
1

Jorgensen’s picture of punctured torus
groups and its refinement

Hirotaka Akiyoshi, Makoto Sakuma,
Masaaki Wada and Yasushi Yamashita

Dedicated to the sixtieth birthday of Professor Shin’ichi Suzuki

Abstract

This is a sequel of the paper (J(BbibitemAkiyoshi-Sakuma. We give a
description of Jorgensen’s theorem on the Ford domains of punctured torus
groups from the 3-dimensional view point, and propose conjectures which
refine his theorem and relate it to the bending laminations of the convex
core boundaries of the quotient hyperbolic manifolds. We also present partial
results and experimental results supporting the conjectures.

1 Introduction

Let M(Γ) = Hd/Γ be a cusped hyperbolic manifold. In (J(BciteAkiyoshi-Sakuma
we defined a decomposition ∆(Γ) of (a certain subspace of) the convex core M0(Γ) =
C (Λ(Γ))/Γ of M(Γ) using the convex hull construction of Epstein and Penner
[8], and studied its relation with the structure of the boundary of the convex core.
In particular we described the relation between ∆(Γ) and the bending lamination
|pl(Γ)| in the 3-dimensional case, and showed that ∆(Γ) determines |pl(Γ)| if Γ is
a quasifuchsian punctured torus group, i.e., a Kleinian group satisfying the follow-
ing conditions.

1. Γ is freely generated by two isometries whose commutator is parabolic.

2. The domain of discontinuity Ω consists of exactly two simply connected
components Ω±, whose quotients Ω±/Γ are each homeomorphic to a punc-
tured torus T .

In this paper, we study the following problem.

Problem 1.1 Does |pl(Γ)| determine the combinatorial structure of ∆(Γ) for a
punctured torus group Γ?
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Jorgensen’s work [10] which clarifies the beautiful structure of the Ford do-
mains of quasifuchsian punctured torus groups gives us the starting point, because
the Ford domain of a Kleinian group Γ with parabolic transformations can be re-
garded as a geometric dual to a certain subcomplex ∆E(Γ) of ∆(Γ) (see Section
2 and [3, Section 10]). The works of Keen and Series [14],[15],[16] which give
detailed studies of pl(Γ) for quasifuchsian punctured torus groups Γ also hold the
key to the study of the above problem. The problem may be regarded as a general-
ization of the problem to compare the works of Jorgensen with those of Keen and
Series.

This paper is organized as follows. In Section 2, we recall the definition of
the Ford domain, Ph(Γ), and describe the duality between Ph(Γ) and the ideal
polyhedral complex ∆E(Γ) which arises from the Epstein-Penner convex hull
construction in the Minkowski space. We also recall the definition of the EPH-
decomposition ∆(Γ) as a natural extension of ∆E(Γ). In Sections 3-6, we explain
Jorgensen’s results and related results from our view point. After giving a quick
review to the works of Keen and Series on bending laminations of quasifuchsian
punctured torus groups in Section 7, we propose a few conjectures expecting a pos-
itive answer to the problem in Section 8. In the last Section 9, we present partial
results and experimental results supporting the conjectures.

Though this paper is a sequel of [3], it is self-contained and can be read inde-
pendently. In particular, it is our pleasure if this article is helpful for those readers
who want to understand the beautiful work of Jorgensen [10], which is included
in this proceedings. Since the proofs of the results in this paper are based on the
arguments developed in the work announced in [4], they will be included in the
forthcoming paper [5] which gives the proofs to the announced work.

Acknowledgment. The authors would like thank Troels Jorgensen for his kind
explanation of his results and for the mathematics he had produced. They would
also like to thank David Epstein and Caroline Series for their interest on this work
and for their warm hospitality in Warwick. Their thanks also go to Yohei Komori
and Hideki Miyachi for stimulating conversations. Finally, we would like to thank
the referee for his/her careful reading of the manuscript and helpful suggestions.

2 Punctured torus groups, Ford domains and EPH-
decompositions

Let T be the topological (once) punctured torus. A marked punctured torus group
is the image of a discrete faithful representation ρ : π1(T ) → PSL(2,C) satisfying
the following condition:

• If ω is represented by a loop around the puncture, then ρ(ω) is parabolic.

Two marked punctured torus groups Γ = ρ(π1(T )) and Γ′ = ρ ′(π1(T )) are equiv-
alent if ρ is conjugate to ρ ′ by an element of PSL(2,C).
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A marked quasifuchsian punctured torus group is a marked punctured torus
group Γ such that the domain of discontinuity Ω(Γ) consists of exactly two simply
connected components Ω±(Γ), whose quotients Ω±(Γ)/Γ are each homeomorphic
to T . We employ a sign convention so that there is an orientation-preserving home-
omorphism f from T × [−1,1] to the quotient manifold M̄(Γ) = (H3 ∪Ω(Γ))/Γ
such that f (T ×{±1}) = Ω±(Γ)/Γ and that the isomorphism f∗ : π1(T ×[−1,1]) =
π1(T ) → π1(M(Γ)) = G < PSL(2,C) is identified with ρ . Since such a homeo-
morphism is unique up to isotopy, we can identify the topological triple (M̄(Γ),
Ω−(Γ)/Γ,Ω+(Γ)/Γ) with (T × [−1,1],T ×{−1},T ×{1}). The quasifuchsian
punctured torus space QF is the space of the equivalence classes of marked
quasifuchsian punctured torus groups. As a consequence of Minsky’s celebrated
theorem [19], the space of marked punctured torus groups is equal to the closure
QF ofQF in the PSL(2,C)-representation space of π1(T ).

We now recall the definition of the Ford domain of a punctured torus group Γ =
ρ(π1(T )), and introduce a notion of the Ford complex. To this end, we normalize
the group Γ by a conjugation in PSL(2,C) so that the stabilizer Γ∞ in Γ of the
point ∞ of the upper-half space model is the infinite cyclic group generated by a
parabolic transformation ρ(ω), where ω is represented by a puncture. Then for

each element A =
[

a b
c d

]
of Γ−Γ∞, we have A(∞) �= ∞, or equivalently, c �= 0,

and the isometric circle I(A) of A is defined by

I(A) = {z ∈ C | |A′(z)| = 1} = {z ∈ C | |cz+d| = 1}.
I(A) is the circle in the complex plane whose center is −d/c = A−1(∞) and has
radius 1/|c|. The isometric hemisphere Ih(A) is the hyperplane of the upper half-
space H3 bounded by I(A). We denote by P(Γ) (resp. Ph(Γ)) the subset of the
complex plane (resp. the upper half-space) which consists of all points lying ex-
terior to each of the isometric circles (resp. isometric hemispheres) defined by Γ.
These symbols are slightly different from those in [10], where the same sets are
denoted by P̃(Γ) and P̃h(Γ) respectively.

Definition 2.1 (1) We call Ph(Γ) the Ford domain of Γ.
(2) The Ford complex, Ford(Γ), of Γ is the subcomplex of the quotient manifold

M̄(Γ) obtained as the closure of the image of ∂Ph(Γ).

In order to describe a geometric meaning of the Ford domain, we pick a small
horoball, H∞, centered at ∞ which projects to a horospherical neighborhood of
the (main) cusp in the quotient hyperbolic manifold M(Γ). Then H∞ is precisely
invariant by (Γ,Γ∞), that is, for any element A ∈ Γ, A(H∞)∩H∞ �= /0 if and only
if A ∈ Γ∞. Then for each element A ∈ Γ−Γ∞, the isometric hemisphere Ih(A) is
equal to the set of points in H3 which are equidistant from H∞ and A−1(H∞). This
implies that Ph(Γ) can be regarded as the “Dirichlet domain of Γ centered at ∞”,
because

Ph(Γ) = {x ∈ H3 |d(x,H∞) ≤ d(x,AH∞) for any A ∈ Γ}.
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Thus Ph(Γ) is a “fundamental domain of Γ modulo Γ∞” in the sense that the inter-
section of Ph(Γ) with a fundamental domain of Γ∞ is a fundamental domain of Γ.
As is noted in [7, Section 4], it is more natural to work with the quotient Ph(Γ)/Γ∞
in H3/Γ∞. In fact the hyperbolic manifold M(Γ) is obtained from Ph(Γ)/Γ∞ by
identifying pairs of faces by isometries.

The above geometric description of the Ford domain implies that the Ford com-
plex is equal to the cut locus of a horospherical neighborhood of the cusp of M(Γ),
that is, Ford(Γ)∩M(Γ) consists of the points in M(Γ) which have more than two
shortest geodesics to a fixed horospherical neighborhood. Here is an intuitive de-
scription: Take a horospherical neighborhood of the cusp of M(Γ) and let it ex-
pand. We regard the horospherical neighborhood as a balloon which is gently ex-
panded, coming to rest where it meets itself. Then the collision locus is equal to
Ford(Γ)∩M(Γ).

The above description of the Ford complex Ford(Γ) yields an ideal polyhedral
complex, ∆E(Γ), dual to Ford(Γ) as follows. Let F̃ord(Γ) be the 2-dimensional
complex in the hyperbolic space obtained as the inverse image of Ford(Γ)∩M(Γ).
Let p be a vertex of F̃ord(Γ). Then p is the intersection of at least three isometric
hemispheres, and hence it is equidistant from at least four horoballs in the orbit
ΓH∞. We regard the ideal polyhedron spanned by the centers of these horoballs as
the geometric dual to the vertex p. Similarly, for each edge (resp. face) of F̃ord(Γ),
we can associate an ideal polygon (an ideal edge) as its geometric dual. The fam-
ily of these ideal polyhedra, ideal polygons and ideal edges dual to the cells of
F̃ord(Γ) compose a Γ-invariant ideal polyhedral complex embedded in H3. This
ideal polyhedral complex descends to an ideal polyhedral complex embedded in
M(Γ); this is the desired ∆

E
(Γ).

Following the argument of Epstein and Penner [7, Section 10], we explain that
∆E(Γ) arises from the Epstein-Penner convex hull construction in the Minkowski

space. Let E1,3 be the 4-dimensional Minkowski space with the Minkowski prod-
uct

〈x,y〉 = −x0y0 + x1y1 + x2y2 + x3y3.

Then
H3 = {x ∈ E1,3 | 〈x,x〉 = −1, x0 > 0}

together with the restriction of the Minkowski product to the tangent space gives a
hyperboloid model of the 3-dimensional hyperbolic space. Any horoball H in this
model is represented by a vector, v, in the positive light cone (i.e., 〈v,v〉 = 0 and
v0 > 0) as

H = {x ∈ H3 | 〈v,x〉 ≥ −1}.
The center of the horoball H corresponds to the ray thorough v, and as v moves
away from the origin along the ray, the horoball contracts towards the center of the
horoball. Let v∞ denote the light-like vector representing the horoball H∞. Then
its orbit Γv∞ is the set of light-like vectors corresponding to the horoballs in ΓH∞.
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Let C be the closed convex hull of Γv∞ in E1,3. Now consider the ideal polyhe-
dron 〈x0,x1, · · · ,xk〉 in H3 which is dual to a vertex p of F̃ord(Γ). Then there are
horoballs Hx0

,Hx1
, · · · ,Hxk

in the orbit ΓH∞, such that:

1. Hxi
is centered at xi.

2. d(p,Hx0
) = d(p,Hx1

) = · · · = d(p,Hxk
) = d(p,ΓH∞).

3. d(p,H ′) > d(p,ΓH∞) for any horoball H ′ in ΓH∞ −{Hx0
,Hx1

, · · · ,Hxk
}.

Let vxi
be the light-like vector representing the horoball Hxi

. After coordinate
change, we may assume the vertex p corresponds to the vector (1,0,0,0) in the
hyperboloid model. Then the points vx0

,vx1
, · · · ,vxk

lie in a horizontal hyperplane
W : x0 = constant, because of the second condition. Moreover, by the third con-
dition, all points in Γv∞ −{vx0

,vx1
, · · · ,vxk

} lie above the hyperplane W . Hence
we see that the hyperplane W is a support plane of the convex hull C (i.e., C
is contained in one of the two closed half-space bounded by W ), and W ∩ ∂C
in the polyhedron 〈vx0

,vx1
, · · · ,vxk

〉. In other words, 〈vx0
,vx1

, · · · ,vxk
〉 is a (top-

dimensional) face of ∂C . Moreover, it is Euclidean in the sense that the restric-
tion of the Minkowski product to the hyperplane W is positive-definite. The ideal
polyhedron 〈x0,x1, · · · ,xk〉 dual to p is equal to the image of the Euclidean face
〈vx0

,vx1
, · · · ,vxk

〉 of ∂C by the radial projection form the origin to H3. In con-
clusion, the ideal polyhedral complex ∆E(Γ) is obtained as follows. Consider the
collection of faces of ∂C which has a Euclidean support plane, that is, the collec-
tion of the subset of E1,3 which is of the form W ∩C for some Euclidean support
plane W of C . Then their images by the radial projection compose a Γ-invariant
ideal polyhedral complex embedded in H3, and ∆E(Γ) is equal to its image in
M(Γ) (see [3, Section 10]).

Though ∆E(Γ) has the nice geometric meaning that it is dual to the Ford com-
plex, its underlying space |∆

E
(Γ)| looks far from nice. In general, it is not convex

and is strictly smaller than the convex core M0(Γ). This is because we take only
Euclidean faces of ∂C into account in the construction of ∆E(Γ). If the group Γ
were a finitely generated Kleinian group of cofinite volume with parabolic trans-
formations, then as is proved by Epstein and Penner [7], the above construction
gives a finite ideal polyhedral decomposition of the whole quotient hyperbolic
manifold. Moreover, every face of ∂C is Euclidean and hence each piece of the
decomposition admits a natural Euclidean structure. Thus it is called the Euclidean
decomposition. However, in general case, ∂C can have non-Euclidean faces. So, it
is natural to try to construct an ideal polyhedral complex by taking all faces of ∂C
into account. This was made explicit in [3], and we call it the EPH-decomposition
and denote it by ∆(Γ). Here the letters E, P and H, respectively, stand for Euclidean
(or elliptic), parabolic and hyperbolic.

Finally, we give a brief description of ∆(Γ). (Those who are interested only
in Jorgensen’s work can skip this part.) To this end, we point out the following
troublesome phenomena which we must be careful about.
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1. The cellular structure of ∂C is not necessarily locally finite, and we must be
careful about the definition of a face (see Remark [3, Remark 2.12]). This
forces us to introduce the notion of a facet by refining the notion of a face
(see [3, Definition 2.11]).

2. Some part of ∂C may be “invisible” from the origin, that is, there may be
a point of ∂C such that the line segment between the origin and the point
contains some other points of ∂C . So, we need to consider only the visible
facets of ∂C , i.e., those facets whose affine hulls do not contain the origin
(see [3, Definition 4.9 and Lemma 4.10]).

The EPH-decomposition of ∆(Γ) is defined to be the image of visible open facets
of ∂C in M(Γ) (see [3, Definition 4.18]). We call a member of ∆(Γ) an open
facet of ∆(Γ). The support |∆(Γ)| is the union of the open facet of ∆(Γ). Then the
following are proved in [3, Proposition 4.15 and Corollary 1.1].

1. |∆(Γ)| is the disjoint union of the open facets of ∆(Γ).

2. |∆(Γ)| is equal to the convex core M0(Γ) minus the support of the bending
lamination (if Γ is a quasifuchsian punctured torus group).

At the end of this section, we note that Ford(Γ)∩M(Γ) is a spine of M(Γ), that
is, it is is a strong deformation retract of M(Γ). Moreover, this spine is canonical
in the sense that it is uniquely determined from the cusped hyperbolic manifold
M(Γ). We can apply the same construction to every cusped hyperbolic manifold,
and in the special case when the manifold is of finite volume and has only one
cusp (e.g. the complement of a hyperbolic knot), the combinatorial structure of the
Ford complex is a complete invariant of the underlying topological 3-manifold by
virtue of the Mostow rigidity theorem. So, the study of the Ford complex has an
important meaning for the 3-manifold theory and the knot theory, too.

3 Jorgensen’s theorem for quasifuchsian punctured
torus groups (I)

In this section, we explain Jorgensen’s theorem which describes the combinato-
rial structures of the Ford domains of quasifuchsian punctured torus groups [10].
Before presenting the precise statement of Jorgensen’s theorem, we give a brief
intuitive description of the idea. Let Γ be a quasifuchsian punctured torus group.
Then the quotient manifold M̄(Γ) is identified with T × [−1,1]. Since P(Γ)⊂ C is
a fundamental domain of the action of Γ on Ω(Γ) = Ω−(Γ)∪Ω+(Γ), modulo Γ∞,
P(Γ) is a disjoint union of P−(Γ) and P+(Γ) where P±(Γ) = P(Γ)∩Ω±(Γ). The
the first assertion of Jorgensen’s theorem is that each P±(Γ) is simply connected.
This implies that the image of ∂P±(Γ) in T ×{±1} is a spine of the punctured
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torus T . If Γ is fuchsian, then these two spines are identical, and the Ford complex
Ford(Γ) is equal to the product of the spine with the interval [−1,1]. In general,
these two spines are not isotopic to each other. However, they are related by a
canonical sequence of Whitehead moves. (This is the main point why the punc-
tured torus is so special.) The “trace” of the canonical sequence of Whitehead
moves form a spine of T × [−1,1]. The main assertion of Jorgensen’s theorem
is that this spine is isotopic to the Ford complex Ford(Γ). Thus we can say that
Ford(Γ) records the history of how the two boundary spines evolved.

Now let’s give the precise statement. We begin by recalling basic topological
facts on the punctured torus T . To this end, we identify T with the quotient space
(R2 −Z2)/Z2. A simple loop in T is said to be essential, if it bounds neither a
disk nor a once-punctured disk. Similarly, a simple arc in T having the puncture
as end points is said to be essential, if it does not cut off a disk with a point on
the boundary removed. Then the isotopy classes of essential simple loops (resp.
essential simple arcs) in T are in one-to-one correspondence with Q̂ := Q∪{1/0}:
A representative of the isotopy class corresponding to r ∈ Q̂ is the projection of a
line in R2 (the line being disjoint from Z2 for the loop case, and intersecting Z2 for
the arc case). The element r ∈ Q̂ associated to a circle or an arc is called its slope.
The representative of the isotopy class of an essential arc of slope r is denoted by
βr.

Consider the ideal triangle in the hyperbolic plane H2 = {z ∈ C | ℑ(z) > 0}
spanned by the ideal vertices {0/1,1/1,1/0}. Then the translates of this ideal
triangle by the action of SL(2,Z) form a tessellation of H2. This is called the mod-
ular diagram or the Farey tessellation and is denoted byD . The abstract simplicial
complex having the combinatorial structure ofD is also denoted by the same sym-
bol. The set of (ideal) vertices of D is equal to Q̂, and a typical (ideal) triangle σ

of D is spanned by { p1
q1

,
p1+p2
q1+q2

,
p2
q2
} where

(
p1 p2
q1 q2

)
∈ SL(2,Z).

Let σ = 〈r0,r1,r2〉 be a triangle of D . Then the essential arcs βr0
, βr1

, βr2
are mutually disjoint, and their union determines a topological ideal triangulation
trg(σ) of T , in the sense that T cut open along βr0

∪βr1
∪βr2

is the disjoint union
of two 2-simplices with all vertices deleted. Let spine(σ) be a 1-dimensional cell
complex embedded in T which is dual to the 1-skeleton of trg(σ). Then spine(σ)
consists of two vertices and three edges γi (i = 0,1,2), such that γi intersects the
1-skeleton of trg(σ) transversely precisely at a point of intβri

. Note that spine(σ)
is a deformation retract of T and hence is a spine of T . We define the slope of an
edge γi of spine(σ) to be ri ∈ Q̂, the slope of the ideal edge βri

of trg(σ) dual to γi.
Let τ = 〈r0,r1〉 be an edge of D . Then the union βr0

∪βr1
determines a topo-

logical ideal polygonal decomposition of T , in the sense that T cut open along it
is homeomorphic to a quadrilateral with all vertices deleted. Let spine(τ) be a 1-
dimensional cell complex embedded in T which is dual to the 1-skeleton of trg(σ).
Then spine(τ) consist of a single vertex and two edges, and it is also a spine of T .
The slope of an edge of spine(τ) is also defined as explained in the preceding
paragraph.
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Let D (i) denote the set of i-simplices of D . Then we have the following well-
known fact.

Lemma 3.1 For any spine C of T , there is a unique element δ ofD (1)∪D (2) such
that C is isotopic to trg(δ ).

If τ = 〈r0,r1〉 is an edge of a triangle σ = 〈r0,r1,r2〉 of D , then spine(τ) is
obtained from spine(σ) by collapsing the edge γ2 of spine(σ) of slope r2 to a point
(see Figure 1). By an elementary transformation, we mean this transformation or
its converse.

Let (δ−,δ+) be a pair of elements ofD (1)∪D (2). Then, since the 1-skeleton of
the dual to D is a tree, there is a unique sequence δ− = δ0,δ1,δ2, · · · ,δm = δ+ in
D

(1)∪D (2) satisfying the following conditions.

1. For each i ∈ {0,1, · · · ,m−1}, either δi is an edge of δi+1 or δi+1 is an edge
of δi.

2. δi �= δ j whenever i �= j.

Thus we obtain a canonical sequence of elementary transformations

spine(δ−) = spine(δ0) �→ spine(δ1) �→ · · · �→ spine(δm) = spine(δ +).

Regard the sequence as a continuous family {Ct}t∈[−1,1] of spines of T , and set

Spine(δ−,δ+) = ∪t∈[−1,1]Ct ⊂ T × [−1,1].

Then Spine(δ−,δ+) is a 2-dimensional subcomplex of T × [−1,1] satisfying the
following conditions.

1. Spine(δ−,δ+)∩ (T ×{ε1}) = spine(δ ε)×{ε1} for each ε = ±.

2. There is a level-preserving deformation retraction from T × [−1,1] to
Spine(δ−,δ+).

Figure 1 illustrates Spine(δ−,δ+), where δ− and δ+ are elements ofD (2) shar-
ing a common edge. We note that it has a natural cellular structure, consisting of a
unique inner-vertex, four inner-edges and six 2-dimensional faces.

The following theorem paraphrases Jorgensen’s results [11, Theorems 1-3], and
describes the combinatorial structures of the Ford domains of quasifuchsian punc-
tured torus groups (see [21, Section 3] for another beautiful exposition).

Theorem 3.2 (Jorgensen) For any quasifuchsian punctured torus group Γ, the
following hold:
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Spine(σ1,σ2)

Figure 1

1. P(Γ) consists of two simply connected components P±(Γ)⊂ Ω±(Γ). In par-
ticular, for each ε = ±, Pε(Γ) is a fundamental domain of the action of Γ
on Ωε(Γ) modulo Γ∞, and the image of ∂Pε(Γ) in Ωε(Γ)/Γ is a spine of T ,
which we denote by spineε(Γ).

2. Let δ ε be the element of D (1) ∪D (2) such that spineε(Γ) is isotopic to
spine(δ ε). Then the Ford complex Ford(Γ) is isotopic to Spine(δ−,δ+).

The computer program OPTi [23] made by the third named author visualizes
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the above theorem: we can see in real time how the Ford domain Ph(Γ) and the
limit set Λ(Γ) vary according to deformation of a quasifuchsian punctured torus
group Γ. Figure 2(a), which was drawn by using OPTi, illustrates a typical example
of the Ford domain of a quasifuchsian punctured torus group Γ. We can observe
the following (see [10],[12],[4]).

1. Each face F of the Ford domain Ph(Γ) is preserved by an elliptic transfor-
mation, PF , of order 2.

2. The transformations {PF} where F runs over the faces of the Ph(Γ) generate
a Kleinian group Γ̃ which contains Γ as a normal subgroup of index 2. In fact
Γ is identified with the orbifold fundamental group of the 2-dimensional
orbifold which is the quotient of T by an involution with three fixed points.

3. There is a parabolic transformation, K, of Γ̃ such that K(∞) = ∞ and K2 is
the element of Γ corresponding to a peripheral loop of T .

4. If F is a face of Ph(Γ), then F ′ = K(F) is also a face of Ph(Γ) and the
transformation K ◦PF is the element of Γ which sends F to F ′.

5. There is a continuous family of bi-infinite periodic broken lines {Lt}t∈(−1,1)
contained in the projection of Ph(Γ) in C each of which is orthogonal to the
projection of F∩Axis(PF) whenever they intersect. Let St be the intersection
of the broken vertical planes above Lt with Ph(Γ). Then St projects to a torus,
Tt , in M(Γ) = T ×(−1,1) isotopic to a fiber, and the image, Ct , of ∂St forms
a spine of Tt . So {Ct} gives a continuous family of spines of T . Moreover,
Ct is generic or non-generic according as Lt is disjoint from the projections
of the vertices of Ph(Γ). This family {Ct} (with certain modification near
t = ±1) realizes the canonical sequence of elementary moves transforming
spine−(Γ) to spine+(Γ).

Figure 2(b) illustrates the cross section of ∆̃E(Γ) along a small horosphere H∞

centered at ∞, where ∆̃E(Γ) is the Γ-invariant ideal polyhedral complex in H3

obtained as the inverse image of ∆E(Γ). It is also regarded as the projection of

∆̃E(Γ)∩ ∂H∞ to the complex plane C. Then the vertices are identified with the
centers of the isometric hemispheres supporting faces of the Ford domain Ph(Γ).
To be more explicit, if v is a projection of a vertex of ∆̃E(Γ)∩∂H∞, then the vertical

geodesic v∞ joining v to ∞ is an edge of ∆̃E(Γ), and v is the center of the isometric

hemisphere supporting a face of Ph(Γ) dual to the edge v∞ of ∆̃E(Γ). Similarly,

each triangle 〈x0,x1,x2〉 of ∆̃E(Γ)∩ ∂H∞ is a horospherical cross section of an

ideal tetrahedron in ∆̃E(Γ) dual to the vertex of Ph(Γ) obtained as the intersection
of the isometric hemispheres centered at x0, x1 and x2.

Let ∆̃(Γ) be the inverse image in H3 of the EPH-decomposition of ∆(Γ). Then
∆̃(Γ)∩ ∂H∞ gives a (not necessarily locally finite) decomposition of the infinite
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strip which arises as the intersection of the convex hull of the limit set with ∂H∞,
because the underlying space |∆(Γ)| is equal to the convex core minus the bending
laminations by [3, Corollary 1.1].

4 Jorgensen’s theorem for quasifuchsian punctured
torus groups (II)

In this section, we explain Jorgensen’s theorem [10, Theorem 4] which refines
Theorem 3.2. A weighted spine of T is a spine of T with an assignment of a positive
real number to each edge, which we call the weight on the edge, such that the sum
of the weights is equal to 1. We call such an assignment a weight system on the
spine. By regarding the weight on an edge as a weight on the slope of the edge,
a weight system on a spine is regarded as a barycentric coordinate of a point in
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|D |− |D (0)|. By fixing a PSL(2,Z)-equivariant injective continuous map from the
underlying space |D | (of the abstract simplicial complex D) onto H2 ∪ Q̂ ⊂ H̄

2,
we regard a point in |D | − |D (0)| as a point in H2. Thus each weighted spine
corresponds to a unique point of H2. For each ν ∈ H2, we denote by spine(ν) the
weighted spine of T corresponding to ν .

Let Γ be a marked quasifuchsian punctured torus group. For each ε =± and for
each edge e of spineε(Γ), let tε(e) be 1/π times the angle, θ ε(e), of a circular arc
component of the inverse image of e in ∂Pε(Γ) (see Figure 2). Then we have the
following (see [10, Section 4]):

Lemma 4.1 The sum of tε(e) where e runs over the edges of spineε(Γ) is equal to
1.

Thus spineε(Γ) has the structure of a weighted spine of T such that the weight
of an edge e is tε(e). Let νε(Γ) be the point of D corresponding to the weighted
spine spineε(Γ), and put ν(Γ) = (ν−(Γ),ν+(Γ)). We call it the side parameter of
Γ following [10]. The following theorem is a refinement of Theorem 3.2(1) (see
[10, Theorem 4]):

Theorem 4.2 (Jorgensen) The map ν :QF → H2 ×H2 is continuous and onto.

Remark 4.3 (1) Though [10, Theorem 1] asserts that ν is also injective, we have
not been able to confirm the assertion.

(2) We do not know any relation between the side-parameter ν(Γ) and the usual
end invariant of Γ (see [19]), which records the conformal structure (Ω−(Γ)/Γ,
Ω+(Γ)/Γ) ∈ Teich(T )×Teich(T ) = H2 ×H2.

To combine Theorems 3.2 and 4.2, we introduce the following concept:

Definition 4.4 (1) A weighted relative spine of T × [−1,1] is a 2-dimensional sub-
complex C of T × [−1,1] satisfying the following conditions.

1. There is a level-preserving deformation retraction from T × [−1,1] to
Spine(δ−,δ+).

2. A weight system is specified on each of ∂±C := C∩T ×{±1}.

Two weighted relative spines are equivalent, if the underlying relative spines are
isotopic and the weight systems coincide (after the isotopy).

(2) For ν = (ν−,ν+) ∈ H2×H2, Spine(ν) denotes the weighted relative spine,
such that the underlying relative spine is Spine(δ −(ν),δ+(ν)), where δ ε(ν) de-
notes the triangle or edge of D whose interior contains ν ε , and the weight system
on ∂±Spine(ν) is given by ν±.

Then we can summarize Theorems 3.2 and 4.2 as follows:

Theorem 4.5 (Jorgensen) For each Γ ∈ QF , the Ford complex Ford(Γ) has a
natural structure of weighted relative spine of T × [−1,1]. Moreover, there is a
continuous onto map ν :QF → H2×H2, such that the weighted spine Ford(Γ) is
equivalent to Spine(ν(Γ)) for any Γ ∈QF .
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5 The topological ideal polyhedral complex Trg(ν)
dual to Spine(ν)

As explained in Section 2, the Ford complex Ford(Γ) is a dual to the subcomplex
∆E(Γ) of ∆(Γ) consisting of the Euclidean (or elliptic) facets. In this section, we
describe the structure of ∆E(Γ) following the exposition by Floyd-Hatcher [8] of

Jorgensen’s ideal triangulation of punctured torus bundles over S1.
For each element ν = (ν−,ν+) of (D −D (0))× (D −D (0)), we construct a

topological ideal triangulation Trg(ν) as follows. Let Σ(ν) = {σ1,σ2, · · · ,σn} (n≥
0) be the triangles of D whose interiors intersect the oriented geodesic segment
joining ν− with ν+ in this order. Note that n = 0 if and only if ν± is contained in
a single edge τ of D . In this case we redefine Σ(ν) = {τ}.

Case 1. n ≥ 2. Let t̃rg(σi) be the ideal triangulation of R2 −Z2 obtained as
the lift of trg(σi). By superimposing t̃rg(σi+1) upon t̃rg(σi), we obtain an array of
ideal tetrahedra whose bottom faces compose t̃rg(σi) and whose top faces compose
t̃rg(σi+1). We denote this array of ideal tetrahedra by T̃rg(σi,σi+1). By stacking

T̃rg(σ1,σ2), · · · , T̃rg(σn−1,σn) up in order, we obtain a set of layers whose bottom
faces form t̃rg(σ1) and whose top faces form t̃rg(σn). The covering transformation
group Z2 of the covering R2 −Z2 → T naturally acts on the above topological
ideal simplicial complex, and we define Trg(ν) to be the quotient topological ideal
simplicial complex.

Case 2. n = 1. Then Trg(ν) is defined to be the 2-dimensional topological ideal
triangulation trg(σ1).

Case 3. n = 0. Then δ−(ν) = δ+(ν) is an edge of D . We define Trg(ν) to be
the 2-dimensional topological ideal triangulation Trg(δ ±(ν)).

Note that the underlying space |Trg(ν)| is homeomorphic to the the quotient
space of T × [−1,1] by an equivalence relation ∼ such that (x,s) ∼ (y, t) only
if x = y. In particular, |Trg(ν)| is homotopy equivalent to T and has a natural
embedding into T × (−1,1). Then we have the following theorem by Theorem
3.2.

Theorem 5.1 For any Γ∈QF , ∆E(Γ) is isotopic to Trg(ν(Γ)) in the convex core
M0(Γ) of M(Γ).

Figure 2(b) illustrates the cross section of ∆E(Γ) along a horosphere centered
at ∞ for the quasifuchsian punctured torus group Γ in Figure 2(a).

6 Generalization of Jorgensen’s theorem to the
groups inQF

We first generalize the constructions of Spine(ν) and Trg(ν) in the previous sec-
tions. Let ν = (ν−,ν+) be an element of ν ∈ H̄

2 × H̄
2 −diag(∂H2). Let Σ(ν) =
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{· · · ,σi,σi+1, · · ·} be the possibly (bi-)infinite sequence of triangles of the modu-
lar diagram D whose interior intersect the oriented geodesic joining ν− with ν+

in this order. Then we construct Spine(ν) and Trg(ν) as in Sections 3 and 4 by
using Σ(ν), where we introduce the following modification in the construction of
Spine(ν):

• Suppose νε is equal to a rational point sε
0 ∈ Q̂⊂ ∂H2. Let σ ε = 〈sε

0,s
ε
1,s

ε
2〉 be

the triangle in Σ(ν) having sε
0 as a vertex. Consider the loop α in spine(σ ε)

obtained as the union of the edges of slopes sε
1 and sε

2. (Note that (i) the slope
of α in T is sε

0 and that (ii) the assumption ν ε = sε
0 means that the element of

Γ corresponding to α is parabolic.) Then we shrink α to a point and remove
it. (See [10, Figure 6] for the reason of this modification.)

Then the following gives a generalization of Theorems 3.2, 4.2, and 4.5.

Theorem 6.1 The side parameter map ν :QF → H2 ×H2 is extended to a map
ν :QF → H̄

2 × H̄
2 −diag(∂H2) which satisfies the following conditions.

1. For any Γ ∈ QF , Ford(Γ) and ∆E(Γ) are isotopic to Spine(ν(Γ)) and
Trg(ν(Γ)), respectively.

2. νε(Γ) ∈ ∂H2 if and only if the end invariant of the ε-end lies in ∂H2. In this
case, the end invariant is equal to ν ε(Γ).

We continue to call the extended ν the side parameter map. The second asser-
tion of the above theorem implies the following:

1. Ωε(Γ)/Γ is a triply punctured sphere if and only if ν ε(Γ) is a rational point
of ∂H2. In this case, the simple loop ν ε(Γ) corresponds to the accidental
parabolic transformation.

2. Ωε(Γ) = /0, i.e., the ε-end is degenerate, if and only if νε(Γ) is an irrational
point of ∂H2. In this case, νε(Γ) is equal to the ending lamination of the
ε-end.

For geometrically finite boundary groups, the above theorem had been obtained
by Jorgensen (cf. [10, Theorem 5]). In [10], he also studied the Ford domains of
geometrically infinite punctured torus groups. Moreover, Jorgensen-Marden [12]
gave an explicit construction of the Ford domains for the fiber groups of the two
simplest punctured torus bundles over S1. Their construction was generalized by
Helling [9] to an explicit construction of the Ford domains of a certain infinite fam-
ily of punctured torus bundles over S1. For the general hyperbolic punctured torus
bundles over S1, Parker [20] gave a geometric description of the canonical decom-
positions, and Lackenby [18] gave a purely topological proof to the description of
their canonical decompositions due to Jorgensen (cf. [8]). For a proof of Theorem
6.1, please see the first author’s announcement [1] and his forthcoming paper.
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7 Pleating invariants for punctured torus groups

In this section, we give a quick review of the works of Keen and Series [14], [15],
[16] on bending laminations of quasifuchsian punctured torus groups. Let Γ be
a marked quasifuchsian punctured torus group. Then the boundary of the convex
core M0(Γ) = C (Λ(Γ))/Γ of M(Γ) = H3/Γ has two components, the component
∂+M0(Γ) facing Ω+(Γ)/Γ and the component ∂−M0(Γ) facing Ω−(Γ)/Γ. Then
∂±M0(Γ) has a structure of a complete hyperbolic punctured torus bent along a
measured geodesic lamination, pl±(Γ), called the bending measured lamination
(see Thurston [22] and Epstein-Marden [6]). Set pl(Γ) = (pl−(Γ), pl+(Γ)), and
let [pl(Γ)] be the pair of projective measured laminations ([pl−(Γ)], [pl+(Γ)]).
For a pair µ = (µ−,µ+) of distinct projective measured laminations on T , set

P(µ) = {Γ ∈QF −F | [pl(Γ)] = µ}.

Then the following results have been proved by Keen-Series [16] (cf. [14], [15]).

1. Let λµ± :QF → C be the complex length function (see [14, Section 6.2]).
Then λµ± is real valued on P(µ) and λµ− ×λµ+ :P(µ) → R+ ×R+ is a
diffeomorphism onto the region bounded by the two positive axes in R+ ×
R+ and the graph of a continuous function fµ : R+ → R+. The function fµ
is monotone decreasing, limt→+0 fµ (t) = +∞ and limt→+∞ fµ (t) = 0.

2. The three components of the boundary of the image of P(µ) in R+ ×R+
correspond to three distinct parts of the closure P̄(µ) inQF . The compo-
nent corresponding to the graph of fµ represents groups on the Kerckhoff’s
line of minima in the Fuchsian space F . For the groups corresponding to
the axis λµ± = 0, the component Ω± is degenerated and the support |µ±| of

µ± is an ending lamination. The boundary point (0,0) represents a doubly
degenerate group, unique by [19], with the two real bending lamination µ−
and µ+.

3. The complement of the image ofP(µ) in R+×R+ corresponds to Fuchsian
groups. (We thank Y. Komori and H. Miyachi for informing us of this fact.)

8 Does pl(Γ) determine ∆(Γ)?

In this section, we propose the following conjecture, and explain its refinements
and related conjectures.

Conjecture 8.1 The combinatorial structure of the EPH-decomposition of a quasi-
fuchsian punctured torus group Γ is determined by the pair µ = (µ−,µ+) of its
projective bending measured laminations.
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In the following, we explain the conjectural picture of the EPH-decomposition
∆(Γ) of a group Γ in the pleating variety P(µ), which we denote by Trg(µ , /0).
(The symbol /0 in the above notation represents the fact that both ends of M(Γ)
are geometrically finite and have no accidental parabolics.) Note that µ ∈ ∂H2 ×
∂H2 − diag(∂H2) and hence we have the topological ideal simplicial complex
Trg(µ), which we introduced in Section 6. The desired complex Trg(µ , /0) is ob-
tained from Trg(µ) by attaching a new piece, Q(µ+) and Q(µ−), to the (+)-side
and (−)-side, respectively, as explained below. For simplicity, we explain only the
(generic) case where Σ(µ) contains a triangle (see the second paragraph in Section
5).

Case 1. µε is rational. Let σ ε = 〈sε
0,s

ε
1,s

ε
2〉 be the triangle in Σ(µ) such that sε

0
is the slope of µε . Consider a triangular prism, one of the quadrangular face, A,
is triangulated into two triangles, and let Q(µ ε) be the space obtained from it by
applying the following operations (see Figure 3 (a)).

1. Remove the vertices and the ridge line opposite to the triangulated quadran-
gular face A.

2. Identify the two triangular faces of the triangular prism through a translation.
Note that A−{vertices} projects to an annulus, A′, with one point removed
from each boundary component, and the triangulation of A induces a topo-
logical ideal triangulation of A′.

3. Identify the two ideal edges of A′ so as to obtain a punctured torus. Iden-
tify the induced topological ideal triangulation on the punctured torus with
trg(σ ε) so that the edge of slope sε

0 corresponds to the image of the two ideal
edges of A′.

The cellular structure of the triangular prism induces the “cellular structure” on
Q(µε) with

1. one 3-dimensional (non-simply connected) facet,

2. four 2-dimensional facets, two of which are topological ideal triangles of A
and the remainders are homeomorphic to S1× (0,1] with one point in S1×1
removed (note that we do not regard the images of the two triangular faces
of the triangular prism as facets), and

3. three ideal edges.

Note that trg(σ ε) is the boundary component of Trg(µ) on the ε-side. We attach
Q(µε) to Trg(µ) along trg(σ ε). We note that the removed ridge line of the triangu-
lar prism corresponds the axis of the purely hyperbolic transformation representing
the rational bending locus µε .

Case 2. µε is irrational. Fix a complete hyperbolic structure on a punctured
torus, and continue to denote the hyperbolic punctured torus by T . Then Q(µ ε) =
T −|µε |, that is, the complement of the underlying geodesic lamination |µ ε |, and
its cellular structure consists of
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Figure 3

1. two edges each joining the puncture and one of the two ends of the open
once-punctured bigon T −|µε | with path metric, and

2. two 2-dimensional facets obtained as the connected components of the com-
plements of the above two edges.

In the following, we explain the way the 2-dimensional piece Q(µ ε) is attached
to the ε-end of Trg(µ). For simplicity, we assume ε = +. Pick a triangle σ0 in
Σ(µ) and consider the triangles σ0,σ1,σ2, · · · of Σ(µ) starting from σ0. Let f be a
surjective continuous map from T × [0,∞) to the subcomplex ∪i≥0Trg(σi,σi+1) of
Trg(µ) which satisfy the following conditions.

1. f (T × [i, i+1]) = Trg(σi,σi+1).

2. The restriction of f to T ×i is a homeomorphism onto trg(σ i) = Trg(σi−1,σi)
∩Trg(σi,σi+1) such that the inverse image of each edge of trg(σi) is the
geodesic of the hyperbolic punctured torus T × i of the same slope.

Let g be the homeomorphism g : T × [0,1) → T × [0,∞) defined by g(x, t) =
(x, t/(1− t)), and set h = f ◦ g : T × [0,1) → ∪i≥0Trg(σi,σi+1). Let ∼ be the
equivalence relation on T × [0,1] such that x ∼ y if and only if (i) x = y or (ii)
x,y ∈ T × [0,1) and h(x) = h(y). Then we can identify ∪i≥0Trg(σi,σi+1) with
T × [0,1)/ ∼, which is embedded in (T × [0,1]− (T −|µ+|)×1)/ ∼. This gives
the way to attach Q(µε) = T −|µ+| to Trg(µ) along the (+)-end of Trg(µ).

The following conjecture is a refinement of Conjecture 8.1.

Conjecture 8.2 Let Γ be a quasifuchsian punctured torus group in the pleating
varietyP(µ). Then the EPH-decomposition ∆(Γ) is isotopic to Trg(µ , /0).

To extend the above conjecture to that for all punctured torus groups, recall that
the map Γ �→ µ = (µ−,µ+) from QF to ∂H2 ×∂H2 −diag(∂H2) has a natural
extension to a map from the closureQF . Namely, if Ωε(Γ)/Γ is not a punctured
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torus, then we define µε (Γ) = µε ∈ ∂H2 to be the end invariant of the ε-end (see
[19]), which is equal to the side parameter νε(Γ) by Theorem 6.1. For each group
Γ ∈QF , let ι(Γ) be the subset of {−,+} defined by

ι(Γ) = {ε |µε(Γ) = νε(Γ) ∈ ∂H2}
= {ε |∂ εM(Γ) is a triply punctured sphere or the empty set}.

For each subset ι ⊂ {−,+}, we construct yet another topological ideal polyhe-
dral complex Trg(µ , ι) from Trg(µ), by generalizing the construction of Trg(µ , /0),
as follows. Let ε ∈ {−,+}.

Case 1. ε /∈ ι . Then we attach the piece Q(µε) to Trg(µ) as in the construction
of Trg(µ , /0).

Case 2. ε ∈ ι and µε is rational. Then we also attach the 3-dimensional piece
Q(µε) to Trg(µ) as in the construction of Trg(µ , /0). However, we should regard
that the construction starts with a pyramid which is obtained from the triangular
prism in Figure 3(a) by shrinking the removed ridge line to a point (and remove it)
(see Figure 3(b)). The removed point corresponds to the parabolic fixed point of
the accidental parabolic transformation representing the rational lamination µ ε .

Case 3. ε ∈ ι and µε is irrational. In this case Qε(µ , ι) is the empty set, i.e., we
leave the ε-end of Trg(µ) as it is.

The following conjecture is a generalization of Conjecture 8.1.

Conjecture 8.3 Let Γ be a punctured torus group which lies in the closureP(µ)
of the pleating variety P(µ). Then the EPH-decomposition ∆(Γ) is isotopic to
Trg(µ , ι(Γ)).

Recall that, for each pair µ = (µ−,µ+), the distinct projective laminations on
the punctured torus T , Σ(µ) denotes the set {· · · ,σi,σi+1, · · ·} of possibly (bi-
)infinite sequence of triangles of the modular diagram D whose interior intersect
the oriented geodesic joining µ− with µ+ in this order. Let |Σ(µ)| be the union
of triangles in Σ(µ). Since the Ford domain is dual to the subcomplex ∆E(Γ) of
∆(Γ), the above conjecture implies the following conjecture on the Ford domain
of Γ, which relates the works of Jorgensen with those of Keen-Series.

Conjecture 8.4 Let Γ be a punctured torus group which lies in the closureP(µ).
Then ν±(Γ) ∈ |Σ(µ)|.

We obtain a partition of P(µ) according to the combinatorial structures of
Ford(Γ). The above conjecture is refined to a conjecture on the structure of this
partition. For simplicity, we state the conjecture only for the rational case.

Conjecture 8.5 Let µ = (µ−,µ+) be a pair of distinct rational projective mea-
sured laminations on T , and let σ1, · · · ,σn be the members of Σ(µ). For each pair
(σi,σ j) (1 ≤ i ≤ j ≤ n), set

P(µ;σi,σ j) = {Γ ∈P(µ) |ν−(Γ) ∈ σi, ν+(Γ) ∈ σ j}.
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Then {P(µ ;σi,σ j) |1 ≤ i ≤ j ≤ n} gives a partition of P(µ) as illustrated in

Figure 4. Here the region labeled (i, j) corresponds toP(µ ;σi,σ j).
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Figure 4

Let us explain the meaning of the above conjecture. If Γ corresponds to a
point on the diagonal edge, then Γ is fuchsian, and the side parameter satisfies
ν−(Γ) = ν+(Γ). So the label for this group is (i, i) for some i (provided that Con-
jecture 8.4 is true). We expect that the number i changes monotonically as Γ moves
on the diagonal edge. If Γ corresponds to the origin, then Γ is a double cusp group,
where the simple loops µ− and µ+ are pinched. So, by Theorem 6.1, we have
ν±(Γ) = µ± and hence the label for Γ must be (1,n). If Γ corresponds to a point
on the y-axis then Γ lies in the Maskit slice (see [14]) where µ− is pinched. So, by
Theorem 6.1, the label for Γ should be (1, i) for some i (provided that Conjecture
8.4 is true). We conjecture that the number i changes monotonically as Γ moves on
the y-axis. Likewise, the label for a group Γ corresponding to a point on the x-axis
is (i,n) for some i, and we expect that the number i changes monotonically. In gen-
eral, Conjecture 8.5 predicts the following: As a group Γ ∈P(µ) evolves from a
fuchsian group (on the diagonal edge) to the most complicated double cusp group
(at the origin), the Ford domain becomes complicated “monotonically”. All possi-
ble shapes of the Ford domains are determined as long as Γ evolves in the pleating
variety P(µ). Even if Γ is just an infant, i.e., very near to a fuchsian group, one
should be able to see the possible shapes of the Ford domains in its future. Because
Conjecture 8.3 predicts that the EPH-decomposition ∆(Γ) is uniquely determined
by µ and because the Ford complex is dual to the subcomplex ∆E(Γ) of ∆(Γ).
Even a very young Γ should have the same EPH-decomposition as the ultimate
(double cusp) group.

Finally, we present yet another conjecture. In the example of a Ford domain
illustrated in Figure 2, we see that the axes of the faces incline to the left or right
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“alternately”. To be precise, the axes of the faces in Figure 2(a) corresponding to
the vertices on the left side of Figure 2(b) (i.e., s1, s3, s5, s6) are inclined one way
and those corresponding to the vertices on the right (i.e., s2, s4, s7) are inclined
the other way. Here by an axis of a face F , we mean (the projection to C) of
F ∩Axis(PF), where PF is the order 2 elliptic transformation which maps F to
itself (see the paragraph after Theorem [10]). Recall the parabolic transformation
K such that K(∞) = ∞ and K2 corresponds to the puncture of T (see Section 3).
Set AF = KPF . Then AF(F) = K(F) is also a face of the Ford domain Ph(Γ), and
hence AF is a face pairing for Ph(Γ). Then we can easily see the following:

arg(the projection of Axis(PF) to C) ≡ π − arg(trAF) (mod π).

So the following conditions are equivalent.

1. AF is a right screw motion, i.e., arg(trAF) ∈ (0,π/2)∪ (π,3π/2).

2. The axis of F inclines to the left, i.e., arg(the projection of Axis(PF)) ∈
(π/2,π)∪ (3π/2,2π).

The above observation was brought to us by Jorgensen through his lecture in
Osaka [11], where he suggested that it would be an interesting and challenging
problem to study this phenomenon. The following conjecture formulates his pro-
posal in conjunction with the bending laminations.

Conjecture 8.6 Let Γ be an element of P̄(µ). Let Σ(µ)(0)
L

(resp. Σ(µ)(0)
R

) be the

subset of the vertex set Σ(µ)(0) of Σ(µ) which lies on the left (resp. right) of the
oriented geodesic �(µ) joining µ− to µ+. Then for any element s of Σ(µ)(0)

L
(resp.

Σ(µ)(0)
R

), As is a right (resp. left) screw motion. Here As denotes an element of Γ
corresponding to a simple loop on T of slope s.

9 Partial positive answers and experimental results

Theorem 6.1 implies that Conjectures 8.3 and 8.4 are valid for doubly degener-
ate groups. Moreover, [3, Theorem 11.2] shows that Conjecture 8.3 holds for the
restriction of ∆(Γ) to the boundary of the convex core M0(Γ) for a quasifuchsian
punctured torus group Γ. In addition to these partial results, we have the following
partial result.

Theorem 9.1 Suppose µ is rational, and let Γ0 be the double cusp group in P̄(µ).
Then there is a neighborhood U of Γ0 in P̄(µ), such that Conjectures 8.1–8.4 are
valid for any group in U.

We note that an analogy of Conjecture 8.3 for the groups on the outside of the
quasifuchsian space has already been established by [2] as follows. If µ is rational,
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the P(µ) has a natural extension to the outside of the quasifuchsian space and
each group in the extension can be regarded as the holonomy group of a hyperbolic
cone-manifold with a cusp. Moreover, it has been proved that the “Ford complex”
of the cusped hyperbolic cone-manifold is dual to the complex constructed as in
Cases 1 and 2 in Section 8 with the following minor modification:

1. We use the triangular prism which is obtained from the pyramid in Case 2
by expanding the peak vertex (that was obtained by shrinking the ridge line
in Case 1 to a point) to an edge in a direction perpendicular to the original
ridge line (see Figure 3 (c)). This new ridge line corresponds to the axis of
an elliptic transformation Asε , and hence it is a component of the cone axis.

2. We do not delete the new ridge line.

For the full description of this result, please see the announcement [4]. For the
proof of this result and the results announced in this paper, please see the forth-
coming paper [5].

For Conjecture 8.6, we have the following partial result.

Proposition 9.2 Suppose µε is rational for some ε =±, and let sε be the rational
number corresponding to µε . Then for any Γ ∈ P̄(µ), the following holds. Let s
be a rational number such that s and sε span an edge of D . Then As is a right or
left screw motion according as s lies on the left or right of the oriented geodesic,
�(µ), joining µ− to µ+. In particular, Conjecture 8.6 is valid for the elements s of
Σ(µ)(0) such that s and sε span an edge of D .

Finally, we explain some experimental results towards Conjectures 8.5 and 8.6.
Suppose that µ is rational. Then the diffeomorphism Lµ = λµ− ×λµ+ in Section
7 is defined by

λµ±(Γ) = the translation length of A±,

where A± denote the elements of Γ represented by the rational lamination |µ±|.
Since the translation length is determined by the trace, we may replace Lµ with

the map Tµ = trµ− × trµ+ :P(µ) → (2,∞)× (2,∞) defined by trµ±(Γ) = tr(Ã±),
where Ã± are the element of SL(2,C) with positive real trace projecting to the el-
ements A± of Γ. (Recall that A± are purely hyperbolic by [14, Lemma 4.6].) Tµ
extends to a mapP(µ)→ [2,∞)× [2,∞), and for every point (x,y)∈ [2,∞)× [2,∞)
there is a punctured torus group Γ in P(µ)∪F such that Tµ (Γ) = (x,y): more-

over, such a group is unique if (x,y) ∈ Tµ (P(µ)). Since there is an effective
method to determine the Ford complex of Γ (cf. [10],[4],[17]), we can do an ex-
perimental study on Conjecture 8.5. The computer experiments made by the last
named author support the following results:
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Figure 5 (a)

• Conjectures 8.5 and 8.6 are valid for µ = (1/0,µ+) with

µ+ ∈ {0/1,1/2,1/3,1/4,2/5,3/7,3/8}.

We note that Conjectures 8.5 and 8.6 for µ = (1/0,µ+) with µ+ = 0/1,1/2 can be
easily proved. Figure 5 (a) and (b), respectively, are the output for µ = (1/0,1/4)
and (1/0,2/5).

The idea to compare the two convex hull constructions for punctured torus
groups lead us to a refinement of McShane’s identity [2], which seems to have
some relation with Conjecture 8.6.
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