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Abstract

Model evaluation in covariance structure analysis is critical before the results can be
trusted. Due to finite sample sizes and unknown distributions of practical data, existing
conclusion regarding a particular statistic may not be applicable in practice. The bootstrap
procedure automatically takes care of the unknown distribution and, for a given sample size,
also provides more accurate results than those based on standard asymptotics. But it needs
a matrix to play the role of the population covariance matrix. The closer the matrix is
to the true population covariance matrix, the more valid the bootstrap inference is. The
current paper proposes a class of covariance matrices by combining theory and data. Thus,
a proper matrix from this class is closer to the true population covariance matrix than those
constructed by any existing methods. Each of the covariance matrices is easy to generate
and also satisfies several desired properties. Examples verify the properties of the matrices

and illustrate the details for creating a matrix with a given amount of misspecification.

Keywords: Bootstrap, model misspecification, noncentrality parameter.



1. Introduction

Structural equation modeling (SEM), covariance structure analysis (CSA) in particular,
has been widely used in the social and behavioral sciences (Bentler & Dudgeon, 1996; Bollen,
2002; MacCallum & Austin, 2000). The advantage of CSA is that manifest variables, latent
variables as well as measurement errors can be modeled and tested simultaneously. In ap-
plying CSA models, model evaluation is critical before the results can be trusted. Various
procedures have been developed for such purposes (Bentler, 1983; Bentler & Dijkstra, 1985;
Browne, 1984; Kano, Berkane, & Bentler, 1990; Joreskog, 1969; Satorra, 1989; Satorra &
Bentler, 1994; Shapiro & Browne, 1987; Yuan & Bentler, 1997, 1998, 1999a). The behaviors
of several commonly used statistics for overall model evaluation are extensively studied by
either asymptotics (Amemiya & Anderson, 1990; Browne & Shapiro, 1988; Shapiro, 1983;
Yuan & Bentler, 1999b) or simulation (see Bentler & Yuan, 1999; Chou, Bentler & Satorra,
1991; Curran, West & Finch, 1996; Hu, Bentler, & Kano, 1992; Muthén & Kaplan, 1985;
Yuan & Bentler, 1998). However, the conclusion obtained may not be valid when applying
the statistics to a practical data. For example, the asymptotic robustness condition for the
likelihood ratio statistic (Amemiya & Anderson, 1990; Browne & Shapiro, 1988) may not be
satisfied in any real data analysis. Similarly, the data generation scheme in most simulation
studies may rend the rescaled statistic (Satorra & Bentler, 1994) to asymptotically follow
a chi-square distribution (Yuan & Bentler, 1999b), such obtained results may not apply to
real data (see Yuan & Hayashi, 2003). Of course, the validity of any asymptotic properties
is closely related to the sample size of the data, which is typically out of control in practice.
Even when the sample is normally distributed, the behavior of a statistic is also closely
related to the model and the population covariance matrix as well as their distance, as mea-
sured by a discrepancy function. When the model gradually departs from the population
covariance matrix, the likelihood ratio statistic is better described by a noncentral chi-square
distribution at beginning and then better described by a normal distribution (Yuan, Hayashi
& Bentler, 2005).

When the distribution of the sample is unknown or when the sample size is not large

enough, the bootstrap approach represents a promising alternative (Efron, 1979). The boot-



strap has demonstrated its potential in dealing with various problems that challenge tradi-
tional statistical methods (Efron & Tibshirani, 1993; Davison & Hinkley, 1997). Bootstrap
methods have been applied to covariance structure models by various authors. Beran and
Srivastava (1985) set out the theoretical foundation for bootstrap inference about covariance
matrices in general. Bollen and Stine (1993) introduced the bootstrap approach to studying
the distribution of test statistics and fit indices and clearly demonstrated the importance of
choosing the proper matrix in playing the role of bootstrap population. Chatterjee (1984),
Boomsma (1986) and Bollen and Stine (1990) used bootstrap to study standard errors in co-
variance structure models. Yung and Bentler (1996) reviewed many applications of bootstrap
in covariance structure analysis. Yung and Bentler (1996), Yuan and Hayashi (2003) and
Yuan and Marshall (2004) used bootstrap to estimate power and lack of fit in CSA. Enders
(2002) used bootstrap to study the goodness of fit in CSA with missing data. In contrast
with inferences that are based on normal theory maximum likelihood (ML), the bootstrap
approach does not assume normally distributed data. Even when data are normally dis-
tributed, at a given sample size, the bootstrap may give more accurate results than those
based on standard asymptotics due to its second order accuracy (see Hall & Titterington,
1989).

Let xq, X9, ---, X, be a sample with a sample covariance matrix S whose population
counterpart is 3y. Conditional on the sample, the bootstrap repeatedly draw samples from
a known empirical distribution function. This empirical distribution plays the role of the
“population” for the bootstrap samples. Because ¥ is generally unknown, one has to find
an alternative S, to play the role of 3. With a given S,, the remainder of the bootstrap is

standard. For example, x; can be transformed to x§“> by
x\ = 8128712, i =1,2,-- n, (1)

where S!/2 is a px p matrix satisfying (S1/2)(SL/2)’ = S,. The following steps are to obtain the

bootstrap samples by sampling with replacement from (x(la), x4

;... x@) and to calculate
the sample covariance matrices S* of the bootstrap samples. Interesting statistics will be
generated when fitting the substantive model to S*. Of course, the form of S, is decided

by the purpose of the study. When studying the behavior of model statistics under the



null hypothesis Xy = 2(0y), one needs to choose S, = 3(0) for an admissible 6 (Beran &
Srivastava, 1985; Bollen & Stine, 1993). When studying the power of a statistic one needs
to choose a S, to represent the interesting alternative hypothesis (Beran, 1986; Yuan &
Hayashi, 2003; Yuan & Marshall, 2004).

Different S,’s correspond to different populations. Because any interesting model in
practice is inevitably misspecified, there is a lot of interest in the property of test statistics
with misspecified models. In particular, the population covariance matrix 3y = FE(S) is
generally unknown while the behavior of a test statistic at ¥, is of fundamental interest.
It would be nice if a S, that is close to Xy can be obtained. With unavoidable model
misspecification, formal or informal cutoff values have been established to judge a model
based on fit indices. However, the distribution of almost all the fit indices are generally
unknown (Yuan, 2005), and bootstrap can be used to study their distributions or confidence
intervals. In such a study, alternative covariance matrices are needed. For example, if one
needs to understand the behavior of the sample RMSEA (Steiger & Lind, 1980) when its
population value is 0.05 or 0.08, alternative covariance matrices are needed to achieve the
desired population values.

Parallel to obtaining a S, that plays the role of 3 in the bootstrap simulation, obtaining
a covariance matrix that is at a given distance from a model structure is of interest in Monte
Carlo studies, where there is generally no particular ¥ to consider. In that direction, Satorra
and Saris (1985) obtained a ¥ through setting a fixed parameter in 3(0) at an incorrect
value. Cudeck and Browne (1992) provided a procedure for obtaining a ¥ that is at a given
distance from a model structure. Curran, West and Finch (1996) generated a X that contains
loadings in the population but not in the model. Yuan and Bentler (1997) generated a 3 by
a structure with three factors while the null hypothesis is a two-factor model. Fouladi (2000)
created a X by properly perturbing the structured covariance matrix. These approaches of
generating ’s might also be used in constructing a population covariance matrix in the
bootstrap simulation, but the resulting ¥’s are generally not as desired as the one to be
described in this paper.

We will provide a class of S,’s by combining empirical information represented by S and

substantive theory represented by 3(8). In section 2 of this paper we give the form of the



S, and study its property as an alternative covariance matrix. The details leading to these
properties are given in the appendix. In section 3, we illustrate how to obtain a particular
S, using practical data. We conclude this paper with a discussion of issues related to the

proposed S, and its applications in other contexts.
2. A Class of Covariance Matrices for Bootstrap Simulation

This section proposes a class of S,’s and studies their analytical properties. These prop-
erties justify their ideal candidacy for the role of the population covariance matrix in a
bootstrap simulation. To better understand these properties we give a brief review of the
role of 3y = E(S) in characterizing the distribution of the normal theory likelihood ratio
statistic.

Let x1, X2, -+, X, be a sample from a p-dimensional population x with E(x) = p, and
Cov(x) = Xy. CSA involves fitting the sample covariance matrix S to a structural model
represented by 3(0) = (04(0)), such that a discrepancy function F'(S,¥()) is minimized.

Several discrepancy functions exist and the normal theory based likelihood function
Fyrr(S,2(0)) = tr[SE71(6)] — In[SZ7(0)] — p (2)
is most, commonly used in practice. Let @ be the minimizer of Fi;.(S,3(8)) and
Tar = nFur(S, £(0)).
When data are normally distributed and the model structure is correct,
Tur 5 XZfa

where df = p(p + 1)/2 — ¢ and ¢ is the number of free parameters in 6. Because test
statistics are almost always significant with empirical data, there is a great deal of interest

in measuring how far the model 3(8) is from X, as characterized by
T = Far(Xo, 3(6.)), (3)

where 0, minimizes Fi (3o, 3(0)). Notice that the 7 in (3) does not depend on the sample

size, it is the distance from 3(8) to the population covariance matrix ¥y. Under a sequence of



local alternatives and normally distributed data (see Satorra & Saris, 1985; Steiger, Shapiro,

& Browne, 1985),
Tarp 5 Xar(9),

where & = nt. Thus

E(Tyy) ~ nr + df, (4)

where the approximation sign is due to a finite sample size. When data are not normally
distributed or when ¥ is fixed, the result in (4) can be improved (Shapiro, 1983; Yuan et
al., 2005). For a p x p matrix A, let vech(A) be the vector that stacks the nonduplicated
elements of A by leaving out those above the diagonal, and denote o (0) = vech[3(0)]. Let
D, be the duplication matrix as defined by Magnus and Neudecker (1999, p. 49),

1 - 1, e _
Wo= D5 @ 5)D,. W(6) = D;[=7(6) @ 57(9)D,,

2, =%(0.), W.=W(,), &.=000,)/00., A.=05%0.)/00.00.,
1
G=X'%x' - 52;1, H = (hj) =2 - Z,'%% 1,
1 p p
M = 5 >N hijAij and I = Cov{vech[(x — pq)(x — py)']}.

i=1j=1

Then (4) should be replaced by
E(TML) ~nT+ tr(UH), (5)

where

U=W, - W.6,[6'D(G® 2 ")D,&. + M| "6 W..

When x ~ N(pg,3) and Xy = %(6y), then 6, = 0y and tr(UIl) = df. When x has
heavier tails than that of N(p,, o) and 3¢ = X(6y), tr(UII) > df. But the behavior of the
distribution of T, at a finite sample size, especially when the distribution of x is unknown,
is not well-described by its asymptotic distribution. Actually, both the empirical mean and
variance of Thyy, are closely related to X, 3(0), as well as the distribution shape of x (Yuan
et al., 2005).

When using the bootstrap to study the behavior of Tz, 3(0) is already known. The

distribution shape of x is approximated by the histogram decided by x;, Xa, ..., X,, one



probably cannot improve the approximation before further information of the distribution of
x is known. So the quality of a bootstrap study is up to finding a substitute S, for 3y. The
closer the S, to 3y the more valid the bootstrap conclusion regarding T, is. The remainder
of this section concentrates on finding a S, that combines empirical information represented
by S and substantive theory represented by 3(#). When the interest is in finding a ¥
corresponding to a particular 7 in (3), (4) and (5) facilitate the selection of a proper S, to
play the role of ¥, as will be illustrated in the next section.

When 3(8) is inadequate in modeling 3, it follows from (4) and (5) that the 7 defined in
(3) is most likely somewhere between 0 and Ty /n. It is possible for 7 > Ty /n with gross
sampling errors, but the probability for Th/n to be smaller than 7 is tiny unless both n and
df are rather small. For 7 € [0, Ty1./n|, there is a simple way to search for a substitute S, of
3 that satisfies (3). The following development uses the normal theory based discrepancy
function (2) for finding such a substitute. Using other discrepancy functions will be discussed
at the end of this paper.

Let

Se=aS+(1—a)=(8), acl0,1] (6)

where 6 is the minimizer of equation (2). The sample covariance matrix S represents current
data. The covariance structure 3(0) is a theoretical hypothesis, which generally represents
prior information about the population covariance matrix 3. This prior information is usu-
ally accumulated through previous research. For example, in a confirmatory factor analysis
the factor structure 3(6) may be based on an exploratory factor analysis of a previous sam-
ple. The E(é) is an estimator of the prior information using current data. Consequently, (6)
is an empirical Bayes estimator of the population covariance matrix 3, (Haff, 1980; Hayashi
& Sen, 2002; Ledoit & Wolf, 2004). Choosing S, in the form of (6) not only incorporates
the empirical Bayes point of view but also simplifies the model fitting procedure. Specifi-

cally, when @ is the minimizer of (2), we will show that for any given a € [0, 1] the function

Fri1(Sa, £(0)) also attains its minimum at 6. Furthermore,
9(a) = Farr(Sa, 3(6))

is a strictly increasing function of @ with g(0) = 0 and ¢(1) = Ta1,/n. Below we will formally



establish the properties of S, and Fi;1(S,, 3(6)). We will illustrate how to choose a in the
next section.
For a given a € [0,1], let @, minimize Fy;(Sq, £(0)), then it satisfies the normal esti-

mating equation associated with this minimization

~

d'/(aa)W(éa)[Sa - U(éa>] =0, (7)
where S, = vech(S,). Let s = vech(S). Because S, = as + (1 — a)o(0) and 6 satisfies
&'(6)W(8)[s — o(6)] =0,

0, = 0 also satisfies equation (7). Thus, 0 is a stationary point of the function F, .(Sa, 2(0)).
A question that remains is whether @ also minimizes Fy(Sq, £(6)). The answer is given
by the following theorem.

Theorem 1. For any given S and a € [0, 1], let S, be given by (6). If 8 is the vector that
minimizes Fiy;(S, £(0)), then 6 is the minimizer of the function Fi;r(S,, £(6)).

The above theorem depends on @ minimizing (2). When  is not the global minimizer
of (2) but only a local minimizer, then 6 is also a local minimizer of Fy(Sa, (). So
even when the alternative hypothesis changes, the parameter estimate is still the same when
choosing S, in the form of (6). When using S, as the bootstrap population covariance matrix
in (1), the population value of 0 is 9, which does not depend on a.

With 6 minimizing Fy(Sa, £(8)) for all a we may wonder if the function g(a) is also a
constant. The next theorem clarifies this concern.

Theorem, 2. The function g(a) is a strictly increasing function on [0, 1] unless S = X().

Note that Fy (2o, 3(0)) contains p(p + 1)/2 + ¢ unknown elements, finding a 3, for
a given 7 is an optimization problem. Theorem 2 greatly simplifies the problem when
constructing a S, in the form of (6). Together with Theorem 1, searching for S, becomes
a line-search problem, and for any given 7 € [0, Ty1/n], there is a unique a such that S,
satisfies Fiurr(Sa, £(8)) = 7. Of course, one generally does not need to search for S, such
that g(a) > Thp/n. If such a case is needed, then one cannot construct S, through (6).
Actually, even if one chooses S, = aS and «a is large enough, g(a) > Thz/n may still not be

reached. This can be illustrated through the class of LISREL models (Joreskog & Sorbom,
1996).



In the LISREL setup, the measurement model that relates hypothetical latent variables

(&,m) to their measured indicators (x,y) is
X=p, +AE+0, y=p, +Ayn+e, (8a)

where p, = E(x), py, = E(y), E(§) =0, E(n) = 0, Ax and Ay are factor loading matrices,
and & and € are measurement errors with ®5 = Cov(d), ®. = Cov(e). The structural model

that describes interrelations among latent variables is
n=Bn+T¢+(, (8b)

where ¢ is a vector of prediction errors having a covariance matrix ¥ = Cov({). Let
® = Cov(£), the resulting covariance structure of the observed variables (x',y’) is (see

Joreskog & Sorbom, 1996, p. 3)

sy A®ALTO, AL@T'(I- B) A, ;
0)={ Ay1-B)'T®A, A,1-B)'Ter+¥)I-B)'A,+0 |

In order for model (8) or (9) to be identified, at a minimum we have to fix the scales of the
latent variables. There are two ways to fix these scales; one is to fix the variance of each
exogenous latent construct at a given value and the other is to fix a path loading from each
latent construct to one of its indicators. We will choose the latter approach, that is, a factor
loading in Ax or Ay is fixed for each of the latent constructs. Enough zero elements will be

specified in applications to identify the entire model. It is easy to see that (9) satisfies

a%i(6) = ( Aj}f(il?)j}%rtaagiv - B)‘l[j;‘?c(;gi“r’vfa_\Il]]g(/I)_—l%%)—lA’ +a®
y x Ay y e
(10)
Because Fir1(Sq, X(0)) is a function of S,X71(0), unless ®, ¥, ©; or O, contain at least
one fixed nonzero element, using S, = aS and S, = S results in the same Fj, (S, E(é))
However, the parameter estimates in these matrices corresponding to aS will be proportional
to those corresponding to S. Equation (10) is closely related to the invariance with a constant
scaling factor given in Browne (1984). On the other hand, if fixed nonzero elements in ®, ¥,
©;, or O exist, then Fy1(S,, £(0)) will increase as the a in S, = aS increases. However,

most practical models generally do not contain fixed nonzero elements beyond those used

for identifying the scales of latent variables.



More generally, when one chooses S, = aS + K,E(é) for positive numbers v and k, S,
can be rewritten as

Sax = b[aS + (1 — a)2(8)] = bS,,

where b = (a + k) and a = a/(a+ k). Suppose the covariance structure () is represented
by (9) and there are no fixed nonzero elements beyond those for identification purposes. It
follows from (10) that, corresponding to each @ minimizing Fy2(S, £(6)), there always exists
a6 that minimizes Frrrn(Sax, 2(0)) with the same minimum as that of Fiy(S,, 3(0)). This
implies that it is impossible to find a S, to reach a 7 > Tz /n. Actually, a S, corresponding
to a 7 > Ty /n sits most likely farther than 7 away from the model 3(8).

Theorems 1 and 2 showed that all the alternative hypotheses in the form of (6) share the
same parameter estimate while the corresponding model fit, as measured by Fy;p or Thz,
deteriorates as a increases. The same phenomenon occurs in CSA and can also occur in
other statistical models. We have the following two simple examples to facilitate a better
understanding of the two theorems.

Ezample 1. Let p = 2 and consider the classical spherical model 3(0) = 0I,. We have
1
Fur(S,%(0)) = gtr(S) + 2log 0 — log |S| — 2.

Let S = (si), it is easy to see that § = (s1; + $22)/2 minimizes Far(S, (6)). Tt follows

from

1
Frr(Sq, X(0) = gtr(S)—i—Qlog@—log]Sal—Q

= Furn(S,%(0)) + log |S| — log S|
that 6 also minimizes Fy;(S,, £(0)) for any a. Because

1
Sa| = Z{(Sn + 592) — a®[(s11 — s22)° + sTo)}

decreases with a, Farr(Sa, E(é)) is a strictly increasing function of a unless s1; = s and

~

S12 = 0, i.e., S = 2(9)

Ezample 2. Let (X}, y1), (x5, 92), -+, (X),,yn) be a sample for which the regression model

y = X8 +e, (11)



"is a n x k matrix, 3 is a

is appropriate, where y = (y1,¥y2,*,Yn), X = (X1,X2,**,Xp)
k x 1 vector, E(e) = 0 and Var(e) = 0°1,,.

Then the least squares estimates of 3 and ¢ are given by
B — (X/X)_IX/y

and
6* = (y = XB)'(y = XB)/(n— k).
Let R(X) be the space spanned by the columns of X, and X+ be a n x (n — k) matrix
whose columns form the basis of the space orthogonal to R(X). Instead of using the vector
y in (11), we use

Yo =y +X"a, (12)
where a is a (n — k) x 1 vector. When fitting y, by (11), the estimates of 3 and o>
corresponding to y, are

B. = (X'X)"'X'y,
and

62 = (Yo = XBo) (ya — XB,)/(n — k).

It is easy to see that Ba = B while 62 does not equal 62 in general. To compare their
systematic difference, we have

E(&2) = g2

and

E(6%) =o® +a/ (XYXHa/(n — k).

a

So for any a # 0, E(62) > ¢2. While the parameter estimate 3, remains the same, the
residual sum of squares are different. If letting a = ab with b being a fixed vector, then
E(62%) will increase with a.

In the context of covariance structure analysis, the model 3(0) corresponds to X3 in
(11). The data matrices S and S, correspond to the data vectors y in (11) and y, in (12),
respectively. The transformation (1) changes the observed data in a similar way as in (12).

Actually, mean and covariance structure analysis can be formulated as a nonlinear regression

10



model (Browne, 1982; Lee & Jennrich, 1984; Yuan & Bentler, 1997). Unfortunately, in the
context of nonlinear models there does not exist a clean formula as in the context of linear

regression models.
3. Illustrations

We will illustrate how to choose a proper S, in (6). There are two circumstances that
particular covariance matrices are needed. One is to study the behavior of Th;, or a fit index
for a given sample under certain degree of misspecification. The degree of misspecification is
typically quantified by the 7 in (3). The other is to study the behavior of Ty, or a fit index
for a given sample when ¥ or the 7 in (3) is unknown. Because 7 can only be estimated,
we can only obtain a substitute for 3 in the later case. We will illustrate the two cases by
the following example.

Ezample 3. Holzinger and Swineford (1939) provided a data set consisting of 24 test scores
from 145 seventh- and eighth-graders. Jéreskog (1969) used 9 of the 24 variables and studied
their correlation structures with the normal theory ML method. We will also use these 9
variables for our illustration. The 9 variables are: Visual Perception, Cubes, Lozenges,
Paragraph Comprehension, Sentence Completion, Word Meaning, Addition, Counting Dots,
and Straight-Curved Capitals. In the original design of Holzinger and Swineford’s study, the
first three variables were to measure spatial ability, the next three variables were to measure
verbal ability, and the last three variables were tested with a limited time period to measure
a speed factor in performing the tests. Let x be the vector of the 9 observed variables, then

the confirmatory factor model

x=p,+Af+e and Cov(x)=APA + T (13a)
with
AMi At XA 00 0 0 0 0 L0 12 o3
A = 0 0 0 )\42 )\52 )\62 0 0 0 5 Q) - ¢21 10 ¢23 5 (13b)
0 0 0 0 0 0 A3 Az Ags ¢31 @32 1.0

represents Holzinger and Swineford’s hypothesis. We assume that the elements of the e
are uncorrelated with ¥ = Cov(e) being a diagonal matrix. There are ¢ = 21 unknown

parameters in X(0), and the model degrees of freedom are 24.

11



For Holzinger and Swineford’s data and model (13), suppose one has the interest to use
the bootstrap to study the behavior of Ty, for certain 7. We can easily find a bootstrap
population covariance matrix S, in the form of (6) that satisfies 7 = Fy1,(Sq, (8)). Inter-
esting values of 7’s can be decided by the cutoff values of many fit indices (see Hu & Bentler,

1999). A commonly used one is
RMSEA = /7/df or 7 =df x (RMSEA)2.

The 7’s corresponding to the cutoff values of RMSEA = 0.05, 0.08, and 0.10 are 0.06, 0.1536,
and 0.24, respectively. To find a proper a for 75 = 0.06, we may start with a = 0.5, which
results in 7 = 0.0846284 > 71y. A smaller a is necessary, the following are our successive

selections of a according to the value of 7 obtained in the previous step.

a FML(SQ,E(O))
0.5 0.0846284
0.25 0.0210088
0.4 0.0539408
0.45 0.0683939
0.425 0.0609466
0.422 0.0600826
0.4215 0.0599393
0.4216 0.0599679
0.4217 0.0599966
0.42171 0.0599994
0.421712 0.0600000

~

The S, corresponding to Fyr(Sa, 2(0)) = 0.0600000 is obtained at a = 0.421712, which
agrees with the target 79 = 0.06 down to the 7th decimal place. It is obvious that a a
with many decimals is necessary in order for Fy(Sq, 2(6)) to be more close to 7. Using
the same procedures, we also have a = 0.6699 corresponding to 7 = 0.1536004, agreeing
with the target 79 = 0.1536 down to the 6th decimal place; a = 0.83089 corresponding to
F(Sa, 2(6)) = 0.2400000, agreeing with the target 7o = 0.24 down to the 7th decimal
place. Whichever S, in the form of (6) is used as the bootstrap population covariance matrix
in (1) the population value of 6 remains 6.

When the interest is in the behavior of T}, with the unknown population ¥, we can

also approximate the ¥y by S,. The normal theory likelihood ratio statistic for model (13)

12



is Thr, = 51.543 and is highly significant when referring to x2,. If assuming T ~ x3,(0)
with § = n7 and 7 = Fip(320, 3(0%)), then the commonly used estimate of 7 is given by
71 = (Tyr — 24)/n = 0.1899509. Using essentially the same procedure for finding a S,
corresponding to a given RMSEA, we have a = 0.74259 corresponding to Fsr(Sa, E(é)) =
0.1899506, which agrees with 73 down to the 6th decimal place.

The statistic Ty, is derived from x ~ N(pq, Xo). Other test statistics that do not assume
the normal distribution of the data also imply that the model does not fit the data well. It is
more natural to regard the 3 as a fixed covariance matrix for Holzinger and Swineford’s data
rather than changing with n. Thus, an estimate of 7 based on (5) should be more reasonable.
Using S to estimate X, 6 to estimate 0,, and denoting y; = vech[(x; — X)(x; — X)'] and
using the sample covariance matrix Sy of y; to estimate IT, we have tr(UII) = 22.873261
and 7 = [Ty — tr(UIL)]/n = 0.1977215. Now we can approximate o by S, in (6). The
a = 0.757098 corresponds to Fi;(Sq, £(8)) = 0.1977214, agreeing with 7 to the 6th decimal
place.

Once 7 or 7 is known, the search for S,, as illustrated above, can be performed using any

~

standard SEM program (e.g., Bentler, 2006) that allows the printing of Fy, (S, ¥(0)) and
¥(0) down to several decimals. The calculation of S, in (6) can be done by any software
that contains the functions of matrix addition and multiplication (e.g., SAS IML, Matlab,
Splus). The estimation of 7 based on (5) involves second derivatives of ¥(0) with respect to

6, which is usually quite complicated and not any SEM program provides its calculation at

present.
4. Conclusion and Discussion

A covariance structure model in practice is, at best, only an approximation to X, there
should be a great interest in studying the behavior of a statistic when 7 > 0 (see MacCallum,
Browne & Sugawara, 1996). With unknown distributions of x in practice, the bootstrap
remains a valuable tool for such studies. Because the behavior of any statistic 7" is closely
related to Xy, when X is unknown, finding a S, that approximately equals 3 allows us to
obtain more accurate evaluation of T);;,. The purpose of the paper is to provide the class

of covariance matrices represented by S, = aS + (1 — a)X(6). The nice properties of S,
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make it an ideal choice for playing the role of the bootstrap population covariance matrix.
Example 3 shows that it is straightforward to find a proper S, once the 7 or its estimate is
given. Specific applications of S, in bootstrap simulation were given in Yuan and Hayashi
(2003).

When using S, to approximate the unknown ¥, the quality of the approximation de-
pends on S as well as the goodness of the model 3(0). When the sample size n is small or
when the distribution of x is of heavy tails, S may not be a good estimate of 3 even it is
unbiased, the 7, or 7y in the previous section can be a poor estimate of 7. It is possible that
71 Oor 75 may be negative even when 7 > 0, then we might have to estimate 3y by Sg = E(é)
Although the form of S, in (6) combines both theory and empirical data, it can still be quite
different from the true ¥3,. But such obtained S,, especially the one corresponding to 7,
should be more close to ¥, than those obtained previously in the literature where no effort
was made in approximating the true ¥,. Of course, when 3 is known or a better estimator
of ¥y than that given in (6) is available, then such a covariance matrix should be used in
the transformation (1) for more accurate bootstrap inference.

We have focused on using the normal theory based discrepancy function (2) to establish
the properties of S, in section 2. One may wonder if similar properties can be established for
other types of discrepancy functions. In covariance structure analysis, a very general form

of discrepancy function is (see Shapiro, 1985)
F(8,%(8)) = [s — a(0)]W[s — o(6)]

for a proper weight matrix W. It can be verified directly that, when W is only a function of
0 or a constant matrix, F'(S,, X(0)) will enjoy the same properties of Fy1(S,,3(0)) as in
Theorems 1 and 2. Special cases are the normal theory based likelihood discrepancy function
and the least squares discrepancy function. However, when W involves x§“) the properties
in Theorems 1 and 2 may no longer apply to F'(S,,3(0)). A special case for this is when
W = (S{))~!, where S{* is the sample covariance matrix of v\ = vech[(x\” —x,)(x\” —x,)/]
with X, = >11 x§“> /n. Comparing several commonly used discrepancy functions for power

analysis, Yuan and Hayashi (2003) showed that, with a proper downweighting of heavy tails,

the bootstrap based on the normal theory discrepancy function in (2) leads to the most
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powerful test for covariance structure analysis.

Because a covariance structure 3(0) represents prior information about the population
covariance matrix, we propose to use the S, in (6) to estimate the population covariance
matrix. When no such information is available, the form S,, = aS 4+ bI has been shown to
enjoy some nice properties with respect to several loss functions (Efron & Morris, 1976; Haff,
1980). It is also interesting to study properties of S, with respect to some loss functions and
to find a proper prior distribution to formally justify its Bayes nature.

Standard errors in CSA are also affected by model misspecification (Yuan & Hayashi, in
press). Because different S,’s correspond to the same é, choosing a bootstrap population
covariance matrix in the form of S, in (6) will facilitate the study of standard error changes
with varying degree of model misspecification.

We have mainly discussed the candidacy of S, in playing the role of the bootstrap popu-
lation covariance matrix. It can also be used as the population covariance matrix in Monte
Carlo studies. Since the behavior of a statistic is closely related to 3, (Yuan et al., 2005),
a X that reflects the reality will enhance the validity of the conclusion of a Monte Carlo
study. Most previous Monte Carlo studies constructed ¥y according to certain structures
while the models are created by omitting or fixing a subset of parameters in 8. Such created
model misspecifications might be interesting but may not be realistic. The S, in (6) should

better reflect the fact that “All models are wrong but some are useful.” (Box, 1979).
Appendix

Proof of Theorem 1: Tt is obvious that @ minimizes Fi1(Se, £(6)) when a = 0 or 1. For
a general a € [0,1] we can rewrite Fy(Sq, $(8)) as
Fyi(Sa, £(0)) = atr[SE71(0)] + (1 — a)n[Z(8)27(0)] — In[£(9)7(6)] — p
+I[[£()271(6)[/|aSE(6) + (1 — a)S(6) =7 (6)]] "
= atr[(S — X(6))27(0)] + Fu(X(6), 2(6))

+1n[|2(0)]/[aS + (1 — a)Z(0)]].
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Since O minimizes Fy1(Sq, (0)) when a = 1, we have
tr[(S = £(6)7(0)] + [|=(0)|/ISI] < t[(S — £(6)=7()]

+FuL(2(0), £(6)) + In[|£(8)|/|S]]
for any 6, which further leads to

atr[(S — £(9))=7(6)] < atr[(S — £(6)S71(9)] + aFu(2(8), £(6))

< atr[(S — 2(0))Z40)] + Fun(2(0),2(8)).

Thus,

atr[(S — £(0)X71(0)] + Fu(2(8), X(0)) < atr[(S — £(0))S71(0)] + Furr(2(0), X(0)).
(42)
Notice that the last term in (A1) does not involve 8; the minimization of (A1) only involves
the previous two terms. The theorem is a result of (A2).
Proof of Theorem 2: Let the eigenvalues of SE_l(é) be A\; < X < - <\, then we can

rewrite g(a) as
p

g(a) :af:)\i—i—(l—a)p—Zln[(l—a)—i—aAi] —p

i=1 i=1
The derivative of g(a) is

. P P ()\i B 1)
g(a) :;Ai —p—;—(l T an
az —)2 >0
(1—a)+a\
for a € [0,1]. The equality sign holds only when Ay = Ay = --- = A\, = 1, which happens

only when S = 3(6). So g(a) is a strictly increasing function of a.
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