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Abstract

By introducing new forms of multivariate cumulants this paper provides the first-order
Edgeworth expansions of the standardized and Studentized function of the sample covariance
matrix. Without assuming a known population distribution, the obtained expansions are
most general and also simpler than those in the literature. A new statistic is also proposed
by removing the effect of skewness from that based on standard asymptotics. Because each
expansion only involves the first- and second-order derivatives of the function with respect
to the sample covariance matrix, the results can be easily applied to many statistics in
multivariate analysis. Special cases are also noted when the underlying population follows a

normal distribution or an elliptical distribution.
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1. Introduction

Let y,...,y, be a random sample from a p-variate population y with mean p and
covariance matrix 3. The unbiased sample covariance matrix is

1
n—1

n

> -9y -9, (1)

i=1

S:
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where y is the sample mean. Most test statistics in multivariate analysis are functions of
S. It is important to study the distribution of h(S) for a smooth function h(:). The exact
distribution of A(S) can be obtained for only a few statistics with normally distributed data,
e.g., the sample Pearson correlation. These exact distributions are so complicated that they
are almost never used in practice. Most inferences for functions of X are still based on
the standard asymptotics, in which the distribution of A(S) is approximated by a normal
distribution. Such an approximation can be poor when either the sample size is not large
enough or y does not follow N,(u, 32). Various methods of improving the normal distribution
approximation have been developed (e.g., Sugiura, 1973; Fujikoshi, 1980; Ichikawa & Konishi,
2002; Ogasawara, 2006). These developments either focus on a special statistic or assume
y ~ N,(p, X). In this paper, we will obtain the Edgeworth expansion for A(S) and use it to
construct a statistic that more closely follows a normal distribution. Because practical data
seldom follow a normal distribution, we will not assume any population distribution forms
in the development. The development only involves the basic inferential statistics and some
algebraic operations. One only needs to identify A(S) and calculates the first and second
derivatives of h(3X) with respect to the elements of 3 in order to apply the result to a specific
problem.

Section 2 contains some notation and results that will be used for obtaining the asymp-
totic expansion of the distribution of h(S). In Section 3, we give the coefficients in the
asymptotic expansions of the distributions of standardized and Studentized h(S). In Sec-
tion 4, we propose a new statistic by removing the effect of skewness from the statistic that
is based on standard asymptotics. We also illustrate the application of the new statistic in

constructing a better confidence interval for h(3).

2. Preliminary

2.1. Several Higher-order Cumulants

Let
€ = E_l/z(yi - “)7 (Z = 17 oo 7n)‘

Then €4, ..., &, are independent and identically distributed as € = (¢1,...,¢,) = > V2 (y—
p) with Ele] = 0 and covariance matrix Cov|e|] = I,. The cumulants of y are often used to
obtain the asymptotic expansions of specific functions of S. We will use cumulants of & for
simpler results. In particular, we will introduce several new cumulants of € using symmetric

matrices as those in Yanagihara (2007).



Let
Hay-a; = E[gal T 56&]‘]

and Kg,..q; be the corresponding jth-order cumulant of €. Then there exist

Habe = Kabes Habed = Rabed + Z 6ab50d>
(3]

Habedef = Rabedef + Z RabeRdef + Z 6ab/{cdef + Z 5ab60d66f>
[10] [15] [15]

where d,;, is the Kronecker delta, i.e., d,, = 1 and d,, = 0 for a # b; and ZU] is the summation
of a total of j terms of different combinations, e.g., 2[3] OabOcd = OabOcd + 0acObd + 0addpe. Let
M = (my;), P = (p;j) and Q = (gi;) be p x p symmetric matrices. We define the following

multivariate cumulants of the transformed e through M, P and Q:
»(M,P) = E[(€Me)(e'Pe)] — {tr(M)tr(P) + 2tr(M P)}

p
- E RabedMabPed s
a,b,c,d

a1(M,P,Q) = E[(e)Me;)(€) Pey)(€1Qes)]

p
- g RabeRdef MadPbelcf
a7b7c7d7e7f

ay(M,P,Q) = E[(e)Me)(€|Pey)(e,Qes)]

p
- E RabeRdefMabPedqef
a7b7c7d7e7f

B(M.P.Q) = E[(€Me)("Pe)(e'Qe))
_2{2a1(M7P7Q) —I—OQ(M,P,Q) —I—OQ(M,Q,P) —I—OQ(P,M,Q)}
—{tr(M)y(P, Q) + tr(P)y(M, Q) + tr(Q)y(M, P)}
—Hy(M, PQ) + (P, MQ) +4(Q, MP)} — tr(M)tr(P)tr(Q)
—2{tr(M)tr(PQ) + tr(P)tr(MQ) + tr(Q)tr(M P) + 4tr(M PQ)}

- Z Rabedef M abPedqef 5
a,b,c,de, f
where the notation 2", ~means >°" | > ---. The commonly used multivariate skew-

nesses and kurtosis (see, Mardia, 1970) are special cases of those defined above, e.g.,
1 1 2
"‘@(1) = (I, Ip), Klé,?z:al(I:mImIfn% Klé,?z:aﬂImIpaIp)'

If e ~ N,(0,1,), then all cumulants become 0. If e follows an elliptical distribution,



there exist

Rabe = 07 Rabed = P4 Z 5ab50d> Rabed = (SOG - 3S04) Z 5ab60d56f7 (2)
(3] [15]

where ¢, = E[e]]/3—1 and @s = E[5]/15— 1 are the extra kurtosis and 6th-order moments
of the jth marginal variate €; of € relative to those of the standardized normal distribution.

Thus, the cumulants of an elliptical distribution are

G(M,P) = i {te(M)t(P) + 2t:(MP)}

(M P Q) = (6 = 3pa) {tr(M)tr(P)tr(Q) + 2tr(M)tr(PQ)

+2tr(P)tr(M Q) + 2tr(Q)tr(M P) + 8tr(M PQ)} .

For simplicity, we write (M) = (M, M), cn (M) = an (M, M, M), as(M) = ao(M, M, M)
and B(M) = (M, M, M). Then, it follows from the definition that

W(M) = E[(e'Me)?] - {tr(M)}* — 2tr(M?),
a(M) = E[(&iMe,)?],
ay(M) = E[(e;Me1)(e1Mes)(e,Mes)],
B(M) = E[(eMe)*] —2{201(M) + 3as(M)} — 3{tr(M)y(M) + 49(M, M?)}
—{tr(M)}® — 6tr(M)tr(M?) — 8tr(M?).
2.2 Standardized and Studentized h(S)
Let

1 « 1 «
V=—1o) (gei—1,), z=—4=) ¢,

Then both the matrix V' and the vector z are asymptotically normally distributed. Using
V and z, we can expand the S in (1) as

1 1
BUESETE = Iy oV = (=2 1) + Op(n 7). (3)

Let

1 9,
Dij = 5(1 + 51’;’)%,



and define A = (9;;) (i =1,...,p;7 = 1,...,p). Then, we can write the first derivative of
h(3X) with respect to X as

GOM) = Lh(®) = AD)l . @)

Similarly, letting § = vec(A), the first and second derivatives of h(X) with respect to X are
given by
g(M) = 0h(E)|g_pr,  H(M) = (60")1(Z)|5_p - (5)

It should be kept in mind that g(M) = vec(G(M)). Let
v=vec(V), wu=vec(zz —1I,), A=3X"*@x/% (6)
Applying the Taylor expansion on A(S) and using (3) lead to

1 , 111, / —3/2
h(S) = h(X) + \/—ﬁg(E) Av + " {i'v AH(X)Av —g(X) Au} +0,(n73?%). (7)

The above expansion will be used to obtain the distribution of h(S). We next obtain the
standard error of h(S).
Let r =y — p and
Q = E[vec(rr’ — X)vec(rr’ — ).
Then €2 involves the fourth-order cumulants of €. Let e; be a p x 1 vector whose jth element

is 1 and others are 0, then the p? x p? matrix

p
U — Z Kabed(€a€)y @ €.€l) (8)

a,b,c,d

contains all the 4th-order cumulants of e (Yanagihara, Tonda & Matsumoto, 2005). Let
p
K, =) (e.&}) @ (ese)).
a,b

be the commutation matrix (see Magnus & Neudecker, 1999, p. 48). It follows from
vee(rr’ — X) = Avec(ee’' — I,)

and AK, = K,A that
Q=AVA+(I:+ K,)(E®X). (9)

When y ~ N,(p,X), all the cumulants are zero. Then € becomes (1,2 +K,)(X®X). Notice

that I» =37 (eqe, @ epey) and vec(Ip)vec(I,) = > (e.e, @ eqe;). When e follows an



elliptical distribution, ¥ = p4{I,2 + K, + vec(I,)vec(I,)'} is obtained by substituting the

Kabed 10 (2) into (8). This result furher implies that, when e follows an elliptical distribution,
Q=+ )T+ K,))(X®X)+ pqvec(X)vec(X).
It follows from (7) that

n{h(S) - h(E)}> = g(E) Avv/Ag(E) + O, (n"1?).

Thus,
1
Var[h(S)] = 572 + o(n™3/?),
where
' =g(X)2g(T). (10)

Since G(X) is symmetric, K,vec(G(X)) = vec(G(X)). Recall that g(X) = vec(G(2)).

Hence, the 72 in (10) can be written as

2 = g(X)APAG(E) +29(2)(Z @ X)g(D)
= g(ZYATAG(E) + 2t1(ZG(D)EG(X)).

When y ~ N,(u, ), 72 = 2tr(XG(X)XG(X)). When € follows an elliptical distribution, it
follows from vec(X) g(X) = tr(XG(X)) that

72 = o {tr(ZG(T)} 4 2(¢s + Dr(TG(T)TG(X)).

Let
=Y, — Y. (11)
and .
Q= % vec(i#, — S)vec(rir, — S)'. (12)
i=1
It follows from (10) that
7 = {g(S)Qg(S)}'*? (13)

is consistent for 7. Let
i = YIS WY g, _ V) ) ”

We will call T} the standardized h(S) and T, the Studentized h(S). Notice that both T}
and Ty are asymptotically distributed according to N (0, 1), and there exist

P(Tj<z)=1—a+o(l), (j=12), (15)



where z, = ®71(1 — ) with ®(-) being the cumulative distribution function of N(0,1). In
the next subsection, we will obtain the asymptotic expansions of P(7; < z) (j = 1,2) and

use it to improve the normal distribution approximation in (15).
2.3. Edgeworth Expansions of 7} and 75

In a typical application, one uses T, ~ N (0, 1) for inference. But neither 77 nor T follows

N(0,1) exactly. The first and third cumulants of 7j can be expanded as

E[T;] = \/Lﬁﬁyyl +o(n™?), E[{T;— E[T;]}*] = \/Lﬁﬁyys +o(n™'/?). (16)

We need the following conditions for the Edgeworth expansions of 77 and 75:

e All the 3rd derivatives of h(S) are continuous in a neighborhood of S = X, and the

6th-order moments of € exist.

e The p(p+3)/2 x 1 vector £ = (&', vech(ee’ — I,)") satisfies the Cramér’s condition

limsup |E[exp(it’€)]| < 1,

l[¢l|—o0

where t is a p(p + 3)/2 x 1 vector and ||t|| is the Euclidean norm of ¢.

It follows from Bhattacharya and Ghosh (1978) and Fujikoshi (1980) that the Edgeworth

expansion of T} is given by

PITy < a) = 0(0) = = {m + gae® = Do) o), ()

where ¢(z) = (2m)~"2exp(—22/2) is the probability density function of N(0,1). Equation
(17) implies that the Edgeworth expansion of 7} is determined by its first- and third-order

cumulants. We only need to know 7;; and 7;3 to obtain the Edgeworth expansion of T}.

3. Main Results
3.1. The Standardized h(S)
We will obtain explicit forms of 7, ; and 7, 3 in this subsection. For simplicity, we let

Go=X"*G(2)2"?, gy=Ag(%), H,=AH(Z)A, (18)



where G(X) is given by (4), g(X) and H(3X) are given by (5), and A is given by (6). It
follows from (7) and (14) that

1
T, = go'v + —— (VHov — 2g,u) + O,(n"),

Q\f

where v and wu are given by (6). Let

Then

1 n
M= ;E['U/HO'UL Yo = \T/—_E [(gov)’] ,

! 1
1= 5P [(gov)* v Hovl 7= 5B {(gov)’gou] -

BT = 5= + o<n—1/2>,
E[(Ty - EITN))*] = (371 — 272 — 373 + 674) + o(n'/?).

2f

Since G(X) is symmetric, 0,;G(X) is also a symmetric matrix. Notice that

Ho=A(009(2),....0,,9(2) A = A (vec(91,G(E)), ..., vec(9,,G(X))) A.

It follows from K ,Avec(0;;G(X)) = Avec(0;;G(X)) that K,H, = H,. Also notice that

Elvv/]

= A 'QA !, where © is given by (9). Thus,

E[v'Hyv)| = tr(QH(Z)) = tr($Hy) + 2tr(Ho),

where W is given by (8). Using g|vec(e;e; — I,)) = €.Goe; + tr(Gy), K,g, = g,, and the
0 i~ 4y i&0€j r90 0

cumulants introduced in subsection 2.1, we obtain

VnE [(gyv)’]

_ B [{gyvec(ee’ — I,))]
= B(Go) + 401 (Go) + 6a2(Go) + 12¢)(Go, G}) + 8tr(GY),

E [(gyv)*v'Hv]

= E [{g(vec(ee' — I,))}*] E [vec(ee' — I,)Hovec(ee' — I,,)]

+2F [gyvec(ee’ — I,)vec(ee’ — I,)'] HoE [vec(ee’ — I,)vec(ee’ — I,) g,] + o(1)
= 7tr(QH (X)) + 29(Z)QH (X)Q9(X) + o(1)
= 72 {tr(WH,) + 2tr(Ho)} + 2 (90 P HoWg, + 490HoPg, + 49,Hog,) + o(1),

E [(gov)*gou]

= 2F[gyvec(eie1 — I,)gyvec(eies — I,)gyvec(eses — I,)] + o(1)
= 202(Go) + o(1).



Combining the above expectations yields

1
77171 = E {tr(\I’H()) —|— QtI'(H())} 5 (19)
1 / / / /
ms = {3(goYHoVYg, +49,Ho¥Yg, + 4g,Hog,)
+B(Go) + 41 (Go) + 12¢(Go, G3) + 8tr(Gy) } - (20)
Let
G; =tr(G}), a=vec(I,). (21)

If y ~ Ny(p,X), m 1 and 7 3 are simplified to

_ tr(Ho) _ 12g4H g, + 8G3
M= Gey AT T g,

These results coincide with the coefficients in equation (3.5) of Ichikawa and Konishi (2002),
who studied the distribution of a standardized h(S) under y ~ N,(u, ). If e is distributed

according to an elliptical distribution, 1; ; and 7; 3 are simplified to

wsa' Hoa + 2(pq + 1)tr(Hy)
2{paGT + 2(pa + 1)Go}1/2 7
3{4(pF + 204 + 1)gHog + 4(0] + ¢4)G1a’Hog, + ¢ia'Hoa}
{@aGT + 2(pa + 1)G2}3/2
(06 — 3p4)G? + 6(ps — 01)G1G2 + 8(ps + 1)Gy
{@aGT 4 2(pa + 1)G2 }3/2 '

mi =

M3 =

_l_

3.2. The Studentized h(S)
This subsection provides explicit forms of 7, and 7,3. Let
Q=A"OA"'=¥ +1,:+K,

and
1 n
W = NG Z {vec(e;e; — I,)vec(eie, — I,) — Qo}.
i=1

Then the matrix W is asymptotically normally distributed. Notice that

g(S)=g(2)+ \/LHH(E)A'U +0,(n7Y, Q=Q+ \/LEAWA + O,(n71h).

It follows from (13) and the above expressions that

1 1 )

S| =



where g, and H are given by (18). Combining (14) and (22) yields

T, =T — ﬁ (90W gogiv + 2g,Q0Hovg(v) + Op(n").
Let
Y5 = %E [9oW gogov], 6 = %E (900 H gvgyv],
1 = S ElgiWanlaho)]. s = 5 ElaiHy(gyo)’]
Then,
E[T) = L (771,1 - l% - 76) + o(n™?), (23)
NG 2
E[(T: — E[Ty))*] = \/Lﬁ {771,3 + g(% —7) +3(%6 — 78)} +o(n™?), (24)

where 7,1 and 7,3 are given by (19) and (20), respectively. Using essentially the same

technique as for getting the expectations in subsection 3.1, we obtain

ElgoW gg0v]

= El{govec(ee’ — I,)}]

= B(Go) + 41 (Go) + 6a2(Go) + 120(Go, G) + 8tr(Gy),
ElgoQ0Hovgyv]

= g(2)'QH (2)Qg(X)

= goWYH Vg, +49,Ho¥g, + 4g,Hog,,
ElgsWgo(g0v)°]

= 3E [{gyvec(ee’ — I,)}’] E [{gyvec(ee’ — I,,)}°] + o(1)

=372 {B(Go) + 401 (Gy) + 602(Go) + 12¢)(Go, G) + 8tr(Gy) } + o(1),
ElgyQoHv(gyv)’|

= 3E [{gyvec(ee’ — I,)}°] E [giQHgvec(ee’ — I vec(ee’ — I,)'go] + o(1)

= 37%g(2)'QH (X)Qg(Z) + o(1)

=377 (9o W H g, + 49,H g, + 4g,Hog,) + o(1),

where Gy is given by (18). Using the above expectations in (23) and (24), together with
(16) lead to

1
77271 = E {tr(\I’Ho) + QtI'(H(])}

10



1 / / /
53 {2(g0¥Ho¥g, +49,H ¥y, + 49,Hog,)
—l—ﬁ(Go) + 40[1(G0) + GQQ(GQ) + 12’(/)(G0, G%) + 8tI‘(G8)} s
1 / / / /
M3 = 3 13(goYH¥g, +4g,H Vg, + 4g,Hg))

When y ~ N,(p, X), 121 and 12 3 are simplified to

_ 2{G2tl‘(H0) — 2g6H0g0}
(2G5)3/2

_ 12g6H0g0 + 16G3
(2G4)3/? ’

2.1 and 23 =

where the G,’s are given by (21). When e follows an elliptical distribution, 7,1 and 7,3 are

simplified to

wsa' Hoa + 2(p4 + 1)tr(Hy)

2{paGT +2(ps + 1)Go}1/2

2{4(#7 + 204 + 1)goHog, + 4(¢7 + pa)Gra’Hog, + pia’Hoa}
- 2{p1 G2 +2(ps + 1) Ga /2

(06 — 3pa)GY + 6(w6 — pa)G1G2 + 8(ps + 1)Gs

{PaGT + 2(pa + 1)G2}3/2 ’
~ 3{4(¥d + 204 + 1)goHogo + 4(¢7 + pa)Gra’Hog, + pia’Hoa}
{@aGT 4 2(pa + 1) G2 }3/2
2{(ps — 3p4)G? + 6(ps — v4)G1G2 + 8(ps + 1)G3}
{@aGT + 2(pa + 1)G2}3/2 ’

2.1

T3 =

where a is given by (21).

4. Some Applications

Equation (17) indicates that the approximation 75 ~ N(0,1) is affected by nonzero n,;
and 7,3. In this section, we propose a new statistic by removing the effect of 72 ; and 7y 3.
Similar statistics in other contexts have been obtained by Hall (1992) and Yanagihara and
Yuan (2005).

Let

¢ = tr(QH(S)),
Cy = %Z {#G(S)i — tr(SG(S))},
cs = g(S)'QH(S)Qg(5),

e = % >_ {FG(S)ri — tr(SG(8))} {FG(S)7; — tr(SG(S)} {7/ G(S)7; — tr(SG(S)) }

11



where G(S) is given by (4), g(S) and H(S) are given by (5), and #; and Q are given by
(11) and (12), respectively. Then, consistent estimates of 7, to ~s are given by

’3/1 = Cl/,f-? ’3/2 = C2/,7A-3> ’3/3 = Cl/% + 203/%37 ’3/4 = 2C4/,7A-37

’3/5 = C2/,7A-3> ’A}/G = C3/,7A-3> ’3/7 = 302/%37 ’3/8 = 303/%37
where 7 is given by (13). It follows from (23) and (24) that

1
273

A R R 1
Mol = (7‘201 —Cy — 203) and 73 = —§(202 + 3c3 + 6¢4)

are consistent for 7, ; and 72 3. Let
1
6y/n

Then f(x) is monotonically increasing in z. Let

. . 1
f)=2— {6721 + Mas(z® — 1)} + M3 527

108n

1

1
Ts = f(Tz) = To — —= {67) s(T5 — 1)} + ——
3= f(Tz) =T {60121 + To3(T5 — 1)} + 108n

6v/n

It follows from Yanagihara and Yuan (2005) that

55T (25)

P(T5 < z,) =1 —a+o(n™/?).

Thus, using T3 ~ N(0, 1) for inference attains a higher order of accuracy than using 75 ~
N(0,1).
Many statistical problems in multivariate analysis (see, Tyler, 1983) can be formulated
as
Hy:h(%)=0 vs Hy:h(X)#0.

The conventional statistic for testing such a hypothesis is To g = /nh(S)/7; and, under Hy,
there exists
P(|To0| > 20/2) = a4+ o(1).
Let
T30 = f(T20).

Then, under Hy,
P(|T370| > Za/g) =+ O(n_l/z). (26)

Thus, T improves the order of accuracy from o(1) in using Ty to o(n=/2).
The statistic 73 in (25) also provides a more accurate confidence interval for h(X). The

1 — « confidence interval for h(X) based on Ty ~ N(0, 1) is given by

~ ~

7 7
Ifz—)a = |h(S) — \/—ﬁza/% h(S) + \/—ﬁza/2 .

12



with
PME)eT?) =1—a+o(1).

When 75 3 # 0, the inverse of f(x) exists and is given by

B 6\/n An 1, 2\/5})1/3
1

r)=—"+3| = T+ —=(672,1 — — = .
[ () P (77273{ 6\/5( 21 — 72,3) P

The 1 — a confidence interval for h(X) based on T3 ~ N(0, 1) is given by

~

70, {h(S) b f =), B(S)+ \/Lﬁf‘l(za/z)] .

It follows from (26) and the monotonicity of f(z) that

Ph(Z)eTP® ) =1—a+on"?).

—Q

Thus, the confidence interval using 73 ~ N(0, 1) improve the conventional confidence interval

from the order of o(1) with using 7% to the order of o(n=1/2).
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