 32] on
the number of k-rational linear subspaces on a nonsingular Hermitian hypersurface.
In particular, we obtain the following neat formula.

(X )]

Corollary 2.22. If dim X4 = 2m, then |[S™(Xa)| =], (¢* T +1).

3. CONFIGURATION OF SPECIAL LINEAR SUBSPACES

From now to the end of the paper, we assume that the dimension n — 1 of the
p-quadric hypersurfaces is even. We put n := 2m + 1 where m > 0, and consider
the configuration of m-dimensional linear subspaces contained in a nonsingular p-
quadric hypersurface X4 of dimension 2m. Recall that every linear subspace of
dimension m contained in X 4 is special with respect to X4 (cf. Corollary 2.17).

Suppose that X 4 is nonsingular. For H € ¥™71(X4), we put
Ba(H):={Ile X" (X,4) : I>H}

that is, the set B4(H) consists of IT € ™ (X 4) that contains H.
Proposition 3.1. (1) The set Bo(H) consists of ¢ + 1 elements for every H €
Zm—l (XA) .

(2) For any couple of 11 € ¥™(X4) and H € Y™ Y(X4), there is a unique
element Ba(H,11) of Ba(H) such that, for any II' € Bo(H), the following holds:
dim(H A TI) if I # Ba(H,1I),

dim(H ATD) +1 4f IU = Ba(H, ). (3.1)

dim(I' A TI) = {

(3) For each H € Y™ 1(Xy), there is a linear subspace Py of P*™T1 with
dim Py = m+ 1 such that Py N X 4 is the union of the ¢ + 1 elements of Ba(H).
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Proof. We proceed by induction on m. Suppose that m = 1. Then H is a special
point s of X 4. Hence X 4 N7y is a union of distinct ¢+ 1 lines passing through s by
Proposition 2.20 (1), and the set B4(s) consists of these lines by Proposition 2.10.
Therefore we can take T as Ps. Let II be an arbitrary line on X 4. If II is contained
in Ty, then II is an element of B4(s) and hence, with §4(s,II) = II, the formula
(3.1) holds. If IT is not contained in T, then the intersection Ts N1II of a line and a
plane consists of a single point ¢, which is not s because of Proposition 2.10. There
exists exactly one line among Ba(s) that passes through t. Then, with G4(s,II)
being this line, the formula (3.1) holds. Suppose that m > 1. We choose a special
point s of X4 that is on H and make the projection Xa[s] — Xa[s] defined in
the previous section. We denote X 4[s] by X/, where A’ is a certain matrix in
GL(2m, k). Note that ®,(H) is an element of ¥ ~2(X /). By Corollary 2.21 (2),
the map @, induces a bijection

Ba(H) = Ba (®5(H)). (3-2)

Using the induction hypothesis, we obtain |[Bs(H)| = g+ 1. For Py, we can choose
the closure of the pull-back of Py () C PTs by the projection T \{s} — PT, with
the center s. Let II be an arbitrary element of ¥™(X ). If II contains H, then
we have II € B4(H), and (3.1) holds if we put 84(H,II) = II. Suppose that II
does not contain H. We can choose the special point s from H \ (H N1I) by virtue
of Corollary 2.14 (3). Then we have ®4(II) € X"~ !(X4/) by Corollary 2.21 (1).
Moreover we have

dim(H ATI) = dim(®,(H) A ®4(I)) and  dim(I A TI) = dim(®,(IT') A O4(1T))

for any II' € B4 (H) by Corollary 2.21 (3). The element 84/ (®s(H), ®5(1I1)) is given
uniquely by the induction hypothesis. We set 54 (H,II) to be the unique element of
B4 (H) that corresponds to Ba:(®(H), ®s(II)) by the bijection (3.2). Then (3.1)
holds. g.e.d.

Corollary 3.2. Let Iy, II; and Iy be mutually distinct elements of ¥™(X 4) such
that diim(I1p AIly) = dim(IIp AIlp) = m — 1. Then

m — 2 ’L.fno/\Hl#Ho/\Hg,

dim(I; AIlp) =
lm( ! 2) {m—l ifHo/\lel'Io/\Hg.

Proof. 1t is obvious that dim(II; AIly) = m —1 if IIg AII; = IIg AIls. Suppose that
IIg ATy # TIg ATl We put Hy := IIg A Iy and Hy := Iy A Ilo, both of which are
hyperplanes of IIp. Note that IIy and II; are distinct elements of B4(H;). Since
HO A H1 7& HO A Hg, we have d1m(H1 A HQ) = dlm(H1 N HQ) = m — 2 and hence
dim(IIp A II3) = dim(H; A Il3) + 1. The uniqueness of G4(Hy,IIz) implies that
ﬂA(Hl,Hg) = Ho. Since Hl # Ho, we have d1m(H1 /\Hg) = d1m(H1 /\HQ) =m—2.
q.e.d.

Recall that h € N™(X4) is the numerical equivalence class of the intersection
of X4 with a general linear subspace of dimension m + 1 in P?m+!. For II €
Y™(X4), let [II] € N™(X4) denote the numerical equivalence class of II. From
Proposition 3.1 (3), we obtain the following.

Corollary 3.3. For any H € Y™ (X 4), the numerical equivalence class h is equal
to the sum of [II], where II runs through the set Ba(H).



LATTICES OF ALGEBRAIC CYCLES IN POSITIVE CHARACTERISTICS 15

We choose homogeneous coordinates (g, ..., Zm, Yo, - - -, Ym) of PZ+1 defined
over k, and put
My ={yw==yn=0} and My :={z9o=--=x, =0}
We also put

L O Ierl
J = ( | )

Then the hypersurface X ; defined by the homogeneous equation

m

> (wiy! - aly:) =0

i=0
is a nonsingular Hermitian hypersurface containing My and M.
Remark 3.4. Using Lemma 2.2, we can prove the following. Suppose that a pair
(ITy, ) of elements of 2™ (X 4) such that Iy A I, = () is given, where A is an

element of GL(2m +2,k). Then there is a linear transformation g € GL(2m + 2, k)
such that g(X4) = X, g(Ilg) = My and g(Il) = M.

We define a subgroup G9° of G; = {g € GL(2m + 2,k) : p(g)(J) = J} by
G ={g€ Gy : g(Mo) = My, g(Me) = M },
which acts on the triple (X ;, My, M) projectively.

Proposition 3.5. In terms of the coordinates (o, ..., Tm,Y0,---,Ym), the group
GY® is expressed as follows:

o -{ () e}

Proof. We decompose g € GL(2m + 2, k) as follows:

_ ( gi1| 912 )

9= o211 922 )
where g;; are square matrices of size m + 1. Then g(My) = My and g(Mo) = My
hold if and only if g12 = g21 = O. Suppose that g1 = go1 = O. Then g is

contained in Gy if and only if g1, gég) = tggggg) = I,,4+1 holds, which is equivalent

to goo = (tg171)@ and gﬁg) = g11. The latter holds if and only if g;; € GL(m+1, k).
g.e.d.

We fix an identification

GY° = GL(m +1,k) (3.3)

( g i (WOI)(‘” ) o

Then the action of G%° on the projective space My factors through this isomor-
phism; that is, the group G%® acts on M over k as the full linear transformation

group.
Let a and b be integers such that —1 < a,b < m. We put
S(X ) @) = (Tl e 2™(X;) : dim(ITA My) = a, dim(ITA M) =b}.

given by
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Because Mo A M, = (), this set ¥ (X ;)(*? is empty when a+b > m — 1. Suppose
that a + b < m — 1. We define a linear subspace Ml(a’b) of dimension m in P?m+!
by the equations

2x=0 (a+1<A<a+b+1), Yy =0 (0<pu<a), and
Zy—yy=0 (a+b+2<v<m).

For example, we have Ml(fl’m) = M., and Ml(m’fl) = Mjy. The linear subspace

Ml(a’b) is contained in (X ;)(®?) | and hence ™ (X ;)(®?) is non-empty if and only
if a+b < m — 1. Note that G9 acts on the set X" (X ;)@

Proposition 3.6. (1) For each (a,b), the action of G5 on ™ (X ;)@ is tran-
sitive.
(2) We put ¢ :=m —1—a —b. The number | X (X ;)(@®| is equal to
|GL(m +1,k)| / (|GU(e, k)| - |GL(a + L k)| - [GL(b + L K)| - ¢*" ),

where n(a,b) == (a+1)(b+1)+c(a+b+2). Here we understand that |GU(0, k)| =
|GL(0,k)| = 1.

Proof. We decompose matrices g € GL(2m + 2,k) and A € GL(2m + 2,k) as
follows:

Y11 | Y12 | Y13
Y21 | V22 | V23 g12
Y31 | V32 | V33
9= / / /
Y11 | Y12 | 713
! / !
g21 Y21 | Y22 | V23
! / !
L Y31 | V32 | V33 ]
and } -
a1 | g2 | 03
Ay Qo1 | Qg | a3
Q31 | 32 | 33
A:

! ! /
a1y | @1 | O3

! / /
Qg | Ggg | Qg3 Az

! A /
Q31 | O3 | Q33

Here g;; and A;; are square matrices of size m + 1, and 7,,, 7;”,, 0, and aiw are
matrices of shape s(u) x s(v), where s(1) :== a4+ 1, s(2) := b+ 1 and s(3) := ¢
We define a subgroup H(@® of GL(2m + 2,k) and a closed subvariety Z(*? of
GL(2m + 2, k) as follows:

HY = {ge GLEm+2,k) : g(Mo) = Mo, 9(Mc) = Moo, g(M{*") = M*" },
Z@h = {Ae GL(2m+2,k) + My UMy UM™ c X4 }.
By definition, the group H(®?) acts on Z(*® by p. It is easy to see that

b .
g€ H(a’ ) <~ 912, 921, 712a V21, 7{32; V23, 713, 731 are zero matrices, and V33 = ’71/337

A€ Z1Y = Ay, Ao, aby, anz, ahs, aza, oy, ars and ass + oy are zero matrices.
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This implies that both of H(®? and Z(" are irreducible, and that dim H(*? is
equal to dim Z(**). By Lemma 2.2, the action of H(®" (k) on the set Z(®?) (k)
is transitive. Let II be an arbitrary element of Em(XJ)(“’b). By looking at the
action of the group {g € GL(2m + 2,k) : g(My) = My, g(M) = M.} on the
Grassmannian variety of m-dimensional linear subspaces in P21 we see that
there exists a linear transformation g € GL(2m + 2,k) such that g(My) = Mo,
g(Ms) = My and g(II) = Ml(a’b). Then we have p(g)(J) € Z(@Y (k). By the
above argument, there exists an element ¢’ € H(®? (k) such that p(g')p(g)(J) = J.
Then we have ¢g'g € G%° and ¢'g(II) = Ml(a’b). Thus the first assertion is proved.

The stabilizer subgroup of M{*" € £m(X ;)@ in G9 is given by H@Y) NG,

An element

0 Y11 | Y12 | 713 T | O o

Y .

g= ( ol > with y=1 O |y | O |, ¥'=| 7 |V | Vs
O | v32 | 733 Y31 | O | 33

of H(*?) is contained in G; if and only if 7 is contained in GL(m+1,k) and /(@
is the identity matrix by Proposition 3.5. If *y/4(® = I,  then 733 must be an
element of the group GU(c, k). Hence the map g — < yields a homomorphism from
H(@Y NG to the group

Y11 | Y12 | 713
Hﬁa’b) = O |72 | O € GL(m+ 1,k) ; 733 € GU(c,k)
0 V32 | V33

We can check that the order of H&a’b) is equal to the denominator of the formula
given in the assertion (2). The map g +— ~ is an isomorphism between H@) NG,
and Hga’b). Indeed, if v € HL(]a’b)7 then +/ := (y~1)(@ satisfies v}, = O, Y4y = O,

Y13 = O, and 733 = 733, and thus

' ( o | (tVOl)(q) >

yields the inverse homomorphism. Combining this with (3.3), we proved the asser-
tion (2). g.e.d.

Because X ; is Hermitian, the set of H € ¥™~1(X ;) satisfying H C M is identified
with the set My (k) of k-rational points of the dual projective space of My by
Proposition 2.12. For H € My (k), we put

1} := B8, (H, My).

Because H A M, = (), the definition means that H; is the unique element of B;(H)
such that Mo, AIl}; # 0. Thus B;(H) has two distinguished elements My and I17;.
Therefore, for each II € ¥™(X ;), we can decompose M/ (k) into the disjoint union
of the following subsets:

Co(Il) :={ H € My (k) : B;(H,II) = M, },
Coo(l) :={ H € My (k) : B;(H,I) =11} },
Cy(I) == { H € My (k) + B;(H,11) € B;(H)\ {Mo, 1If;} }.
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TABLE 3.1. Cy(II), Coo (IT) and C4 (I1).
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\ I My Moo I Iy
Co(IT) My (k) 0 My (k) \ {H} Mg/ (k) \ {H}
Coo (I0) 0 My (k) (H} 0
C.(ID) 0 0 0 {H}

By the definition of 3;(H,II), we have
H € Co(IT) <= dim(II A M) — 1 = dim(IT1 A H) = dim(IT A IT},),
H € Cop(ll) <= dim(II A TI};) — 1 = dim(II A H) = dim(IT A M),
H e ¢ (I1) <= dim(II A Mp) = dim(IL A IT) = dim(IT A H). (34)
For example, we have Table 3.1, where II}; denotes an arbitrary element of B;(H)\
{ My, 11}, }.

Our aim is to describe the decomposition My (k) = Co(II) U Co (IT) LI C4 (I1)
for each IT € ¥™(X ;). Let R be a k-rational linear subspace of My. We denote
by (My/R)" the k-rational linear subspace of My consisting of hyperplanes of M,
containing R. Then we have

dim R + dim(My/R)Y +1 = m.
When R is the empty set (that is, the linear subspace of dimension —1), we have
(My/0)Y = M. (See Convention (4).)

Proposition 3.7. Let II be an element of X (X ;), and R the intersection TIA M.
Then Co (IT) U C1 () coincides with (My/R)Y (k).

Proof. We have TA H = RA H for any H € MY (k). Hence dim(II A M) >
dim(IT A H) holds if and only if R # R A H; that is, if and only if R ¢ H. g.e.d.

Definition 3.8. We define P to be the set of pairs (', ') of mutually disjoint
subsets of My (k). We have a map ¢ : ¥"(X ;) — P defined by

() := (Coo (IT), C1(IT)).
For integers a and b satisfying —1 < a,b < m and a +b < m — 1, we define R(a:b)
to be the set of couples (R,Y") such that
(i) R is a k-rational linear subspace of My with dim R = a, and
(ii) Y is a Hermitian hypersurface in (My/R)Y with rank(Y)=m —1—a —b.
Note that we can consider Y as a subvariety of My because (My/R)Y is a linear

subspace of My'. Let R be the disjoint union of the sets R(®Y) We have a map
¢ : R — P defined by

§R,Y) = (Y(k), (Mo/R)"(k)\Y(k)).

Recall that the group G% acts on My over k, and hence G9 acts on P. By
definition, the map ( is equivariant under this action. The group GOJOO also acts on
the set R(*?) in a natural way, and the map & is obviously equivariant under this
action. Hence the subset £(R(*?) of P is stable under the action of G9.
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Proposition 3.9. (1) For each (a,b), the action of G on the set R(%Y) is tran-
sitive.
(2) The number |[R(Y)| is equal to
h(m—a—1,m—1—a—>b)-|Grass(P*, My)(k)|,

where h is the function given in Corollary 2.6 and Grass(P*, My)(k) is the set of
k-rational linear subspaces of My with dimension a.

Proof. The action of G%° on M, factors through the isomorphism (3.3). Hence
GY® acts on the set Grass(P?, My)(k) transitively, and the stabilizer subgroup of
a linear subspace R € Grass(P?, M) (k) acts on the set of Hermitian hypersurfaces
of rank m — 1 —a — b in (My/R)" transitively by Proposition 1.2 (1). Thus the
assertion (1) is proved. The assertion (2) is obvious. g.e.d.

Proposition 3.10. For each (a,b), the map ¢ : ¥™(X ;) — P induces a surjective
map from (X 7)(@1) to £(R(*Y) such that each fiber consists of a single element
if a+b=m — 1, while it consists of ¢ — 1 elements if a +b # m — 1.

Proof. The map £ is injective because of Proposition 2.8. Hence |£(R(*?))] is equal
to |R(*?)|. By Propositions 3.6 (2) and 3.9 (2), we have

-1 ifa+b#m-—1
S (X )@ / (R =4 7
‘ ( J) |/|£( )| 1 ifa+b=m—1.

Because ¢ and ¢ are equivariant under the action of G9°, and because the actions
are transitive both on £™ (X ;)(**) and £(R(*?)) by Propositions 3.6 (1) and 3.9 (1),
it is enough to show that an element of Em(XJ)(“’b) is mapped to an element of
¢(R(@)) by ¢. Consider the element Ml(a’b) € Y (X ;) (@b, We put

R® ::Ml(a’b)ﬂMo:{:L’a_,_l:~~~::17m:y0:~~:ym:0}.
By Proposition 3.7, we have Coo(M\*?) L Cy (MY = (Mo/R*)V (k). We con-
sider Y(xq,...,om,) as homogeneous coordinates of My. Let (&,...,&y,) be the
homogeneous coordinates of My dual to (g, ..., 2, ). Then we have
(Mo/R*)Y ={& ==& =0}

We fix an element H of (My/R*)Y (k). Let the defining equation of H in My be
Og41Tg4+1 + Ty, = 0,
where a; € k (i = a+1,...,m). We will show that the linear subspace IT}; is

spanned by H and the point
m+a—+2 times
——
§(H):="0,...,0, ol ,....,a%) € M.
Because IT}; is the unique element of X™(X ;) that contains H and intersects M,
it is enough to show that the m-dimensional linear subspace spanned by H and

5(H) is contained in X ;. For a point u := Y(ug, ..., uy) of H, the line connecting
d(H) and w is given by

{ (Mo, ..., A, 0,...,0,0d 1,...,al) : XeP'}

2
Using ag41Ua+1 + -+ + @iy, = 0 and of = «;, we can easily check that this line
is contained in X ;. Thus the claim is proved.
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By (3.4), the element H of (My/R*)V (k) is contained in C (Ml(a’b)) if and only
if dim(ITf; A ML) = a 41 holds. Because R® is contained in ITf; A M\™?) | this is
equivalent to the existence of a point of H;I A Ml(a"b) that is not contained in R“.
A point

Aug, -5 A, 0,...,0,0d 4, al)
of H;} is not contained in Mj if and only if A # oo, and this point is contained in

MY if and only if

M1 == Mgypp1 =0 and u; =af for j=a+b+2,...,m
(3.5)
hold. In order for a point w € H and XA € P!\ {co} satisfying (3.5) to exist, it
is necessary and sufficient that agill) ot aZfl = 0 holds. Therefore H €

C’OO(Ml(a’b)) if and only if H is a k-rational point of the Hermitian hypersurface in
(Moy/R*)Y defined by

1
ggib-i-? +o =0

The rank of this Hermitian hypersurface is m — 1 —a — b. g.e.d.

Corollary 3.11. Suppose that ¢ = 2. Then C induces a bijection from Em(XJ)(“’b)
to E(R(@P)) for every (a,b).

Corollary 3.12. Suppose that 11 is an element of ™ (X ;)(*?). Then we have
Co(ID)| = [P™ (k)| — [P™ (k).
[Coc(I)|=F(m—a—1,m—1—a—-0),
Ci(ID)] = [P " Yk)| - F(m —a—1,m—1—a—b),

where F is the function given in Proposition 2.7.

4. THE SIGNATURE AND THE DISCRIMINANT OF THE LATTICE
In this section, we prove Theorem 1.1.

Let (X5, My, M) be the triple defined in the previous section. The intersection
number of two elements II, I of ¥™(X ;) on X is given by

1—(—¢"*!
1+g¢
(See, for example, Fulton [7, p. 102, Excess Intersection Formula].) Note that this
formula holds even when II and II' are disjoint, because we have defined dim @ to
be —1. (See Convention (4).) For simplicity, we put
Q= Em(XJ)(m_l’_l) and = := E"L(XJ)(m_l’O).

Recall that the set of H € ™ 1(X) lying on My is identified with My (k). We
denote by

LI = 0(v) := ,  where v := dim(II A IT). (4.1)

T:QUE — M (k)
the map II — II A My. By Proposition 3.1, the fiber 7=!(H) of 7 over an element

H of My (k) coincides with the set Bj(H) \ {My} consisting of ¢ elements, and
7~Y(H) N E consists of a single element 1T}, = B;(H, M.,). Thus we have |Q| =
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(¢ — 1) - |[MY (k). On the other hand, the middle Betti number by, (S3™) of a
nonsingular hypersurface S3™ of dimension 2m and degree d is well-known:

bom (S3™) =2+ ((d—1)*""2 —1)/d.
Applying this formula to our case d = ¢ + 1, we obtain
|Q] = bon (X ) — 2. (4.2)

We put
Q:=QuU{nuw},

where 7 and w are formal elements. We denote by E the real vector space R? of
R-valued functions on €2, and define a symmetric bilinear form ( , )g on E by

(£,9)5 = f@)gw) + (1) [f(mMg(n) + > FMg(M)].
e
Note that we have dim F = bs,,(Xs) by (4.2), and that the signature of E is
(1,b2m (X s) — 1) when m is odd, while it is (b2 (X s),0) when m is even.

Let M’ be an element of =. We put Q' := Q U {My, M'}. We will show that
there exists a map v : Q' — F with the following two properties:
(i) for any ILII' € ', we have ILII' = (v(I),v(Il")) g, and
(ii) the determinant of the square matrix

ri= (o)) ; Te®, zeq)
of size ba (X ) is a power of /g up to sign.

First we assume that such a map v is constructed, and deduce Theorem 1.1.
Because det " # 0 and || = dim E, the set of vectors {v(II) : II € '} constitutes
a basis of E over R. Combining this with the property (i), we see that v induces
an isometry

NLm(XJ), 2%/ R = E7

where NL™(X ;)" is the sublattice of NL™(X ;) generated by the numerical equiv-
alence classes [II] of II € €. It follows that the rank of NL™(X ;)" is equal to
bam (X s), that the set of classes {[IT] : II € Q'} becomes a Z-basis of NL™(X ),
and that the signature of NL™(X )" is the same with that of E. In particular,
we recover the result of Tate [16] that X; is supersingular, and hence N™(X)
is of finite rank with rank(N™(X;)) = bo;m(X ). By the property (i), the inter-
section matrix of NL™(X ;)" with respect to the basis {[II] : II € '} is given
by 'T' - Gram(FE) - I, where Gram(FE) is the Gram matrix of E with respect to
the standard basis. In particular, we have disc(NL™(X)") = (detT')%2. By the
property (ii), we see that disc(NL™(X;)') is a power of q. We know that the rank
of NL™(X ) is at most rank(N™ (X)) = bayn (X ). Thus NL™(X ;) is of finite
index in NL™(X ;). Therefore the signature of NL™(X ) is equal to that of E,
and the discriminant of NL™(X ;) divides that of NL™(X;)’. Thus Theorem 1.1
is proved.

Now we proceed to the construction of the map v. We will construct a map
vV QUEU{My, My} — E
such that
LI = ('(I0), 2" (1)) & (4.3)
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TABLE 4.1. dim(IT ATI').

Ir \ o My Mo in in 2
My m -1 m—1 m—1
M., 1 m 1 0
in © m—1 —1 m if IT = II'
m—1 if II #1I" and 7(IT) = 7(IT)
in = m—1 0 m —2 if 7(II) # 7(IT')

TABLE 4.2. The intersection number A.B.

A\ B My Mo —My | I—M, IIeQ) | H- M, (ILe5)
My 6(m) —0(m) (=)™ (=)™
Moo — My —0(m) 20(m) (=™ L+ (=q)™
and, for IL,II' € Q U ZE, we have
2(—q)™ if T = I
(IT — Mo).(IT' — Mp) = { (—g)™ if I # I and 7(IT) = (IT')
—(g+1)(=g)™" if 7(IT) # 7(IT')

holds for any ILII' € QU= U {My, M}, and show that the restriction of v' to Q'
possesses the property (ii) for an arbitrary choice of M’ € =.

By Corollary 3.2, the dimensions of IIATI” are as in Table 4.1. Using the formula
(4.1), we can calculate the intersection numbers A.B as in Table 4.2, where A and
B are My, Mo, — My or I1 — My (IT € Q U Z). Here we have used the equalities

O(m)—0(m—1) = (—¢)™ and O(m)—20(m—1)4+0(m—2) = —(g+1)(—¢)™ .

For simplicity, we put

N 1 o qurl ﬂ o 1 ﬂ o qm+1+(71)m
R o /T e VAT
— YO G Y N L P G Vi

R R e I e (G
Q= (- VgL

We define the map v" by Table 4.3, which indicates the value of the function v'(A) at
x € Q. Here v'(II— Mp) means v'(IT) —v'(Mp). Recall that, for a given H € My (k),
there are exactly ¢ — 1 elements of ) that are mapped to H by 7. Hence the values

(v'(A),v'(B))g are calculated as in Table 4.4. We can easily check that Tables 4.2
and 4.4 coincide. Thus the map v’ satisfies (4.3).
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TABLE 4.3. v'(A)(x).

x\ A M, Mo, — My IT—- My (I € Q) II- My (Il € E)
w o 0 0 0
U Qoo Boo Yoo Yoo
in Q 0 5 ¢ ©
where
ifx=1I .
&= {zi if x # II and 7(x) = 7(II) and 0= {? i :Eg ; :EE;

0 ifr(x) # 7(II)

TABLE 4.4. (¢/(A),v'(B))&.

A \ B M() Moo - MO
My O‘% + (_1)mac2>o (_1)maooﬂoo

Moo — Mo (—1)™ oo oo (=)™ (B + 1921 57)
e | DM | (DM + Bz (g - D))
e | Enran (1) {Bacroe + (1 — 1A1Q}

A \ B II — M, (H S Q)

" D™+ +(g—20i =T

(T € Q) (—1)"{7% + (g =377 + 2n72} i I # I and r(IT) = 7(I1')

(=1)™73% if 7(I) # 7(IT')

' — My (=)™ {7% + Q2 + (¢ = 2)7)} if 7(IT) = 7(IT')
(I € =) (1), if 7(I1) # 7(I7)
A\ B II-M,(Il€E)

' — My (=)™ {7% + (¢ — HQ?} if 7(IT) = 7(IT)

(II' € £) (=)™ if 7(I) # 7(IT')
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FIGURE 4.1. The matrix I".

Qo

We define a square matrix 5 = (;;) of size ¢ — 1 by
[ ity
LA PR Y S
We also put
Q// I:{Mo,leMo} [ {H*MO : HEQ},

where M’ is an arbitrary element of Z. By ordering elements of  and Q” in a
suitable way, the square matrix

= wA)(z) : AcQ' z€Q)

of size bay, (X y) is written in the form as in Figure 4.1, in which blank parts are
zero matrices. Because we have

det¥ = (12 =) 2 (2 + (¢ — 2m) = £/g" "

and
Yoo Yoo )
det | 5 =Yoo (12=71) " (2 +(g=2Dm — (¢-1)Q) = £—/7",
Y oo
it follows that [detT' | = |detI” | is a power of /q. g.e.d.

Because € is contained in Q UZE U {My}, we have also proved the following.

Corollary 4.1. The vector space NL™(X ;) ®z Q is generated by the classes [I],
where 1 runs through the set QUE U {Mp}.

The map v induces an isometry ¢ from N™(X;) ®z R to E. Let us calculate
the vector o(h) € E, where h € N™(X) is the numerical equivalence class of the
intersection of X ; with a general linear subspace of P21 with dimension m + 1.
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We choose H from My (k). By Corollary 3.3, the vector v(h) is the sum of o([I]),
where II runs through the set B;(H). Because

(@+1)as +qYo =0 and 2+ (¢—2)71 +Q =0,

. g ifr=w,
U(h)(x){o if z€Q\ {w}.

In particular, the primitive part N (X ;) = (h)* is mapped by @ to the subspace

prim

{f €E: f(w) =0} of E, on which ( , )g multiplied by (—1)™ is positive definite.

we see that

5. THE STRUCTURE OF THE LATTICE IN THE CASE q = 2

From now to the end of the paper, we put p = ¢ = 2. In particular, the finite
field k is F4, and X is projectively isomorphic to the cubic Fermat hypersurface.

Let (X, My, M) be the triple defined in Section 2. We put T := M/ (k), and
let L™ be the lattice constructed from this T by the procedure described in the
Introduction. Our aim in this section is to prove Theorem 1.4; that is, to construct
an isomorphism £™(X ;) & L™ of lattices.

The lattice £™(X y) is generated by the numerical equivalence classes
[ := [} = [Mo]  (IT € X™(X )\ {Mo}).

The symmetric bilinear form ( , )z on £™(X ) is the intersection form multiplied

by (—1)™, and hence it is given by

(], [']) 2 = (=1)™ (0(dim(IT A TI)) — O(dim(IT A My)) — 0(dim(II" A Mo)) + 0(m)),
(5.1)

where 6 is defined by (4.1). Recall that T is the set T U {¢}, where ¢ is a formal

element, and that Z” is equipped with a Q-valued bilinear symmetric form ( , )z

given by (1.1). First we define a map u : ¥™(X ;) — Z* such that

(], [ = (w(ID), u(I)) 7 (5.2)
holds for any II, I’ € ¥™(X ).

Suppose that dim(IT A My) = a. We define u(II) € zT by

0 if H € Co(H),
W(ID)(H) =4 (=2)+1 it H € O (TD), |
—(=2)¢+L if H € ¢ (T0)

and
u(I)(p) := —(=2)" T O(m —a —1).

Then Table 3.1 implies that u(My) = 0. Because ¢ = 2, the map 7: QUE — T
defined in Section 4 induces bijections 2 =2 T and = = T of sets. For H € T, we
denote by II; € Q and I1}; € = the unique elements such that 7(II;;) = 7(I1};) = H.
Then B;(H) consists of the three elements My, 11}, and Iy for any H € T. If
IT € QUE, then dim(IT A My) = m — 1 and hence u(Il)(p) = —(—2)™. Using
Table 3.1, we can calculate (u(II), u(II')) 7 for II, II' € QUE as in Table 5.1. On the
other hand, from Corollary 3.2, the dimensions dim(ITAII’) are given by Table 5.2.
We put
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TaBLE 5.1. (u(ITE), w(IT%,))r.

I\ II I}, Iy

- 3.2m=1 if H £ H' 3.2m=1 if H + H'
a 4.9m=1 ifH=H' 2.9m=1 it g —H'

- 3.2m=1 if H £ H’ 3.2m=1 if H+H'
a 2.0m=1 if = H' 4.2m=1 i H=H

TABLE 5.2. dim(IT5 A TT3;,).

I\ I Iy
- —2 1fH7éH’ m—2 if H+#H
i if H=H' m—1 if H=H'
= m—2 if H+#H m—2 if H+#H
L -1 ifH=H' m if H= H'

Oa(v) := (=1)"(0(v) — 0(a) — O(m — 1) + 6(m)).
If ILI € QU ZE, then ([, [II'])z = Om-1(dim(II ATI")) by (5.1). It is easy to
check that the equalities
Om1(m—2)=3-2""1 0, 1(m—-1)=2-2""1 and ©O,, 1(m)=4-2m""
hold. Hence (5.2) is satisfied when IT and IT' are elements of QUE. By Corollary 4.1,
the vector space L™(X ) ®z Q is generated by the numerical equivalence classes

[T1] of I € Q UZE. Hence the map u|g = : QUZE — ZT induces an isomorphism of
Q-lattices

LX) ®zQ= zT ®z Q.
Therefore, in order to check (5.2), it is enough to show that
([, 7 0) 2 = (u(ID), u(I)r  and  ([O], [ = (u(D), u(Ily))r 653

hold for any couple of IT € ¥™(X ;)\ (QUZE U {Mp}) and H € T. Note that the
set (X ;)\ (QUEL{My}) is the disjoint union of (X ;)(®?) with a < m — 2.
Let IT be an element of £™(X;)(®? with a < m — 2. We put

B, = E (3 ulID)(e) - ulTE) (9) = 3 (<) (<2)° - 0(m —a — 1)

From the definition of u and Table 3.1, we can calculate (u(IT),u(I5))z as in
Table 5.3. On the other hand, from the definitions of §;(H,II) and Cy(II), Co (11),
C4 (T1), we obtain Table 5.4. (See (3.4).) Because

([T, [T ]) 2 = Oa(dim(IT A TTE)),  ([0], [Tg]) e = Ou(dim(ILATIE))
and
Ou(a—1) = By, O4(a+1) = Bu+(—1)"T(=2)* and O,4(a) = &,—(—1)"T1(-2)2,
we see that the map u satisfies (5.3) and hence (5.2).
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TABLE 5.3. (u(Tl), u(IT%)) 7.

(u(IT), u(IT5;)) 7 (w(ID), u(Ily))r
H € Cy(I0) o, @,
H e C(I) D, + (=1)"HH(=2) P, — (—1)"H(=2)"
H e Cy(11) D, — (=)™ (=2)" P, + (1) (-2)°

TABLE 5.4. dim(II A X) for X = H, My, 115;.

dim(ITA H) | dim(ITA Mp) | dim(IIAITF) | dim(IIA IR)
H e Co(IT) a—1 a a—1 a—1
H e Coo(IT) a a a+1 a
H e C(IT) a a a a+1
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The map v induces an embedding @ : £L™(X 5) — ZT of the lattice £ (Xy) into
ZT. Next we show that the image of % coincides with L™. First note that the
vectors u(I1};) — u(Ily) and w(ITf;) + u(Il;;), where H runs through 7', generate

the kernel of the natural projection pr : Zr RT, where R = Z/(2™*!). Hence
we have Ker pr C Im @. Second, using Corollary 3.12, we can check that

—u(M)(p) + > w(Il)(H) = (=2)*6(m —a—1) + (|C ()] — |C2(ID)]) - (-2)* "

HeT
=(=2)™ (<14 (-2)"Y) /3

is 0 modulo 2™*! for any IT € ¥™(X ). This means that pr (u(Il)) € RT is the
extension of its restriction pr (u(Il))|r € RT to T. Therefore, it is enough to show

that the restriction pr (Im@)|y C RT of the R-submodule pt (Im @) of RT to T T
coincides with the R-submodule L™ of RT.

First we prepare several lemmas. Recall that L™ is generated by Vo, and 2V g,
where S runs through the linear subspace H,, of F1 generated by the sets of k-
rational points of Hermitian hypersurfaces in M. Here we identify FZ with the
power set 27 of T. (See Convention (6).) Let H,,.1 be the vector space over Fy
of Hermitian matrices of size m + 1. Let £ = (&, ...,&n) be k-rational homoge-
neous coordinates of My'. For A € Hy,y1, let fa(€,€) be the cubic homogeneous
polynomial &- A - %@ and let Y4 be the Hermitian hypersurface of My defined by

fa(§,6) = 0.

Lemma 5.1. If A, A’ € Hy, 1, then the subset Ya(k)+Ya/ (k) of T coincides with
T+ Yara (k) =T\ Yara (k). In particular, the map A — T + Ya(k) yields a
homomorphism o : Hy, 11 — FZ of vector spaces over Fa.
Proof. If a = (ag, ..., a,) is a vector with a; € k, then fa(a, a) satisfies fa(a,a)? =
fa(a,a), because *A® = A and a = a. Hence fa(a,a) is in Fy. Then we have
a € Yara (k)<= fala,a)+ fa(a,a) =1+
(fala,a), far(a,a)) = (1,0) or (0,1) < a € Ya(k) + Ya: (k).
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Thus the first assertion is proved. The second assertion is now obvious. g.e.d.

Lemma 5.2. Suppose that S is an element of H,,. Then one and only one of the
following holds;

(i) there is a Hermitian hypersurface Y of My such that S =Y (k), or
(ii) there is a Hermitian hypersurface Y of My such that S =T + Y (k).

Proof. First note that H,, is stable under the involution S +— T + S of the power
set ]Fg7 because T' € H,,. Let S be an element of H,,. Then there are Hermitian
matrices Ay, ..., A; € Hpy1 such that S =Yy, (k) +--- 4+ Y4, (k). By Lemma 5.1,
we have
(T+Ya, (k) 4+ -+ T +Yas (k) =T+Ya,+..44,(k).

Thus Sis Y4, 4...44,(k) if l is odd, while it is T+ Y4, +...+ 4, (k) if [ is even. Assume
that there were two Hermitian matrices A, A’ € H,, 41 such that Yu(k) = T +
Y4 (k). By Lemma 5.1, it would follow that Y41 4/ (k) = (). However any Hermitian
hypersurface has at least one k-rational point. Hence we get a contradiction. g.e.d.

Lemma 5.3. Let Ay, ..., Ag be a basis of Hy, 1 over Fo, where d = (m + 1)2.
Then T, Ya,(k), ..., Ya, (k) form a basis of Hy,.

Proof. Because F5 = {1}, Proposition 2.8 implies that the homomorphism « de-
fined in Lemma 5.1 is injective. The subspace H,,, of F% is generated by the image of
a and T'. Because there are no Hermitian matrices A € H,,, 11 such that Y4 (k) = 0,
we have T' ¢ Im «. g-e.d.

For a linear code H C 1 its weight enumerator is defined as follows:
we(H) := Z 2151,
SeH
where z is a formal variable. By Lemma 5.2 combined with Propositions 2.7 and

2.8 and Corollary 2.6, we obtain the following formula.

Corollary 5.4.

we(Hm) = Y h(m,r) - (z70m7) 4 L TI=F0mr)),
r=0
Lemma 5.5. Let Sy, ..., S; be elements of H,,. We put W :=51n---NS;. Then

2LV is contained in L™.

Proof. We put I := {1,...,1}. For a positive integer A with A <1, let I\ be the
set of non-ordered A-tuples of distinct elements of I. For i = {iy,... iy} € I we
put

Si=8i, ++5;,.
Note that 2V g, is an element of L™ for any A and any i € T [\, On the other hand,
it is easy to see that

zl:(_l))\+1 Z VSi — gl-1 VW
A=1

ieIlM

Thus 2! Vyy is an element of L™. g.e.d.
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TABLE 6.1. MOG.

M1 M5 (M9 H13 [H17 21
M2 e |H10 H14 |H18  H22

M3 M7 (M1l M5 |H19  M23
M4 pg |H12  H16 |H20 H24

We are now ready to prove pr (Im )| = L™. For simplicity, we put
L™(X ;) :=pr (Ima)|p, and a(IT) := pr (uw(I))|r € RT.
Then £™(X ) is the R-submodule » of RT generated by u(I), where II runs through
Y™ (X ). First we will show that £™(X ;) contains L™. By Table 3.1, we have
w(My) = Vr.
Let Y be a Hermitian hypersurface of rank r in My . By Corollary 3.11, there is

an element IT € ¥ (X ;)(~1™=") such that Coo (TI) = Y'(k) and C;(IT) = T\ Y (k).
Then we have
ﬂ(MOO) + E(H) = 2Vy(k), and ﬂ(Moo) —a(ll) = 27T+y(k).
Using these identities and Lemma 5.2, we see that Z_m (X ) contains all generators
of L™. Next we show that £™(X ) is contained in L™. It is enough to show that
a(Il) € L™ for any II € ¥™(X ;). Note that a k-rational hyperplane K of My’
is a Hermitian hypersurface of My with rank 1, and hence K (k) € H,,. Let II
be an element of (X ;)(®?. By Corollary 3.11, there is a couple (R,Y) of a
k-rational linear subspace R of My with dim R = a, and a Hermitian hypersurface
Y in (Mp/R)Y such that Coo (II) L Cy (IT) = (Mo /R)Y (k) and Coo (I) = Y (k). Then
we have
i) = (=27 Ve a — (=27 Ve,
_ _(_1)a+1 X (2a+1 V(MO/R)V(k) _ 2a+2 VY(k))~
On the other hand, there are k-rational hyperplanes Ki, ..., Kq+1 of My and
a Hermitian hypersurface Y of My such that (My/R)" = Ki N -+ N K4q1 and
Y = K1N--NKqy1NY. Lemma 5.5 implies that 2971V y7/gyv () and 2972 Vi (y
are elements of L™. Hence %(II) is an element of L™.

Thus the proof of Theorem 1.4 is completed. g.e.d.
Corollary 5.6. The lattice L™ s an even lattice with minimal norm at most 2™.

Proof. The generators [II] — [II'] of £™(X ;) have even norms. When dim(ITAIT") =
m — 2, the norm of [IT] — [II'] is equal to 2™. g.e.d.

6. EDGE-JONSSON-MCKAY CORRESPONDENCE

In this section, we put m = 2 and prove Theorem 1.5.

First let us recall the construction of the Leech lattice Aoy and the laminated
lattice Agz. For details, see Conway and Sloane’s book [2]. We label the positions of
the Miracle Octad Generator (MOG) as in Table 6.1, and put M := {u1,..., p24}.
Let Coy C F2! be the Golay code. (See [2, Chapter 11, Section 5] for the MOG and
the Golay code.) A subset S of M is said to be a C-set if S is an element of Coy
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TABLE 6.2. Definition of ~.

(l:w:0) (1:@:0) |(1:1:0) (1:0:0) {(0:1:0) (0:0:1)
liw:1) (l:w:1)|(1:1:1) (1:0:1) [(0:1:1)
l:w:w) 1l:w:w) [(1:1:w) (1:0:w) |(0:1:w) ®
l:w:w) (l:w:@) |[1:1:@) (1:0:@) [(0:1:®) ®

under the identification F) = 2™ We equip Z™ with a positive definite symmetric
bilinear form ( , )as defined by

(w0 = ¢ 3 v(p)wp). (6.1)

pneM

We use [2, Chapter 10, Theorem 25| as a definition of the Leech lattice.

Definition 6.1. The Leech lattice Aoy is the sublattice of ZM consisting of vectors
x € ZM satisfying the following:
(i) the coordinates x(u;) are all even or all odd,
(ii) for any o € Z/(4), the set {u; € M : x(p;) mod 4 = o} is a C-set, and
(iii) if x(p;) are even, then Z?il x(p;) mod 8 = 0 holds, while if z(u;) are odd,
then Y27, #(u;) mod 8 = 4 holds.

For an abelian group A, we write by (A )2 the submodule of AM consisting of
functions a : M — A satisfying a(ua2) = a(pes) = a(pes). We use [2, Chapter 6,
Figure 6.2] as the definition of laminated lattices.

Definition 6.2. The laminated lattice Aoy is defined to be Ags N (ZM)QQ.
The minimal norm of Ass is 4 and the kissing number is 49896.

We will construct an isomorphism of lattices between L? and Aso. In the present
case m = 2, the set T = My (k) U {¢} consists of 22 elements. We define a map
vy: M — T by the MOG diagram given in Table 6.2, where w € k = F4 is a root
of the ‘equation 22+ 2x+1=0and @ = w2 Then the natural homomorphism
v* : ZT — ZM induced by 7 yields an isomorphism of Q-lattices ZT = (ZM)qs,
where the symmetric bilinear forms on Z7 and Z* are defined by (1.1) and (6.1),

respectively. It is enough to show that v* (EQ) coincides with Ags.
By Corollary 5.4, the weight distribution of the linear code Hy C F3 is
015218210928012280132101621211. (62)
In particular, we see that |S| mod 4 is either 0 or 1 for any S € Hy. By defini-
tion, the subspace (F37)sy C FJ! consists of the subsets S C T satisfying either

{122, po3, poa} NS = 0 or {20, pioz, poa} C S. We define a map 7* : Ha — (F37)a5
as follows:

F4(8) = 7H(S) if |S| mod 4 =0,
() U {pon, o3, proa} i [S| mod 4 = 1.

‘We put
Cog :=Caa N (Fé\/[)zz
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The map + is defined in such a way that the following holds.

The map 7* induces an isomorphism Ha = Cos of vector spaces over Fao.
(6.3)

This claim is proved as follows. We see that F/(2,7) mod 4 = 1 holds forr =0,...,3,
where F' is the function given in Proposition 2.7. Hence Lemma 5.2 implies that a
code word S of Hz satisfies S| mod 4 = 0 if and only if S is of the form T+ Y4 (k)
for some Hermitian matrix A. Then Lemma 5.1 implies that, for S, S € Hs, we
have

|S1+S2/mod4=0 <= (|Si|mod4, |S2] mod4)=(0,0)or(1,1).

Hence the map 7* is a linear homomorphism over Fs. We can write down a basis
S1, ..., S10 of H2 by Lemma 5.3. Using the method described in [2, Chapter 11,
Section 5], we can check that 3%(S;) is a C-set for each S;. Hence the image of
7% is in Cyo. It is obvious that 4* is injective. Hence it suffices to show that
dimp, Caz is equal to dimp, H2 = 10. Let N be the subset {u1,...,pu21} of M, and
res™ : (F})y5 — FY the restriction homomorphism. The kernel of res™ intersects
Co2 only at the zero vector (that is, the empty set), because there are no non-
empty C-sets consisting of three or fewer elements. Therefore Coy and res™ (Cao)
are isomorphic as vector spaces over Fo. The weight distribution of the linear code
res™ (Cys) can be read from [2, Chapter 10, Tables 10.1 and 10.2], and it coincides
with (6.2). Hence we have dimp, Coy = dimp, res™ (Ca2) = 10. Thus (6.3) is proved.

Let us consider the following commutative diagram:

~

ZT E— (ZM)QQ

y*
~T
Pt Jr J/prlw

RT % (RM)y,

TR
where R is the finite ring Z/(8) and the vertical arrows are the natural projections.
It is easy to see that Ker(pr™) is contained in Ags. Hence, in order to prove
v*(L?) = Aga, it is enough to show that v5((L?)") coincides with pr™ (Ass).

First we show that v5((L?)) is contained in pr™ (As2). The R-module v ((L?)7)
is generated by Y5 ((Vr)") and v5(2 (Vs)"), where S runs through Hs. The vector
Ye((Vr)7) € (RM)gy is given by

— 1 ifi<21
* V ~ i) = — ’
Ye((Vr)7) (1) {5 if92<i<od

which is an element of pr’ (Ags). Suppose that S € Ha. The value of 2(Vg)™ at
the formal element ¢ is 0 if |S| mod 4 = 0, while it is 2 if |S| mod 4 = 1. Hence
the set {y; € M = v5(2(Vs)7)(1;) mod 8 = 2} coincides with 4*(S), which is an
element of Cas by (6.3). Hence the vector vy € (ZM)q5 defined by

Loy O i),
sl = {2 i 1y € 5°(5)

is a vector of Agz, which is mapped to v5(2 (Vs)”) by pr™. Therefore v5(2(V))
is also an element of prM (Aggl. Next we show that an arbitrary element w of
prM(Ags) is contained in v5((L%)7). If w(w;) mod 2 = 1, then we replace @ by
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w — v5((Vr)7) so that we can assume w(y;) mod 2 = 0 for any p; € M. The
set {p; € M : w(p;) mod 4 = 2} is an element of Caa. By (6.3), it coincides with
7*(S) for some S € Hz. Then the element w + v5(2(Vs)") is contained in the
R-submodule

{@ € prM(Ag) : @' (p;) mod 4 =0 forall u; € M}
of (RM)qg,. This submodule is generated by elements w; (i = 1,...,21) defined by

5: (1) 4mod8 if j=1orje {2223, 24},
wi\Hj) =
Hi 0 mod 8 otherwise.

Hence it suffices to show that these w; belong to v5((L?)7). Let p; € T be the
k-rational point of My such that v(p;) = p;. There are k-rational lines [ and I’ on
My such that I NI’ = {p;}. Because I(k), I'(k) and I(k) + 1’ (k) are elements of Hs,
and because w; is written as

w; = Y2 (Vi) +2(Viw) =2 (Vi +rm) ),
we have w; € v5((L?)7). g.e.d.

7. DISCRIMINANT, MINIMAL NORM AND KISSING NUMBER OF L3
In this section, we prove Theorem 1.6.

First we will present a method for estimating disc(zm) from above. This method
yields disc(L3) = 26 - 3 stated in Theorem 1.6.

The discriminant of the Q-lattice Z% with the symmejcvric bilinear form ( , )r
given by (1.1) is 2~ (m+D(THD . 3 The index of L™ in Z7 is
(BT /(Tm)| = 2lm 00T )
because (L™)” and L™ are isomorphic as R-modules. Hence we have
dise(L™) = dise(zT) - [ZT : I™)2 = 3. 20m+D(TI+D) /[ Tm 2, (7.1)

For a non-negative integer n with n < m+ 1, let ¢” be the natural projection from
RT = (z/(2™*)T to (Z/(2"))T. We put

(L™)" := Ker¢™ N L™.
Then we obtain a decreasing filtration
" = (T™° 2 (T™)' 2 (T™)2 2 -+ 2 (T™)™ 2 (T™)™* =0
of L™. There is a natural identification of Ker ¢"/Ker ¢"*! with F%. Using this
identification, we define a linear code C ™ (n) C F1 by

C™(n) = (L) (L),

Then we have
1z =] 1c™m)l. (7.2)
n=0

An element « of R is uniquely written in the form

a=rola)+2ri(a) +4ra(a) + -+ 2" rp(a),
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TABLE 7.1. dimg, Hn(n).

m\ n 0 1 2 3 4 5
3 1 17 61 85
4 1 26 146 296 341
5 1 37 302 882 1289 1365

where 7;(a) € {0,1}. Hence, for any vector v € RT, there is a unique sequence
Uo(0), U1(D), ..., Un(D) of subsets of T such that

v = VUO(T)) + 2VU1(5) + 4VU2(@) +---42™ VUm(f,). (7.3)
Note that a vector © of L™ is contained in (L™)" if and only if Uy(v) = --- =
U,—1(v) = 0, and that, if v € (L™)", then the image of ¥ in C™(n) by the natural
projection (L™)" — C™(n) is U,(v). It is easy to see from the definition of L™
that C™(0) = {0, T}. For a positive integer [, let H,,(I) C FZ be the linear code
generated by the subsets
SiN---NS; (Sl,...,SZGHm)
of T. We have H,,(1) = Hyp,. We put H,,, (0) :=C™(0) = {0, T}.
Lemma 7.1. If v € L™, then U;(v) is a member of Hp, (2171 for each i.
Proof. A vector © of L™ is written in the form
V= VUU(T;)“‘ZVSl —l—---—I-QVSN, (7.4)
where Up(v) € C™(0) = {0,T} and Si,...,Sy € H,,. Using the formula
2! Vs+ 2! Vg = 2! VS+S’ + 2iFt Vsns
and
(S+5)NS"=(SNS")+(S'ns") (7.5)
recursively, we can rewrite (7.4) into the form (7.3), where U;(v) € H,,(2:71). g.e.d.

Lemma 7.2. For a positive integer n with n < m, we have Hy,(n) € C™(n) C
Hpm(2771). In particular, the subcode H,, (1) coincides with C™ (1) and the subcode
Hon(2) coincides with C™(2). Moreover, we have Hy,(m) = C™(m) = F¥.

Proof. The inclusion H,,(n) € C™(n) follows from Lemma 5.5. The inclusion
C™(n) C H,p(271) follows from Lemma 7.1. If K is a k-rational hyperplane of
My, then the subset K (k) of T is a member of H,,. Any k-rational point of My is
expressed as the intersection of k-rational hyperplanes Ky, ..., K, of My'. Hence
{H} is a code word of H,,(m) for any H € T, which implies that H,,(m) = F%.
q.e.d.

By Lemma 5.3, we can write down a basis of H,, (1), which consists of N subsets
By, ..., By of T, where N := (m + 1) + 1. Suppose that a basis B}, ..., B}, of
Hy(n) is given. Because of the formula (7.5), we see that H,,(n + 1) is generated
by the subsets B; N B;, where ¢ =1,...,N and j = 1,..., M. Hence we can pick
up a basis of H,,,(n + 1) from these NM subsets using a simple linear algebra over
Fy. By this inductive method, we obtain Table 7.1 of dimp, H,,(n) for m < 5.
Combining Table 7.1 with (7.1), (7.2) and Lemma 7.2, we obtain the following:
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disc(L?) = 2'6. 3,
disc(LY) = 2"W .3 with w(4) < 90,
disc(L%) = 2 .3 with v(5) < 444.

Next we consider the minimal norm and the kissing number of L3. We put m =3
and R = Z/(16). Let ws(H3(n)) be the set {|.S| : S € Hs(n)} of weights of the code
words of Hz(n). By Corollary 5.4, the weight enumerator we(H3(1)) and hence the
weight set ws(H3 (1)) are easily calculated:

we(Hsz(1)) =255 + 85 284 4+ 3570 253 + 23800 28 4 38080 2*°+
+ 38080 2% + 23800 2%7 4 3570 232 4 85 221 + 1,
ws(Hs(1)) ={0,21,32, 37,40, 45, 48, 53, 64, 85 }.

We can calculate ws(H3(2)) as follows. Let FZ be equipped with a non-degenerate
symmetric bilinear form (5,5") := |S N S| mod 2. The orthogonal complement
H3(2)% of H3(2) in FL is of dimension 85 — 61 = 24. Because we have calculated
a basis of H3(2), it is easy to obtain a basis of H3(2)*. The weight enumerator
of H3(2)* can be calculated by brute strength using a computer, because it has
relatively small dimension. The weight enumerator of H3(2) is related to that
of H3(2)* via the MacWilliams formula. (See, for example, van Lint [17, p. 39,
Theorem 3.5.3].) The result is as follows:

we(Hs3(2)) := 2% + 357 280 4 17850 277 + 23800 27® + 45696 27 + 1142400 2™ +

19007943360 z'7 44668633585 26 41074247680 2° +229785600 ' +44666650 2>+
8020600 22 4 1142400 2! 4 45696 2'° + 23800 22 + 17850 28 + 357 2° + 1.

In particular, we have
ws(H3(2)) ={0,1,2,...,85}\ {1,2,3,4,6,7,78,79,81,82,83,84}.

The group GY° = GL(4,k) acts on My projectively over k, and hence on the
codes H3(1) and H3(2). Recall that every code word of Hz = H3(1) is either the
set of k-rational points of a Hermitian surface in My = P3 or its complement.
(Lemma 5.2.) By Corollary 2.6, the action is transitive on the set of code words
of a given weight in Hs(1). The upper half of Table 7.2 shows the number of
Hermitian surfaces S of each rank and the weight of corresponding code words
S(k) and My (k) \ S(k).

Note that the number 357 of the code words of weight 5 in H3(2) is equal to the
number of k-rational lines in M. Because any k-rational line ¢ can be expressed
as an intersection of two k-rational planes and ¢(k) has five points, a code word of
weight 5 is a member of H3(2) if and only if it is the set of k-rational points of a
k-rational line. The lower half of Table 7.2 shows the number of k-rational lines £
that intersect at distinct points of a given number with a Hermitian surface .S of a
fixed rank. B

Suppose that a non-zero vector v of L? contained in the kernel of the natural
projection pr : L3 — RT is given. Then we have (v,v)r > 16, and hence v cannot
be a minimal non-zero vector.
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TABLE 7.2. Number of Hermitian surfaces and lines.

rank of § 0 1 2 3 4
1S(k)| 85 21 53 37 45
MY (k) \ S(k))| 0 64 32 48 40
number of S 1 85 3570 23800 38080
[S(k) N (k)| number of ¢
0 0 0 0 0 0
1 0 336 40 156 90
2 0 0 0 0 0
3 0 0 256 192 240
4 0 0 0 0 0
5 357 21 61 9 27

For an element v of R, let (o) be the unique integer such that —8 < (@) < 8 and
{a) mod 16 = . For an element w € L3, let (w”) € L? be the vector defined by

(@Y(H) = (@(H)) for HeT and (@)(p):= <Z w(H)>.

It is obvious that (™) is one of the vectors of minimal norm in pr ' (w”). (If the
number of H € T such that w(H) = 8 is v, then the set of the vectors of minimal
norm in pr (@) consists of 2” elements.) The vector @ is written in one of the
following forms:

w = VT —+ QVUl(TD) +4VU2(’LT)) + SVUS(E)) or
=2V, @) + 4 Vi) + 8 Vus(a):

where U;(w) € H3(2171) for i = 1,2,3 are the code words given by Lemma 7.1. We
say that w is odd or even according to whether w is written in the first form or in

the second form. Because Vo € fg, if w € L? is odd, then the even vector
0+ Vi =2Vriu, @) + 4V, (@) +0s @) T 8V Us () +U1 (@)1Us(w)
is also contained in L3, while if w € L? is even, then the even vector
W+2Ve =2Vru, () + 4 VU, (@)+Us() + 8 VUs(w)+U1 (@)"Us ()
is also contained in L?. We define the function 65 : R — Z>o by
dp(a) :={H €T : w(H) =a}|

For any function d : R — Z>q, we put
1 2
N©) = 1¢ (Y (@@ +3( Y adla)) ).
a€ER a€ER
Then the norm of (@) € L? is equal to N(dg).

Suppose that a function 6 : R — Z>¢ is equal to d; for some non-zero element
w € L. Then § must satisfy the following conditions.
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(1) The sum ) . 6() is equal to 85, and §(0) < 85. Moreover, we have
d(a) = 0 for all even « if @ is odd, while é(a) = 0 for all odd « if @ is even.
(2) The integer |U;(w)| appears in ws(H3(1)), where

V()] = {5(3) +6(7) + 8(11

0(10) +

0(15) if w is odd,

A,_\

(

)+
6(2) +6(6) +6(10) +
(3) The integer |Uz(w)| appears in ws(H3z(2)), where
)+
)+

o [o(5)+6(7) +6(13
|U2(w)|_{5(4)+6(6) 5(12

0(14) if w is even.

0(15) if w is odd,
0(14) if w is even.

(4) The following integer appears in ws(H3(2)

):
Us(@ + V)| = U (@) + Us(@)] = 6(3) + 6(5) + 6(11) + 6(13)  if w is odd,
\Us (0 + 2V 7)| = |Up(0) + Uz ()| = 6(2) + 6(4) + 6(10) + 5(12)  if w is even.

(56) The norm N(d) = ((@™), (w™))r is an even integer.

We list up all the functions 6§ : R — Zx( that satisfy the conditions (1)-(5)
and N(J) < 8. There are no such functions § with N(§) < 4. The list of § with
N(§) = 6 or N(0) = 8 is given in Table 7.3, where the function J is expressed
by the concatenation of a®® (a € R) with §(a) > 0. The third column of
Table 7.3 indicates the number v(§) of the vectors w € L3 such that 5 = & and

(w,w)r = N(J), where w is the restriction of pr (w) € RT to T.
In order to calculate v(§), we need the following lemma. Let A be a subset of

My (k). We define H3(2, A) to be the linear subcode of H3(2) consisting of all the
code words of H3(2) that are contained in A.

Lemma 7.3. (1) Let P be a k-rational plane of My, and p and q two distinct
points of My (k) \ P(k). Then we have

Hs(2, P(k) U {p,q}) = H3(2, P(k)).
The weight enumerator of Hs(2, P(k)) is
2142120 4+2102"% +2802" + 28027 +2102% +212° + 1.

(2) Let A be a code word of H3(1) with weight 32; that is, A is My (k)\ S(k) where
S is a Hermitian surface of rank 2. Then the weight enumerator of Hs(2, A) is

232 4140 2%* 4 3520 220 + 9062 26 + 3520 212 + 140 2% + 1.

Proof. The action of the group GY° = GL(4,k) on My is transitive on the set of
k-rational planes of M}, and the stabilizer subgroup of a k-rational plane Py acts
2-transitively on My (k) \ Py(k). Hence it is enough to check the assertion (1) only
for one choice of Py and p, gq. Since we have already obtained a basis of H3(2),
this checking can be easily done by a computer. In fact, we see that Hs(2, P(k)) is
isomorphic to Ha(1). A similar argument can be applied to the assertion (2). g.e.d.

We will demonstrate how to calculate v(d) on several examples.

Example 1. § = 211141° (No. 0). If § = 04, then |U;(w)| = 21 and hence Uy ()
should coincide with P(k) for some k-rational plane P. Then Usz(w) is a code
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TABLE 7.3. Kissing numbers.

Norm 6
No. ) v(0)
0 2111410 0
1 2107411 0
Norm &: even
No. ] v(0) No. 0 v(0)
2 0801432 3570 27 062291221412 0
3 089125 357 28 06429611411 285600
4 077128 17850 29 06229421412 0
5 08382 14280 30 (08291041719171411 0
6 054611420 1785 31 0421110t 14° 285600
7 08041124 1785 32 (082911411911410 0
8 08942193 3570 33 0532121420 12566400
9 07742126 499800 34 062212122149 0
10 08943122 3570 35 064212101148 232050
11 08944121 1785 36 06421261148 214200
12 07744124 1249500 37 06221242149 0
13 08945 357 38 062213122148 0
14 077461922 499800 39 06421361147 142800
15 07748 17850 40 09221342148 0
16 0223411211418 0 41 09291441191147 0
17 054241011416 8925 42 0421510145 28560
18 06425611415 28560 43 06221541121146 0
19 | 09226411211415 0 44 (0532161416 32351340
20 084271011413 142800 45 06421661144 8925
21 06227411211414 0 46 09221841191143 0
22 053281424 499800 47 0532201412 12566400
23 062281221413 0 48 06422010! 1785
24 064281011412 214200 49 053224148 499800
25 05428611412 232050 50 (053232 3570
26 092928421413 0
Norm 8: odd
No. ) v(9) No. ) v(9)
51 351580 357 64 140351540 1028160
52 1161351564 1785 65 142321331538 9139200
53 118321331562 0 66 144311341536 3712800
54 120341311560 28560 67 144341311536 3427200
55 128311341552 142800 68 146331321534 4569600
56 130331321550 913920 69 1481351532 217770
57 1321351518 214200 70 148351532 214200
58 132351548 217770 71 150321331530 913920
59 134321331546 4569600 72 152341311528 142800
60 13631134154 3427200 73 160311341520 28560
61 13634131154 3712800 74 162331321518 0
62 138331321542 9139200 75 164351516 1785
63 1401351540 1028160 76 180135 357
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word of H3(2, P(k)) with weight 10. However there are no such code words by
Lemma 7.3, and hence

v(2M1141%) = 0.
Ezample 2. § = 0382 (No. 5). The code H3(3) coincides with F%. Hence there are
(825) elements @ of I° such that § = d5. For each such w, there are four vectors
w € L? such that pr (w)|p = @ and (w, w)p = 8, because we can lift 8 € R to either
8 € Z or —8 € Z. Hence we have

v(0%38?) = (825> -4 = 14280.

Example 3. § = 0774*12% (No. 12). Suppose that § = &5. There is only one w € L3
such that pr (w)|r = @ and (w, w)7 = 8. In such a situation, we say that the lift of
w is unique. The code word Uz (w) is one of 17850 code words of weight 8 in H3(2)
and, for each such code word, there are (i) choices of Us(w) C Uz(w). Hence

v(0774%12%) = 17850 - (i) = 1249500.

Example 4. § = 0922341121148 (No. 16). Suppose that § = 5. The lift of @ is
unique. Since |Uy(w)| = 21, Uy(w) is equal to P(k) for some k-rational plane P.
The code word Usz(w) of weight 20 must satisfy |Uz(w) \ P(k)| = 2. There are no
such code words by Lemma 7.3. Hence

v(0%2234112114'8) = 0.

Ezample 5. § = 0°32161416 (No. 44). Suppose that § = d5. The lift of w is unique.
The code word Uy (w) is one of 3570 code words of weight 32 in H3(1). The code
word Uz (w) is an element of H3(2,U;(w)) with weight 16. There are 9062 such
code words by Lemma 7.3. The code word Us(w) must be equal to Uz(w). Hence

v(0°321614'6) = 3570 - 9062 = 32351340.

Example 6. § = 138321321542 (No. 62). Suppose that 6 = 5. The lift of w is
unique. We put o = @w + V. Then d; = 2843142, The code word U, (7) is one
of 38080 code words of weight 40 in H3(1). The code word Uz(?) is an element of
H3(2) with weight 5, and hence there is a k-rational line ¢ such that Us(v) = £(k).
This line ¢ must intersect with U;(v) at distinct two points. There are 240 such
lines by Table 7.2. The code word Us(¥) must be equal to Uy () N Uz(7). Hence

v(1%83313215%%) = 38080 - 240 = 9139200.
Now we see that there are no non-zero vectors w € L3 with (w,w)r < 8, and
the kissing number of L3 is

> v(8) = 109421928,
g.e.d.

8. CONCLUDING REMARKS

Let X be the cubic Fermat hypersurface of dimension 2m in characteristic 2. The
lattice £ (X) has geometrically natural generators [II]—[II'] (I, II' € ¥™(X)). The
norm of these generators is at least 2™, and the minimal value 2™ is attained if
and only if dim(IT ATI') = m — 2. Using induction on m, we see that, for each
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A € ¥m2(X), there are 27 - 16 = 432 ordered pairs II, II' such that II A II' = A.
Hence there are 27 - 16 - |[X™~2(X)| ordered pairs II, II" such that

(] =[], [T = [Tz = 2™

For m = 1,2, 3, the number |~™~2(X)| is equal to 1, 693 and 1519749, respectively.
On the other hand, for each vector v = [II;] — [II}] with (v,v) = 2™, there are
at least six ordered pairs II;, II; (¢ = 1,...,6) such that v = [II;] — [II}] holds.
Indeed, there are five elements Za, ..., Zg of ¥™(X) such that dim(Il; A E;) =
dim(IIf A E;) = m — 1. Let II} be the unique element of ¥ (X) that is distinct
from II; and Z; and contains II; A E;, and II; the unique element of ¥ (X) that
is distinct from II} and =; and contains IIj A E;. Both of [II;] + [II}] + [Z;] and
[IT] + [IL;] + [Z;] are equal to the numerical equivalence class h by Corollary 3.3.
Hence we have v = [II;] — [II}] for i = 1,...,6.

We have obtained the following.

Observation. For m = 1,2, 3, the minimal norm of £™(X) is 2™ and the kissing
number is equal to

(27-16- |Z™2(X)|)/6 = 72 - |2 (X))

We may therefore expect that the same formulae continue to be valid for m > 4.
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