
Comparing two convex hull

constructions for cusped hyperbolic

manifolds

Hirotaka Akiyoshi and Makoto Sakuma

Dedicated to the sixtieth birthday of Professor Mitsuyoshi Kato

Abstract

By imitating the Epstein-Penner convex hull construction in the
Minkowski space for cusped hyperbolic manifolds of finite volume, we
define a natural decomposition of (a subspace of) the convex core of
a cusped hyperbolic manifold of (possibly) infinite volume. The main
purpose of this paper and its sequel [1] is to compare the decompo-
sition with the “cellular structure” of the convex core inherited from
the cellular structure of its universal cover, i.e., the convex hull of the
limit set. We show that the underlying space of the decomposition is
completely determined by the cellular structure of the convex core. In
particular, for any quasifuchsain punctured torus group, it is equal to
the complement of the bending lamination in the convex core. More-
over, we prove that, for a quasifuchsain punctured torus group, the
restriction of the decomposition to the boundary of the convex core is
determined by the bending lamination.

1 Introduction

Let M(Γ) = H
d/Γ be a cusped hyperbolic manifold. Then we have the fol-

lowing two convex hull constructions associated with Γ.

1. The convex hull C(Λ) of the limit set Λ of Γ in the closure of the hy-
perbolic space. If the dimension d is 3, then the boundary of C(Λ) has
a structure of a complete hyperbolic 2-manifold bent along a measured
geodesic lamination, which projects to the bending measured lamination
pl(Γ) of the boundary of the convex core M0(Γ) = C(Λ)/Γ of M(Γ). (See
Thurston [12] and Epstein-Marden [4].)

2. The convex hull C(B) in the Minkowski space of the Γ-invariant set B of
lightlike vectors which correspond to the horoballs projecting to cross
sections of the cusps of M(Γ). If the volume of M(Γ) is finite, then
the cellular structure of the boundary of C(B) descends to a finite ideal
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polyhedral decomposition, ∆(Γ), of M(Γ). (See Epstein-Penner [5] and
Weeks [13]. See also Kojima [10] and Frigerio-Petronio [6] for analo-
gous constructions for finite-volume hyperbolic manifolds with totally
geodesic boundaries.)

The main purpose of this paper and its sequel [1] is to study the relation
between these two convex hull constructions. Our first task is to generalize
the construction of the decomposition ∆(Γ) to the case where the volume of
M(Γ) is infinite (see Definitions 4.16 and 4.18). To explain a rough idea of
the generalization, we give a more detailed description of the Epstein-Penner
construction. Let T d be the set of time-like vectors in the Minkowski space in-
side the positive light cone Ld. Then the following facts are proved by Epstein
and Penner [5]. Suppose the volume of M(Γ) is finite. Then ∂C(B) ∩ T d is a
locally finite, countable union of codimension one faces {Fi} such that Fi is a
convex hull of a finite subset of B and that the affine hull of Fi is Euclidean,
i.e., the restriction of the Minkowski inner product to the hull is positive-
definite. The cellular structure of ∂C(B) ∩ T d projects homeomorphically to
the projective model of H

d and gives a Γ-invariant locally finite tesselation.
The interior of each cell of the tesselation injects into the hyperbolic manifold
M(Γ). Thus the tesselation descends to a finite ideal polyhedral decomposi-
tion of M(Γ). Since each cell in the decomposition has a natural Euclidean
structure, the decomposition induces a singular Euclidean structure on the
hyperbolic manifold, and it is called a Euclidean decomposition. However, if
we drop the condition that the volume of M(Γ) is finite, then the following
troublesome phenomena occur (See [10] and [6] for analogous phenomena for
finite-volume hyperbolic manifolds with totally geodesic boundaries.)

1. The cellular structure of ∂C(B) is not necessarily locally finite, and we
must be careful about the definition of a face (see Remark 2.12). This
forces us to introduce the notion of a facet by refining the notion of a
face (see Definition 2.11).

2. Not all facets of ∂C(B) are Euclidean, that is, there may be a facet such
that the restriction of the Minkowski inner product to the affine hull of
the facet is not positive-definite.

3. The stabilizer of a facet of ∂C(B) with respect to Γ is not necessarily
trivial, and hence an (open) piece of the decomposition may have a
nontrivial fundamental group (see Corollary 5.4).

4. Some part of ∂C(B) may be “invisible” from the origin, that is, there
may be a point of ∂C(B) ∩ T d such that the line segment between the
origin and the point contains some other points of ∂C(B). So, we need
to consider only the visible facets of ∂C(B), i.e., those facets whose affine
hulls do not contain the origin (see Definition 4.9 and Lemma 4.10).
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5. The image of ∂C(B)∩ T d in the projective model of H
d may be strictly

smaller than H
d. In fact, it is easy to see that the image is a subset of

the convex hull C(Λ) of the limit set Λ.

We define ∆(Γ) to be the family of the images of visible open facets of C(B)
in the hyperbolic manifold M(Γ) and call it the EPH-decomposition of the
convex core M0(Γ) (see Definition 4.18). The letters E, P and H, respectively,
stand for Euclidean (or elliptic), parabolic and hyperbolic, and the naming
reflects the fact that we may have parabolic or hyperbolic facets as well as
Euclidean facets. Then ∆(Γ) gives a partition of a subset of the convex core
M0(Γ) (see Proposition 4.15), and the underlying space |∆(Γ)| contains the
interior of the convex core (see Proposition 4.20). Moreover, the Ford domain
with respect to a parabolic fixed point (of a hyperbolic manifold with only
one cusp) can be regarded as a geometric dual to a certain subcomplex ∆E(Γ)
of ∆(Γ) (see Section 10). For a more detailed description of this duality for
3-dimensional cusped hyperbolic manifolds and for an introduction to the
EPH-decomposition from this view point, please see [1, Section 2].

The Main Theorem 5.7 gives an explicit description of the underlying space
|∆(Γ)|, of the EPH-decomposition, which arises from the convex hull construc-
tion in the Minkowski space, in terms of the cellular structure of the convex
core M0(Γ), which arises from the convex hull construction in the hyperbolic
space.

For a punctured torus group Γ, i.e., a Kleinian group freely generated
by two isometries whose commutator is parabolic, we obtain the following
corollary.

Corollary 1.1. If Γ is a quasifuchsian punctured torus group, then we have

|pl(Γ)| = M0(Γ) − |∆(Γ)|.

Thus the bending lamination |pl(Γ)| is determined by the decomposition ∆(Γ).

Since punctured torus groups are so special, we are led to the following
problem.

Problem 1.2. Does |pl(Γ)| determine the combinatorial structure of ∆(Γ)
for a punctured torus group Γ?

Section 11 and the sequel to this paper [1] are devoted to the study of this
problem. We show that |pl(Γ)| determines the restriction of ∆(Γ) to ∂M0(Γ)
(see Theorem 11.2). In [1], we give a conjectural picture of ∆(Γ) in terms of
|pl(Γ)| and present some partial results and experimental results supporting
the conjecture.

This paper is organized as follows. In Section 2, we recall basic properties
of the convex hulls. Though most of the properties stated in this section seem



4 Akiyoshi & Sakuma

to be already known, we tried to give proofs to all of them except those
which we could find exactly the same statements in literature. In Section 3,
we describe basic properties of the convex cores of hyperbolic manifolds. After
giving an explicit definition of the EPH-decompositions in Section 4, we give
the statements of the main results in Section 5. The proofs of the results
are given in Sections 6–9. In Section 10, we explain the duality between the
Ford domains and the EPH-decompositions. In the last Section 11, we study
Problem 1.2 for punctured torus groups, and prove Theorem 11.2, which gives
a partial answer to the problem.

Acknowledgment. The main bulk of this work was done when the au-
thors were staying at the University of Warwick, and it was completed when
they were visiting the University Paul Sabatier and the University of Geneva.
They would like to thank these universities for their hospitality. They would
also like to thank David Epstein, Caroline Series, Michel Boileau, Cam Van
Quach Hongler, and Claude Weber for enlightening conversations and warm
encouragement.

Notation.

• C(V ): the closed convex hull of V

• C(x1, . . . , xn): the closed convex hull of the finite set {x1, . . . , xn}

• E
1,d: the (d + 1)-dimensional Minkowski space

– 〈·, ·〉: the quadratic form on E
1,d of type (1, d) defined by

〈x, y〉 = −x0y0 + x1y1 + · · · + xdyd

– Ld: the positive light cone in E
1,d

– T d: the set of time-like vectors of E
1,d inside the positive light cone

Ld

– H
d: the d-dimensional hyperbolic space

– ∂H
d: the sphere at infinity

– Hd = H
d ∪ ∂H

d: the closure of the hyperbolic space

– π : Ld ∪ T d → Hd: the radial projection

– S
d = (E1,d − {0})/ ∼: the d-dimensional sphere, where x ∼ y if

y = λx for some λ > 0

• cl(Z, Y ): the closure of Z in Y

• int(Z, Y ): the interior of Z in Y
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• For a subset Z of X = E
1,d or Hd,

– Π(Z): the smallest plane containing Z in E
1,d or S

d (cf. Convention
2.2)

– Z: the closure of Z in Π(Z), or equivalently, the closure of Z in X

– int(Z): the interior of Z in Π(Z)

– ∂Z: the frontier of Z in Π(Z), i.e., ∂Z = Z − int(Z)

– δ(Z) = Z − Z

• M = M(Γ) = H
d/Γ: a d-dimensional cusped hyperbolic manifold

– Γ: the fundamental group π1(M) < Isom(Hd)

– StabΓ(·): the stabilizer of · with respect to Γ

– p : H
d → M : the universal covering projection

– Λ = Λ(Γ): the limit set of Γ

– Λp = {vn |n ∈ N}: the set of parabolic fixed points of Γ

– C(Λ): the closed convex hull of the limit set in Hd

– M0 = M0(Γ): the convex core (C(Λ) ∩ H
d)/Γ of M

– B: the Γ-invariant subset of Ld determined by cross sections of the
cusps of M

– C(B): the closed convex hull of B in E
1,d

– ∆̃ = ∆̃(Γ): the EPH-decomposition of C(Λ)

– ∆ = ∆(Γ): the EPH-decomposition of M0(Γ)

2 Basic properties of convex hulls

Throughout this paper, X denotes either E
1,d or Hd.

Definition 2.1. (1) A k-dimensional plane in E
1,d is a k-dimensional affine

subspace of E
1,d.

(2) A k-dimensional plane in Hd is the closure of a k-dimensional totally
geodesic subspace of H

d. A singleton in ∂H
d is also regarded as a 0-dimensional

plane in Hd.

(3) A line segment in X is a closed connected subset of a 1-dimensional
plane in X.

(4) A hyperplane of X is a codimension one plane in X.

(5) A closed half space of X is the closure of a component of X −W for a
hyperplane W of X.
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Convention 2.2. When we mention the topology of subspaces of Hd, we
sometimes need to regard Hd as a subspace of S

d = (E1,d − {0})/ ∼, where
x ∼ y if y = λx for some λ > 0. To be precise, we identify Hd with the
subset (T d ∪ Ld)/ ∼ of S

d, where Ld is the positive light cone and T d is the
set of time-like vectors inside Ld. By a k-dimensional plane in S

d, we mean a
subspace of S

d of the form (W − {0})/ ∼, where W is a (k + 1)-dimensional
vector subspace of E

1,d.

Definition 2.3. Let Z be a subset of X.

1. When X = E
1,d, Π(Z) denotes the smallest plane in E

1,d containing Z.

2. When X = Hd, Π(Z) denotes the smallest plane in S
d (not in Hd)

containing Z.

3. Z denotes the closure of Z in the plane Π(Z), or equivalently, the closure
of Z in X.

4. int(Z) denotes the interior of Z in the plane Π(Z), i.e., int(Z) =
int(Z, Π(Z)).

5. ∂Z denotes the frontier of Z in the plane Π(Z), i.e., ∂Z = Z − int(Z).

Remark 2.4. If X = Hd, then Π(Z) ∩ Hd is the smallest plane in Hd con-
taining Z. Except when we consider int(Z) or ∂Z, Π(Z) may be regarded as
Π(Z) ∩ Hd.

Definition 2.5. (1) A subset C of X is convex if any two points in C are
connected by a line segment contained in C.

(2) The dimension of a convex set C is defined to be the dimension of the
plane Π(C). C is said to be thick if dim C = dim X.

(3) A subset C of X is called an open convex set if it is convex and open
in Π(C).

(4) Given a subset V of X, we denote by C(V ) the smallest closed convex
set which contains V .

Definition 2.6. Let C be a closed subset of X. We call a closed half space
H of X a supporting half space for C if H ⊃ C and ∂H ∩ C 6= ∅. A support
plane at x ∈ C is a hyperplane of X which contains x and is the boundary of
a supporting half space for C.

Remark 2.7. If C is not thick, then there is a support plane W which is
“inefficient” in the sense that W ∩ C = C. However, every support plane W
for C in Π(C) is efficient, i.e., W ∩ C is a proper subset of C.

The following three lemmas are well-known (see [3, Section 11.3 and Propo-
sition 11.5.2], [4, Proposition 1.4.1 and Lemma 1.4.5]).
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Lemma 2.8. Let C be a closed convex set in X. Then for any point z ∈ ∂C,
there exists a support plane for C at z.

Lemma 2.9. A non-empty closed subset C of X is convex if and only if it is
the intersection of all its supporting half spaces.

Lemma 2.10. Let C be a convex set in X of dimension d′. Then C is home-
omorphic to Bd′ −L for some subset L of ∂Bd′, and int(C) is homeomorphic
to a d′-dimensional open ball. If C is closed, then L is closed in ∂Bd′.

Definition 2.11. Let C be a closed convex set in X.

(1) A subset F of C is called a face of C if there is a support plane W such
that F = W ∩ C and it is a proper subset of C.

(2) A subset F of C is called a closed facet (resp. an open facet) if there
exists a sequence {Fi}k

i=0 (k ≥ 0) of subsets of C such that

a. F0 = C,

b. Fi−1 is a closed convex set and Fi is a face of Fi−1 for every i ∈ {1, . . . , k},
and

c. F = Fk (resp. F = int(Fk), the interior of Fk in Π(Fk))).

We call {Fi}k
i=0 a face sequence for F . The dimension of F is defined to be

the dimension of the plane Π(F ).

(3) By a facet, we mean a closed facet or an open facet.

Remark 2.12. (1) If F is a d′-dimensional open facet, then F is homeomor-
phic to a d′-dimensional open ball by Lemma 2.10, and F is a d′-dimensional
closed facet of C. Conversely, if F is a d′-dimensional closed facet, then int(F )
is a d′-dimensional open facet.

(2) A facet of C is not necessarily a face of C. For example, let C be the
convex set in E

1,1 = R
2 defined by

C = {(x, y) |x ≤ 1, y ≤ f(x)},

where f : (−∞, 1] → R is the function defined by

f(x) =

{
1 (x ≤ 0),√

1 − x2 (0 < x ≤ 1).

Then W := {(x, y) | y = 1} is a support plane for C and F1 := W ∩ C =
{(x, 1) |x ≤ 0} is a face of C. So, F2 := {(0, 1)} is a closed facet of C. However,
F2 is not a face of C, because W is the unique support plane for C containing
F2, and F2 is strictly smaller than F1 = W ∩ C.

Similar phenomena occur for 3-dimensional hyperbolic convex hulls whose
boundaries are bent along irrational geodesic laminations (cf. Proposition 11.1
and [4, Definition 1.6.4]).
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Lemma 2.13. Let C be a closed convex set in X, and let F be a closed facet
of C. Then for any x ∈ ∂F , there is an open facet F ′ of C containing x.
Moreover, any face sequence {Fi}k

i=0 for F can be extended to a face sequence
{F ′

i}k′

i=0 for F ′ so that k′ > k and F ′
i = Fi for every i ∈ {0, . . . , k}.

Proof. Let x be a point in ∂F . Then, by Lemma 2.8, there is a support plane,
W , at x for the closed convex set F in Π(F ). Set Fk+1 = F ∩ W . Then Fk+1

is a closed facet of C and {Fi}k+1
i=0 is a face sequence for Fk+1 (see Remark

2.7). If x ∈ int(Fk+1), then we obtain the conclusion. If x ∈ ∂Fk+1, then we
can repeat the above argument. After repeating this argument at most dim F
times, we obtain the conclusion.

Lemma 2.14. Let C be a closed convex set in X and F an open facet of
C. Let D be an open convex set contained in C such that D ∩ F 6= ∅. Then
D ⊂ F .

Proof. Step 1. We first prove the assertion when D = int(l) for some line
segment l. Let {Fi}k

i=0 be a face sequence for F . We show l ⊂ Fi for every
i ∈ {0, . . . , k}. Suppose that this does not hold. Then, since l ⊂ C = F0,
there exists i0 ∈ {0, . . . , k − 1} such that l ⊂ Fi0 and l 6⊂ Fi0+1. Let W be
a support plane for Fi0 in Π(Fi0) such that Fi0+1 = W ∩ Fi0 . Pick a point,
x0, in int(l) ∩ F . Then x0 ∈ l ∩ W and l 6⊂ W . Hence the line segment l in
Π(Fi0) intersects W transversely at the interior point x0. Since l ⊂ Fi0 , this
contradicts the assumption that W is a support plane for Fi0 in Π(Fi0). Hence
l ⊂ Fi for every i ∈ {0, . . . , k}. In particular, l ⊂ Fk = F .

Let U be an open ball neighborhood of x0 in F . Then, since F is a convex
set in Π(F ), we have int(l) ⊂ int(C(l ∪ U)) ⊂ F .

Step 2. To prove the assertion for the general case, pick a point x0 in D∩F .
Let x be a point in D. Then, since D is an open convex set, there is a line
segment l such that int(l) contains both x0 and x. By Step 1, we see that
int(l) ⊂ F , and hence x ∈ F . So, we have D ⊂ F .

Lemma 2.15. Let C be a closed convex set in X. Then any two distinct open
facets of C are disjoint.

Proof. Let F and F ′ be open facets of C such that F ∩F ′ 6= ∅. Since F ′ is an
open convex set, we have F ′ ⊂ F by Lemma 2.14. Similarly, we have F ⊂ F ′,
and hence F = F ′.

By Lemmas 2.13 and 2.15, we have the following proposition.

Proposition 2.16. Let C be a closed convex set in X. Then any closed facet F
of C is the disjoint union of the open facets of C contained in F . In particular,
C is the disjoint union of the open facets of C.
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Definition 2.17. For a closed convex set C in X, we call the family of the
open facets of C the cellular structure of C.

At the end of this section, we prove the following two lemmas which are
used later.

Lemma 2.18. Let C be a closed convex set in X and D a convex set contained
in ∂C. Then D is contained in a closed facet of C contained in ∂C.

Proof. We may assume D 6= ∅. Then, by Lemma 2.10, we have int(D) 6= ∅. So,
by Proposition 2.16, there is an open facet F of C such that int(D) ∩ F 6= ∅.
Since int(D) is an open convex set contained in C, int(D) is contained in F
by Lemma 2.14. This implies D ⊂ F . Since D ⊂ ∂C, we see that F is a closed
facet of C contained in ∂C.

Lemma 2.19. Let V be a closed subset of X and V0 = {vn |n ∈ N} a
countable dense subset of V . Then the following hold.

(1) C(V ) is equal to the closure of
⋃

n∈N C(v1, . . . , vn) in X.

(2) int(C(V )) is equal to
⋃

n∈N int(C(v1, . . . , vn), Π(C(V ))).

Proof. (1) Since C(V ) is a closed subset of X containing C(v1, . . . , vn) (n ∈
N ), C(V ) contains the closure of

⋃
n C(v1, . . . , vn). To prove the converse,

note that {C(v1, . . . , vn)}
n∈N is an ascending sequence of convex sets. Thus⋃

n C(v1, . . . , vn) is also a convex set and hence its closure is. Moreover, by
the assumption that V0 is dense in V , the closure of

⋃
n C(v1, . . . , vn) contains

V . Thus the closure of
⋃

n C(v1, . . . , vn) is a closed convex set which contains
V . Hence, C(V ) is contained in the closure of

⋃
n C(v1, . . . , vn).

(2) Since C(V ) contains C(v1, . . . , vn) for any n ∈ N , int(C(V )) contains⋃
n int(C(v1, . . . , vn), Π(C(V ))). To prove the converse, let x be a point in

C(V ) which is not contained in int(C(v1, . . . , vn), Π(C(V ))) for any n ∈ N .
Since int(C(v1, . . . , vn), Π(C(V ))) is the intersection of the interiors of finitely
many closed half spaces, there exists a half space Hn of X which contains
C(v1, . . . , vn) but does not contain x in the interior. Let l be the line segment
C(x, v1). Then ∂Hn (n ≥ 2) intersects the compact set l. Thus, by taking a
subsequence, we may assume that {Hn} converges to a half space H of X
with respect to the Chabauty topology (cf. [2, Section E.1]). Then we can
easily see x 6∈ int(H) and C(v1, . . . , vn) ⊂ H. By (1), C(V ) is the closure
of
⋃

n C(v1, . . . , vn). (Note that this holds even after taking a subsequence,
because {C(v1, . . . , vn)}n is an ascending sequence.) Thus H contains C(V )
but does not contain x in the interior. Hence x is not contained in int(C(V ))
and hence int(C(V )) ⊂ ⋃n int(C(v1, . . . , vn), Π(C(V ))).

3 Basic properties of convex cores

Let M = M(Γ) = H
d/Γ (Γ < Isom(Hd)) be a hyperbolic manifold such that

Γ contains parabolic transformations. Recall that a parabolic transformation
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is an element of Isom+(Hd) < SO(1, d) which has a unique eigenvector (ray)
in the positive light cone Ld and no eigenvector in the inside T d of Ld.

Definition 3.1. (1) Λ = Λ(Γ) denotes the limit set of Γ.

(2) Λp = {vn |n ∈ N} denotes the set of the parabolic fixed points of Γ.

Then Λp is dense in Λ, because Λ is the minimal non-empty closed Γ-
invariant set in ∂H

d (see [12, Proposition 8.1.2]).

Since we study convex sets in two different ambient spaces, we introduce
the following terminology, and use the symbol G instead of F to denote a
facet of C(Λ). (Note that the terminology is slightly different from that in
[4].)

Definition 3.2. By a closed (resp. open) flat piece of C(Λ), we mean a closed
(resp. open) facet of C(Λ).

Lemma 3.3. Let G be an open flat piece of C(Λ). Then G is either contained
in H

d or a singleton consisting of a point in Λ.

Proof. The assertion obviously holds when dim G = 0. So, we may assume
that dim G ≥ 1. Then Π(G) ∩ H

d 6= ∅, and hence

G = int(Π(G) ∩ C(Λ), Π(G)) ⊂ int(Π(G) ∩ Hd, Π(G)) = Π(G) ∩ H
d ⊂ H

d.

Definition 3.4. Since the cellular structure of C(Λ) is Γ-equivariant, it projects
to a decomposition of the convex core M0 = M0(Γ) into

{p(G) |G is an open flat piece of C(Λ) contained in H
d}.

We call a member of this family an open flat piece of M0 and call this family
the cellular structure of M0. By a closed flat piece of M0, we mean a subset
of C(Λ) of the form p(Hd ∩ G) where G is a closed flat piece of C(Λ).

By Proposition 2.16 and Lemma 3.3, we have the following.

Proposition 3.5. The convex core M0 is the disjoint union of the open flat
pieces of M0.

Since Λp = {vn |n ∈ N} is a countable dense subset of Λ, Lemma 2.19
implies the following.

Lemma 3.6. (1) C(Λ) is equal to the closure of
⋃

n∈N C(v1, . . . , vn) in Hd.

(2) int(C(Λ)) is equal to
⋃

n∈N int(C(v1, . . . , vn), Π(C(Λ))).

We recall a lemma from [4].



Comparing two convex hull constructions 11

Lemma 3.7 ([4, Lemma 1.6.2]). Let V be a closed non-empty subset of
Hd, and let W be a support plane for C(V ). Then W ∩ C(V ) = C(W ∩ V ).

By repeatedly using this lemma, we obtain the following lemma.

Lemma 3.8. For every closed flat piece G of C(Λ), we have G = C(G ∩ Λ).

Lemma 3.9. Let G be an open flat piece of C(Λ) and v a point in G ∩ Λ.
Then G is a subset of

⋃
{C(v, w1, . . . , wd′) − C(w1, . . . , wd′) |w1, . . . , wd′ ∈ Π(G) ∩ Λ},

where d′ is the dimension of G.

Proof. By Lemma 3.8, G is equal to the closed convex set C(G∩Λ) in Π(G).
Choose a countable dense subset V = {un |n ∈ N} of G ∩ Λ = Π(G) ∩ Λ.
Then, by Lemma 2.19(2),

G =
⋃

n∈N

int(C(v, u1, . . . , un), Π(G)).

Note that int(C(v, u1, . . . , un), Π(G)) is contained in

⋃
{C(v, w1, . . . , wd′) − C(w1, . . . , wd′) |w1, . . . , wd′ ∈ {u1, . . . , un}}

Thus

G ⊂
⋃

{C(v, w1, . . . , wd′) − C(w1, . . . , wd′) |w1, . . . , wd′ ∈ V }

⊂
⋃

{C(v, w1, . . . , wd′) − C(w1, . . . , wd′) |w1, . . . , wd′ ∈ Π(G) ∩ Λ}.

4 Generalization of Epstein-Penner decompo-

sitions

Convention 4.1. Throughout the remainder of this paper, M = M(Γ) =
H

d/Γ with Γ < Isom(Hd) denotes a hyperbolic manifold satisfying the follow-
ing conditions.

1. Γ has no proper invariant subspace of H
d.

2. Γ contains parabolic transformations.

3. There exists a Γ-invariant family of mutually disjoint horoballs H in H
d

such that Λp is equal to the set of the centers of horoballs in H.
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Recall that for any horoball H in H
d, there exists a unique point v ∈ Ld

such that H = {x ∈ H
d | 〈v, x〉 ≥ −1} (see [5, Section 1]). The center of the

horoball H corresponds to the ray thorough v, and as v moves away from the
origin along the ray, the horoball contracts towards the center of the horoball.

Let B be the Γ-invariant set of the points in Ld corresponding to the
horoballs in H, which is prescribed to M by Convention 4.1. The following
lemma follows from the arguments in the proof of [5, Theorem 2.4].

Lemma 4.2. (1) For any positive real number h, there exist at most finite
points in B whose heights, i.e., the 0th coordinates, are less than h.

(2) The origin, O, is not contained in C(B).

Definition 4.3. (1) A ray from a point x is a closed half geodesic r with
∂r = {x}.

(2) Let r be a ray and z a point in r. We denote the unbounded component
of r − {z} by r>z, and denote the closure of r>z by r≥z.

Notation 4.4. T d denotes the set of time-like vectors in the Minkowski space
inside the positive light cone Ld, and π : T d ∪ Ld → Hd denotes the radial
projection from O. For a subset Z of E

1,d, we abbreviate π(Z ∩ (T d ∪Ld)) as
π(Z).

Lemma 4.5. int(C(B)) ⊂ T d.

Proof. It suffices to prove that int(C(B)) ∩ Ld = ∅, because C(B) ⊂ T d ∪ Ld

from the definition. Since Γ has no proper invariant subspace, we see that for
any x ∈ int(C(B)), there exists a (d + 1)-dimensional ball D in C(B) centered
at x. On the other hand, for any point x ∈ Ld and any (d + 1)-dimensional
ball D centered at x, D contains a point in E

1,d − (T d ∪ Ld) ⊂ E
1,d − C(B).

Thus int(C(B)) ∩ Ld = ∅.
Lemma 4.6. C(B)∩Ld is the disjoint union of the rays {tb | t ≥ 1} (b ∈ B).
Moreover, every singleton in B is a 0-dimensional face of C(B).

Proof. This lemma is proved by the argument in the proof of [5, Lemma
3.3].

The following two lemmas are proved simultaneously.

Lemma 4.7. π(int(C(B))) = int(C(Λ)).

Lemma 4.8. Let r be a ray in E
1,d from O which intersects C(B). Then the

following hold.

(1) If π(r) is contained in int(C(Λ)), then r intersects ∂C(B) exactly in
one point, say z, and r>z ⊂ int(C(B)).

(2) If π(r) is contained in ∂C(Λ), then there exists z ∈ r such that r ∩
C(B) = r ∩ ∂C(B) = r≥z.
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Proof of Lemma 4.8(1). Suppose π(r) ∈ int(C(Λ)). Since O 6∈ C(B) by Lemma
4.2(2) and since r ∩ C(B) 6= ∅ by the assumption, there exists a point, say z,
in r ∩ C(B) such that r ∩ C(B) ⊂ r≥z. Then we have z ∈ ∂C(B).

In what follows, we prove that r>z ⊂ int(C(B)). By Lemma 3.6(2), π(r) is
contained in int(C(v1, . . . , vn), Π(C(Λ))) for some finite set {v1, . . . , vn} ⊂ Λp.
Since any point in Λp is an accumulation point in Λp, there exist sequences
{bi,j}i∈N ⊂ B (j ∈ {1, . . . , n}) such that π(bi,j) 6= vj and limi→∞ π(bi,j) = vj.
Since limi→∞ π(bi,j) = vj for each j, r intersects int(C(π(bi,1), . . . , π(bi,n)), Π(C(Λ)))
for sufficiently large i. Now, let x be a point in r>z. Then, since the height
of bi,j diverges as i → ∞ by Lemma 4.2(1), the heights of bi,1, . . . , bi,n are
greater than that of x for sufficiently large i. Hence we see that x is contained
in int(C(z, bi,1, . . . , bi,n), Π(C(B))) ⊂ int(C(B)) for sufficiently large i. Thus we
have proved r>z ⊂ int(C(B)), and hence we obtain Lemma 4.8(1).

Proof of Lemma 4.7. By Lemma 4.8(1), we have int(C(Λ)) ⊂ π(int(C(B))).
To prove the converse, suppose that π(int(C(B)))−int(C(Λ)) contains a point,
say x. Then x belongs to H

d by Lemma 4.5. Thus there exists a closed
half space K of Hd such that K contains C(Λ) but does not contain x in
the interior. Let H be the closed half space of E

1,d such that H ⊃ K and
∂H = Π(π−1(∂K)). Then C(B) ⊂ H and π−1(x) is contained in the closure
of E

1,d −H. Hence π−1(x)∩ int(C(B)) = ∅, which implies x 6∈ π(int(C(B))), a
contradiction. This completes the proof of Lemma 4.7.

Proof of Lemma 4.8(2). Suppose π(r) ∈ ∂C(Λ). We first show r ∩ C(B) =
r ∩ ∂C(B). Suppose contrary that r ∩ int(C(B)) 6= ∅. Then π(r) (cf. Notation
4.4) is contained in π(int(C(B))), which is equal to int(C(Λ)) by Lemma 4.7.
This contradicts the assumption. So we have the desired equality.

As in the proof of Lemma 4.8(1), there is a point z ∈ ∂C(B) such that
r ∩ C(B) ⊂ r≥z. In what follows, we prove r ∩ C(B) = r≥z. By Lemma 3.6(1),

there exist a sequence of finite sided ideal polyhedra {σi} in Hd, each of which
is spanned by a finite subset of Λp, and a sequence {yi} with yi ∈ σi, such
that lim yi = π(r). Since yi is contained in some (possibly degenerate) ideal
d-simplex contained in σi, we may suppose that each σi is an ideal d-simplex
spanned by parabolic fixed points. Then there exist bi,0, . . . , bi,d ∈ B such that
σi = C(π(bi,0), . . . , π(bi,d)). Since Λ is compact, by taking a subsequence, we
may assume that each sequence {π(bi,j)}i∈N converges to a point, say vj,
in Λ. Since any parabolic fixed point is an accumulation point of Λp, there

exists, for each i ∈ N and j ∈ {1, . . . , n}, a sequence {b(k)
i,j }k∈N ⊂ B such

that b
(k)
i,j 6= bi,j and limk→∞ π(b

(k)
i,j ) = π(bi,j).

For a while, we fix i ∈ N arbitrarily. Then there exists K1 ∈ N such
that for any j ∈ {0, . . . , n} and k ≥ K1, the height of b

(k)
i,j is greater than

i. Set σ
(k)
i = C(b

(k)
i,0 , . . . , b

(k)
i,n). Then the height of any point in σ

(k)
i is greater

than i for any k ≥ K1. Note that π(σ
(k)
i ) converges to σi as k → ∞ with
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respect to the Chabauty topology. Thus there exists K2 ∈ N such that for
any k ≥ K2, there exists x

(k)
i ∈ σ

(k)
i such that d(π(x

(k)
i ), yi) ≤ 1/i. (Here d(·, ·)

denotes the hyperbolic distance.) Put K = max{K1, K2} and xi = x
(K)
i . Then

d(π(xi), yi) ≤ 1/i and the height of xi is greater than i. Moreover, xi is a point
in C(B) from the construction.

Let ε be an arbitrary positive number. Since lim yi = π(r), there exists
N1 ∈ N such that d(yi, π(r)) < ε/2 for any i ≥ N1. Put N = max{N1, 2/ε}.
Suppose that i ≥ N . Then

d(π(xi), π(r)) ≤ d(π(xi), yi) + d(yi, π(r))

≤ 1/i + ε/2 ≤ 1/N + ε/2 ≤ ε/2 + ε/2 = ε.

Hence the sequence {π(xi)} converges to π(r).

Since all z and xi (i ∈ N ) are contained in C(B), the line segments C(z, xi)
are contained in C(B). Since {π(xi)} converges to π(r) and the height of xi

tends to ∞ as i → ∞, the sequence {C(z, xi)} converges to r≥z with respect
to the Chabauty topology. Thus r≥z is contained in C(B) because C(B) is
closed.

Definition 4.9. (1) A facet F of C(B) is said to be visible if Π(F ) does not
contain O.

(2) A visible facet is said to be elliptic (resp. parabolic, hyperbolic) if Π(F )
is elliptic (resp. parabolic, hyperbolic), i.e., the restriction of the bilinear form
〈·, ·〉 on E

1,d to Π(F ) is positive definite (resp. singular, of type (1, d′) for some
d′ ≥ 0). A visible facet which is elliptic is also said to be Euclidean.

Lemma 4.10. A facet of C(B) is mapped homeomorphically into Hd by π if
and only if it is a visible facet.

Proof. Let F be a facet of C(B). First, suppose that F is visible. Then since
Π(F ) does not contain O, the restriction of π to F ∩ (T d ∪ Ld) is proper and
injective. Thus F is mapped homeomorphically into Hd by π.

Next, suppose that F is not visible. Let x be a point in F and r the ray
from O which contains x. Then Π(F ) contains r as it contains both x and
O. By Lemma 4.8, r≥x is contained in C(B) and hence it is contained in
F = Π(F ) ∩ C(B). If F is a closed facet, then it follows from this fact that
π is not injective on F . Suppose F is an open facet. Then, since F is open
in Π(F ), there is a neighborhood U of x in Π(F ) which is contained in F . In
particular, U ∩ r is contained in F . Hence π is not injective on F .

Lemma 4.11. Let F be a visible open facet of C(B) with dim F ≥ 1. Then

F = T d ∩ int(F, Π(F ) ∩ (T d ∪ Ld)).

In particular, F is an open subset of Π(F ) ∩ T d and π(F ) ⊂ H
d.
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Remark 4.12. If dim F = 0, then F = {b} for some b ∈ B by Lemma 9.1.

Proof. For simplicity, set Y = int(F, Π(F ) ∩ (T d ∪ Ld)). Since F ⊂ Π(F ) ∩
(T d ∪ Ld) ⊂ Π(F ), we have F = int(F ) ⊂ Y . We also have F ⊂ Π(F ) ∩ T d,
because dim Π(F ) ≥ 1 and Π(F ) 6⊂ Ld. Hence F ⊂ T d ∩ Y .

Next, we see the converse inclusion. It is clear that T d ∩ Y ⊂ F . Since Y
is open in Π(F )∩ (T d ∪Ld), there exists an open subset Y1 of Π(F ) such that
Y1 ∩ (T d ∪ Ld) = Y . Thus

T d ∩ Y = T d ∩ (Y1 ∩ (T d ∪ Ld)) = T d ∩ Y1 = T d ∩ Π(F ) ∩ Y1.

Hence T d ∩ Y is open in Π(F ). Therefore T d ∩ Y ⊂ int(F ) = F .

Lemma 4.13. Let r be a ray in E
1,d from O which intersects C(B) and z the

point in r such that r≥z = r ∩ C(B). Then the following hold.

(1) The open facet of C(B) which contains z is visible.

(2) Any facet of C(B) which contains a point in r>z is not visible.

Proof. (1) Let F be the open facet of C(B) which contains z. Suppose contrary
that F is not visible. Then r ⊂ Π(F ). Since z is contained in the closure of
r − r≥z ⊂ Π(F ) − F , z cannot be contained in the open subset F of Π(F ), a
contradiction.

(2) Let F be a facet of C(B) containing a point, say y, of r>z. Then, by
Proposition 2.16, there is an open facet F ′ of C(B) such that y ∈ F ′ ⊂ F .
Since r>z is an open convex set, r>z is contained in F ′ by Lemma 2.14. Hence
O ∈ r ⊂ Π(F ′) ⊂ Π(F ), and therefore F is not visible.

Lemma 4.14. Let F be a visible closed facet of C(B) and v a point in π(F )∩
∂H

d. Then v ∈ Λp and F ∩ π−1(v) = b, where b ∈ B such that π(b) = v.

Proof. Let x be a point in π−1(v)∩F . Then x = tb for some b ∈ B and t ≥ 1
by Lemma 4.6. Since F is visible, we have t = 1 by Lemma 4.13. So, we have
the conclusion.

Proposition 4.15. (1) π(C(B)) is the disjoint union of the images by π of
the visible open facets of C(B).

(2) For any visible closed facet F of C(B), π(F ) is the disjoint union of
the images by π of the visible open facets contained in F .

Proof. (1) First, we prove that π(C(B)) is contained in the union of the images
of visible open facets. Let x be a point in π(C(B)) and r a ray from O such that
π(r) = x. Then, by Lemma 4.8, r∩C(B) = r≥z for some z ∈ r. By Proposition
2.16, there exists an open facet F of C(B) which contains z. Then, by Lemma
4.13, F is visible. Thus x is contained in the image of a visible open facet.
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Next, we prove that for any distinct visible open facets F and F ′, π(F ) and
π(F ′) are disjoint. Suppose contrary that π(F ) and π(F ′) contain a common
point x ∈ π(C(B)). Let r be the ray from O such that π(r) = x. Then both F
and F ′ intersect r. Let z be the point in r such that r≥z = r∩C(B). Then, by
Lemma 4.13, both F and F ′ contain z. Thus, by Proposition 2.16, we have
F = F ′.

(2) Let F be a visible closed facet. By Proposition 2.16, F is the disjoint
union of the open facets contained in F . Since F is visible, any (open) facet
contained in F is also visible by the definition. Hence π(F ) is the union of
images by π of the open visible facets contained in F . Thus we obtain the
conclusion by (1).

Definition 4.16 (EPH-decomposition (I)). We set

∆̃ = ∆̃(Γ) = {π(F̂ ) | F̂ is a visible open facet of C(B)},

and call it the EPH-decomposition (with respect to H) of the convex hull

C(Λ). For a visible open (resp. closed) facet F̂ of C(B), F̃ := π(F̂ ) is called an

open facet (resp. a closed facet) of ∆̃. F̃ is said to be elliptic (or Euclidean),

parabolic, or hyperbolic according as F̂ is so. The dimension of F̃ is defined
to be the dimension of F̂ . The support of the EPH-decomposition ∆̃ is the
union of the open facets of ∆̃, and denoted by |∆̃|.
Lemma 4.17. Let F̃ be an open facet of ∆̃. Then F̃ is either contained in
H

d or a singleton consisting of a point in Λp.

Proof. Suppose that dim F̃ = 0 and F̃ 6⊂ H
d. Then, by Lemma 4.14, F̃ = {v}

for some v ∈ Λp. If dim F̃ ≥ 1, then F̃ ⊂ H
d by Lemma 4.11.

Definition 4.18 (EPH-decomposition (II)). We set

∆ = ∆(Γ) = {p(F̃ ) | F̃ is an open facet of ∆̃ contained in H
d},

and call it the EPH-decomposition (with respect to H) of the convex core

M0 = M0(Γ). For an open facet F̃ of ∆̃, F := p(F̃ ) is called an open facet of
∆. F is said to be elliptic (or Euclidean), parabolic, or hyperbolic according

as F̃ is so. The dimension of F is defined to be the dimension of F̃ . The
support of the EPH-decomposition ∆ is the union of the open facets of ∆,
and denoted by |∆|. For a closed facet F̃ of ∆̃, F := p(Hd ∩ F̃ ) is called a
closed facet of ∆.

Remark 4.19. (1) Suppose M is of finite volume. Then the EPH-decomposition
∆ of M0 = M is nothing other than the decomposition introduced by Epstein
and Penner [5]. In this case, every facet of ∆ is Euclidean (i.e., elliptic) and
it is a finite sided ideal polyhedron.

(2) As is the case of the Epstein-Penner decompositions, the EPH-decompositions
depend on the choices of the Γ-invariant families of horospheres H.
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At the end of this section, we prove the following proposition which explains
the reason why we call ∆ (resp. ∆̃) a decomposition of the convex core M0

(resp. the convex hull C(Λ)).

Proposition 4.20. The following hold.

(1) int(C(Λ)) ⊂ |∆̃| ⊂ C(Λ) and |∆̃| ∩ ∂H
d = Λp.

(2) IntM0 ⊂ |∆| ⊂ M0, where IntM0 denotes the interior of the manifold
M0.

Proof. (1) By using Lemma 4.7 and Proposition 4.15(1), we have

int(C(Λ)) = π(int(C(B))) ⊂ π(C(B)) = |∆̃|.

Moreover we have

|∆̃| = π(C(B)) (by Proposition 4.15(1))

= π(cl(int(C(B)), E1,d)) (cf. Lemma 2.10)

⊂ cl(π(int(C(B))), Hd) (by the continuity of π)

= cl(int(C(Λ)), Hd) (by Lemma 4.7)

= C(Λ) (cf. Lemma 2.10).

Thus we have the first assertion of (1). The second assertion follows from

Lemma 4.6 and the fact that |∆̃| = π(C(B)).

(2) By (1), we have int(C(Λ)) ⊂ |∆̃| ∩H
d ⊂ C(Λ)∩H

d. On the other hand,

we can see p(|∆̃| ∩ H
d) = |∆| by Lemma 4.17. Hence IntM0 ⊂ |∆| ⊂ M0.

5 Statement of the main results

In this section, we state basic properties of the facets of ∆ and then state the
main theorem which describes the support |∆| of the EPH-decomposition in
terms of the cellular structure of M0. The proofs are given in Sections 6–9.

Proposition 5.1. Any open facet of ∆̃ is contained in an open flat piece of
C(Λ).

Proposition 5.2. (1) The set of 0-dimensional closed (resp. open) facets of

∆̃ is equal to the set of singletons in Λp.

(2) Let F be an open facet of ∆̃ of dimension ≥ 1. Then F ⊂ H
d.

(3) Let F be a closed facet of ∆̃ of dimension ≥ 1. Then F ∩ ∂H
d is a

non-empty subset of Λp.

If the volume of M is finite, then every closed facet of ∆̃ is a finite sided
ideal polyhedron, and hence it is a compact subset of Hd and its stabilizer
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with respect to Γ is trivial; in particular, every open facet of ∆ is simply
connected. However, this is not the case when the volume of M is infinite,
that is, a closed facet of ∆̃ is not necessarily closed in Hd and an open facet
of ∆ is not necessarily simply connected. In particular, we cannot expect a
property for C(B) corresponding to Lemma 3.8. The facets of ∆̃ and ∆ have
the following properties.

Proposition 5.3. Let F be a closed facet of ∆̃ of dimension d′ ≥ 1. Set
δF = F − F , where F is the closure of F in Hd. Then δF ∩ |∆̃| = ∅ and the
following hold.

(1) If F is elliptic, then F is compact, δF = ∅, and StabΓ(F ), the stabilizer
of G with respect to Γ, is trivial.

(2) If F is parabolic, then δF consists of at most one point in Λ−Λp, and
StabΓ(F ) is trivial.

(3) If F is hyperbolic, then δF is contained in a closed flat piece of C(Λ)
of dimension ≤ (d′− 1), and StabΓ(F ) is conjugate in Isom(Hd) to a discrete
subgroup of Isom(Hd′−1). Moreover F has at most one end.

Corollary 5.4. Let F be a d′-dimensional open facet of ∆. Then the following
hold.

(1) If F is elliptic or parabolic, then F is simply connected.

(2) If F is hyperbolic, then π1(F ) < Γ is conjugate in Isom(Hd) to a
discrete subgroup of Isom(Hd′−1).

Remark 5.5. In Proposition 5.3(2) and Corollary 5.4 for parabolic facets,
the assumption is essential that the set Λp of parabolic fixed points is precisely
equal to the set of the centers of horoballs in H prescribed to M by Convention
4.1. Even if the set of the centers of horoballs in H is a proper subset of Λp,
the EPH-decomposition of M0 with respect to H is well-defined, as long as
H is Γ-invariant. However, in this case, some parabolic open facet can be
non-simply connected (see [1, Conjecture 8.3 and Theorem 9.1]).

Recall that IntM0 ⊂ |∆| ⊂ M0 by Proposition 4.20. The main Theorem 5.7
below describes explicitly the support |∆| in terms of the cellular structure
of M0. To state the theorem, we need the following definition.

Definition 5.6. We say that a flat piece G = p(G̃) of M0 intersects a cusp of

M if the closed flat piece of C(Λ) obtained as the closure of G̃ in Hd contains
a point in Λp.

Theorem 5.7. The support |∆| of the EPH-decomposition ∆ is the union of
the open flat pieces of M0 which intersect a cusp of M .

The above theorem is obtained from the following theorem.
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Theorem 5.8. (1) Let G be a closed flat piece of C(Λ) such that G∩Λp = ∅.
Then G ∩ |∆̃| = ∅.

(2) Let G be an open flat piece of C(Λ) such that G∩Λp 6= ∅. Then G ⊂ |∆̃|.

Corollary 5.9. (1) If dim M = 2, then |∆| is equal to IntM0.

(2) If dim M = 3, then |∆| is the union of IntM0 and the 2-dimensional
open flat pieces of M0 which intersect a cusp.

6 Proof of Proposition 5.1

We begin by noting the following elementary observation.

Lemma 6.1. Let A be a d′-dimensional affine subspace of E
1,d such that

A ∩ T d 6= ∅ and O 6∈ A. Let V be the d′-dimensional vector subspace of
E

1,d parallel to A and E the vector subspace of E
1,d spanned by A. Note that

(E, 〈 , 〉E) is isomorphic to E
1,d′ and determines a plane Hd′ of Hd.

1. Suppose A is elliptic. Then π(A) = Hd′ (see Notation 4.4).

2. Suppose A is parabolic. Then π(A) = Hd′ −{v}, where v is the point of
∂H

d′ determined by the ray V ∩ (T d ∪ Ld) = V ∩ Ld.

3. Suppose A is hyperbolic. Then π(A) is an open half space of Hd′ bounded
by the hyperplane determined by the d′-dimensional subspace V ∩ (T d ∪
Ld).

In particular, π(A) ∩ H
d is open in Π(π(A)).

Lemma 6.2. Any open facet F of ∆̃ is an open subset of Π(F ).

Proof. Since the assertion obviously holds when dim F = 0, we may assume
that dim F ≥ 1. Let F̂ be a visible open facet of C(B) such that π(F̂ ) = F ,

and set A = Π(F̂ ). Then, by Lemma 4.11, F̂ is an open subset of A∩T d. Since

the map π|A∩T d : A∩T d → π(A∩T d) is a homeomorphism, F = π(F̂ ) is open
in π(A ∩ T d) = π(A) ∩ H

d. In particular, it follows Π(F ) = Π(π(A) ∩ H
d) =

Π(π(A)). On the other hand, π(A) ∩ H
d is open in Π(π(A)) by Lemma 6.1.

So, F is open in Π(π(A)) = Π(F ).

Proof of Proposition 5.1. Let F be an open facet of ∆̃. Then, by Propositions
4.20(1) and 2.16, there is an open flat piece, G, of C(Λ) such that F ∩G 6= ∅.
Since F is an open convex set by Lemma 6.2, we have F ⊂ G by Lemma
2.14.
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7 Proof of Proposition 5.3

Lemma 7.1. Let F be a closed facet of ∆̃ and F̂ a visible closed facet of C(B)

such that π(F̂ ) = F , and set A = Π(F̂ ). Then

δF ⊂ F − π(A) ⊂ cl(π(A), Hd) − π(A).

Proof. We first prove that F ∩ π(A) ⊂ F . Let x be a point in F ∩ π(A).
Then there is a sequence {xn} in F such that lim xn = x, and there is a
unique point x̂ in A ∩ (T d ∪ Ld) such that π(x̂) = x. Let x̂n be the point

in F̂ ⊂ A ∩ (T d ∪ Ld) such that π(x̂n) = xn. Since the restriction of π to

A∩ (T d∪Ld) is a homeomorphism onto π(A), we have x̂ = lim x̂n ∈ F̂ . Hence
we have x ∈ F . Thus we have proved F ∩ π(A) ⊂ F . This implies that

δF = F − F ⊂ F − (F ∩ π(A)) ⊂ F − π(A) ⊂ cl(π(A), Hd) − π(A).

The assertion of Proposition 5.3 that δF∩|∆̃| = ∅ is proved by the following
lemma.

Lemma 7.2. For any closed facet F of ∆̃, we have δF ∩ |∆̃| = ∅.

Proof. Let F̂ be a visible closed facet of C(B) such that π(F̂ ) = F , and let

{F̂i}k
i=0 be a face sequence for F̂ . Set A = Π(F̂ ) and E = Π(A ∪ {O}). Then

A is a hyperplane of E because F̂ is a visible facet.

In what follows, we prove that A is a support plane for V ∩ C(B) in E.

Since Π(F̂0) = E
1,d, E is contained in Π(F̂0). On the other hand, E is not

contained in Π(F̂k) = A. Thus there exists i0 ∈ {0, . . . , k − 1} such that E

is contained in Π(F̂i0) but not in Π(F̂i0+1). Let H be a supporting half space

for F̂i0 in Π(F̂i0) such that ∂H ∩ F̂i0 = F̂i0+1. Then ∂H contains A because

Π(F̂i0+1) contains Π(F̂k) = A. Moreover, since Π(F̂i0) ⊃ E and Π(F̂i0+1) 6⊃ E,

we have Π(F̂i0)∩E = E and ∂H ∩ V = A. Then H ∩E is a closed half space

of E with boundary A, and E ∩ H ⊃ E ∩ (Π(F̂i0) ∩ C(B)) = E ∩ C(B). Thus
A is a support plane for E ∩ C(B) in E.

By Lemma 4.8, C(B)∩ V is contained in the closure, H, of the component
of V − A which does not contain O. Let x be a point in δF = F − F . Then
x /∈ π(A) by lemma 7.1. So the ray π−1(x) from O does not intersect A and
hence is contained in E − H. Since E ∩ C(B) ⊂ H, we have x 6∈ π(C(B)) =

|∆̃|.

To prove the assertion of Proposition 5.3 on the stabilizers, we need the
following lemma.
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Lemma 7.3. Let F be a visible open facet of C(B). Then

StabΓ(π(F )) = StabΓ(F ) = StabΓ(F ) = StabΓ(π(F )),

where StabΓ(·) denotes the stabilizer of · with respect to Γ < Isom(Hd) <
O(1, d).

Proof. We first show StabΓ(F ) = StabΓ(F ). Let γ be an element of StabΓ(F ).
Then

γ(F ) = γ(int(F , Π(F ))) = int(γ(F ), γ(Π(F )))

= int(γ(F ), Π(γ(F ))) = int(F , Π(F )) = F.

Hence StabΓ(F ) ⊂ StabΓ(F ). The converse inclusion can be proved by a
similar argument.

Next, we prove StabΓ(π(F )) = StabΓ(F ). It is clear that StabΓ(F ) ⊂
StabΓ(π(F )). To show the converse, pick an element γ ∈ StabΓ(π(F )). Then
π(γ(F )) = γ(π(F )) = π(F ). On the other hand, since F is a visible open
facet, γ(F ) is also a visible open facet. Hence, by Proposition 4.15(1), we
have F = γ(F ) and hence γ ∈ StabΓ(F ).

Finally we prove StabΓ(F ) = StabΓ(π(F )). It is clear that StabΓ(F ) ⊂
StabΓ(π(F )). To show the converse, pick an element γ ∈ StabΓ(π(F )). Set
F ′ = γ(F ). Then F ′ is a visible closed facet of C(B), and π(F ′) = π(γ(F )) =
γ(π(F )) = π(F ). By Lemma 2.10, π(F ) (resp. π(F ′)) is a manifold, whose
interior as a manifold is equal to π(F ) (resp. π(F ′)). Hence we have π(F ) =
π(F ′), which is equal to γ(π(F )). This implies γ ∈ StabΓ(π(F )) = StabΓ(F ) =
StabΓ(F ).

Proof of Proposition 5.3. Let F be a closed facet of ∆̃ of dimension d′ ≥
1, and let F̂ be the visible closed facet of C(B) such that π(F̂ ) = F . Set

A = Π(F̂ ) and E = Π(A ∪ {O}). Then E is a vector subspace of E
1,d which

contains a point in T d, because d′ ≥ 1. So, the space (E, 〈 , 〉E) is identified
with E

1,d′ = E
1,0 ⊕ E

0,d′ , where 〈 , 〉E is the restriction of the Minkowski
metric 〈 , 〉 to E. Thus E ∩ H

d (resp. E ∩ T d, E ∩ Ld) is identified with H
d′

(resp. T d′ , Ld′). Since A is a hyperplane of E which does not contain O, there
exists a unique element w ∈ E such that A = {x ∈ E | 〈w, x〉 = −1}.

Case 1. F is Euclidean. Then the intersection of A and T d′∪Ld′ is compact.
So F̂ = A∩C(B) = (A∩(T d′∪Ld′))∩C(B) is compact. Hence F is also compact

and thus δF = ∅. Let γ be a non-trivial element of StabΓ(F ) = StabΓ(F̂ ) (see
Lemma 7.3). Then γ(A) = A and hence γ(E) = E, because E is the smallest
vector subspace of E

1,d containing A. Hence, w = γ(w). This contradicts the
assumption that Γ acts freely on H

d, because w is contained in T d′ ⊂ T d and
hence π(w) ∈ H

d.
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Case 2. F is parabolic. We define a sequence {wn} in E by wn = (w− −
1/n, w+), where w = (w−, w+) ∈ E

1,0 ⊕ E
0,d′ = E. Let Hn be the subspace

defined by Hn = {x ∈ E | 〈wn, x〉 ≤ 0}, and set F̂n = F̂ ∩ Hn.

Claim 7.4. {F̂n} is a monotone increasing sequence of compact subsets of F̂

such that ∪F̂n = F̂ .

Proof. Let x = (x−, x+) ∈ E
1,0 ⊕ E

0,d′ = E be any point in F̂n. Since x is

contained in both F̂ ⊂ A and Hn, we have the following:

〈w, x〉 = −1, 〈wn, x〉 ≤ 0,

which is equivalent to

−w−x− + 〈w+, x+〉 = −1, −(w− − 1/n)x− + 〈w+, x+〉 ≤ 0.

Thus we obtain F̂n = F̂ ∩ {(x−, x+) ∈ E |x− ≤ n}. Since F̂ is a subset of

T d′∪Ld′ , F̂n is contained in a compact subset. Since both F̂ and Hn are closed,
F̂n is also closed. So, F̂n is compact. Moreover, by the above observation, {F̂n}
is an increasing sequence of compact subsets such that ∪F̂n = F̂ .

Since Hn is a closed half space of E, its complement is an open half space
and hence convex. Thus F̂ − F̂n is convex and hence the number of the
components of F̂ − F̂n is at most one for any n ∈ N . Therefore F̂ has at
most one end. Since π|F is a homeomorphism onto its image by Lemma 4.10,

F = π(F̂ ) also has at most one end. Moreover, by Lemmas 7.1 and 6.1, we
have δF ⊂ cl(π(A), Hd) − π(A) ⊂ {π(w)}. This implies δF ⊂ F ∩ ∂H

d, and
the latter set is contained in C(Λ) ∩ ∂H

d = Λ by Proposition 4.20. Hence δF
is either empty or a singleton in Λ.

Next, we show π(w) 6∈ Λp. Suppose contrary that π(w) ∈ Λp. Then there
exists λ0 > 0 such that λ0w ∈ B. Let H be a supporting half space for
C(B) ∩ E such that ∂H = A. Then H is equal to {x ∈ E | 〈w, x〉 ≥ −1},
because λ0w ∈ B ∩ E ⊂ C(B) ∩ E and 〈λ0w,w〉 = λ0〈w,w〉 = 0. Since F̂ is

a visible facet of dimension ≥ 1, F̂ contains a point, say x0, of T d′ . Then we
have 〈w, x0〉 < 0. Thus there is a real number λ > 1 such that 〈w, λx0〉 < −1
and hence λx0 6∈ H. Therefore the point λx0 in the ray {tx0 | t ≥ 0} from O

passing through x0 ∈ F̂ ⊂ C(B) is not contained in C(B). This contradicts
Lemma 4.8. Thus we have proved that δF consists of at most one point in
Λ − Λp.

Finally, we show that StabΓ(F ) = StabΓ(F̂ ) is trivial. Note that StabΓ(F̂ )

preserves A and E and hence H
d′ . Since Γ is discrete and torsion-free, StabΓ(F̂ )

acts effectively on the horosphere A ∩ (E ∩ H
d) = A ∩ H

d′ of H
d′ . Now, sup-

pose contrary that StabΓ(F̂ ) is nontrivial. Then StabΓ(F̂ ) ∩ Isom+(Hd′) is a
non-trivial parabolic subgroup of Isom+(Hd′) (i.e., any nontrivial element is
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parabolic), because it preserves the horosphere A∩H
d′ and because StabΓ(F̂ )

is discrete and torsion-free. This implies that StabΓ(F̂ )∩ Isom+(Hd) contains
a non-trivial parabolic subgroup with parabolic fixed point π(w). This con-
tradicts the fact that π(w) 6∈ Λp. Hence StabΓ(F ) is trivial.

Case 3. F is hyperbolic. We define a sequence {wn} in E by wn = (w− −
1/n, w+), where w = (w−, w+) ∈ E

1,0 ⊕ E
0,d′ = E. Let Hn be the subspace

defined by Hn = {x ∈ E | 〈wn, x〉 ≤ 0}, and set Fn = F ∩ Hn.

By the argument in the proof of Claim 7.4, we can show the following.

Claim 7.5. {F̂n} is a monotone increasing sequence of compact subsets of F

such that ∪F̂n = F̂ .

By the same argument as in Case (2), we can see that F has at most one
end. Moreover, by Lemma 7.1 and 6.1, we have δF ⊂ cl(π(A), Hd) − π(A) ⊂
A0 ∩ (E ∩ Hd) = A0 ∩ Hd′ , where A0 denotes the vector subspace of E which
is parallel to A. Thus δF is equal to the intersection of the two closed convex
sets F and a plane in Hd. So δF is a convex set. Since δF ∩ |∆̃| = ∅ (Lemma
7.2), we have δF ⊂ ∂C(Λ) by Proposition 4.20. Therefore, by Lemma 2.18,
δF is contained in a closed flat piece of C(Λ) contained in ∂C(Λ).

Note that StabΓ(F ) = StabΓ(F̂ ) preserves A, E, and H
d′ = E ∩ H

d. So
it preserves A ∩ H

d′ and hence A0 ∩ H
d′ . Since Γ is discrete and torsion-free,

StabΓ(F̂ ) acts effectively on A0 ∩ H
d′ , which is identified with H

d′−1. Hence

we see that StabΓ(F̂ ) is a discrete subgroup of Isom(Hd′−1).

8 Technical lemmas

Lemma 8.1. Let x be a point in T d ∪ Ld. Let {bn} be a sequence in B and
b a point in Ld such that for any n ∈ N , π(bn) 6= π(b) and lim π(bn) = π(b).
Then for any x ∈ E

1,d, the sequence of line segments {C(x, bn)} converges to
the ray r := {x+λb |λ ≥ 0} with respect to the Chabauty topology. Moreover,
if x ∈ C(B), then r ⊂ C(B).

Proof. Since π(bn) 6= π(b) and lim π(bn) = π(b), the height of bn diverges as
n → ∞ by Lemma 4.2(1). By using this fact, we can see that the sequence
{C(x, bn)} converges to r. If x ∈ C(B), then each C(x, bn) is contained in C(B).
Since C(B) is closed, we have r ⊂ C(B).

Lemma 8.2. Let V1 ⊂ B be a finite subset and V2 = {c1, . . . , cn} ⊂ Ld.
Suppose that for each j ∈ {1, . . . , n}, there exists a sequence {bi,j}i∈N ⊂ B
such that π(bi,j) 6= π(cj) (i ∈ N) and that π(bi,j) → π(cj) as i → ∞. Put
Vi,2 = {bi,1, . . . , bi,n} (i ∈ N). Then the sequence of closed sets {C(V1 ∪ Vi,2)}
converges to D := {x + λy |x ∈ C(V1), y ∈ C(V2), λ ≥ 0} with respect to the
Chabauty topology.
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Proof. For any subsequence of {C(V1 ∪ Vi,2)}, there exists its subsequence
which converges to a certain closed set C∞ with respect to the Chabauty
topology. For simplicity, we also denote the converging subsequence by {C(V1∪
Vi,2)} and prove that C∞ = D.

First, we prove that D ⊂ C∞. Since each C(V1 ∪ Vi,2) is convex, the limit
C∞ is also closed and convex. Note that D is the union of the sets {x+λy | y ∈
C(V2), λ ≥ 0} (x ∈ C(V1)), and the set {x+λy | y ∈ C(V2), λ ≥ 0} is the closed
convex hull of

⋃n

j=1{x+λcj |λ ≥ 0} (j ∈ {1, . . . , n}). By Lemma 8.1, the limit
of the sequence of line segments {C(x, bi,j)}i∈N is equal to {x+λcj |λ ≥ 0} for
any x ∈ C(V1) and j ∈ {1, . . . , n}. Since each C(x, bi,j) (i ∈ N ) is contained
in C(V1 ∪ Vi,2), the limit {x + λcj |λ ≥ 0} is contained in C∞, and hence

D =
⋃

x∈C(V1)

C
(

n⋃

j=1

{x + λcj |λ ≥ 0}
)

⊂ C∞.

To prove C∞ ⊂ D, let z be a point in C∞. Then there exists {zi}i∈N
which converges to z such that zi ∈ C(V1 ∪ Vi,2) (i ∈ N ). Since C(V1 ∪ Vi,2)
is equal to {(1 − µ)x + µy |x ∈ C(V1), y ∈ C(Vi,2), 0 ≤ µ ≤ 1}, there exist
sequences {xi} ⊂ C(V1), {yi} with yi ∈ C(Vi,2) and {µi} ⊂ [0, 1] such that zi =
(1−µi)xi +µiyi. Since C(V1) and [0, 1] are compact, by taking a subsequence,
we may assume that there exist x ∈ C(V1) and µ ∈ [0, 1] such that xi → x and
µi → µ as i → ∞. Since the sequence {π(C(Vi,2))} converges to π(C(V2)) with

respect to the Chabauty topology on the set of closed subsets of Hd and since
π(C(V2)) is compact, by taking a further subsequence, there exists y ∈ C(V2)
such that π(yi) → π(y) as i → ∞.

Put ri = |yi|/|y|. Then zi = (1−µi)xi + riµi(|y|/|yi|)yi. Since the sequence
of the heights of yi (i ∈ N ) diverges by Lemma 4.2(1), the sequence {ri} also
diverges. On the other hand, since xi → x, µi → µ and (|y|/|yi|)yi → y as
i → ∞, the sequence {riµi} converges to some λ ∈ R≥0. Thus {µi} converges
to 0 and hence z = limi→∞ zi = x + λy ∈ D. Therefore C∞ is contained in
D.

Definition 8.3. The symbol C0(B) denotes the union of the finite sided poly-
hedra in E

1,d spanned by finite subsets of B.

Lemma 8.4. For any z ∈ C(B), there exists a ray r from a point in C0(B)
such that z ∈ r and r ⊂ C(B).

Proof. First, suppose that z ∈ C0(B). Let r be the ray from O which contains
z. Then, by Lemma 4.8, the ray r≥z from z is contained in C(B). Thus r≥z

has the desired property.

Next, suppose that z 6∈ C0(B). Note that z ∈ C0(B) by Lemma 2.19(1).
Since each finite sided convex polyhedron whose vertices are contained in
B is subdivided into (possibly degenerate) (d + 1)-simplices whose vertices
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are contained in B, there exist sequences {bi,j}i∈N (j ∈ {0, . . . , d + 1}) and
{zi}i∈N such that bi,j ∈ B, zi ∈ C(bi,0, . . . , bi,d+1), and lim zi = z. By tak-
ing a subsequence, we may suppose that there exists a partition J1

∐
J2 of

{0, . . . , d + 1} such that

1. J1 6= ∅, and for any j ∈ J1 and i ∈ N , bi,j = b1,j ;

2. J2 6= ∅, and for any j ∈ J2, there exists cj ∈ Ld such that π(bi,j) 6= π(cj)
and that π(bi,j) → π(cj) as i → ∞.

We remark that the first condition can be attained by Lemma 4.2(1) and
that the second condition can be attained because z 6∈ C0(B). Then, by
Lemma 8.2, {C(bi,0, . . . , bi,d+1)} converges to D = {x + λy |x ∈ C({b1,j | j ∈
J1}), y ∈ C({cj | j ∈ J2}), λ ≥ 0} with respect to the Chabauty topology.
Since each C(bi,0, . . . , bi,d+1) is contained in the closed set C(B), its limit D
is also contained in C(B). Since z ∈ D, we have z = x0 + λ0y0 for some
x0 ∈ C({b1,j | j ∈ J1}) ⊂ C0(B), y0 ∈ C({cj | j ∈ J2}) and λ0 ≥ 0. Then the
ray r := {x0 + λy0 |λ ≥ 0} satisfies the desired property.

9 Proofs of Theorems 5.7, 5.8, Corollary 5.9

and Proposition 5.2

Lemma 9.1. For any closed facet F of C(B), we have F ∩ B 6= ∅.

Proof. We first prove F ∩ C0(B) 6= ∅. Pick a point x ∈ int(F ). By Lemma
8.4, there is a ray r from a point x0 ∈ C0(B) passing through x such that
r ⊂ C(B). If x = x0, then x0 ∈ int(F ) ∩ C0(B) and hence F ∩ C0(B) 6= ∅.
Suppose that x 6= x0. Then the open convex set int(r) intersects int(F ),
and hence int(r) ⊂ int(F ) by Lemma 2.14. So, x0 ∈ r ⊂ F and therefore
F ∩ C0(B) 6= ∅.

By the above observation, there exists a finite subset V of B such that
F ∩ C(V ) 6= ∅. Let {Fi}k

i=0 be a face sequence for F . We show by induction
that Fi ∩ C(V ) = C(Vi), where Vi = Fi ∩ V . Once this is proved, we have
F ∩ B 6= ∅, because the non-empty set F ∩ C(V ) is equal to C(Vk) and hence
F ∩ B ⊃ F ∩ V = Vk 6= ∅.

Since F0 = C(B), we have V0 = V and hence F0 ∩ C(V ) = C(V0). Suppose
Fi ∩ C(V ) = C(Vi) for some i ∈ {0, . . . , k − 1}. Let H be a supporting half
space for Fi in Π(Fi) such that ∂H ∩ Fi = Fi+1. Then Fi+1 ∩ C(V ) = ∂H ∩
Fi ∩ C(V ) = ∂H ∩ C(Vi). Since H is a supporting half space for Fi, C(Vi) is
contained in H. This implies ∂H ∩ C(Vi) = C(∂H ∩ Vi) because Vi is a finite
set. Moreover C(∂H ∩ Vi) = C(∂H ∩ Fi ∩ V ) = C(Fi+1 ∩ V ). Hence we have
proved Fi ∩ C(V ) = C(Vi) for any i ∈ {0, . . . , k}. This completes the proof of
Lemma 9.1.
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Proof of Theorem 5.8(1). Let G be a closed flat piece of C(Λ) such that G ∩
Λp = ∅. Suppose contrary that G ∩ |∆̃| 6= ∅. Then, by Proposition 4.15(1),
there exists a visible open facet F of C(B) such that π(F )∩G 6= ∅. Since π(F )
is an open convex set by Lemma 6.2, π(F ) is contained in G by Lemma 2.14.
Since F ∩B 6= ∅ by Lemma 9.1, we have ∅ 6= π(F )∩Λp ⊂ π(F )∩Λp ⊂ G∩Λp,
a contradiction.

To prove Theorem 5.8(2), we prepare two lemmas.

Lemma 9.2. For any v ∈ Λp and w ∈ Λ, C(v, w) − {w} is contained in
π(C(B)).

Proof. We may suppose that v 6= w. Since v is a point in Λp = π(B), there
exists b ∈ B such that π(b) = v.

Suppose first that w is also contained in π(B). Then there exists b′ ∈ B
such that π(b′) = w. Since C(b, b′) ⊂ C(B), we have C(v, w) = π(C(b, b′)) ⊂
π(C(B)).

Next, suppose that w 6∈ π(B). Since π(B) is dense in Λ, there exists a
sequence {bn} ⊂ B such that {π(bn)} converges to w. By the assumption
that w 6∈ π(B), all π(bn) are distinct from w. Let c be a point in Ld such
that π(c) = w. Then, by Lemma 8.1, the ray {b + λc |λ ≥ 0} is contained in
C(B). Since π({b + λc |λ ≥ 0}) = C(v, w) − {w}, we have C(v, w) − {w} ⊂
π(C(B)).

Lemma 9.3. For any v ∈ Λp and w1, . . . , wd′ ∈ Λ (d′ ∈ N), C(v, w1, . . . , wd′)−
C(w1, . . . , wd′) is contained in π(C(B)).

Proof. By Lemma 9.2, C(v, wj) − {wj} is contained in π(C(B)) for each j ∈
{1, . . . , d′}. Since C(v, w1, . . . , wd′)−C(w1, . . . , wd′) is contained in the convex

hull of
⋃d′

j=1(C(v, wj) − {wj}), it is contained in π(C(B)).

Proof of Theorem 5.8(2). Let G be an open flat piece of C(Λ) such that G ∩
Λp 6= ∅. Let v be a parabolic fixed point contained in G. Then, by Lemma
3.9,

G ⊂
⋃

{C(v, w1, . . . , wd′) − C(w1, . . . , wd′) |w1, . . . , wd′ ∈ Π(G) ∩ Λ},

where d′ = dim G. By Lemma 9.3, the set in the right hand side is contained
in π(C(B)) = |∆̃|. Hence we have G ⊂ |∆̃|.

At the end of this section, we prove Theorem 5.7, Corollary 5.9, and Propo-
sition 5.2.

Proof of Theorem 5.7. This directly follows from Proposition 3.5 and Theo-
rem 5.8.
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Proof of Corollary 5.9. This follows from the following facts.

1. Any flat piece of M0 has dimension greater than 0 by Lemma 3.8.

2. If dim M = 2, then every 1-dimensional flat piece of M0 does not inter-
sect a cusp of M .

3. If dim M = 3, then every 1-dimensional flat piece does not intersect a
cusp of M . This is observed by [7, p.725] (cf. [11]).

Proof of Proposition 5.2. (1) By Definition 4.16, any 0-dimensional facet of

∆̃ is equal to π(F̂ ) for some 0-dimensional visible facet F̂ of C(B). Since F̂ is

0-dimensional, F̂ = Π(F̂ )∩C(B) is a singleton. By Lemma 9.1, Π(F̂ )∩B 6= ∅.
Thus F̂ consists of a point in B, which projects to a point in Λp ⊂ ∂H

d by π.

Thus every 0-dimensional facet of ∆̃ is a singleton in Λp. Conversely, let v be
a point in Λp. Then v = π(b) for some b ∈ B and {b} is a 0-dimensional face
of C(B) by Lemma 4.6. By Lemmas 4.6 and 4.13(1), the facet {b} is visible.

Hence {v} is a 0-dimensional facet of ∆̃.

(2) This follows from Lemma 4.11.

(3) Let F be a closed facet of ∆̃ of dimension ≥ 1, and let F̂ be a visible

closed facet of C(B) such that π(F̂ ) = F . Then F̂ ∩ B 6= ∅ by Lemma 9.1,
and hence F ∩ ∂H

d 6= ∅. Moreover, by Lemma 4.6, we have F ∩ ∂H
d ⊂

π(C(B)) ∩ ∂H
d = Λp.

10 Relation with the Ford domain

In this section, we give a brief description of a generalization of the duality
between the Epstein-Penner decomposition and the Ford domain of a cusped
hyperbolic manifold of finite volume due to Epstein and Penner [4, Section
4] (cf. [1, Section 2]).

Let M and H be as in Convention 4.1. Let F̃ be the subspace of H
d

consisting of the points x such that there are at least two shortest geodesic
segments from x to the horoballs in H. For each point x ∈ F̃ , let Hx be the
subset of H consisting of the horoballs H such that d(x,H) = d(x,∪H). Then,
by Lemma 4.2, we see that Hx is a finite set (cf. [4, Section 4]). By using Hx we

obtain a natural partition of F̃ as follows. Consider the equivalence relation
∼ on F̃ such that x ∼ y if and only if Hx = Hy. This equivalence relation

gives a Γ-invariant partition of F̃ into the equivalence classes. Moreover, we
can see that this partition is locally finite (see [4, Section 3]).

The Ford complex, Ford(Γ), of M (with respect to H) is defined to be the

image p(F̃) in M together with the locally finite partition induced by that
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of F̃ . (It is sometimes more convenient to define Ford(Γ) to be the closure

of p(F̃) in M := (Hd ∪ Ω)/Γ, and we employ this alternative definition in [1,
Section 2].)

We now define a subcomplex, ∆E, of ∆ which is a geometric dual to

Ford(Γ). Let ∆̂E be the family of the visible open facets F̂ of C(B) such that

F̂ = int(W ∩ C(B)) ⊂ H
d for some Euclidean support plane W for C(B). Set

∆̃E = {π(F̂ ) | F̂ ∈ ∆̂E}, ∆E = {p(F̃ ) | F̃ ∈ ∆̃E}.
Then we can see, by the arguments in [5, Section 3], that the closure in Hd of

each member F̃ of ∆̃E is a finite sided ideal polyhedron spanned by a finite

subset of Λp and that ∆̃E and ∆E are locally finite. Moreover, the arguments

in [5, Section 4] imply that ∆̃E is dual to F̃ and ∆E is dual to Ford(Γ) in

the following sense. Let P be a piece of the partition of F̃ determined by a
finite subset {H0, H1, . . . , Hk} of H, i.e.,

P =
{
x ∈ H

d |Hx = {H0, H1, . . . , Hk}
}

.

Then the interior of the finite sided ideal polyhedron spanned by the centers
of the horoballs H0, H1, . . . , Hk is the closure of some open facet F of ∆̃E.
The correspondence P 7→ F gives a one-to-one correspondence between the
pieces of the partition of F̃ and the open facets of ∆̃E. Moreover, this induces
a one-to-one correspondence between the pieces of the partition of Ford(Γ)
and the open facets of ∆E.

11 Punctured torus groups

Let Γ be a quasifuchsian punctured torus group, i.e., a Kleinian group satis-
fying the following conditions.

1. Γ is freely generated by two isometries whose commutator is parabolic.

2. The domain of discontinuity Ω consists of exactly two simply connected
components Ω±, whose quotients Ω±/Γ are each homeomorphic to a
punctured torus T .

Then the quotient triple (H3∪Ω, Ω−, Ω+)/Γ is identified with (T ×[−1, 1], T ×
{−1}, T × {1}). The boundary of the convex core M0 of M = H

3/Γ has two
components; the component facing to Ωε/Γ (ε ∈ {−, +}) is denoted by ∂εM0.
Then ∂εM0 with the path metric has a structure of a hyperbolic punctured
torus bent along a geodesic measured lamination, plε = plε(Γ), called the
bending measured lamination of ∂εM0. The underlying geodesic lamination
|plε| is called the bending lamination of ∂εM0 (see [12], [4], [7], [8], [9]). It
is observed by [7, p.725] (cf. [11]) that |plε| is compactly supported (i.e.,
disjoint from a cusp neighborhood), and we have the following proposition,
which gives the cellular structure of the convex core (see [12], [4], [7], [8], [9]).
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Proposition 11.1. For any quasifuchsian punctured torus group Γ, the fol-
lowing hold.

(1) Suppose that |plε| is rational, i.e., a simple closed geodesic. Then the
cellular structure of ∂εM0 consists of a single 2-dimensional open flat piece,
A, and a single 1-dimensional open flat piece, α, satisfying the following con-
ditions.

a. The flat piece α is the simple closed geodesic |plε|.

b. The flat piece A with the path metric is isometric to the interior of the
convex core of a once-punctured annulus.

Moreover, the lifts of both A and α to ∂C(Λ) are faces of C(Λ) (cf. Definition
2.11(1) and Remark 2.12(2)).

(2) Suppose that |plε| is irrational. Then the cellular structure of ∂εM0

consists of a single 2-dimensional open flat piece, B, and uncountably many
1-dimensional open flat pieces, {βι}ι, satisfying the following conditions.

a. The union ∪βι forms the geodesic lamination |plε|.

b. The flat piece B with the path metric is isometric to the interior of a
punctured bigon.

Moreover, the lifts to ∂C(Λ) of all but the two 1-dimensional open flat pieces,
forming the two boundary leaves of |plε|, are faces of C(Λ).

Note that each open facet of the EPH-decomposition ∆ of M0 is either
disjoint from ∂εM0 or contained in an open flat piece of M0 contained in ∂εM0

(Proposition 5.1). By the restriction of ∆ to ∂εM0 we mean the collection of
the open facets of ∆ contained in ∂εM0, and denote it by the symbol ∂ε∆.

In this section, we prove the following theorem, which clarifies the structure
of ∂ε∆ for a quasifuchsian punctured torus group.

Theorem 11.2. For any quasifuchsian punctured torus group Γ, the following
hold.

(1) Suppose that |plε| is rational. Then |∂ε∆| is equal to the 2-dimensional
open flat piece A. (See Proposition 11.1(1).) Moreover, the restriction ∂ε∆
consists of the unique geodesic α′ joining the puncture to itself and the two
components of A − α′. (See Figure 1.)

(2) Suppose that |plε| is irrational. Then |∂ε∆| is equal to the 2-dimensional
open flat piece B. (See Proposition 11.1(2).) Moreover, the restriction ∂ε∆
consists of the two geodesics β ′

1 and β ′
2, each joining the puncture with a vertex

of the bigon B, and the two components of B − (β ′
1 ∪ β′

2). (See Figure 2.)

To prove the above theorem, we need the following two lemmas.
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Figure 2: ∂ε∆ for the case where |plε| is irrational

Lemma 11.3. For any 1-dimensional visible open facet ê of C(B), the fol-
lowing hold.

1. If ê is elliptic, then there exist b0, b1 ∈ B such that ê = int(C(b0, b1)).

2. If ê is parabolic, then there exist b0 ∈ B and x0 ∈ Λ − Λp such that
ê = b0 + π−1(x0).

3. If ê is hyperbolic, then there exist b0 ∈ B and x0 ∈ H
d such that ê =

b0 + π−1(x0).

Proof. Since dim ê = 1, ∂ê consists of at most two points. On the other hand,
by Lemma 9.1, the closure of ê intersects B and hence ∂ê contains at least one
point in B. Note that ∂ê is the union of 0-dimensional visible facets of C(B)
(see Proposition 4.15(2)). Since every 0-dimensional visible facet consists of
a point in B by Lemma 9.1, ∂ê is either {b0, b1} ⊂ B or {b0} ⊂ B.

If ∂ê = {b0, b1}, then ê is equal to int(C(b0, b1)) and hence elliptic.

Suppose that ∂ê = {b0}. Then ê is equal to {b0 + tx̂0 | t > 0} for some
x̂0 ∈ E

1,d. Since ê ⊂ T d ∪ Ld, we can see that x̂0 ∈ T d ∪ Ld and hence
ê = b0 + π−1(x0) where x0 = π(x̂0). Moreover ê is parabolic or hyperbolic
according as x0 ∈ ∂H

d or x0 ∈ H
d. This completes the proof of Lemma

11.3.

Lemma 11.4. Let ê be a 1-dimensional visible open facet of C(B) such that ∂ê

contains a point b0 ∈ B, and Ŵ be a 2-dimensional hyperbolic affine subspace
of E

1,d which contains b0 and does not contain O. Set W̃ = π(Ŵ ) and δW̃ =

cl(W̃ , Hd) − W̃ . Suppose that the point of ∂π(ê) distinct from π(b0) belongs

to δW̃ − Λp. Then ê is contained in Ŵ .
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Proof. Put ê′ = Ŵ ∩ π−1(π(ê)). Then ê′ is the interior of a ray from b0 such

that π(ê′) = π(ê), because ∂π(ê)−{π(b0)} ∈ δW̃ . Since ∂π(ê)−{π(b0)} 6∈ Λp,
ê is the interior of a ray from b0 by Lemma 11.3. Thus both ê and ê′ are the
interiors of rays in T d ∪Ld from b0 and π(ê′) = π(ê). This implies ê = ê′.

Proof of Theorem 11.2. Let W̃ be a hyperplane of H3 such that the open
flat piece int(W̃ ∩ C(Λ)) projects to the unique 2-dimensional open flat piece

of ∂εM0 (see Proposition 11.1). Set Ŵ = Π(π−1(W̃ )) ⊂ E
1,3. Since W̃ is a

support plane for C(Λ) and Ŵ contains O, one of the closed half spaces of

E
1,3 bounded by Ŵ contains C(B). Since W̃ contains a parabolic fixed point

by Proposition 11.1, we have Ŵ ∩ B 6= ∅. So Ŵ is a support plane for C(B).
Hence, by Lemma 2.13 and the definition of ∆, the restriction ∂ε∆ consists of
the images by p ◦ π of the visible open facets of C(B) contained in Ŵ ∩ C(B).

(1) By Corollary 5.9(2) and Proposition 11.1(1), we have |∂ε∆| = A. Since
A contains the main cusp, π1(A) < Γ contains a parabolic transformation.
Since the fundamental group of a 2-dimensional open facet of ∆ is conjugate
to a discrete subgroup of Isom(H1) by Corollary 5.4, A cannot be an open
facet of ∆.

We can see that ∂ε∆ contains an edge, i.e., a 1-dimensional open facet,
as follows: Suppose this is not the case, then, by Proposition 5.2(1), A is
the disjoint union of at least two 2-dimensional open facets. Let F be a 2-
dimensional open facet of ∂ε∆. Set Ã = int(W̃ ∩ C(Λ)) and let F̃ be an open

facet of ∆̃ such that F̃ ⊂ Ã and F = p(F̃ ). Then F̃ is open in Π(F̃ ) = W̃

by Lemma 6.2, and hence it is open in Ã. Since p|A : Ã → A is a covering

projection, F = p(F̃ ) is open in A. Thus A is a disjoint union of at least two
open subsets. This contradicts the connectedness of A.

Let e be an edge of ∂ε∆, ẽ a 1-dimensional open facet of ∆̃ contained in
W̃ such that p(ẽ) = e, and ê the 1-dimensional visible open facet of C(B)
such that π(ê) = ẽ. In what follows, we show that ∂ê consists of two points
in B. Suppose contrary that this is not the case. Then, by Lemma 11.3,
ê = b0 +π−1(x0) for some b0 ∈ B and x0 ∈ H

d ∪ (Λ−Λp). Then ∂ẽ = {v0, x0},
where v0 = π(b0). Since ẽ ⊂ Ã := int(W̃ ∩ C(Λ)), we have x0 ∈ ∂Ã by

Proposition 5.3. Since x0 6∈ Λp, there is a 1-dimensional plane l1 in W̃ = H2

such that x0 ∈ l1 ⊂ ∂Ã (see Figure 3).

Let γ be a primitive element of π1(A) which has l1 as the axis. Since γ

stabilizes W̃ , it also stabilizes Ŵ . Thus γ is a hyperbolic transformation of
the isometry group of the (2 + 1)-dimensional Minkowski space Ŵ . Let V̂

be the 2-dimensional affine subspace of Ŵ such that b0 ∈ V̂ and that V̂ is
parallel to the vector subspace Π(π−1(l1)). Then V̂ is γ-invariant, because

γ is a hyperbolic transformation with axis l1. Set Ṽ = π(V̂ ). Then Ṽ is

the open half space of W̃ ∼= H2 bounded by l1 containing v0. In particular,
δṼ := cl(Ṽ , H3)−Ṽ is equal to l1 (cf. Lemma 6.1). Since both V̂ and ê contain
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Figure 3: The action of π1(A) on W̃ = H2: The hexagonal region is a funda-

mental domain for the action of π1(A) on W̃ .

b0 ∈ B and since ê is a visible open facet of C(B) such that ∂π(ê)−{v0} ∈ l1,

V̂ contains ê by Lemma 11.4.

Claim 11.5. The points γ±1(b0) in the 2-dimensional plane V̂ are separated
by the 1-dimensional plane Π(ê).

Proof. This follows from the fact that the points γ±1(v0) = π(γ±1(b0)) in the

open half space Ṽ are separated by ẽ = π(ê) (see Figure 3).

Let {F̂i}k
i=0 be a face sequence for ê extending the sequence {F̂0, F̂1} =

{C(B), Ŵ ∩ C(B)} (see Lemma 2.13).

Claim 11.6. Π(F̂2) = V̂ .

Proof. We can see that Ŵ ∩ B ⊂ Ŵ ∩ C(B) cannot be contained in a 2-

dimensional affine subspace of Ŵ because π1(A) is a non-elementary fuchsian

group. Thus Π(F̂1) is equal to Ŵ . Let V̂ ′ be a support plane for F̂1 in Ŵ such

that V̂ ′ ∩ F̂1 = F̂2. Since both V̂ ′ and V̂ are 2-dimensional affine subspaces of
the 3-dimensional vector space Ŵ which contain the common line segment ê,
V̂ ′ is obtained from V̂ by rotating around the 1-dimensional plane Π(ê). Since

γ±1(b0) ∈ Ŵ ∩C(B), both γ±1(b0) are contained in the same side of V̂ ′ in Ŵ .

This together with Claim 11.5 implies V̂ ′ = V̂ . Finally, since F̂2 = V̂ ′ ∩ F̂1

contains C(ê ∪ {γ−1(b0), γ(b0)}), we have Π(F̂2) = V̂ ′ = V̂ .

By Claim 11.5, we have ê ⊂ int(C(ê ∪ {γ−1(b0), γ(b0)})). Since the 2-

dimensional plane Π(F̂2) = V̂ contains C(ê∪{γ−1(b0), γ(b0)}), there exists no

half space of Π(F̂2) which contains ê in the boundary. This contradicts the

assumption that {F̂i}k
i=0 is a face sequence for ê. Thus we have proved that
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∂ê consists of two points in B. Hence e is equal to the geodesic α′ in A joining
the puncture to itself. This completes the proof of Theorem 11.2(1).

(2) By Corollary 5.9(2) and Proposition 11.1(2), we have |∂ε∆| = B. Then,
by the argument in the proof of the assertion (1), we can see that B contains
at least two open facets of ∂ε∆, and at least one of them is 1-dimensional.
Let l1 and l2 be the boundary leaves of |plε| (see Figure 4).

Claim 11.7. Both β ′
1 and β ′

2 are edges of ∂ε∆.

Proof. Let G be the space of geodesics in B emanating from the puncture of
B. Then two distinct members of G are disjoint, and G is identified with S1.
By Propositions 5.2(3) and 5.3, any edge of ∂ε∆ belongs to G.

Suppose that β ′
j is not an edge of ∂ε∆ for some j ∈ {1, 2}. Then there

is a 2-dimensional open facet F of ∂ε∆ containing β ′
j, because any edge of

∂ε∆ is disjoint from β ′
j. As in the proof of the assertion (1), we see that F

is open in B. Thus F contains all geodesics belonging to some neighborhood
of β ′

j in G. Hence the end of F “intersects” both l1 and l2. To be precise,

the following holds. Let F̃ be a closed facet of ∆̃ such that F = p(int(F̃ )).

Then δF̃ intersects a lift of li for each i ∈ {1, 2}. This contradicts Proposition
5.3.

In what follows, we prove that ∂ε∆ has no edges except for β ′
1 and β′

2.
Suppose that there exists an edge e of ∂ε∆ different from β ′

1 and β′
2. Since

B is the unique flat piece of M0 contained in |∂ε∆|, and since π1(B) is the

infinite cyclic group generated by a parabolic transformation, W̃ ∩Λp consists

of a single point, v0 (see Figure 4). Then there are lifts ẽ and β̃j (j ∈ {1, 2})
of e and β ′

j respectively such that

(i) β̃1 and β̃2 span an ideal triangle with vertex v0 whose interior projects
by p to the component of B − (β ′

1 ∪ β′
2) containing e;

(ii) ∂ẽ consists of v0 and a point in the edge ξ of the ideal triangle spanned

by β̃1 and β̃2 opposite to v0.



34 Akiyoshi & Sakuma

Let ê and β̂j (j ∈ {1, 2}) be the visible open facets of C(B) such that

π(ê) = ẽ and π(β̂j) = β̃j. Then all of ê and β̂j (j ∈ {1, 2}) have b0 as a vertex,
where b0 is the element of B such that π(b0) = v0 (see Lemma 11.3).

Let V̂ be the 2-dimensional affine subspace of Ŵ spanned by β̂1 ∪ β̂2.

Claim 11.8. V̂ contains ê.

Proof. By the assumption on β̂j (j ∈ {1, 2}) and Lemma 11.3, β̂j = b0 +

π−1(xj), where xj is the point in ∂H
d such that ∂β̃j = {v0, xj}. Thus V̂ is a

2-dimensional hyperbolic affine subspace of Ŵ and cl(Ṽ , H3) − Ṽ is equal to

ξ, where Ṽ = π(V̂ ). Since cl(Ṽ , H3) − Ṽ projects by p onto one of l1 and l2,

it does not intersect Λp. Thus, by Lemma 11.4, V̂ contains ê.

Let {F̂i}k
i=0 be a face sequence for ê extending the sequence {F̂0, F̂1} =

{C(B), Ŵ ∩ C(B)} (see Lemma 2.13).

Claim 11.9. Π(F̂2) = V̂ .

Proof. Since π1(B) < Isom+(W̃ ) < SO(1, 2) is the infinite cyclic group gen-
erated by a parabolic transformation having b0 as an eigenvector of eigenvalue
1, β̂1 and β̂2 cannot be contained in a π1(B)-invariant 2-dimensional affine

subspace of Ŵ ∼= E
1,2. Since F̂1 = Ŵ ∩ C(B) ⊃ β̂1 ∪ β̂2 and since F̂1 is

π1(B)-invariant, we have dim Π(F̂1) = 3 and hence Π(F̂1) = Ŵ . Let V̂ ′ be a

support plane for F̂1 in Ŵ such that V̂ ′ ∩ F̂1 = F̂2. Since both V̂ ′ and V̂ are
2-dimensional affine subspaces of the 3-dimensional vector space Ŵ contain-
ing the common line segment ê, V̂ ′ is obtained from V̂ by rotating around the
1-dimensional plane Π(ê). Note that β̂1 and β̂2 lie in the different components

of V̂ − Π(ê). Since β̂1 ∪ β̂2 ⊂ Ŵ ∩ C(B), both β̂1 and β̂2 are contained in the

same side of V̂ ′ in Ŵ . Thus V̂ ′ must be equal to V̂ . Finally, since F̂2 = V̂ ′∩ F̂1

contains C(ê ∪ β̂1 ∪ β̂2), we have Π(F̂2) = V̂ .

Since the 2-dimensional plane Π(F̂2) = V̂ contains C(ê ∪ β̂1 ∪ β̂2), which

contains ê in the interior, there exists no half space of Π(F̂2) which contains

ê in the boundary. This contradicts the assumption that {F̂i}k
i=0 is a face

sequence for ê. Hence we have proved that ∂ε∆ has no edges except for β ′
1

and β′
2. This completes the proof of Theorem 11.2(2).
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