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Definition

Let X and Y be normal projective varieties. We denote the function fields of
X and Y by C(X) and C(Y), respectively. Assume that there exists a finite

surjective morphism 7 : X — Y. Note that 7 induces the field extension
C(X)/C(Y). Then
o : X — Y: non-Galois triple covering << C(X)/C(Y): non-Galois

cubic extension.
oA, ={y cY | ¥(n(y)) < 3} is called the branch locus of .
op € A, : totally ramified point <<= ‘i (p) = 1.

ep € A, : simply ramified point <<= 'r=l(p) = 2.
Fact

1. For all non-Galois triple covering m : X — Y, there exists an algebraic ele-
ment £ over C(Y) with minimal equation £2+3af+28 =0 (a, 8 € C(Y))
such that C(X) = C(Y)(&)

2. (H.Tokunaga) Let m : ¥ — P? be a non-Galois triple covering with
deg(A;) = 5. Then A, has one of the following two forms:

4 N
[ .A;=Cy+C3 (Cy aconic, C3: a cubic).
simply C

T8 4 i » ramified along 4
totally Cs
I.A, =Q+ L (Q: aquartic, L: aline).
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T 1S < i » ramified along « 3
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In terms of the singularities of () and relative position between () and L,

there exist 18 types for Type II.

Pull-back construction

Let @ : S — P? be a non-Galois triple covering given by the cubic equation
(? + 3ul + 2v, where (u, v) is inhomogeneous coordinate of P%. We consider

the rational map
D - P2 -3 :P2

(z,y) = (u,v) = (o, B),
where (x,¥) is inhomogeneous coordinate of P2, and «, 8 € C(P?).

Then, from Fact 1, we obtain a commutative diagram as follows:

D
. — 1 \ S
p>
T H w
: \Z Jo
Pz ......................... o \'P2

Here, q is a resolution of indeterminacy of ®. v : Z — P? is a stein factor-

ization of the induced morphism by ¢. Then, ¥ is birationally equivalent to

S X p2 P2 over P2. In other words, > 1s obtained as a “rational” pull-back of
w: S — P2

Result

We apply “rational” pull-back construction to non-Galois triple coverings ot

Type II in Fact 2 and obtain the rational maps explicitly as follows:

O, | ()’s singularities QNL Y P fo

P, 205 T (y — 1)(x — y)

D, 209 + aq 4o | 3z° —6x — 1 —y°

OR a9 (i) —2% | 62° + 2z + 1 — y* |a double covering branched
P, as r |(xr—y)ly—2)—1 along a irreducible conic
Ps €6 T y(x —y)

OR as + a1 X $2—y2—1‘/4

O 2a9 X y: —

dg 2a9 + a; (i) x y> — 3x — 4 a double covering branched
Dg as X vt — x along distinct two lines
D1 €6 T Y

CDH a3 + as (111),&3 X y—ay

o aztata z—1 L —zy an isomorphism

O ag (iii),a¢ x 1 —xy

o as + as (v),a4 T Y —

@15 2&3 (iV),QCLg —1 LY

P16 2as + @y _ 1 —ay the image of fp is a curve
O a7 (v),a7 — T —

(D18 ordinary 4-ple point | (v), ordinary 4-ple point | —1 Y (y — 3)

(i) L is a bitangent line to () at two distinct smooth points.
(ii) L is a tangent line to ) at a smooth point with multiplicity 4.
(iii) L is tangent to () at one smooth point

and passes through one singular point of ().

(iv) L passes through two distinct singular points of Q).

(v) L intersects () at just one singular point.

The rational maps

Following four pictures are the rational maps ®4, @135, P13 and P15 in above
table.




