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Abstract

This paper addresses the problem of estimating the innovation density in non-
linear autoregressive models. Specifically, we establish the convergence rate of the
supremum distance between the residual-based kernel density estimator and the ker-
nel density estimator using the unobservable actual innovation variables. The proof
of the main theorem relies on empirical process theory instead of the conventional
Taylor expansion approach. As applications, we obtain the exact rate of weak uniform
consistency on the whole line, pointwise asymptotic normality of the residual-based
kernel density estimator and the asymptotic distribution of a Bickel-Rosenblatt type
global measure statistic related to it. We also examine the conditions of the main
theorem for some specific time series model.
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1 Introduction

This paper addresses the problem of estimating the innovation density in nonlinear au-
toregressive models. A nonlinear autoregressive model of order p is defined as

Xt = m(thl, Ce athp; 0) + €, t = 0, :i:l, :i:2, ceey (11)

where 6 = (0y,...,0,) is a vector of unknown parameters, © is a parameter space which
is a Borel measurable subset of RY, m : R? x © — R is called an autoregression function,
{e;} is a sequence of iid random variables and e; is independent of {X; ,k > 1} for all ¢.
Let f denote the density of e;, which we want to estimate.
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Suppose first that e;’s are observable. In this case, the kernel density estimator of f is

defined as
1 n
fa(uo) = n Z K, (er — uo),
t=1

where wug is an arbitrary point in R, K(-) is a kernel function, h,, > 0 is a bandwidth and
K, (u) = h,;' K (u/h,). There is much literature on properties of kernel density estimators.
The history of density estimation for observable data is well summarized in Section 5.8
of Fan & Yao (2005). In practice, of course, e;’s are not observable. A natural approach
to estimate f is to replace e;’s by residuals in the definition of f,. Suppose we have a
v/n-consistent estimator 0 of 6. Throughout the paper, the sample is {X_pt1,.. . X0}
The residuals for the model (1.1) are defined as é; = X; — m(X;_1; é), t=1,...,n, where
Xi—1 = (Xi—1,...,X;—p). Then, the residual-based kernel density estimator of f is defined
as

. 1 <& X
faluo) = — > K, (6 — o).
t=1

Since we use é; as a proxy of e;, we expect that fn behaves like f,,. A natural question
is: How “close” is fn to f,? The question motivates us to study the convergence rate of the
supremum distance between f, and f,,, that is, || fp — fule = SUPy,eR | Fu(uo) — foluo)l-
Although the statement of the problem is clear, there are some difficulties in analyzing the
convergence rate. The difficulties are listed as follows: (1) the data are dependent; (2) the
estimated parameter of possibly unknown form appears inside the kernel; (3) the supremum
is taken over the whole line. It is worth pointing out that a simple expansion approach
does not provide a useful result. To account for this, let us consider a linear autoregressive
model of order 1: X; = 6y + 61 X;_1 + e; where |0;] < 1. Assuming that K(-) is Lipschitz
continuous, we may infer that | f,(uo) — fu(uo)| < Lh;2(100 — 60| + 161 — 61/n " S0, Xy 1),
where L > 0 is a Lipschitz constant of K (). Under standard assumptions, the right hand
side is of order O,(n"Y/2h;?%). However, this rate is far from sharp. For example, if we
want to establish the rate of uniform consistency of f,, we expect that || f, — follso is of
order 0,{(nh,)""?logh;'}. In this case, the above rate is not enough.

For the supremum distance on a compact subset of R, Liebscher (1999) established the
o{(nh,)~/?} rate of almost sure convergence under slightly restrictive conditions. He used
the second order Taylor expansion in conjunction with a sophisticated truncation argument
and an exponential inequality for mixing processes established in Liebscher (1996) to obtain
the rate. Miiller et al. (2005) also considered a problem similar to ours. Based on the
Taylor expansion approach, they established the convergence rate of the weighted L; norm
between f, and f,. However, their results do not lead to the convergence rate of || f,, — fo]| -
To the best of our knowledge, the convergence rate of the supremum distance between fn
and f,, on the whole line is still an open problem.

The main purpose of this paper is to establish a sharp convergence rate of || fo— flloo-
The result of this paper improves upon that of Liebscher (1999) in several aspects. Our
result enables us to determine the condition on h, under which the pre-specified rate of
convergence of ||f, — fulle is ensured. For example, if we want to make ||f, — fulleo =



0,{(nh,)"Y/?1log h;;1}, the main theorem states that if f is Lipschitz continuous, it is enough
to set h, such that h, — 0 and n'/2h,logh;'/logn — oo. It is worth pointing out that
the convergence rate can be even of order O,(n~'/2), which is faster than the convergence
rate of kernel estimators; see Corollary 2.1 below. As applications, we obtain the exact
rate of uniform consistency and pointwise asymptotic normality of fn. Also, we establish
the asymptotic distribution of the maximum deviation of f,, from E[f.(uo)] on an interval
where f is bounded away from 0 and oo, which is an extension of Theorem 3.1 in Bickel &
Rosenblatt (1973) to the residual-based kernel density estimator. The last application is
of practical importance since it provides an asymptotically distribution free goodness-of-fit
test for the innovation density; see Proposition 2.3 below.

From a methodological point of view, there is an important difference between the
present paper and the past two papers. The proofs in the past two paper rely on the
Taylor expansion approach. Whereas, the proof of Proposition 4.1 in the present paper,
which is a key to the main theorem, relies on empirical process techniques. Empirical
process techniques are now basic tools for studying uniform asymptotic behaviors of kernel
density estimators. Pollard (1984) demonstrated how empirical process techniques can be
used to prove uniform consistency of kernel density estimators. Yu (1993) established rates
of uniform consistency of kernel density estimators for S-mixing processes. She introduced
the blocking technique to modify Pollard’s methods to S-mixing processes. The blocking
technique plays an important role in the proof of the main theorem. Recent developments
in this fields include Deheuvels (2000), Einmahl & Mason (2000, 2005) and Giné & Guillou
(2002), to name only a few. The contribution of this paper is to demonstrate how empirical
process techniques are incorporated to studying asymptotic behaviors of residual-based
kernel density estimators for possibly nonlinear time series models.

The organization of this paper is as follows. Section 2 presents the main theorem
which establishes the convergence rate of the supremum distance between fn and f,. The
latter part of Section 2 includes some applications of the main theorem. In Section 3,
the conditions of the main theorem are examined for some specific nonlinear time series
models. All the technical proofs are provided in Section 4.

We introduce some notations used in the present paper. Let I(A) denote the indicator
of an event A. For a,b € R, a A b = min{a, b}, a Vb = max{a,b}. For a € R, [a] denotes
the greatest integer not exceeding a. Let ||g|ls denote the supremum norm of a generic
function g. For two sequences of positive numbers {a,} and {b,}, we write a,, < b, when
there exists a positive constant M such that M b, < a,, < Mb, for every n. Throughout
the paper, all vectors are row vectors.

2 Main results

2.1 Convergence rate

In this section, we establish the convergence rate of || f, — fullso-
To study the convergence rate, we assume that the process {X;} is stationary and



geometrically [-mixing. Let (€2,.4,P) denote an underlying probability space. Let A{
denote the o-field generated by {X;,i <t < j} (i < 7). The f-mixing coefficient of the
process {X,} is defined as

B(k) = E [sup{|P(B|A’ ) — P(B)| : B€ A}, k> 1.

From Volkonskii & Rozanov (1959), it is shown that (G(k) has an alternative expression

3k) = gsup { Sy S P(A: N By) — P(AP(B,)|

{A} | is a finite partition in A% __,
{Bj}}]:l is a finite partition in .Azo} (2.1)

For a general treatment on various mixing conditions, we refer to Section 2.6 of Fan & Yao
(2005) and references therein.

We now state our regularity conditions. Throughout the paper, the true parameter
0 € O is fixed.

(A1) The process {X;} is stationary and S-mixing with exponential decaying coefficients.
(A2) There exists a closed ball B in RY centered at € such that B C ©.

(A3) The map (x,9) — m(x;1) is Borel measurable; there exists a Borel measurable
function M (x) such that |m(x;9)—m(x;0)| < M(x)||¢9—8|| for ¥ in a neighborhood
of 8 in © and E[M?*(X,_;)] < oo.

(A4) The innovation density f is bounded and A-th Holder continuous with A € (0, 1],
that is, |f(u) — f(v)| < const. x |u — v|* for all u,v € R.

(A5) The kernel function K(-) is a Lipschitz continuous density function with

/_OO |uK'(u)]du < 0. (2.2)

[e.9]

(A6) The estimator 6 is /n-consistent for @; that is, @ = @ + O,(n~"/2).

We state some remarks on the conditions. There are several sufficient conditions for
stationarity and geometric S-mixing property of the process {X;}. See, for example, The-
orems 2.2 and 2.4 in Fan & Yao (2005). Remember that stationary geometrically ergodic
Markov chains are S-mixing with exponentially decaying coefficients; see equation (2.58)
in Fan & Yao (2005) and Theorem 2.1 of Nummelin & Tuominen (1982). Liebscher (1999)
imposed the condition adopted in Masry & Tjgstheim (1995) to ensure geometric ergodic-
ity of the process; see Condition G in his paper. In truth, the geometric S-mixing condition
is stronger than needed; however, we put it for a technical convenience. Condition (A3) is
weaker than Condition M in Liebscher (1999). Actually, we do not assume the second or-
der differentiability of the map ¥ — m(x; 1) and require the weaker moment condition on
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M (X;_1). Condition (A5) allows for the Gaussian, the triangular and the Epanchnikov ker-
nels. Equation (2.2) implies that K (-) is of bounded variation on R. Clearly, a compactly
supported Lipschitz continuous density satisfies condition (A5). It is noted that condition
(A5) is weaker than Condition /C(2) in Liebscher (1999). Note that Condition KC(2) in Lieb-
scher (1999) does not imply the Lipschitz continuity of K (-). However, he used the property
in the proof of his Theorem 3.1; see equation (3.5) in his paper. There is vast literature on
the estimation of parameters in nonlinear autoregressive models. Among them, Klimko &
Nelson (1978) established asymptotic normality of conditional least squares estimators for
smooth nonlinear autoregressive models. Tjgstheim (1986) developed general conditions
under which consistency and asymptotic normality of M-estimators hold for nonlinear time
series models. More recently, Koul (1996) established asymptotic normality of M-, R- and
minimum distance estimators for nonlinear autoregressive models.

We now present the main result of this paper. The proof of Theorem 2.1 is relegated
to Section 4.

Theorem 2.1. Assume that conditions (A1)-(A6) are satisfied. Let

n3/2h2

r2logn

h, — 0, r, — o0,

— 00. (2.3)

Then, we have || fn — falloo = 0p(r; 1) + Op(n~12hA1 A 1).

Remark 2.1. It is possible to develop an a.s. version of Theorem 2.1 if we replace condition
(A6) by
n

limsup , | ———||6 — 6]| < const., a.s. (2.4)
n—oo log logn

Liebscher (1999) adopted (2.4) as an initial condition on the estimator. Sufficient condi-
tions under which (2.4) holds are found in Liebscher (2003) and references therein.

We shall compare Theorem 2.1 with Theorem 3.1 of Liebscher (1999). He assumed
that the estimator @ satisfies (2.4) and the bandwidth h,, is such that h, — 0 and h,, >
const. x n~/°. With some additional conditions including the Lipschitz continuity of f, he
showed in Theorem 3.1 that for any compact subset D of R, sup, .p | Fo (o) — fuluo)| =
o{(nh,)~'/?}, almost surely. Theorem 2.1 relaxes the condition on the bandwidth, removes
the restriction on compact subsets and gives a sharper result on the convergence rate.

We explain an intuition behind the proof of Theorem 2.1. Put A(X;_1;9) = m(X;—1;9)—
m(X-1;0). Let us define f,,(ug, ) =n"' > 1 Ky, (er —ug — A(X;_1,9)). The difference
Fa(to) = fu(uo) is decomposed as

Faluo) = fuluo) = [{ fu(uo,0) — E[fu(uo, 9)lg_g} — {fu(uo,8) — Elfu(uo, 0)]}]
+{E[fn(uo, )] 9_p — Elfn(uo, )]}

Using the fact that 6 is V/n-consistent for 6, we may handle the first term by means of
empirical process techniques. The second term depends only on the smoothness of the
non-random map 9 — E[f,(ug, )] and can be handled more easily. In Section 4, we will
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establish that the first term is o,(r;;!) and the second term is O,(n~Y/2hA~! A 1) uniformly
over ug € R.

It is worth pointing out that the Holder continuity of f is not used in establishing
the uniform convergence rate of the first part. With a suitable choice of h,,, the uniform
convergence rate of the first term can be even faster than O,(n"'/2). In this case, the
second term dominates the first term. Under some additional conditions, we can obtain a
ramification of Theorem 2.1, which is stated as a corollary. Put rm(x;9) = Om(x;9)/09.
We introduce another set of conditions that are stronger than conditions (A3)-(A5).

(A3’) The map (x,9) — m(x;9) is Borel measurable; the map 9 — m(x;9) is con-
tinuously differentiable for each x. There exists a Borel measurable function M (x)
such that [|m(x;9)|| < M(x) for all x and for all ¥ in a neighborhood of 8 and
E[M3(X,_,)] < oc.

(A4’) The innovation density f is bounded and twice continuously differentiable with
bounded first and second derivatives.

(A5’) The kernel function K(-) is a Lipschitz continuous density function with

/ |u® K' (u)]du < oo.
Corollary 2.1. Assume that conditions (A1)-(A2), (A3’)-(A5’°) and (A6) are satisfied. If

hn, — 0 and n'/?h? /logn — oo, then we have

1 () = fal) = F'OE[UX;-150)](8 = 6) T[low = 0p(n~ ).

Miiller et al. (2005) obtained a result similar to Corollary 2.1; see Theorem 3.2 in their

7,(30+204)/(14-+50)

paper. Under suitable regularity conditions, they showed that if n — 00,

/ | fa(to) = fuluo) = f'(uo) E[rin(Xy 15 0)](8 — 0)T|V (ug)dug = 0,(n"/?),
where V(+) is an appropriate weight function. As mentioned earlier, however, their result
does not imply our Corollary 2.1. We note that in order to apply the second order Taylor
expansion to the kernel density estimator, they assumed twice continuous differentiability
of the kernel K (-), which rules out some important kernels such as the Epanchnikov and
the triangular kernels.

2.2 Applications

In this section, we present three applications of Theorem 2.1. Specifically, we consider
the exact rate of weak uniform consistency and pointwise asymptotic normality of the
residual-based kernel density estimator. Also, we establish the asymptotic distribution of
the maximum deviation of f, from E[f,(ug)] on a compact interval.

Silverman (1978), Stute (1984), Deheuvels (2000), Einmahl & Mason (2000, 2005) and

Giné & Guillou (2002) studied rates of uniform consistency of kernel density estimators
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for observable data. Among them, Giné & Guillou (2002) used empirical process theory to
establish the exact rate of strong uniform consistency of f,, under very mild assumptions.
Assume that K(+) is a bounded, compactly supported density function, the functional class
K ={er— K((e —up)/h) : up € R,h > 0} is Euclidean (see Definition 4.2 in Section 4)
and f is bounded and uniformly continuous on R. Theorem 3.3 of Giné & Guillou (2002)

shows that if
nhy, | log h,|
—

| log hu,| > loglogn

. nh, )
Jim g het e~ BUOlle = I LA o (2.5)

where K3 = [72 K?*(u)du. In view of (2.5), we shall seek conditions under which
equation (2.6) below holds:

hnl()? nhnToo,

we have

y
b 1 h Tlog h 1!

[fo = ElfaO)lllse = K121 £ (2.6)

To make || fr — fnlso negligible, take r,, = \/nhy,/loght. The last part of (2.3) is satisfied
if n'/2h, log h;;'/logn — oo. Since K(-) is of bounded variation, the class K is shown to

be Euclidean under condition (A5); see Lemma 22 in Nolan & Pollard (1987). Therefore,
we obtain the next proposition.

Proposition 2.1. Assume that conditions (A1)-(A6) are satisfied with A € [1/2,1] in
(A4). If K(-) is compactly supported and if

| log Iy, n'/2h,, log h;!
— — =" 50

h, 10, nh, T oo, 00,
log logn logn

then (2.6) holds.

Remark 2.2. To establish the rate only, the compactness of the support of K(-) is not
required. See Theorem 2.3 in Giné & Guillou (2002).

It is rather easy to find sufficient conditions under which pointwise asymptotic normality
of f, holds. Fix ug € R. If K(-) is a bounded density function and f is bounded on R and
continuous at ug, the Lyapunov central limit theorem shows that

Vil fa(0) — Bl fa (o)} 5 N{O, £ (uo) | K3},

Take 7, = (nh,)/2. The last part of (2.3) is satisfied if n'/2h,/logn — oco. Thus, we
obtain the next proposition:

Proposition 2.2. Fiz uy € R. Assume that conditions (A1)-(A6) are satisfied with \ €
(1/2,1] in (A4). If h, — 0 and n*/?h,,/logn — oo, then we have

Vo fa(uo) — Bl fu(uo)]} = N{O, £ (uo) | K3}



A replacement of E[f,,(uo)] by f(ug) is a routine problem in density estimation theory.
For example, if f is twice continuously differentiable and K (-) is symmetric with ps(K) 1=

[e.9]

7o uPK (u)du < oo, E[f,(uo)] may be expanded as

ha f" (uo)

(1) + o).

Elfn(uo)] = f(uo) +
In this case, we can calculate the asymptotic mean squared error (AMSE) of f,, (ug). Min-
imizing the AMSE yields the optimal bandwidth h%P* < n~1/%, Clearly, the optimal band-
width for f,(ug) is same as that for f,(uq).

The last application is to derive the asymptotic distribution of the maximum devi-
ation of fn from E[f,(up)] on a compact interval. Assume that f is continuous, pos-
itive and bounded. For an arbitrary closed interval [a,b] with —c0 < a < b < o0,
define M, = {(b — a)nhn}'/? sup e | faluo) = Elfu(uo)ll/v/f(uo) and M, = {(b -
a)nhn }'7? supycran | fn (o) — Elfa(uo)]|/+/f(uo). Bickel & Rosenblatt (1973) showed in
Theorem 3.1 that under their conditions Al-(b), A2 and A3, if h, = const. x n~° with
0<0<1/2,

f)((—QloghnyJQ(HggﬁQ——dn> <:x> — exp{—2exp(—x)}, (2.7)

where

1 ||K’

(—2log 1,172 (Og 21 | K]l
In order to make M, — M, = 0,{(—log h,)~Y/?}, take r,, = (—nh,logh,)*? in Theorem
2.1. The last part of (2.3) is satisfied for h, = const. x n™% with 0 < § < 1/2. Condition
(A5) implies condition Al-(b) in Bickel & Rosenblatt (1973). The first part of condition
A3 in Bickel & Rosenblatt (1973) is satisfied if f is Lipschitz continuous and f’/f'/? is
bounded in absolute value. Therefore, we obtain the next proposition.

Proposition 2.3. Let [a,b] be an arbitrary closed interval with —oo < a < b < oc.
Assume that conditions (A1)-(A6) are satisfied with A =1 in (A4), that is, f is Lipschitz
continuous. Assume further that f is positive, f'/fY? is bounded in absolute value and
u?K (u),u?K'(u) are integrable. If h, = const. x n™° with 0 < § < 1/2, then (2.7) holds
for every x with M, replaced by M,.

Cheng (2005), putting more restrictive conditions on h,,, established the same conclu-
sion of Proposition 2.3 for a linear autoregressive model of order 1. Proposition 2.3 is
an extension of Cheng’s Theorem 4.1 to a general nonlinear autoregressive model. Ap-
plications of Proposition 2.3 include the construction of uniform confidence bands and
goodness-of-fit tests for the innovation density. For example, let us consider to test the
null hypothesis Hy : f = fy where f; is some known density. In this case, it is natural to
reject Hy if M, is large. Proposition 2.3 enables us to tabulate approximate critical values
of M,. It is worth pointing out that the test based on M, is asymptotically distribution
free (ADF), that is, the asymptotic null distribution of the normalized statistic of M, does
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not depend on fy and 6. To construct a non-trivial ADF goodness-of-fit test for the error
distribution is not an easy problem since the asymptotic distribution of a functional of
the residual empirical process generally depends on both the underlying distribution and
the unknown parameter; see Koul (1996). For example, the residual-based Kolmogorov-
Smirnov test is not ADF. The dependence of the asymptotic distribution on the unknown
parameter is apparently undesirable when calculating critical values of the test. Recently,
Khmaladze & Koul (2004) obtained ADF goodness-of-fit tests for the error distribution
in nonlinear regression models. The crux of their approach is a certain martingale type
transform of the residual empirical process. Proposition 2.3 shows that we need no such
transform when using M, as a goodness-of-fit test statistic for the innovation distribution.

3 Examples

In this section, we examine the conditions of Theorem 2.1 for some specific nonlinear time
series models. We deal with well known linear autoregressive (AR) models, threshold
autoregressive (TAR) models (Tong & Lim, 1980), exponential autoregressive (EXPAR)
models (Ozaki, 1980; Haggan & Ozaki, 1981) and log transformed squared autoregressive
conditional heteroscedasticity (ARCH) processes (Engle, 1982).

Example 3.1 (Linear AR model). The first example is a linear AR model of order p:
Xy =01 Xy 0+ +0,X, + ey,

where @ = (6;,...,0,) is a vector of unknown parameters and {e;} is a sequence of iid
random variables with mean zero and finite variance. In this case, ¢ = p, m(x;9) = 121+
-+ +U,z,. The stationarity (causality) condition of the AR process is found in Theorem
3.1.1 of Brockwell & Davies (1991); if the characteristic polynomial 6(z) = 1—6;2—- - -—0,2”
has no zero in {z € C : |z| < 1}, the AR equation has the unique stationarity solution
X, = Z;’io aje;—; with a; — 0 exponentially fast as j — oco. If further e, has a positive
density, the process {X;} is f-mixing with exponentially decaying coefficients. Condition
(A3) is satisfied with M (x) = ||x||. Concerning (A6), the maximum likelihood, the least
squares and the Whittle estimators are \/n-consistent for 6; see Section 10 in Brockwell &
Davies (1991).

Example 3.2 (TAR model). The second example is a TAR model with known thresholds.
For simplicity, we consider a TAR model of order 1:

Xt = 91Xt_1](Xt_1 S 0) + 92Xt—ll(Xt—1 > 0) + €,

where 8 = (61, 65) is a vector of unknown parameters with 6; # 6, and {e;} is a sequence
of iid random variables with mean zero and finite variance. In this case, p = 1,q = 2
and m(z;9) = Vyxl(x < 0) + Yoxl(xz > 0). The process {X;} satisfies condition (A1) if
0, < 1,0, < 1,0,05 < 1 and e; has a positive density; see Example 3.7 in An & Huang
(1996). Condition (A3) is satisfied with M(x) = |z|. It is not difficult to see that, for
example, the conditional least squares estimator is \/n-consistent for @ under suitable
regularity conditions.



Example 3.3 (EXPAR model). Again, for simplicity, we consider an EXPAR model of
order 1:
Xy = {01 + Oy exp(—05X7 )} Xio1 + €1,

where 8 = (61, 0-,03) is a vector of unknown parameters with 65 > 0, {e;} is a sequence
of iid random variables with mean zero and finite variance. In this case, p = 1,¢ = 3 and
m(x;9) = {U; + Yy exp(—32?)}w. The process {X;} satisfies condition (A1) if |6;] < 1
and e; has a positive density; see Example 3.2 in An & Huang (1996). Condition (A3)
is satisfied with M(z) = C|z| for some constant C' > 0. Concerning condition (A6),
Tjgstheim (1986) showed in his Theorem 4.1 that if further E[ef] < oo, the conditional
least squares estimator is y/n-consistent for 6.

Example 3.4 (Log transformed squared ARCH process). The last example is motivated
by Peng & Yao (2003) who studied least absolute deviation (LAD) type estimators for
GARCH models. An ARCH model of order p is defined as

P
Y: = o€, Utg =0y + ZertQ_ja

J=1

where 6; > 0 (j = 0,...,p) are unknown coefficients, @ = (6o, ...,0,), {&:} is a sequence
of iid random variables with mean zero and finite variance. Often ¢; is standardized such
that E[e?] = 1 and the Gaussian quasi maximum likelihood estimator (QMLE) is used.
Asymptotic theory of Gaussian QMLEs was studied by Weiss (1986) for ARCH models,
Hall & Yao (2003) for GARCH models. On the other hand, Peng & Yao (2003) introduced
another standardization of ¢;. They standardized ¢; such that the median of ef is 1. With
this standardization, they proposed the LAD-type estimator

Orap = arg mﬂin Z [ log Y2 — log(vo + > VY|
t=1

The LAD estimator is advantageous over the Gaussian QMLE in the sense that asymptotic
normality of the LAD estimator holds under the weaker moment condition on ¢; than the
Gaussian QMLE. In fact, the LAD estimator is always asymptotically normal provided
that E[e?] < co. On the other hand, when E[|e;/|?] = oo with 2 < d < 4, the asymptotic
distribution of the Gaussian QLME is no longer normal with a convergence rate slower
than n'/2. The asymptotic distribution of \/n(@pap — 6) is obtained as

Vi(Brap — 0) % N[0, /{412(0)}],

where f is the density of loge? and X is given in Peng & Yao (2003). Thus, in order to
conduct statistical inference using the LAD estimator, we have to estimate f(0). The LAD
estimator is the maximum likelihood estimator when log €7 has a Laplace distribution. So,
it is of practical interest to test whether the distribution of loge? is close to the Laplace
distribution; see also Huang et al. (2008).

It is not difficult to see that e; = loge? is the innovation variable of the nonlinear AR
model (1.1) with X; = log¥;? and m(x;9) = log{vo + >_%_, ¥; exp(z;)}. Thus, the results
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of Section 2 are applicable to the inference on f. The original process {Y;} is stationary and
(-mixing with exponential decaying coefficients if (E[¢?])'/2 "_10; < 1 and the density
of ¢ is positive in an interval containing 0; see Carrasco & Chen (2002). Thus, under the
same condition, the process { X;} satisfies condition (A1). Condition (A3) is satisfied with
M (x) = const.

4 Proofs

4.1 Proof of Theorem 2.1

In this section, we provide a proof of Theorem 2.1. Throughout this section, we assume
all the conditions of Theorem 2.1. We begin with introducing some terminologies related
to empirical process theory.

Definition 4.1. Let ¢ > 0 and let G be a functional class equipped with semimetric p.

(a) Every finite collection gy, ...,gy € G with the property that for every g € G, there
exists a j € {1,..., N} such that p(g,g;) < € is called an e-cover of G with respect
to p.

(b) Let N(e,G,p) be the size of the smallest e-cover of G with respect to p. Take
N(e,G,p) = oo if no finite e-cover exists. Then N(e,G, p) is called an e-covering
number of G with respect to p.

The present definition of a cover of a functional class G requires that the cover is a
subset of G. Compare the definition in Pollard (1984), pp. 25. However, this requirement
does not lose any generality. Suppose that there is a enlarged class of functions equipped
with some semimetric. G is a subset of the enlarged class. Then, it is not difficult to see
that if there is an e-cover of G which is not subset of G, there is a (2¢)-cover of G with the
property that it is a subset of G and has the same size as the e-cover.

Following Nolan & Pollard (1987), we introduce an Euclidean class of functions, which
already appeared in Section 2.2. Analogously, we introduce the notion of a uniformly
FEuclidean family of functional classes, which will be used in the proof of Proposition 4.1.

Definition 4.2. Let d be a positive integer.

(a) Let G be a class of Borel measurable functions on R? with Borel measurable envelope
G. The class G is said to be FEuclidean with envelope G if there exists positive
constants A and V such that for every probability measure ) on R? with 0 <
1Glh.q = J GdQ < oo,

N(elGll1,0.G,p1,0) < Ae™V, 0 <e< 1,

where p; ¢ is the L semimetric with respect to Q.

11



(b) Let S be an arbitrary index set. For each s € S, let G(s) be a class of Borel
measurable functions on R?. Suppose that there exists a Borel measurable function
G such that sup,cg Supyeg(s) |9| < G. The family {G(s), s € S} is said to be uniformly
FEuclidean with envelope G if there exists positive constants A and V' such that for
every probability measure @ on R? with 0 < ||G]1,¢ < oo,

sup N (€| Gll1.0,G(5), pr1g) < AV, 0 <e< 1.
seS

Section 5 of Nolan & Pollard (1987) summarizes some basic facts on Euclidean classes.
An example of a uniformly Euclidean family is {G(s),s € S} such that each G(s) is a
Vapnik-Cervonenkis (VC) subgraph class with VC index less than some constant indepen-
dent of s; use Theorem 2.6.7 of van der Vaart & Wellner (1996, abbreviated as vdVW
hereafter) to check this. For the definitions of a VC subgraph class and a VC index, we
refer to Section 2.6 of vdVW.

We now turn to the proof of Theorem 2.1. Recall that A(X;_1;9) = m(Xi—1;9) —
m(X;_1;0). Define the stochastic process on R x ©

n

W, (up, ) = %Z{Khn(et —ug — A(Xy_1;9)) — Ky, (e —ug)}, (ug,?) € R x O.

t=1
As explained in Section 2, the proof of Theorem 2.1 is divided into two steps. The first
step is to show that W, (ug, 8) — E[W,(ug,9)]|g_s = 0,(r;") uniformly over uy € R. The
second step is to show E[W, (ug,®)]|y_g = Op(n~"/?) uniformly over uy € R. Since 6 is
v/n-consistent for €, Propositions 4.1 and 4.2 below will suffice for the first and second
steps, respectively.

Proposition 4.1. For every ! > 0 and n > 0,

lim P ( sup  |Wi(ug, @) — E[W,(ug, 9)]| > 7"77177) =0, (4.1)
(

n—oo uo,’ﬁ)ERX@n
where ©, = {9 € O : |9 — 0| < In~V/?2}.

The proof of Proposition 4.1 below relies on the blocking technique used in Yu (1993,
1994) and Arcones & Yu (1994). The blocking technique enables us to employ the sym-
metrization technique and an exponential inequality available in the iid case. Before the
proof, we introduce some notations and a key lemme related to the blocking technique.
Put & = (e;, X;—1). Divide the n-sequence {1,...,n} into blocks of length a,, with a,, — oo
and a,, = o(n), one after the other:

Hy=A{t:2(k—1a,+1<t<(2k—1)a,},
T =A{t: (2k—1Da, +1<t<2ka,},

for 1 < k < p,, where p, = [n/(2a,)]. The exact form of a, will be specified later.
Put =y = (&,t € Hg), 1 < k < p,. With a slight abuse of notation, for a function

12



g : R — R, we write g(Z) = Zter g(&). Let 2 = (§,t € Hy), 1 < k < p, be
independent blocks such that each =, has the same distribution as =;. The next lemma,
which is a key to the blocking technique, is due to Volkonskii & Rozanov (1959) and
Eberlein (1984). Lemma 4.1 is deduced from the second expression (2.1) of the F-mixing
coefficient and the induction.

Lemma 4.1. Work with the same notations as above. Assume thatn > 2a,, and a, > p+1.
For every Borel measurable subset A of RPHantn 1pe have

IP((Z1,...,E4,) € A) —=P((E1,...,5.,) € A)| < puBlan — p).
The next lemma will be used in the proofs of Propositions 4.1 and 4.2.

Lemma 4.2. For a € R, we have

/ K (ut ) - K(u)|du < Cxlal, / P (u @) — K (u)|du < Ciclal(1 + |al),

where the constant Cx depends only on K(-).

Proof. Let a > 0. Because of (A5), Fubini’s theorem implies that

/Z|K(u+a)—K( |du—/ / K'(v)dv| d
g/_:{/_du} K (v )|dv:a/_oo|K’( J|do.

0 o0 u+ta
/ |u|’\|K(u+a)—K(u)|du:/ |u|)‘/ K'(v)dv| du

< /_Z {/_ |u\*du} K (v)|dv < a/:u V (a+ ) YK (v)|dv.

The same argument applies for the a < 0 case. Therefore, the lemma holds with

Similarly,

CK—1+/ \K’(fu)\var/ vK’ (v)|dv.

—0o0 — 00

We are now in position to prove Proposition 4.1.

Proof of Proposition 4.1. Without loss of generality, we may assume that {9 € R?: |9 —
0|l < In~'/2} C ©. Also, we may assume that the inequality |A(x;9)| < M(x)||9 — 6|
holds for all x and all ¥ € ©,,. Otherwise, take n large enough; see conditions (A2) and
(A3). Put kK = || K||oc. Define the functional class G,, = {guy.9.n, : U0 € R,V € O,,}, where

Guoon(€,x) = K((e —ug — A(x;9))/h) — K((e — up)/h), up € R, € ©,h > 0.
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Since (e,x,up,¥) — Guy9.n,(€,x) is jointly Borel measurable, the class G, is image ad-
missible Suslin. Thus, the measurability problem will not occur throughout the proof; see
Chapter 5.3 in Dudley (1999) and Appendix in Yu (1994). Put 6, = h,r;'n. It is not
difficult to see that (4.1) is equivalent to

LS g(&) - Blg@))

n
gegn t=1

lim P (sup

n—oo

> 5n) =0. (4.2)

We divide the proof of (4.2) into six steps.

Step 1. (Symmetrization) Let o7,...,0,, be independent and uniformly distributed over
{—1,1} and independent of D,, := {=Z;,1 < k < p,}. Take a, = [(logn)~'n'/4]. We shall

show that
Lo
16 |-

LS {ol&) - Elg(e}

n—o0 9€Gn

lim sup P (sup

IS =
> 5n) < lim sup 8P (sup - ZUkQ(Ek

n—00 geGn [T =1

5n>
Qanﬂn

}:{g& (&)1}

Z {9(&) — E[g(&)]}

t—2an,un+1

Observe that

p (;ggp S {o(6) ~ Elg@)l}| >

sup
9€Gn
1
+ P | sup |[—
geg'n n
sup Z{g =)~ Elg(@]} >
9€Gn 4
1 O
+ P | sup |— > — . 4.3
(geg'n n 2) ( )

Since sup,cg, (9]l < 2, the second term of the right hand side of (4.3) is zero for large
n. On the other hand, in view of Lemma 4.1, for large n, we may bound the first term of
the right hand side of (4.3) by

(;g §jw Z0)]}

Since f(m) — 0 exponentially fast as m — oo, pu,3(a, —p) — 0 as n — oo. To bound the
first term, we use the symmetrization technique. Because Zj (1 < k < p,,) are iid blocks,

Lemma 2.3.7 of vdVW implies that
On 5
> — | < 2P| sup > — 1,
4 9€Gn

(;m ij 2]}
14

Z {9(&) — Elg(&)]}

t=2anpn+1

On

ng uk




where ¢, = 1—(64 1,/ (n0,,)?) SUP e, E[{g(Z1)}?]. We will show that SUP,cg, E[{g(Z))}?] =
O(a,n~"?). By stationarity,

an—1

E[{g(E0)}] = axE[g*(&)] +2a, Y (1~ i/aq)Elg(€1)g(Erss)].
i=1
By the usual change of variables and Lemma 4.2, E[|gyu9.4,(£1)|] is bounded by a con-
stant times || — ]|, which, together with the fact that sup,cg, [|g/lcc < 2k, implies
that E[g2 5, (&)] = O(n~'/?) uniformly over (up,9) € R x ©,. On the other hand,
invoke that E[[gugs.n,(§1)Gue0.n, (§140)[] = Ellguo.0n, (E1)] - Ellguo.0.n, (§14:)|1Xi, &1]] and
E[|Guo9.h, (E106)|| X4, €1] < const. x M(X;)|[9 — 6]|. Truncating M(X;) at n'/* and using
the fact that E[M?(X;)] < oo, we may show that E[|guy.9.n, (£1)Gue.0.n, (E114)]] = O(n=3/4)
uniformly over (up,9) € R x ©, and i > 1. Since a, = o(n'/*), we conclude that
supyeg, B[{9(21)}?] = O(a,n~Y?). Thus, we have ¢, = 1 — O(n=32h2r2) = 1 — o(1),
which implies that ¢, > 1/2 for large n. Therefore, for large n,
On
> 1_6 ,

- ) 1
su g(= > | <4P | sup |—
<g€g11 Z{g sl 4> < (gegli -

which leads to the conclusion of Step 1.
Step 2. Let G,(9) be the section of G, at ¥ € ©,, that is, G,(¥) = {Guy.9.n, : U0 € R}.
Clearly, G,, = U%@n Gn(9¥). We may cover ©,, by a finite number of open balls B, ; in R?

Hn

Zakg(

[1]:

k)

centered at ¥, ; in such a way that

o h (5 logn \?

i1 9B, ;
(5
> _

We shall show that

o k:g ~—ak
n—o0 9€Gn

limsup P (sup

Mmn 1 Hn B (5
< lim sup p sup  |= Y oxg(ZR)| > = ||. (44)
n—0oo [; <g€gn(7~9n,j) n ; 32

Suppose for a moment that ¥ € ©,, is arbitrarily fixed. By definition, there exists a
Jj€{1,...,my,} such that |9 — 9, ;| < h,0,/logn. For each g = guy9.n, € Gu(I¥), pick
9 = Guodn i € Gn(Pn,j). Because of the Lipschitz continuity of K(-), |g(e,x) — g(e,x)| <
Lhy Im(x;9) — m(x;9,5)| < Lh,'M(x)||9 — 9,;] < L6, M(x)/logn, where L > 0 is a
Lipschitz constant of K (-). Thus, we have

e IS = IS 2
Zakg )| < EZng(:k) +EZ\9(:1¢) — (G|
k=1 k=1

1 Z“" = Lo, 1 & _
- akg(‘:k) + . Mn,k7
n “— 2logn  in £

IN
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where M, = a;* > ten, M(X,_1).
Because G, = Ugeo,, Gn(¥), the preceding argument shows that

On
(sup DWVES >—>
gEgn

1 & - B) Lé 1 e
<P - Ee)| > — " e >
= <1i?%§ng€;}§5n]) ;‘7’“9( 2 32) (210gn 1 k 32)
— 1 & ~ On 1 e - logn
<¥°p - =)l s ) ep| = .
2 <ge§1§p | 2 7wolE) 32)+ (unz “7 6L
j=1 n k=1 k=

. _
P iZMnk - logn < 16 LE[M,, x] _ 16 LE[M (X,)] 0.
logn logn

Therefore, we obtain (4.4).

Step 3. Fix ¥ € O,. Let p;, be the L; semimetric with respect to the empirical
distribution on RP™! that assigns probability 1/(ani,) to each &. We shall show that
for each ¢ > 0,

1 on

_Zakg(ék)

P sup
geGn(9) | T k1

On =
N §> < 2 B[N (30 /32, Ga(9), i)
1 Un, R n52
p - § { = 2 — " 1. (4.5
’ <gesgli}()19)nk:1{g( W 2 642clogn) -

Let Gy.5,/32 be a minimal (6,,/32)-cover of G, () with respect to p1,. For every g €
Gn(9), there exists a g € Gy, /32 such that

LS 0(E0) - 9G] < 22250 (0.9) <
N g\=k g =k P1n\g, 9 64
=1
which leads to
1 Hn B 1 Hn 5 1 Hn N
- Zakg(Ek) <\ Z%Q(Ek) T Z 19(Ek) — §(Ew)]
=1 =1 =1

IA

1 o = §n
Ezak9<=k) + =
k=1
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Therefore, we have

1 & _ 5. | -
Pl sup |— k9 (Ek) > 35 D,
gegn(‘ﬂ) n k=1
<p ! HZ Gl > 215
max |— 0Lg(= — n
- 9€Gnon /32 (14— RG\=k 64

<N(0,/32,G,(9), p1n) sup P (

9EGn (V)

1 & -
- Z 019 (Zk)| >
k=1

It remains to bound the right hand side of (4.6). By Hoeffding’s inequality, we have

- no?
P D, | <2 —— ],
gesglip ( Z ng ) < Zexp ( 9. 642wn)

where w, = sup,cg, [0 S {g(Z)}?]. Define the event

YD PP S
2 642clogn

Taking the expectation of both sides of (4.6), we have

Dn> AL (4.6)

1 - )
P sup |= ) org(En)| > —
9€G.(9) ; 32

< 2E [N (8,/32, G (), p1n) exp (-%) ](A;)} +P(A,)
S 2nch[N(5n/32’ gn(ﬂ)7 ﬁl,n)] + P<An)7

which leads to the conclusion of Step 3.

Step 4. Fix ¢ > 0. Take (8/)? = n?62/(2 - 643ck?a’ u, logn). We shall show that there
exists a positive integer ng such that for n > ng, the inequality

~ n(52 7\2
E n < _/'L’Vl(én) 1\2 0 .
(gesglip E {g 2 . 642610gn> < de E[N(K'((Sn) 7gn(19)7 pl,n)] (4 7)

holds for every '19 € 0,. We note that ng depends only on ¢ and 7.
To show this, we make use of Lemma II 33 of Pollard (1984), which is sometimes
referred to as the “square root trick”. Let

Ha(9) = {(&1, -+ &an) = 22521 9(85)/ (2anr) = g € Gu (D)}

Let py ., be the Ly semimetric with respect to the empirical distribution on RP+Danthat as-
signs probability 1/u, to each Z. Since Zj, (1 < k < p,,) are iid blocks and sup sy, () |¢]/oc <
1, Lemma II 33 of Pollard (1984) shows that

5> sup (E[p*E))Y?
PpEHR(I)

=P ( sup Z 0 (Zg) > 6452> < 4E[N (9, Hn(ﬁ),ﬁg,un)e_""‘sz A1), (4.8)

PEHR (I ,Un k=1
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Observe that for pi(&1, ..., &) = D250 6i(&5)/ (2ank), gi € Gn, 1= 1,2,

) 2
{Pon (01, 02) Y 4a2um2 Z{gl Ek )}

Z|91 uk —92 & )|
Ap K

1.
< E,Ol,n<glv g2). (4.9)

IN

[

From (4.8) and (4.9), we may infer that

0> sup (Bl*(E))"

Hn
=P | sup L ng (Zp) > 640% | < AE[N (k62 Gn(9), pra)e % A1), (4.10)
PEHA(Y) Hn 1

The probability in (4.10) is equal to the left hand side of (4.7) when 6 = ¢/. Since
(6,)* < nhy/(r2anlogn) and (8,)* 1= suPgee, SUPyen, (9) E[p%(Z1)] = O(a;'n~"/?), there
exists a positive integer ng such that 9], > ¢, for n > ng; use (2.3). Therefore, we obtain
the conclusion of Step 4.

Step 5. There exist positive constants A and V' such that for some ¢y > 0

sup N(e,Gn(9), p1n) < A7V, 0 < e< e, n> 1.
vEO,
For each ¥ € ©, define the functional class G(19) = {gu,9n : w0 € R,h > 0}. Since

G, (19) is a subset of G(44), it suffices to show that the family {G(¥),9 € ©} is uniformly
Euclidean with some constant envelope. We first look that for each fixed ¥ € © the
functional class {(e,x) — (e — up — A(x;9))/h : ug € R,h > 0} is a subset of a vector
space of functions on RP*! spanned by 1 and e — A(x; ). By Lemma 2.6.15 of vdVW, the
class is a VC subgraph class with VC index smaller than or equal to 4. Because of (A5),
K(+) is of bounded variation and thus can be written as the difference of two bounded,
non-decreasing functions, K(-) = ¢(-) — ¢¥(-), say. By Lemma 2.6.18 (viii) of vdVW,
the functional classes {(e,x) — &((e — ug — A(x;9))/h) : up € R,h > 0}, {(e,x) —
Y((e—uy—A(x;9))/h) : up € R,h > 0} are VC subgraph classes with VC indices smaller
than or equal to 4. Therefore, Theorem 2.6.7 of vdVW and Lemma 16 of Nolan & Pollard
(1987) imply that the family {G(¥),9 € ©} is uniformly Euclidean with some constant
envelope.

Step 6. (Conclusion) From Steps 1 and 2, it remains to show that the right hand
side of (4.4) is zero. Because of (2.3), there exist positive constants C) and « such
that m,, < Cin®. Similarly, in view of Step 5, there exist positive constants C and
B such that supgeqg N (6,/32,Gn(9), p1,,) < Con” in Step 3. Take ¢ = o+ f+ 1 in
Steps 3 and 4. Because of Step 5, there exist positive constants C3 and 7 such that
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Supgeo, N (£(0,)%, Gn(9), p1,,) < C3n? in Step 4. With this choice of ¢, for large n, we

= 1 - On ,

E P sup |— E org(Zr)| > —= | <20,Con~ ' + 40103n“+767“”(5n)2. (4.11)
. 9€Gn (V) n 32

j=1 n(VUn,j k=1

Since 11,(07)%/logn < n*?h2 /r2 and n*?h2 /r? — oo, the second term of the right hand

side of (4.11) goes to zero as n — oo. Therefore, we complete the proof. ]

Remark 4.1. If the functional class {gy, 91 : uo € R, € ©,h > 0} is Euclidean, we may
apply the arguments in Steps 3 and 4 directly to G, instead of G,(1). In this case, Step
2 may be skipped and the Lipschitz continuity of K (-) may be dropped. The proof could
be shortened if we put this assumption. However, it restricts the class of m(x; ) in a less
explicit manner. That is why we do not put such an assumption.

Proposition 4.2. For every | > 0, E[W,(up,9)] = O(n~2n)"1 A 1) uniformly over
(ug,9) €ER x O, where ©,, = {9 € O : |9 — 0| < In~/2}.

Proof. Since K (-) is a density function,

E[K, (er — uo — A(Xi—1;9)) | Xi-1] = f(uo)
= / K(u— h,"AXy_1;9)){ f(uo + uhy,) — f(ug)ydu. (4.12)
Since f is A-th Holder continuous, the absolute value of E[W,,(ug,¥)] is bounded by
const. x h\E {/ Ju|ME (v — h P A(X_1;9)) — K (u)|du| . (4.13)

Because of Lemma 4.2, (4.13) is of order O(n~"/2h}~1) uniformly over (ug,9) € R x ©,,.
On the other hand, it is not difficult to see that |E[W, (ug,?)]| < 2||f||c- Therefore, we
obtain the desired result. O

Proof of Theorem 2.1. Observe that

Fulto) = faluo) = {Wi(ug, 0) — E[W, (o, 9)]|g_g} + E[Wi(uo, 9)]|5_g. (4.14)

Recall that 8 is \/n-consistent for 8. By Proposition 4.1 and 4.2, the first term of the
right hand side of (4.14) is o,(r;!) and the second term is O,(n~/2hA~! A 1) uniformly
over ug € R. Therefore, we obtain the desired result. O

4.2 Proof of Corollary 2.1

We follow the notations used in the proof of Theorem 2.1. We may take 7, = n'/? in

Proposition 4.1. From (4.14), we have
Vi{ fa(uo) = fa(uo)} = VRE[Wa(uo, 9)][9—g + 0,(1),
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where the equality holds uniformly over vy € R. It remains to show that the equality

VIE[W, (1o, 9)]|5_g = v/1f () El (X1 0)1(0 — 6) " + 0, (1)

holds uniformly over uy € R. Because of (A4’),

|f(uo + uh) — f(uo) — f'(uo)uhn| < Cy(uhy)?,
where Cf = || f”||o/2. Using the identity (4.12), we have

[e.e]

B[V, (0, 9)] — f'(tig) ) [ /

—00

u{K(u— h'A(X;_1;9)) — K(u)}du}

< C;h2E [/Z [u?{K (u— h " A(X_1;9)) — K(u)}|du} :

For each [ > 0, the right hand side is shown to be of order O(n~/2h,) uniformly over
¥ €0, :={9cO:|9—0| <In'?}; use the similar inequality as that in Lemma 4.2.
On the other hand, a direct calculation shows that

ho, /OO u{K(u—h'AX;_1;9)) — K(u)}du

X
uK'(u)du— -1 9 / K'(u

[e.9]

—A(théﬁ)/
= A(Xt_l; 19)

Because of (A3’), the map ¥ — E[m(X;_1;9)] is continuously differentiable in a neighbor-
hood of 6 with OE[m(X;_1;9)]/09 = E[m(X;_1;9)]. Therefore, uniformly over (ug,¥) €
R x ©,,

E[Wo(uo,9)] = f'(uo)E[1in(Xi—1;0)](9 — 8)" + o(n™"?).

Since 8 is v/n-consistent for @, we obtain the desired result. ]
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