ON THE SUPERSINGULAR K3 SURFACE IN CHARACTERISTIC 5 WITH
ARTIN INVARIANT 1

TOSHIYUKI KATSURA, SHIGEYUKI KONDO, AND ICHIRO SHIMADA

ABSTRACT. We present three interesting projective models of the supersingular K3 sur-
face X in characteristic 5 with Artin invariant 1. For each projective model, we determine
smooth rational curves on X with the minimal degree and the projective automorphism
group. Moreover, by using the superspecial abelian surface, we construct six sets of 16
disjoint smooth rational curves on X, and show that they form a beautiful configuration.

1. INTRODUCTION

Let Y be a K3 surface defined over an algebraically closed field k, and p(Y") the Picard
number of Y. Then it is well-known that 1 < p(Y") < 20 or p(Y') = 22. The last case
p(Y) = 22 occurs only when k is of positive characteristic. A K3 surface is called super-
singular if its Picard number is 22. Let Y be a supersingular K 3 surface in characteristic
p > 3. Let Sy denote its Néron-Severi lattice and let Sy be the dual of Sy. Then Artin [1]
proved that Sy. /Sy is a p-elementary abelian group of rank 20, where o is an integer such
that 1 < o < 10. This integer o is called the Artin invariant of Y. It is known that the
isomorphism class of Sy depends only on p and o (Rudakov and Shafarevich [26]). On the
other hand, supersingular K3 surfaces with Artin invariant o form a (o — 1)-dimensional
family and a supersingular K3 surface with Artin invariant 1 in characteristic p is unique
up to isomorphisms (Ogus [24, 25], Rudakov and Shafarevich [26]).

Supersingular K3 surfaces in small characteristic p with Artin invariant 1 are espe-
cially interesting because big finite groups act on them by automorphisms. (See Dol-
gachev and Keum [12]). For example, the group PGL(3,F,) x Z/2Z in case p = 2 or
PGU(4,Fyg) in case p = 3 acts on the K3 surface by automorphisms. Moreover these K3
surfaces contain a finite set of smooth rational curves on which the above group acts as
symmetries. For example, in case p = 2, there exist 42 smooth rational curves which form
a (215)-configuration (see Dolgachev and Kondo [10], Katsura and Kondo [16]). In case
p = 3, the Fermat quartic surface is a supersingular K 3 surface with Artin invariant 1, and
it contains 112 lines (e.g. Katsura and Kondo [15], Kondo and Shimada [19]).

In this paper we consider a similar problem for the supersingular K3 surface in charac-
teristic 5 with Artin invariant 1. We work over an algebraically closed field k of character-
istic 5 containing the finite field Fo5 = F5(1/2). Let Cr be the Fermat sextic curve in P?
defined by

(1.1) 20+ 5 4+ 20 =0.

Note that the left hand side of the equation (1.1) is a Hermitian form over Fo5 and the
projective unitary group PGU(3, Fa5) acts on Cr by automorphisms. Let 7 : X — P2
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be the double cover of P? branched along C». Then X is a supersingular K3 surface in
characteristic 5 with Artin invariant 1, on which the finite group PGU(3, Fa5) x Z/27Z acts
by automorphisms (e.g. Dolgachev and Keum [12]). Let P be an Fay5-rational point of
CF. Then the tangent line ¢p to Cr at P intersects C'r at P with multiplicity 6. Hence
the pullback of /p on X splits into two smooth rational curves meeting at one point with
multiplicity 3. Since the number of [Fo5-rational points of C'r is 126, we obtain 252 smooth
rational curves on X.

The main result of this paper is to exhibit three projective models of X and determine
smooth rational curves of minimal degree on X with respect to the corresponding polar-
izations.

Theorem 1.1. There exist three polarizations hg, hy, hy of degree 2,60, 80 on X satisfying
the following conditions:

(1) The projective model (X, hr) is the double cover of P? branched along Cr. Here
hy € Sx is the class of the pull-back of a line on P? by the covering morphism
g X — P2 The projective automorphism group Aut(X,hr) of (X, hr) is
a central extension of PGU(3,Fa5) by the cyclic group of order 2 generated by
the deck-transformation of X over P2. The double plane (X, hr) contains exactly
252 smooth rational curves of degree 1, on which Aut(X, hg) acts transitively.

(2) The projective automorphism group of (X, hy) is isomorphic to the alternating
group Ug. The minimal degree of curves on (X, hy) is 5, and (X, hy) contains
exactly 168 smooth rational curves of degree 5, on which Aut(X, hy) acts transi-
tively.

(3) The projective automorphism group of (X, he) is isomorphic to

(Z)22)* % (Z/3Z x Gy)

of order 1152. The minimal degree of curves on (X, hs) is 5, and (X, hs) contains
exactly 96 smooth rational curves of degree 5, which decompose into two orbits
under the action of Aut(X, hs).

The model (X, hr) has been known as mentioned above. However we give another
proof of the existence of such a polarization hr on X by using the Borcherds method [3, 4]
and a geometry of the Leech lattice.

The set of the 96 smooth rational curves in Theorem 1.1 (3) possesses the following
remarkable property. Let S and S’ be two sets of disjoint 16 smooth rational curves on
a K3 surface. We say that S and S’ form a (16,.)-configuration if every member in one
set intersects exactly 7 members in the other set with multiplicity 1 and is disjoint from
the remaining 16 — » members. For example, a (164)-configuration appears in the theory
of Kummer surfaces associated to the Jacobian of a smooth curve of genus two: sixteen
2-torsion points on the Jacobian, the theta divisor and its translations by 2-torsion points
(Chapter 6 of Griffiths and Harris [13]).

Theorem 1.2. There exist six sets
So05 So1, S02, S10, S11, S12

of disjoint 16 smooth rational curves on X with the following properties.
(a) Ifi # j, then S,; and S, j form a (16¢)-configuration for v = 0 and 1.
(b) Fori=0,1,2, the sets So; and S1; form a (1612)-configuration.
(¢) Ifi # j, then So; and Sy form a (164)-configuration.
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In fact, the set of the 96 smooth rational curves of degree 5 on (X, ha) decomposes into
the disjoint union of six sets with the properties (a), (b), (c).

Since h% = 80, however, it is difficult to present these curves explicitly. Instead, we
construct the six sets with the properties (a), (b), (c) on the Kummer surface model of X.
Let E be the elliptic curve defined by y2 = 2* — 1, and let A be the product abelian
surface £ x E. It is well-known that X is isomorphic to the Kummer surface Km(A)
associated with A. In Section 8, we construct these six sets explicitly on Km(A) by giving
the pull-back of rational curves by the rational map A - - — Km(A). As a corollary of this
construction, we have the following result. Let P! be a projective line over Fo5 with an
affine parameter. We define four subsets of P! (IFo5) by the following:

P; = {0,0,1,2,3,4},

P, = {V2,1+2V?2, 3+3V2, 4+4V2},
Py = {4V2,1+3V2,3+2V2 4+V2},
Py, = PYFys)\ (PsUPyUPy).

They are mutually disjoint. See Remark 8.9 for the geometric characterization of the de-
composition P! (Fa5) = Ps U P, U Py U Pys.

Theorem 1.3. There exists a model of Km(A) defined over Fao5, and a set S of the 96
rational curves defined over Fos on Km(A) that admits a decomposition into disjoint six
subsets S,; (v = 0,1 and i = 0,1, 2) satisfying (a), (b), (¢) of Theorem 1.2. Moreover,
any intersection point of two curves in S is an Fos-rational point, and, for each I' in S,;,
the set I'(Fa5) of Fas-rational points on I' are decomposed into the union of disjoint four
sets Iy, Iy, Iy and Iy (1 # v, and j # k # i # j) with the following properties.
() |FI/| =6, F/u?‘ =12, Fuj‘ = |Fuk| =4
(ii) Forany point pin I, and each i’ # i, there exists exactly one curve in S, passing
through p. For any point p’ in I',,;, there exists exactly one curve in S,,; passing
through p'. For any point p'" in I',,; (resp. I',i), there exists exactly one curve in
S,j (resp. S,i) passing through p'’'.
(iii) There exists an isomorphism ¢ : I' = P! defined over Fa5 such that ¢~ (Pg) =
Ly o™ (Pri2) = L, 7 H(Pa) = Ly and 97 (Py) = L.

We give three different proofs of the existence of the 96 smooth rational curves men-
tioned in Theorem 1.2. We do not know whether such sets of 96 curves coincide under the
action of the group of automorphisms of X.

By using the Borcherds method [3, 4], the groups of automorphisms of some K3 sur-
faces were calculated (Kondo [18], Keum and Kondo [17], Dolgachev and Kondo [10],
Kondo and Shimada [19], Ujigawa [34]). In all cases, the Néron-Severi lattice of each K3
surface is isomorphic to the orthogonal complement of a root lattice in L, where L is an
even unimodular lattice of signature (1,25). See Lemma 5.1 of [3], in which Borcherds
gave a sufficient condition for the restrictions of standard fundamental domains of the re-
flection group of L to the positive cone of the K3 surface to be conjugate to each other
under the action of the orthogonal group of the Néron-Severi lattice. Contrary to these
cases, a new phenomenon occurs in the present case of the supersingular K3 surface in
characteristic 5 with Artin invariant 1: there exist at least three non-conjugate chambers
obtained by the restriction of fundamental domains (see also Section 4.6). The projective
models in Theorem 1.1 correspond to these three non-conjugate chambers. This phenom-
enon also happens in the case of the complex Fermat quartic surface.
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The plan of this paper is as follows. In Section 2, we recall some lattice theory which
will be used in this paper. Section 3 is devoted to the explanation of the Borcherds method
for finding a finite polyhedron in the positive cone of a hyperbolic lattice primitively em-
bedded into the even unimodular lattice L of signature (1,25). In Section 4, we apply this
method to the case of the supersingular K 3 surface in characteristic 5 with Artin invariant
1. In particular, by using computer, we give a proof of Theorems 1.1 and 1.2. In Section
5, by using a geometry of Leech lattice, we give another proof of Theorems 1.1 and 1.2
without using computer. In Section 6, we recall some facts on the supersingular elliptic
curve in characteristic 5, and in Section 7 we investigate IF),>-rational points on the Kum-
mer surface associated with the product of two supersingular elliptic curves. Section 8 is
devoted to give another proof of Theorem 1.2 by using the Kummer surface structure of
X. Moreover we study the intersection between the 96 smooth rational curves and prove
Theorem 1.3.

In Sections 4 and 8, we use computer for the proof of main results. The computational
data are presented in [30].

2. LATTICES

A Q-lattice is a pair (M, (-,-)psr) of a free Z-module M of finite rank and a non-
degenerate symmetric bilinear form (-,-)5; : M X M — Q. We omit the bilinear form
(+,-)as or the subscript M in (-, -) 5s if no confusions will occur. If (-, -) takes values in Z,
M is called a lattice. For x € M ® R, we call 22 = (x,z) the norm of x. A lattice M is
even if % € 27 holds for any z € M.

Let M be a lattice of rank . The signature of M is the signature of the real quadratic
space M ® R. We say that M is negative definite if M ® R is negative definite, and M
is hyperbolic if the signature is (1,7 — 1). A Gram matrix of M is an r X r matrix with
entries (e;, e;), where {eq,...,e,} is a basis of M. The determinant of a Gram matrix of
M is called the discriminant of M.

Let M be an even lattice, and let MY = Hom(M,Z) be naturally identified with a
submodule of M ® Q with the extended symmetric bilinear form. We call this Q-lattice
MY the dual lattice of M. The discriminant group of M is defined to be the quotient
MY /M, and is denoted by A ;. The order of A, is equal to the discriminant of M up to
sign. A lattice M is called unimodular if Ay is trivial, while M is called p-elementary if
Ay is p-elementary.

For an even lattice M, the discriminant quadratic form of M

qm - AM — Q/?Z

is defined by ¢ps(x mod M) = x? mod 2Z.

A submodule N of M is called primitive if M /N is torsion free. A non-zero vector
v € M is called primitive if the submodule of M generated by v is primitive.

Let O(M) be the orthogonal group of a lattice M ; that is, the group of isomorphisms
of M preserving (-, -). We assume that O(M) acts on M from the right, and the action of
g € O(M)onv € M ®Ris denoted by v — v?. Similarly O(qys) denotes the group of
isomorphisms of A, preserving gps. There is a natural homomorphism O(M) — O(gar).

Let M be a hyperbolic lattice. A positive cone of M is one of the two connected
components of the set

{ze M®R | 22>0}.
Let Py be a positive cone of M. We denote by OF (M) the group of isometries of M
preserving Pys. Then O(M) = O (M) x {£1}. For a vector v € M ® R with v? < 0,
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we define
(W) ={z€Pu | {z,v)=0},
which is a real hyperplane of Py;. An isometry g € OF (M) is called a reflection with
respect to v or a reflection into (v)* if g is of order 2 and fixes each point of (v)*. For
a lattice M, the set of (—2)-vectors is denoted by Rys. Any element r of R, defines a
reflection
Sp x> T+ (X, ryr

with respect to . We denote by W (~2) (M) the group generated by the set of reflections
{s,|r € Ra}. Since s, preserves Py, W(=2)(M) is a subgroup of Ot (M) . It is
obvious that T/ (=2) (M) is normal in O (M).

A negative definite even lattice M is said to be a root lattice if M is generated by R ;.

3. BORCHERDS METHOD

In this section, we review the Borcherds method [3, 4], and the algorithms in [29].

We define some notions and fix some notation. Let M be an even hyperbolic lattice
with a fixed positive cone Py;. Let V be a set of vectors v € M ® R with v? < 0. Suppose
that the family of hyperplanes

Vi={(v)t |veV}
is locally finite in Py;. By a V*-chamber, we mean a closure in P,; of a connected
component of
P]V[ \ U (’U)L.
veV

Let D be a V*-chamber. A hyperplane (v)* is said to be a wall of D if (v)* is disjoint
from the interior of D and (v)® N D contains a non-empty open subset of (v)=.

Recall that Ry is the set of vectors r € M with r? = —2. Then each R;-chamber is
a fundamental domain of the action of W (=2) (M) on Py,.

3.1. Conway-Borcherds theory. Let L be an even unimodular hyperbolic lattice of rank
26, which is unique up to isomorphisms, and let Pz, be a positive cone of L. An Rj-
chamber will be called a Conway chamber. A non-zero primitive vector w € L with
w? = 0 is called a Weyl vector if w is contained in the closure P of Prin L ® R and
the even negative-definite unimodular lattice (w)*/{w) is isomorphic to the (negative-
definite) Leech lattice (that is, (w)=/(w) contains no (—2)-vectors). For a Weyl vector w,
we put

3.1 Alw)={reRy | (rnw)=1}
Conway and Sloane [8] and Conway [6] proved the following:
Theorem 3.1. If w is a Weyl vector, then

D(w)={xePr | {(ry£) >0 forany r € A(w) }

is a Conway chamber, and {(r)* | r € A(w)} is the set of walls of D(w). For any Conway
chamber D, there exists a unique Weyl vector w such that D = D(w).

Let S be an even hyperbolic lattice of rank < 26. Suppose that .S is primitively embed-
ded into L. Let Pg be the positive cone of S that is contained in Pr. Let R denote the
orthogonal complement of S in L. For x € L ® R, we denote by

r—1xg and z— xg,
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the projections to S ® R and R ® R, respectively. Note that, if v € L, then vg € SV and
vgr € RY. We assume the following:

(i) The negative-definite lattice I cannot be embedded into the Leech lattice. (For
example, this condition is satisfied if Rg # 0.)

(ii) The natural homomorphism O(R) — O(qg) is surjective.

We put
RL\S ={rs | reRr, {(rs,rs) <0}

It is easy to see that the family of hyperplanes Rzl g is locally finite in Ps. A Conway
chamber D is said to be S-nondegenerate it D N Pg contains a non-empty open subset of
Ps. If D is an S-nondegenerate Conway chamber, then D = D N Pg is an R’Z‘ g-chamber
of Pg, which is called an induced chamber. Since Py, is tessellated by Conway chambers,
Ps is tessellated by induced chambers. Since R is a subset of Ry,|g, any Rg-chamber is
a union of induced chambers. We have the following. See [29].

Proposition 3.2. (1) Any induced chamber has only a finite number of walls.
(2) The automorphism group Aut(D) = {g € O (S)| D9 = D} of an induced cham-
ber D is a finite group.

In [29], we have presented algorithms to calculate the set of walls and the automorphism
group of an induced chamber. Moreover, by an algorithm in [29], if we have

e a Weyl vector w € L such that D(w) is S-nondegenerate, and
e awall (v)* of the induced chamber D = D(w) N Psg,

then we can calculate a Weyl vector w’ € L such that D’ = D(w’) N Pg is the induced
chamber adjacent to D along the wall (v)*.

3.2. Periods and automorphisms of supersingular K3 surfaces. Let Y be a supersin-
gular K 3 surface defined over an algebraically closed field % of odd characteristic p with
Artin invariant o, and let Sy denote the Néron-Severi lattice of Y. Since Sy /Sy is p-
elementary, we have pSy. C Sy . Consider the 20-dimensional FF,,-vector space

So =pSy /pSy C Sy ®@zF,,
on which we have an [F),-valued quadratic form Q) : Sy — F, defined by
Qo : prmodpSy +— prPmodp (z€Sy).

Let ¢pr : Sy @k — HZR(Y) be the Chern class map. Then Ker(¢pr) is a o-dimensional
isotropic subspace of Qp ® k. Let ¢ : Sy ® k — Sy ® k denote the map id ® F}, where
Fy. is the Frobenius of k.

Definition 3.3. The period Ky of Y is defined to be ¢* (Ker(¢pr)).
Note that O(Sy) acts on (Sp, Qo) naturally. We put
Gy ={g€0(Sy) | ]Ciq/:/Cy }.

We denote by Pg, the positive cone of Sy containing an ample class of Y. Let NC(Y)
denote the intersection of Pg, with the nef cone of Y

NC(Y)={z€Ps, | (,C) >0 foranycurve ConY }.

We put
Aut(NC(Y)) = { g€ OF(Sy) | NC(Y)? =NC(Y) }.



SUPERSINGULAR K3 SURFACE IN CHARACTERISTIC 5 7

Thanks to the Torelli theorem for supersingular K3 surfaces in odd characteristics due to
Ogus [24, 25], we see that the natural action of Aut(Y") on Sy identifies Aut(Y") with

Aut(NC(Y)) N Gy

Now suppose that Sy is embedded into L in such a way that the conditions (i) and
(ii) in Section 3.1 are satisfied and that the image of NC(Y") is contained in Pr. It is
well-known that NC(Y") is an R, -chamber in P, . (See, for example, Rudakov and
Shafarevich [26].) Hence NC(Y) is tessellated by induced chambers. For an induced
chamber D contained in NC(Y"), we put

Auty(D) = Aut(D) NGy.

Then Auty (D) is a finite subgroup of Aut(Y") = Aut(NC(Y)) N Gy. More precisely, if
v € D N Sy is a vector in the interior of D, then

hD = Z v9

gEAuty (D)

is an ample class, and Auty (D) is the automorphism group Aut(Y,hp) of the polar-
ized K3 surface (Y, hp). We have an algorithm to make the complete list of elements of
Aut(D). Hence, in order to calculate Aut(Y, hp), all we have to do is to calculate the
action of O(Sy ) on the period Ky .

We say that two induced chambers D and D’ are Gy -congruent if there exists g € Gy
such that D9 = D’. The number of Gy -congruence classes is finite. If we obtain the
list of all Gy -congruence classes, we can determine the automorphism group of Y. (As is
explained in Introduction, in the previous works of computing automorphism groups of K3
surfaces using this technique, there exists only one O™ (Sy )-congruence class.) See [29]
and Section 4.6.

4. PROOF OF THEOREMS BY COMPUTER

In this section and the next, we prove Theorems 1.1 and 1.2 by calculating some induced
chambers. In this section we give a proof based on the algorithm presented in [29].

4.1. The Néron-Severi lattice and the period of X. Using the projective model (X, hr),
we calculate the Néron-Severi lattice Sx and the period Kx of X explicitly.

As is explained in Introduction, the surface X contains 252 smooth rational curves I’
such that (I, hp) = 1. We call these smooth rational curves hg-lines. The hp-lines are
labelled as follows. Let 7z : X — P? denote the double covering. Part of the Fy5-rational
points P4, ..., Piog on the Fermat curve Cr of degree 6 are given explicitly in Table 4.1.
Let [; be the line on P2 tangent to C'p at P;. We put

I ={w=2%y=32}CX,

which is an irreducible component of 73 ({1 ), and let /] denote the other irreducible com-
ponent. For i > 1, let ;" be the irreducible component of 75 (;) such that ([I], [I]) = 1,
and let [, be the other irreducible component. Consider the following twenty-two h -
lines.

=1, =1, ts=1F, =15, bs=1f, =13, =1, ls=1F,
by =14, lio=1fy, 11 =1 le=1f, =15 lta=1, bs5=1,

_Jt __Jt __Jt _Jt _Jt __ 7+ __ 7+
616*1197 617*l217 618*122a 619*l24» £20*125; 621*12% 622*134-
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P :=[0:1:2] Py:=[0:1:3] P3::[0:1:1+\/§]
Pi:=1[0:1:4+2] Ps:=1[0:1:1+4v2 =[0:1:444V2]
Pr:=[1:0:2] Ps:=[1:0:3] —[101+f]
Pio:=[1:0:4++72 Pii:=[1:0:1+4V2 PIQ::[1.0 44 4v/2]
Pi3:=[1:1:72] Piy:=[1:1:1+2V72 Pis:=[1:1:4+2V2
Pig:=[1:1:1+3V2 Pir:=[1:1:4+3V72 Pig:=[1:1:4V2
Pig:=1[1:2:0) Py :=[1:3:0] Py i=[1:4:+/2]
Pao:=[1:4:1+2V2 Pas:=[1:4:4+22] Poy:=[1:4:1+ 32
Pos :=[1:4:4+32] Pog :=[1:4:4/7] Por:=[1:v2:1]

Pog :=[1:/2:4] Pog :=[1:/2:2+2V2] Py :=[1:v2:3+2V?2)
P31:[1\[2+3\/§] P32:[1\[3+3\[} P33 [ 1+\/§0}
Py :=[1:2+v2:2+/2 Pss:=[1:2++2:3+2] Psg:=[1:2+2:2V2]

1:24V2:3+4V2]

Pyr:=[1:2++2:3V?2 Pg:=[1:2+V2:2+4V2]  Pig:=

Piog:=[1:34+4v2:2+4v2] Pios:=[1:34+4v2:34+4v2] Piog:=[1:4+42:0]

TABLE 4.1. Foys-rational points on Cp

Their intersection matrix is of determinant —25. Hence the classes of these h g-lines form

a basis of Sx. The Gram matrix Gg of S with respect to this basis [¢1], ..., [¢22] is given
in Table 4.2. An element of Sx ® R is usually written as a row vector [x1, ..., Z22] with
respect to the basis [¢1], ..., [(22], while when it is written with respect to the dual basis
[01], ..., [€22]V, we use the notation [£1, . . ., £22]Y. For example, we have

rr = [1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1]",

-] = [1,1,0,0,0,0,-1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]
= [0,1,1,1,0,1,3,1,1,0,1,1,1,1,1,1,1,0,0,0,0,1]",
(] = 10,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0]

[
[
[
[
[
[1,0,1,0,1,0,0,1,0,0,1,-2,0,0,1,1,0,1,1,0,1,1]".
We let O(Sx) act on Sx from the right, so that we have

O(Sx) ={9g€GLy(Z) | g-Gs-'g=Gs }.

The substitution v/2 — —+/2 induces a permutation on the set of / x-lines preserving the
intersection form, and hence it induces an isometry of the lattice Sx, which is given by the
right multiplication of the matrix in Table 4.3. The deck-transformation of 7 : X — P2
also induces an isometry of Sx, which is given by

4.1 [61] — [62], [62] — [él], and [ﬁl] — hp — [ﬁl] for > 2.

A smooth rational curve @ on X is said to be an hp-conic if (hp, Q) = 2. It is known
that there exist exactly 6300 hg-conics on X. See [27].

Our next task is to calculate the period Kx of X explicitly. The discriminant group
Ag = S /Sx of Sx is isomorphic to F2, and is generated by

ai; = [(3]Y mod Sx and a3y = [¢4]Y mod Sx.
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1

0

0
—2

0 0 -2
0

0

1

1

0 0 0 0 0 1

1 0 0 0 1
10 0 0 1 1

0

0

1 0 0 0 -2
0

0

-2 0 0 0

0 1

0

0

1 0 0 0 1

0

0 1 0 0 0 0 1
0 1.0 0 0 0 0 0 O

0

0

1

TABLE 4.2. Gram matrix of Sx

With respect to the basis aq, aa, the discriminant form gg : Ag — Q/2Z of Sx is given

by the matrix

|

0
4/5

2/5
0

|

The automorphism group O(gs) of (Ag, ¢gs) is of order 12, and, by means of the basis

a1, (g, each element of O(gg) is expressed as a right-multiplication of a 2 x 2 matrix in

GL4y(F5). Consider the matrices

I’

|

0o 0 00 O0OOOOOTOOSOTOST OO O0OTGO0OT®O0OO@O

o o o0 0o0O0O0OOTOOO0OOTOTSO0OOTOO0OTO0OT®O0OTOo

0 1
0 0 0 1

0

4

2 2 4 4 0 0 1
2 4 2 3 0 4 4 4

1
1

0 4 1 1 0 4
1 4 2 4 3 4

3
3 2 0

1

of size 2 x 22 and 22 x 2, respectively. Then the action § € O(gs) on (Ag, ¢s) induced

by an isometry g € O(Sx) is given by
Consider the 2-dimensional F5-vector space

4.2)

55;/(/55)( C Sx ®zFs.

So =
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|
L or~oo
| o o o o
o
l o o oo
-
|
L ~ococo
cCo o000 o oo
I m o o0 o o oo
iR
L ococoocoocoocoocoo
cCcooc oo oo oo
oo oo oo oo o
cCoo0o o oo oo oo
cCcooc oo oo o
cCcoocooo oo

I
—_
I
—_
— O OO0 R, O 0000 Kr OO0 0 000 oo O
— O OO0 R OO0OFR OO0, OO0 000 oo O
|
—
I
—
o o
o o

10
1 00
010
0 00
000
0 01

-1 0 00
0
0
0
0
0

SO O O OO OO0 O O o0 oo oo oo

O O O O O O O O O o o o o o o o o o
,_.

O O O OO OO O O o0 oo o oo o oo

00
00 0
00-11
101 —10-1-1
010 110 0 —1 |

—_

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1 -
1
0
0

O O O O O O o o o o
O O O O O O O O OO O oo oo oo o oo

o O O
O O O O O O O O O O OO oo oo oo o oo

_ O O O O O O OO OO~ = OO
_ O O O O O O O o o o+~ 4+ O O O

O O O O O O O o o o o o

|
N

O O O OO O O O OO OO O oo o oMo o o
O O O O O O O O OO OO o o o oo wo oo

O B O O O O O o o o o o+ O oo
O O O OO OO O oo o o o oo oo
S O O O O O O o o o o oo

SO O O O O O O o o o o o

\
—
\
—
—
\
—

TABLE 4.3. Frobenius action on Sy

The vector space Sy has a basis
6(1 = 5[63]\/ mod 5SX and 5(2 = 5[44]\/ mod 5SX,

with respect to which the F5-valued quadratic form () is given by the matrix

0]

Recall that ¢pr : Sx ® k — HZg(X) is the Chern class map. Then Ker(¢épg) is a 1-
dimensional isotropic subspace of Q¢ ® k. Therefore we see that Ker(¢pg) is either equal
toZy = ((1,v/2)) orequal to Z_ = {(1,—+/2)). Since the Frobenius map ¢ = id ® F},
from Sy @ k to itself only interchanges 7 and Z_, we conclude that the period Kx =
¢*(Ker(épr)) of X is either Z_ or Z, . On the other hand, we have

{3€0(Qo) | 0 =7, } ={g€O0(Q) | T2 =1_},

and this subgroup of O(Qp) is of order 6 which consists of the following elements of
GL2 (IF5)Z

RN N RIR I

Therefore, for a given g € O(Sx), we can determine whether K% = K x holds or not by
calculating g by means of (4.2), and see whether g is one of the 6 matrices above.
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For example, the Frobenius isometry given in Table 4.3 does not preserve the period,
while the deck-transformation isometry (4.1) does.

4.2. Embedding Sx into L. Let Pg, be the positive cone of Sx containing an ample
class of X. We embed Sx into the even unimodular hyperbolic lattice L of rank 26 primi-
tively in such a way that the conditions (i) and (ii) in Section 3.1 are satisfied, and calculate
some induced chambers contained in the R -chamber NC(X).

Proposition 4.1. (1) There exists a primitive embedding Sx — L such that the orthogonal
complement R of Sx in L satisfies the conditions (i) and (ii) in Section 3.1.

) Ift: Sx — Land! : Sx — L are primitive embeddings, then there exists
g € O(L) such that ' = g o ..

Proof. By Nipp’s table of reduced regular primitive positive-definite quaternary quadratic
forms [23], there exists a negative definite lattice R of rank 4 with discriminant 25, and
R is unique up to isomorphisms. We can choose a basis u1, ..., us of R with respect to
which the Gram matrix is equal to

-2 -1 0 1
-1 -2 -1 0
0 -1 —4 -2
1 0o -2 -4

4.3)

It is obvious that R  is non-empty. By a direct computation, we see that the order of O(R)
is 72, and obtain the list of all elements of O(R).
The discriminant group Ag = RY /R of R is isomorphic to F2, and is generated by

B =uy mod R and [ =uy mod R,

with respect to which the discriminant form gi : A — Q/2Z of R is given by the matrix

8/5 0
0 6/5|°
Hence the order of O(qr) is 12. We can check by direct computation that the natural
homomorphism O(R) — O(gg) is surjective.
Recall that oy and « are the basis of Ag = S}’( /Sx = IF% given in the previous

subsection. The linear map ¢ : Ag — Ag defined by 0(a;) = 1 and §(a2) = f2 induces
an isomorphism from (Ag, gs) to (Agr, —qr). Consequently, the pull-back L of the graph

{(z,0(2)) [ =€ As}

of § by the natural projection Sy, & R — Ag @ Ag is an even unimodular hyperbolic
lattice of rank 26, into which Sy and R are primitively embedded. (See Nikulin [22].)
The uniqueness of primitive embeddings Sy < L up to the action of O(L) follows
from the uniqueness of the even negative-definite lattice of rank 4 with discriminant 25
and the surjectivity of O(R) — O(qg). (See Nikulin [22].) O

In the following, we use the primitive embedding Sx < L constructed in the proof of
Proposition 4.1. Let Py, be the positive cone containing Ps, . An element of L ® R is
written in the form of a vector [z1, ..., T26|Y with respect to the basis [¢1]Y, ..., [¢22]",
[u]Y, ..., [us]Y of S} & RY.

Let w be a Weyl vector of L such that the corresponding Conway chamber D(w) is
Sx-nondegenerate, and let D denote the chamber D(w) N Ps,, of Pg, induced by D(w).
We denote by W(D) the set of walls of D. For a wall W € W(D), there exists a unique
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primitive vector vy € SY such that W = (vw )+ and (vyw,u) > 0, where u is a point
in the interior of D. A wall W € W(D) is said to be of type [a,n] if (vw,ws) = a and
(vw,vw) = n, where wg € SY is the projection of the Weyl vector w € L. Suppose that
D is contained in the R, -chamber NC(X). Then a wall W € W(D) of type [a,n] is
a wall of NC(X) if and only if there exists an integer ¢ such that ac = 1, nc?> = —2 and
cow € Sx.

Let D be an induced chamber contained in NC(X), and let hp € Sx be a vector
contained in the interior of D that is invariant under the action of Aut(D). Then hp is
ample, and

Autx(D) =Aut(D)NGx ={ge€O(Sx) | DY =D, K% =Kx }
is the automorphism group of the polarized K3 surface (X, hp).

4.3. The induced chamber D,. We put
4.4 wog=hp+u; € Sx ®R C L.

Since wy is primitive in L, wg belongs to Pr,, and (wp)*/{wg) contains no (—2)-vectors,
we see that wo is a Weyl vector. We denote by prg, the orthogonal-projection from L ® R
to Sx ® R. Calculating the finite set

Proy (A(wo)) NRrs = {rsx|r € Alwo), (rsy,rsx)sx <0},
we see that hp = wp, g belongs in the interior of
Do = D(wo) N PSX-

Hence the Conway chamber D(wy) is Sx-nondegenerate and Dy is an induced chamber.
The order of Autx (Dy) is 756000, and it coincides with the automorphism group of the
Fermat double sextic plane (X, h). The action of Autx (Do) = Aut(X, hr) decomposes
the set W(Dy) of walls of Dy into the union of three orbits Og g, Og,1, Op,2 described as

follows:
no. ‘ type card.

0 [1,-2] 252

1 |[1,-8/5] 300

2 | [2,—6/5] 15750
The walls in the orbit Og ¢ of cardinality 252 are walls of NC(X), and hence they corre-
spond to smooth rational curves on X. Let Ra50 denote the set of smooth rational curves
on X corresponding to the walls in Og o. Then Ras52 coincides with the set of h p-lines.

4.4. The induced chamber D;. The Autx (Dy)-orbit O ;1 of the walls of Dy contains a
wall (v1)*, where

v = [0,1,1,0,0,1,0,1,0,1,1,0,1,0,0,1,1,1,1,1,1,1]¥ € S¥.
We put
wy =[1,2,2,1,1,2,1,2,1,2,2,1,2,1,1,2,2,2,2,2,2,2,2,1,1,0]Y € L.

Then w; is a Weyl vector, the Conway chamber D(w1) is Sx-nondegenerate, and the
induced chamber

D1 = D(w1) n PSX
is adjacent to Dy along the wall (v1). The vector wy g € SY is contained in the interior
of D, and satisfies wis = 12/5. We put hy = 5wy g. Then

hy = [14,16, —4, —6, —5, —11,12, -8, —5.0, 10,8, —13,3, —3,5, —8,10, 7, —2, 5, — 10]



SUPERSINGULAR K3 SURFACE IN CHARACTERISTIC 5 13

is a polarization of degree 60. The degree (hp, hi) of the polarization h; with respect
to hp is 15. The automorphism group Autx (D7) of the polarized K3 surface (X, hq) is
of oder 20160. The action of Autx (D7) decomposes YW (D) into the union of 18 orbits
O1,0,...,01,17 described as follows:

no. type card. no. type card.
0 [1,-2] 168 9 [2,—6/5] 840
1 |[3/5,—8/5] 8 10 [2,—6/5] 840
2 | [4/5,-8/5] 15 11 | [11/5,—6/5] 1680
3 | [4/5,-8/5] 15 12 | [11/5,—6/5] 1680
4 |16/5,—8/5] 70 13 | [11/5,—6/5] 840
5 | [6/5,—8/5] 70 14 | [11/5,—6/5] 840
6 |[7/5,—8/5] 168 15 | [8/5,—4/5] 15

7 |119/5,—6/5] 280 16 | [8/5,—4/5] 15

8 | [9/5,—6/5] 280 17 | [9/5,—-2/5] 8

We confirm by computer that the action of Autx (D;) on the orbit O1 1 of cardinality 8
embeds Autx (D;) into the symmetric group Sg. Hence Autx (D;) is isomorphic to the
alternating group 2s.
The wall (v1)* separating Dy and D; is a member of the orbit O1,1. Hence D, is
adjacent to eight induced chambers G x -congruent to Dy. Moreover we have
_ Autx (Do)l |Autx (Dy)]

| Autx (Do) N Autx (Dy)] = == . — 2520.

The walls in the orbit Oy o are walls of NC(X), and hence they correspond to smooth
rational curves on X. Let R;gs denote the set of smooth rational curves on X correspond-
ing to the walls in Oy . We observe the following facts by a direct calculation:

Proposition 4.2. Any distinct two curves in Rigg are either disjoint or intersecting at one
point transversely. For any curve I' in Rigs, there exist exactly 72 curves in Rigg that
intersect I'.

Proposition 4.3. Among Rigs, exactly 126 curves are contained in the set Roso of hp-
lines, while the other 42 curves are hp-conics. The deck-transformation of Xp — P2
maps Raoso N Rigs to the complement Rogo \ (Rase N Rigs) bijectively.

4.5. The induced chamber D,. The Autx (Dy)-orbit Og 2 of the walls of Dy contains a
wall (v2)*, where

vg = [1,1,2,1,0,1,1,1,1,1,2,0,1,1,1,2,2,1,1,1,2,2]Y € S¥.
We put
wo = [4,4,7,4,1,4,4,4,4,4,7,1,4,4,4,7,7,4,4,4,7,7,2,1,—-1,0]" € L.

Then wo is a Weyl vector, the Conway chamber D(ws) is Sx-nondegenerate, and the
induced chamber

Dg = D(wg) n PSX
is adjacent to Dy along the wall (vg)L. The vector wa g € S)V( is contained in the interior
of Dy and satisfies w3 ¢ = 16/5. We put hy = 5w 5. Then

he = [14,11,3,6,21,15, 3, 18,6, —6, —27,0,9, —12,3, —15, -3, —9, —18,12, 0, 15]

is a polarization of degree 80. The degree (hp, ho) of the polarization hy with respect to
hp is 40. The automorphism group Autx (Dz) of the polarized K3 surface (X, ho) is of
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order 1152. The action of Autx (Dz) decomposes W (Dz) into the union of twenty seven
orbits O g, . .., Oz 26 described as follows:

no. type card. no. type card. no. type card.
0 [1,-2] 48 9 | [8/5,—8/5] 64 18 | [11/5,—6/5] 96
1 [1,-2] 48 10 | [8/5,—6/5] 24 19 | [11/5,—6/5] 48
2 | [2/5,-8/5] 4 11 | [9/5,—6/5] 48 20 | [11/5,—6/5] 48
3 | [2/5,-8/5] 4 12 | [9/5,—6/5] 48 21 | [12/5,—6/5] 576
4 [1,—8/5] 16 13 | [9/5,—6/5] 16 22 | [12/5,—6/5] 192
5 [1,—8/5] 16 14 | [9/5,—6/5] 16 23 | [12/5,—6/5] 192
6 |[8/5,—8/5] T2 15 | [11/5,—6/5] 288 24 | [12/5,—6/5] 144
7 | [8/5,-8/5] T2 16 | [11/5,—6/5] 288 25 | [8/5,—4/5] 3
8 | [8/5,—-8/5] 64 17 | [11/5,—6/5] 96 26 | [8/5,—4/5] 3

The wall (vg)L separating D and D5 is a member of the orbit O3 19. Hence D is
adjacent to 24 induced chambers G x -congruent to Dy. Moreover we have

| Autx (Do)] _ | Autx (D2)|
15700 24

The walls in the orbits O3 ¢ and O ; are walls of NC(X), and hence they correspond
to smooth rational curves on X. Let R4g 0 and R4s; denote the sets of smooth rational
curves on X corresponding to the walls in O3 o and Os 1, respectively. We observe the
following facts:

| Autx (Do) N Autx (Ds)| = = 48.

Proposition 4.4. Any distinct two curves in the union Ryg o U Rag 1 are either disjoint or
intersecting at one point transversely. For v = 0,1, the set Rg ,, is a union of three sets
8.0, Su1, Sue of disjoint 16 smooth rational curves. Each S, ; contains eight hp-lines, and
the hp-degree of the remaining eight smooth rational curves is 4. We can number these six
sets so that they satisfy the conditions (a), (b), (¢) in Theorem 1.2.

We remark the following fact.

Proposition 4.5. Let S and S’ be sets of disjoint 16 smooth rational curves on X. Then
there exists g € Aut(X) such that g(S) = S’

Proof. By Nikulin [21], if Sy is a set of disjoint 16 smooth rational curves on a K 3 surface
Y in characteristic # 2, then Y is a Kummer surface associated with an abelian surface
A and Sy is the set of exceptional curves of the minimal resolution Y — A/(t4). (The
proof in Nikulin [21] is valid not only over C but also in odd characteristics.)

Let( : X — Zand ¢’ : X — Z’ be the contractions of the (—2)-curves in S and
S’, respectively. Then there exist abelian surfaces A and A’ such that Z = A/(14) and
Z' = A'/{1La/), where 14 and 14 are the inversions of A and A, respectively. By [31],
both of A and A’ are superspecial. Since a superspecial abelian surface is unique up to
isomorphisms in characteristic 5 by [31], there exists an isomorphism f : A = A’ of
abelian surfaces. Since f ot = 14/ o f, the isomorphism f induces A/(t4) = A'/{(va/),
and therefore we obtain an isomorphism ¢’ : Z = Z'. Since X, Z and Z' are birational
and X is minimal, there exists g € Aut(X) such that (' o g = ¢’ o ¢ holds. We obviously
have g(S) = §'. O

4.6. Further induced chambers. We define the level of an induced chamber D to be the
minimal non-negative integer ¢ such that there exists a chain

DO =py, DY ... DY =D
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i | Autx(D;)] orbits of (—2)-walls
3 360 18, 60]

4 36 [6,9,18, 18]

5 36 [6,9,18, 18]

6 48 (6,8, 12, 24]

7 48 6,8, 12, 24]

8 72 (3,12, 12, 18]

9 12 [3,6,6,6,6,12]

10 8 2,2,2,4,4,4,4,4,8,8]
11 2 [1,1,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2]
12 6 2,2,3,3,3,3,6,6, 6]
13 6 2,2,3,3,3,3,6,6,6]
14 8 2,4,4,4,4,8,8]

TABLE 4.4. Induced chambers of level 2

from Dy to D of induced chambers such that D¢~ and D® are adjacent. The level of
a G x-congruence class of induced chambers is defined to be the minimum of the levels
of elements of the class. We have made the list of the G x-congruence classes of induced
chambers of level < 4. The number is

level number of G x-conguence classes

0 1
1 2
2 12
3 328

For level 4, we found more than six thousand G x-congruence classes, and hence we have
given up the computation. The data of the induced chambers D, of level 2 are presented
in Table 4.4. The third column is the orbit decomposition of the (—2)-walls of D; by
the action of Autx(D;). In level 3, we have found many induced chambers D; with
|Autx (D;)| = 1.

Remark 4.6. In [28], various sextic double plane models of X are systematically investi-
gated by another method.

5. PROOF OF THEOREMS BY LATTICE THEORY

In this section, we prove Theorems 1.1 and 1.2 by using lattice theory. To do this, we
give three primitive embeddings of Sx into the even unimodular lattice L of signature
(1,25) corresponding to the three cases in Theorem 1.1, and then apply the Borcherds
method and a theory of the Leech lattice.

First of all we fix the notation. We denote by A the unique even negative-definite uni-
modular lattice of rank 24 without (—2)-vectors; that is, A is the Leech lattice. In the
following, we recall an explicit description of A briefly. Let Q@ = {00, 0, 1,..., 22} be the
projective line P! (IFo3) over the field Fo3. We consider the set P(2) of all subsets of {2
with the symmetric difference as a 24-dimensional vector space over . Let C be the bi-
nary Golay code, which is a 12-dimensional subspace of P(2). We call a set in C a C-set.
A C-set consists of 0, 8, 12, 16 or 24 elements. An 8-elements C-set is called an octad, and
a set of 6 tetrads is called a sextet if the union of any two tetrads is an octad. We denote
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by C(8) the set of all octads. Let R?* be spanned by an ortho-normal basis v; (i € ).
For a subset S C (), we define vg to be Zie g Vi - Then the Leech lattice A is the lattice
generated by the vectors 2vg for K € C(8) and vq — 4, with the symmetric bilinear
form
Ty
g

Proposition 5.1 (Conway [5], Section 4, Theorem 2). A vector ({xo, &0, .-+, 22) With §; €
Z is in A if and only if

(i) the coordinates &; are all congruent modulo 2, to m, say;

(ii) the set of i for which &; takes any given value modulo 4 is a C-set;

(iii) the coordinate-sum is congruent to 4m modulo 8.

(x,y) = -

We denote by A,, the set of all vectors = in A with (z, z) = —n. Note that Ay = 0.

Proposition 5.2 (Conway-Sloane [9], p.133, Table 4.13). The complete lists of Ay, Ag are
as follows:

A4 {(i287 OlG)a (:l:37 :I:123)1 (:I:427 022)}7
Ao = {(£22,0"),(£3%, £1), (£4,£2°,0"), (£5, £1%)},

where the signs are taken to satisfy the conditions in Proposition 5.1.

We fix a decomposition
(5.1) L=U®A,
where U is the even unimodular hyperbolic lattice of rank 2 with the Gram matrix
1]
1 0"

We write (m,n, A) for a vector in L, where A is in A, and m,n are integers. Then its
norm is given by 2mn + (A, ). We take a vector w = (1,0, 0) as a Weyl vector. Then a
(—2)-vector r in L with (r,w) = 1 is called a Leech root. Let D be the Conway chamber
with respect to w. Then the automorphism group of D

Aut(D)={ge€O(L) | DI=D}
is isomorphic to the affine automorphism group of A:
Aut(D) 2 A x O(A).

The set of all Leech roots bijectively corresponds to the set A as follows (Conway-Sloane [9],
Chapter 26, Theorem 3):

Lor=(-1-(M\N/2,1,)) «— XeA.

Remark /5.3. For Leechroots r, 7' € L z}nd the corresponding vectors A\, A" in A, (r, ') = 0
ifA—X €Agand (r,7) =1if A — X\ € Ag.
5.1. Proof of Theorem 1.1 (1). We consider the following vectors in the Leech lattice A:
(5.2) A=4v+vo, B=0, C=2vg,, D=4+ rvq,
where K is an octad with oo ¢ Kj and 0 € K. Note that

A?=D*= -6, C? = -4, (A,C)= -2, (A,D)=—4, (C,D)=-3.
Consider the vectors in L = U & A defined by
(5.3) a=—(2,1,A), b=(-1,1,0), ¢=(0,1,C), d=(1,1,D).
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Obviously we have
a? =0 =-2, *=d*=—4, (a,b) = (bc)=—1,
<a7d> =1, <C, d> =-2, <a,C> = <b7 d> =0.

Let R be the sublattice of L generated by a, b, ¢, d. Note that the Gram matrix of R is the
same as the one given in (4.3). Obviously R; is primitive in L. Let S; be the orthogonal
complement of Ry in L. Then the signature of Sy is (1,21) and SY/S1 & RY/R; =
(Z/5Z)2. Thus S; is isomorphic to the Néron-Severi lattice Sx of the supersingular K3
surface X with Artin invariant 1 in characteristic 5.

Lemma 5.4. Let w' be the projection of the Weyl vector w into SY. Then w' € Sy and
(w')? = 2. Moreover w' is conjugate to the class of an ample divisor under the action of
W2 (8y).

Proof. Denote by w” the projection of w into RY. By definition (5.3), we have (w" a) =
—1and (w”,b) = (w"”,c) = (w”,d) = 1. This implies that w” = a — b € Ry. Hence
w' = w —w” € S and (w')? = 2. Let r be any (—2)-vector in S;. Then, under the
embedding S1 C L, r is a (—2)-vector in L. Therefore (r,w’) = (r,w) # 0. Hence we
have the last assertion. 0

Now we determine all smooth rational curves on X whose degree with respect to w’ is
minimal. Note that such curves correspond to all Leech roots perpendicular to ?; under
the above embedding S; C L.

Lemma 5.5. There exist exactly 252 Leech roots which are orthogonal to R .

Proof. Let r be a Leech root perpendicular to Ry. The condition (r,b) = 0 implies r =
(1,1, \) with A € A4. Similarly we have

(54) <)‘7A> = _37 <)‘7C> = _11 <>\3D> =-2.

Now we use Proposition 5.1. If A = £4v; + 4v;, then the condition (A, A) = —3 implies
that A = 4v + 4v;. Then (A, D) = —1 or —3. This contradicts (5.4).

If A = (428, 016), then the condition (A, A) = —3 implies that A\ = 2v where K is an
octad containing oo. The condition (\, D) = —2 implies that K does not contain 0, and
finally the condition (A, C') = —1 implies that | Ky N K| = 2.

If A = (£3, +123), we first show that the case A = (—3, +123) does not occur. Assume
A = (=3,4123). Since (\, A) = —3, we have A\ = (=3,1?%) = v — 41;, i # oc. Then
(\, D) = —1 or —3. This contradicts the condition (5.4). Now assume that A = (3, £1%3).
Since (A, A) = —3, we have A = 4v, + vo — 2vk where K is an octad containing
oo. The condition (A, D) = —2 implies that K does not contain 0. Finally the condition
(A, C) = —1 implies that |[K N Ky| = 2.

Thus the desired Leech roots are

(1,1,2vk) and (1,1,4ve +vo — 2vk) = (1,1, A — 2vk)

where K is an octad such that oo € K, 0 ¢ K and |K N Ky| = 2.

In the following, we show that there exist exactly 126 such octads K. Let a;,as be
in Ko \ {0}. Then the number of octads containing three points oo, ay, as is 21 (see
Conway [5], Theorem 11). Take two points a3,as € Ko \ {a1,a2}. Then there exists
exactly one octad containing 5 points 0o, a1, as, as,as. Thus the number of octads K
containing 00, a1, as and satisfying K N Ko = {a1,as} is 21 — () = 6. Therefore the
number of octads K containing oo and satisfying |K N Ko| = 2is (1) x 6 = 126. O
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Theorem 5.6. For a suitable identification of Sy with Sx, (X, w') is isomorphic to (X, hp).

Proof. Recall that we have given a primitive embedding of S; into L with a Weyl vector w
whose orthogonal complement is R; (see (5.3)). On the other hand, we have given a prim-
itive embedding of Sx into L with a Weyl vector wy whose orthogonal complement is R
(see (4.4)). We identify these two embeddings as follows. First we use the decomposition
L =U & A given in (5.1) and we may assume that R is generated by

uy =a—>b, ug =-b, ug=—c+d, uqg =d,

where {u1,us, us, us} is a basis of R with the Gram matrix (4.3). Obviously R = R;.
Then Sx = R*‘. The Weyl vector wy = hp + u; and uy generate a hyperbolic plane
U'(2U) in L, and hence we have a decomposition

L=U &N,
where A’ = Ut = A. Write wy = (1,0,0) and us = (1,—1,0) with respect to the
decomposition L = U’ @ A’. Since (wp, a) = —1 and (uz,a) = 1, we have

a=(-2,—-1,-4"),

where A’ € A’ satisfies A’> = —6. Similarly we have

b=(-1,1,0),

c=1(0,1,C"), where C' € A/, C"? = —4,

d=(1,1,D"), where D' € A', D"? = —6,

(A, 0"y = -2, (A',D") =—4, (C',D') = -3.
Note that A’ B'(= 0),C’, T’ define a root lattice A4 in A’ in the sense of the paper [3];
that is, the following Leech roots with respect to wy

(2,1, 4", (-1,1,0), (1,1,C"), (2,1,D")

generate a root lattice in U’ @ A’. It follows from Lemma 6.1 in [3] that Aut(D) acts
transitively on the set of root lattices of type A4, where D is the Conway chamber with
respect to the Weyl vector wy = (1,0,0) € U’ @ A’. Since Aut(D) fixes wy, we may
assume that A’, B’, C’, D’ coincide with A, B, C, D given in (5.2). Thus we have shown
that the embedding of Sx into L is the same one given in (5.3) and hence hr = w'. (I

Remark 5.7. Letr = (1,1,2vk) and ' = (1,1, A — 2vg ) be Leech roots as in the proof
of Lemma 5.5. In the proof of Lemma 5.4, we showed that w”’ = a — b. Hence we have

w =w-—w' =(1,0,0)+ (2,1, 4) + (-1,1,0) = (2,2, 4) = r + 1.

Thus we have w’ = r 4+ ' and (r,r’) = 3. This corresponds to the fact that the pullback
of the tangent line of the Fermat sextic curve C'r at an [Fo5-rational point under the degree
two map 7 : X — IP? splits into two smooth rational curves meeting at one point with
multiplicity 3.

We know that the projective automorphism group Aut(X,w’) is a central extension of
PGU(3,Fa5) by the cyclic group of order 2 generated by the deck-transformation of X
over P2, Here we show that the subgroup PSU(3, F25) of index 6 acts on X by using the
Torelli theorem for supersingular K 3 surfaces.

Proposition 5.8. The group PSU(3,Fa5) acts on X by automorphisms.
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Proof. First we see that the point-wise stabilizer of {A, B, C, D} of O(A) is PSU(3,Fa5).
The point-wise stabilizer of the three points {A = 4v + v, B = 0,D = 4vg + v} is
the Higman-Sims group HS (see Conway [5], 3.5). It is known that there exist 352 vectors
C' in A satisfying
A—C' €Ag and B—C',D —C' € Ay.

Note that C' = 2vk, is one of them. Moreover they form 176 pairs {C’, D — C’} (Con-
way [5], 3.5). It follows from the table of maximal subgroups in Atlas (page 80 of [7]),
that the stabilizer of such a pair {C’, D — C"} in HS is PSU(3,Fa5) x Z/2Z with index
176. Therefore the point-wise stabilizer of {A, B,C, D} is PSU(3,Fa5). We consider
PSU(3,Fy5) as a subgroup of O(U @ A) acting trivially on U. The group PSU(3, Fas5)
preserves the projection w’ of the Weyl vector w which is conjugate to an ample class of
X (Lemma 5.4). On the other hand, PSU(3,F35) acts on R; identically, and hence acts
trivially on RY /Ry = S /Sx. This implies that PSU(3, Fa5) preserves the period of X.
It now follows from the Torelli theorem for supersingular K 3 surfaces due to Ogus [24, 25]
that PSU(3,Fy5) can act on X by automorphisms. O

Remark 5.9. By the direct calculation using the data of Section 4.3 and (4.2), we can con-
firm that the image of Aut(X, Dy) by the natural homomorphism O(Sx) — O(gs, ) is
equal to (4.1), and hence is of order 6. Combining this fact with the proof of Proposi-
tion 5.8, we see that the kernel of Aut(X, Dy) — O(Sx) — O(gs, ) is isomorphic to the
simple group PSU(3, Fa5).

5.2. Proof of Theorem 1.1 (2). Next we consider the following vectors in the Leech lat-
tice A:

(5.5) A=4dvw+vo, B=0, C=2vg,, D=vq—4v,

where K is an octad which does not contain co. Consider the vectors in L = U & A
defined by

(5.6) a=-(2,1,4), b=(-1,1,0), ¢=(0,1,C), d=(0,0,D).
Obviously we have
a?=0"=-2, *=d*=—-4, {(a,b) = (b,c) =1,

Let R, be the sublattice of L generated by a, b, c,d. Note that the Gram matrix of R, is
the same as the one given in (4.3). Moreover the alternating group 2g of degree 8 acts
on the set Q = {00, 0,1, ...,22} such that it preserves the octad K and fixes the point oo
(see Conway [5]). This action can be extended to the one on A, and henceon L = U & A
acting trivially on U. By definition, g fixes R3. Let So be the orthogonal complement of

Rs in L, on which 2(g acts. Then S5 is isomorphic to the Néron-Severi lattice Sx of the
supersingular /3 surface X with Artin invariant 1 in characteristic 5.

Lemma 5.10. Ler w’ be the projection of the Weyl vector w into S3. Then 5w’ € Sy and
(5w’)? = 60. Moreover 5w’ is conjugate to the class of an ample divisor on X under the
action of W(=2)(Sy).

Proof. Write w = w’ 4+ w' where w'’ is the projection of w into RY. We see that w” =
(6a—5b—c+2d)/5 and (w”)? = —12/5. Since 5w” € Ry and w? = 0, we have 5w’ € S,
and (w’)? = 12/5. The proof of the last assertion is the same as that of Lemma 5.4.  [J

Lemma 5.11. There exist exactly 168 Leech roots which are orthogonal to Rg, and g
acts transitively on these Leech roots.
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Proof. By an argument similar to the proof of Lemma 5.5, we see that the desired Leech
roots correspond to (—4)-vectors

dvs + v — 22Uk

in A, where K are octads which satisfy K > oo and |K N K| = 2. We count the number
of such octads K. Let aq, as be in Ky. Then the number of octads containing three points
00, a1, az is 21 (see Conway [5], Theorem 11). Take two points a3, as € Ko \ {a1,a2}.
Then there exists exactly one octad containing 5 points co, a1, as, as, a4. Thus the number
of octads K containing 0o, a1, as and satisfying K N Ko = {a;,az} is 21 — (g) = 6.
Therefore the number of octads K containing oo and satisfying | K N K| = 2is (g) X6 =
168.

Now take such an octad K. Then the stabilizer subgroup of K in g is the symmetry
group G5 of degree 5 because it has five orbits of size 1,2, 5, 6, 10; that is,

{oo}, {K N Ko}, {Ko\ ((KNKo)U{ooh}, {K\ (KN Ko}, {2\ (KUK}

Since the index of G5 in %Ug is 168, we have the second assertion. [l

Lemma 5.12. The group g acts on X by automorphisms.

Proof. The proof is similar to that of Lemma 5.8. (]

Finally the 168 Leech roots are the classes of the 168 smooth rational curves on X because
Leech roots have the minimal degree 1 with respect to the Weyl vector w. Thus we have
finished the proof of Theorem 1.1 (2).

Remark 5.13. Letr = (1,1,4v0 + vo — 2vk ), 7’ = (1,1,4v0 + vo — 2vk ) be distinct
two Leech roots in Lemma 5.11. Then (r,7') = 0 or 1 if and only if | N K’| = 4 or 2
respectively. Moreover we see that there exist exactly 72 Leech roots r’ in Lemma 5.11
with (r,r’) = 1 (see Proposition 4.2).

Remark 5.14. In both cases (1) and (2) in Theorem 1.1, the octads K satisfying co € K
and |K N Ky| = 2 appear. In case (1), K satisfies one more condition that K does not
contain 0. Here we discuss the remaining octads K; that is, K contains oo, 0 and satisfies
|K N Ky| = 2. We put

r=(2,2,\), A =2vk + v — 4uyp,

where K is an octad with K > oo, K 3 0 and |K N K| = 2. Then 7 = —2 and
r € R{ = S;. Obviously we have (r,w’) = (r,w) = 2. There exist exactly 42 octads K
satisfying K’ 3 oo, K 3 0 and |KNKp| = 2. Recall thatw’ = (2,2, A) = (2,2, 4dve+ra)
(Remark 5.7). For each root r from the above 42 roots, put

=20 —r=(2,2,8V00 + 41y + v — 2vK).

Then (r')2 = —2 and 7’ € Ry = S;. Thus the class r + r’ corresponds to the pullback of
a conic on P2 tangent to the Fermat sextic C at six points (see Proposition 4.3).

5.3. Proof of Theorem 1.1(3). Finally we consider the following vectors in the Leech
lattice A:

A=4dv,+vg, B=0, C =8y,

5.7
D =2 +vo+v1 4+ v2) —2(v3 + Vs + V14 + 117).
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Here Ky = {00,0,1,2,3,5,14,17} is an octad (see Todd [32]). Consider the vectors in
L = U & A defined by

(5.8) a=—(2,1,A), b=(-1,1,0), ¢=(1,2,C), d=(0,0,D).
Obviously we have
a?=b=-2 ¢ =d*=—-4, (a,b) = (b,c) = —1,
(a,c¢) = (b,d) =0, (a,d)=1, (¢,d)=—2.

Let R3 be the sublattice of L generated by a, b, ¢, d. Then the Gram matrix of Rj3 is the
same as the one given in (4.3). Note that a subgroup group (Z/27)* x (Z/3Zx &,) of M3
acts on the set 2 = {00, 0, 1, ..., 22} such that it preserves the sextet of tetrads determined
by {0, 0,1,2}, preserves the set {0,1,2} and the octad K, and fixes the point co (see
Conway [5]). This action can be extended to the one on A, and hence on L = U & A acting
trivially on U. Let S3 be the orthogonal complement of Rz in L. Then S is isomorphic
to the Néron-Severi lattice Sx of the supersingular K3 surface X with Artin invariant 1 in
characteristic 5.

Lemma 5.15. Let w' be the projection of the Weyl vector w into Sy. Then 5w’ € S5 and
(5w’)? = 80. Moreover w' is conjugate to the class of an ample divisor on X under the
action of W(=2)(Ss).

Proof. Write w = w’ + w” where w” € RY. Then w” = (6a — 4b — 3¢ + 3d)/5 and
(w")? = —16/5. Since 5w” € R3 and w? = 0, we have 5w’ € S and (w’)? = 16/5. The
proof of the last assertion is the same as that of Lemma 5.4. ]

Lemma 5.16. There exist exactly 96 Leech roots which are orthogonal to Rs.

Proof. By an argument similar to the proof of Lemma 5.5, we see that the desired Leech
roots are

(1,1, A —2vg),
where K is an octad satisfying one of the following conditions:

() |K N Kyl =4, K 300 and K contains exactly two points of {0, 1,2},
(2) |[K N Ky| =2, K > oo and K contains exactly one point of {0, 1,2}.

We count the number of octads satisfying (1) or (2). In case (1), there are 21 octads
containing fixed three points {00, 0,1} and among these 21 octads, five octads contain
four points {00, 0, 1,2}. Thus for each two points from {0, 1,2}, there exist exactly 16
octads, and the total is 16 x 3 = 48. In case (2), there are exactly 16 octads K satisfying
KN Ky = {o0,0} (see Conway [5], Table 10.1). Thus we have 48 octads satisfying the
condition (2). ([l

Lemma 5.17. The group (Z/27)* x (Z/3Z x &4) acts on X by automorphisms.
Proof. The proof is similar to that of Lemma 5.8. (I

The 96 Leech roots are the classes of the 96 smooth rational curves on X because Leech
roots have the minimal degree 1 with respect to the Weyl vector w. Thus we have finished
the proof of Theorem 1.1 (3).

We denote by 7 the set of 96 Leech roots in Lemma 5.16. Let 7;; be the set of Leech
roots which correspond to the octads K containing the two point i, j (¢, = 0,1, 2) in the
proof of Lemma 5.16, case (1), and let 7; be the set of all Leech roots corresponding to the
octads K containing the point i (¢ = 0, 1, 2) in the proof of Lemma 5.16, case (2).
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Theorem 5.18. Each T;, T;; consists of 16 mutually orthogonal Leech roots. Each Leech
root in T; (resp. T;;) meets exactly 6 Leech roots in T; with j # i (resp. Ty with (k,1) #
(¢, j)) with multiplicity 1. In particular, {T;, T; } and {T;;, T } form a (16¢)-configuration.
Moreover {T;, T;;, } with {i, j, k} = {0,1,2} is a (1612)-configuration and {7T;,T;;} is a
(164)-configuration.

Proof. Weputr = (1,1,A — 2vk)andr’ = (1,1,A — 2vks) € 7. Then (r,7’) = 0 or
1 if and only if |[K N K'| = 4 or 2, respectively. Since any two octads meet at 0, 2 or 4
points, 7;; consists of 16 mutually orthogonal Leech roots.

On the other hand, if r,7’ € 7; and K N K’ = {c0, i}, then the symmetric difference
K+ K" and Q + K + K’ are dodecads. Note that 2 + K + K’ contains the octad K.
This contradicts the fact that no dodecads contain an octad. Thus we have |[K N K'| = 4,
and hence 7; consists of 16 mutually disjoint Leech roots.

Finally we see that an element from 7; or 7;; has the incidence relation with 7; and 7y,
as desired. Since the group (Z/2Z)* x (Z/37 x &) acts transitively on each set 7;, 7;;,
the assertion follows. ([l

By defining {S;;} by
So1 =Ty, So2 =T, So3 =72, S11="T2, Si2="Tp2, S13= "7,

we have finished the proof of Theorem 1.2.

6. SUPERSINGULAR ELLIPTIC CURVE IN CHARACTERISTIC 5

We summarize some facts on the supersingular elliptic curve in characteristic 5 which
we will use later. We have, up to isomorphisms, only one supersingular elliptic curve de-
fined over an algebraically closed field k of characteristic 5, which is given by the equation

yr = — 1.

We denote by E a nonsingular complete model of the supersingular elliptic curve. In the
affine model, let (x1, y1) and (x2, y2) be two points on E. Then, the addition

m:ExE—FE
of E'is given by
2
m*r = —x; —x3 + ((zg il))Q,
(6.1) 27
— (y2—y1)®  3(z2vn — 2192)
my=y+y2— + .
(z2 —21)3 (z1 — x2)

We denote by [n|g the multiplication by an integer n, and by F,, the group of n-torsion
points of E. The multiplication [2] is concretely given by

2w =21+ 1yl [2py=2m—1/m+1/y.
We denote by Fr the relative Frobenius morphism. Then, it satisfies
Fr? = [-5] .
We set w = 2 + 31/2. Then, w is a primitive cube root of unity. We set
Py = (0,00), Py=(1,0), P, = (w,0), P,=(w?0).
The point P is the zero point of F, and the group F» of 2-torsion points of £ is
Ey = {Py, Py, P1, P>}.
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The translation T'p, by the point Fy is given by

« r+2 x 2y
%, (z) = P 5, (y) = o1

We set
u=2(z+Th () — 1), v=2v2(y+T} ).
Then, v and v are invariant under the action of TI’SO, and we have
222 + 3z +1 ~ 2V2y(a? + 32+ 3)
@1 T @
We know that the degree of the field extension k(x, y)/k(u, v) is equal to 2 and that v and

v satisfy the equation v? = u3 — 1. Therefore, we have the quotient morphism by the
action of T'p,:

(ZSE}Q . E — E
(z,y) = (uv).
By a direct calculation, we see that
2E,2 = [_2]E~
The elliptic curve E has the following automorphism +y of order 6 defined by
Yo =wr, Yy=-y.
We consider the endomorphism ring O = End(E). We set B = End(F) ®zQ. Then, as is
well-known, B is the quaternion division algebra with discriminant 5 and O is a maximal
order of B. We consider the following elements of O:
wi =1, wa =7, wyg=09p2, wi=79Ppz2.

The multiplication is given as follows:

0 OB VPE,2
v -1 YPE2 | —9E2+VPE>2
¢p2 | —1+¢p2—7PE2| —2 | —2+4+27—¢ge
YPE2 —Y+ B2 —2y —2—YpE2

For example, we have ¢ 2y = —1 4+ ¢ 2 — 70E 2.
The canonical involution a — @ of the quaternion algebra B is given as follows:

Y=-7", bpa2=—0¢p2 19p2=—-1-"10pa
Denoting by Tr the trace map in B, we have a 4 x 4 matrix (Tr w;w;):

2 1 0 1
1 -1 -1 -1
0 -1 —4 -2
~1 -1 -2 -3

Since the determinant of this matrix is equal to —25, we know that w; (i = 1,2,3,4) is a
basis of the maximal order O:

O=72+Zy+ Lops+ Lypg,s.
Remark 6.1. Considering Ker(Fr — 1) = E(F5) = Z/6Z , we have
Fr=1+ QSE,Q’Y(I + ’Y) = -1+ ¢E72 — 2"}/(25]572.
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7. NUMBER OF F2-RATIONAL POINTS ON Km(A)

Let E be a supersingular elliptic curve defined over F,,. We set A = E' x E and denote
by ¢4 the inversion of A. We denote by Km(A) the Kummer surface associated with A.
In this section, we compute the number N of F,,2-rational points on Km(A).

In Katsura and Kondo [15], we proved the following lemma. For the readers’ conve-
nience, we give here the proof again.

Lemma 7.1. E(F,2) = Ker[p + 1]g. In particular, we have |E(F,2)| = (p + 1)? and
[A(Fy2)| = (p+ D™

Proof. A point P € F is contained in F(F,:) if and only if F+?(P) = P. Since Fr”
[—p] &, we have Fr?(P) = P if and only if [p + 1] z(P) = 0.

Ol

Theorem 7.2. The number N of F 2 -rational points on Km(A) is equal to 1 + 22p? +pt.

Proof. We consider the quotient morphism
w:A— Al(La).

By Ker[2]4 C Ker[p + 1] 4, all 2-torsion points are defined over 2. Excluding the 2-
torsion points, we get {(p+1)*—16}/2 points of Km(A)(F ) derived from (p-+1)-torsion
points on A. If a point P on A satisfies Fr?(P) = 14(P), then we have Fr?(w(P)) =
w(P) on A/(ta). Therefore, w(P) is an F2-rational point on A/(v4). Hence, it gives an
F,2-rational point on Km(A). Since Fr?(P) = 14 (P) holds if and only if P is contained
in Ker[p— 1] 4, the number of such points on A is equal to (p—1)*. Excluding the 2-torsion
points, we get {(p—1)*—16} /2 points of Km(A)(F,2) derived from (p— 1)-torsion points
on A. Since |P*(F,2)| = p? + 1, we have 16(p* + 1) points of Km(A)(F,2) that come
from the 16 exceptional curves. Therefore, in total we have an inequality

N>{(p+1D*=16}/2+{(p—1)* —16}/2 + 16(p* + 1) = 1 +22p? + p™.

On the other hand, we consider the congruent zeta function Z(Km(A)/F,2,t) of Km(A).
Since Km(A) is a K3 surface, we have

22 -1
Z(Km(A)[Fye,t) = ((1 —n-pn [0 - am)
i=1
with algebraic integers «; satisfying |a;| = p?. Since log Z(Km(A)/Fp2,t) = Nt + -,
we have

22 22
N:1+Zai+p4§1+Z|ai|—|—p4:1+22p2+p4.
=1 =1

Hence, we have N = 1 + 22p? + p*. [l
Corollary 7.3. Ifp = 5, we have |[Km(A)(Fa5)| = 1176.

Remark 7.4. Let E be the nonsingular complete model of the supersingular elliptic curve
defined by 2 = 23 — 1 in characteristic 5. Then, by the consideration above, a point
P = (a,b) € Eis contained in E, \ E if and only if Fr*(P) = —P and b # 0. Therefore,
we have the following.

(i) P € Esif and only if b = 0. (Hence, a € Fa5);

(i) P € Ey\ Esif and only if a € Fys and b & Fos;

(ii) P € Eg \ Esif and only if a € Fas and b € Fa5 \ {0}.
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8. SIX SETS OF DISJOINT 16 SMOOTH RATIONAL CURVES ON Km(A)

In this section, we resume working in characteristic 5. Let E be the elliptic curve
defined by y? = 23 — 1, and let A be the abelian surface £ x E. For brevity, we denote by
Y the Kummer surface Km(A). As is well-known (see Ogus [24]), Y is isomorphic to our
supersingular K 3 surface X with Artin invariant 1. In this section, we explicitly construct
Six sets

8005 So15 02, S10, S11, S12

of disjoint 16 smooth rational curves on Y with the properties (a), (b), (¢) in Theorem 1.2,
and prove Theorem 1.3. We denote by S4 and Sy the Néron-Severi lattices of A and Y,
respectively. It is well-known that S 4 is of discriminant —25.

We denote by A, the group of 2-torsion points of A:

Ay = Fy x Es.
We consider the following commutative diagram:
A = Y
bl Le

A = A,

where b is the blow-up at the points of A, w is the quotient morphism by (1), p is the
minimal resolution, and 7 is the double covering induced by w. For P € As, we denote
by Ep the exceptional curve of b over P. The homomorphism b* : S4 — S  identifies
S with a sublattice of the Néron-Severi lattice S; of fl, and we obtain an orthogonal
decomposition

(8.1) Si=S1® @ zlEp).
PeAs

Let 7 denote the group of translations of A by the points in A,. Then 7 acts on A, and
hence on S ;. The action preserves the orthogonal decomposition (8.1), and its restriction
to the factor Sy is trivial, while its restriction to the factor € Z[Ep] is induced by the
permutation representation of 7 on As. The inversion ¢ 4 of A lifts to an involution 74 of
A, and 7 is the quotient map by (t4). The homomorphism 7* induces an embedding of
the lattice Sy (2) into Sz, where Sy (2) is the Z-module Sy with the symmetric bilinear
form defined by (x, %) s, (2) = 2(z,¥) s, -

For an irreducible curve I" on A that is invariant under ¢ 4, we denote by I'; the strict
transform of " by b : A— A and by I'y the image of I'; by 7 : A — Y with the reduced
structure. Since I is invariant under ¢ 4, the map 7 induces a double covering I'; — I'y.
Suppose that I" is smooth. Then we have

L) =011- > [Erl
Pel'nAs
For an endomorphism g : ¥ — E of E, we denote by ®, the graph of g; that is,
®,={(Pyg(P)) | PEE}

We can calculate the intersection number of a curve of certain type on A with @, by the
following method. Suppose that H is a (hyper-)elliptic curve defined by

’1)2 = fH(u)a
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with the involution ¢y : (u,v) — (u, —v). We consider two finite morphisms
n:H—FE (i=1,2)
satisfying 1; o tzr = tg o 1;, and we set
n=(m,n): H— ExE=A.

We denote by I'[5)] the image of 1 on A with the reduced structure. Suppose that 7 induces
a birational map from H to I'[n]. Using the addition m : E x E — E, we have a divisor

A =Kerm={(P,—P)| PecE}
on A = E x E. From the given endomorphism g € End(E), we obtain a morphism
(mg)xid: ExE— EXE.
Then we have &, = ((—g) x id)*A. We consider the morphism
0. H - Exp "2 pxp ™ g
Then we have

(T, ®g)s, = degn* @y = deg(n® o ((—g) x id)*A)
= deg(n* o ((—g) x id)* o m ™ (Px))
= deg((m o ((—g) x id) o n)*(Px)),
= deg¥.

By the assumption 1; o 1ty = tg o 1, the map 7); is written as
mix=M(u), n7y=v-Ni(u),

by some rational functions M; and N; of one variable u. Since g : E — FE satisfies
goLp = Lg o g, there exist rational functions ¥ and = of one variable x such that

gz =V¥(), gy=y- ()
The morphism 6 induces a finite morphism

0:H/(ug) =P - E/(1g) = P

(8.2)

from the wu-line to the x-line. Using (6.1), we see that 6 is given by the rational function

e aptu o () (Na(u) + Ny (u) - E(0, (1))
P S TR AR T L w - s0n )

Since deg# = deg 6, we can calculate (I'[5)], ®,)s, = deg® simply by calculating the
degree of the rational function 8*z of one variable.

Proposition 8.1. Let v : F — E and ¢go : E — E be the endomorphisms defined in
Section 6. Then classes of the curves

Bi=Ex{Px}, By={Px}xE, Bs=adq,
By =,, By = <I>¢E,2, Bg = <I>W¢E’2

on A form a basis of S s, where Py, is the zero point of E.
Proof. The intersection numbers (B;, B;)g, are given by the following matrix:

0111 2 2

1011 1 1
1101 3 4
(8.3) 111023
9 132 0 2
9 1 43 2 0
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Since its determinant of is —25, the classes [Bi], . .., [Bs] form a basis of S4. O

Remark 8.2. Let O = End(F) be as in Section 6. Set X = E x {P} + {Px} X E.
Then X is a principal polarization on A. For a divisor L on A, we have a homomorphism

or: A — Pic®(4)
¢ — TL-1L,

where T}, is the translation by z € A (see Mumford [20]). We see that go;(l o (g, is an
element of End(A) = M>(O). We set

H:{[‘CL Z] | a,d € Z, b,cEOwithc:b}.

Then,
j: Sa — H
L <p;(1 0wy,

is a bijective homomorphism, and for L,, Ly € S 4 such that

. | . by . _ | a2 b2

= ] = ],
the intersection number (L1, L2)s, is given by

(L1, Lo)s, = aady + ards — c1b2 — cab1.

(see Katsura [14], Katsura and Kondo [15]). For two endomorphisms a1,as € O, by
Katsura [14] (also see Katsura and Kondo [15]), we have
llon xanya) = | Q1er caoe |
Now consider our basis [B], ..., [Bs] of Sa. Since we have
B3 = (—ld X ld)*A, B4 = (—’}/ X ld)*A7 B5 = (_(ZSE,Q X ld)*A,
Bg = (—7¢p2 x id)*A,

we see that
N I e & my_ | 2 ¢g
e A I
. 2 —¢p.2v?
j(Bs) = | e 1 } .

Here, as an element in O, we use 1 for id and —1 for . Using these expressions, we can
also calculate our Gram matrix 8.3 easily.

From now on, we express elements of S4 as row vectors with respect to the basis
[B1], .., [Bs]. The matrix (8.3) is then the Gram matrix of S4 with respect to this basis.

Remark 8.3. Letn : H — A be as above. Note that we have
3.4) (Tln], B1)s, = degma, (U], B2)s, = degm.
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By the method above, we can calculate the vector representation of the class of I'[5] in
S 4 with respect to the basis [By], . .., [Bs]. By the Gram matrix (8.3), we obtain the self-
intersection number of I'[] on A. Then I'[n] is smooth (that is, 77 induces an isomorphism
from H to I'[n]) if and only if

(8.5) (T[n],T[n])s, = 2(the genus of H — 1).
In this case, we also have
n~1(As) = the set of fixed points of ¢z,

and hence we can easily obtain the set I'[n] N A;. Thus we can calculate the class of the
strict transform I'[n] ; of T'[n] in S;.

Example 8.4. Note that Aut(E) is a cyclic group of order 6 generated by . For integers
a and b, the pull-back (v* x v°)*®, of the graph ®, of g € End(E) by the action

(v* x ")+ (P,Q) = (v*(P),7°(Q))
is equal to @+ ... Calculating the intersection numbers ((v* x 7*)*B;, B))s,, we see
that the action (7% x 7*)* on S 4 is given by

[z1,...,26] = [21,...,26] - GL- G,

where

10 0 0 0 O 100 0 0 O

01 0 0 0 O 010 0 0 O

0 0 O 1 0 O 1 11 -1 0 O

G=l11 1100 “Tloo1 0 0 0

23 -1 0 1 -1 120 0 1 -1

11 0 -1 1 0 000 0O 1 O
Example 8.5. In the same way, we see that the action of the involution (P, Q) — (Q, P)

of A on Sy, is given by

01 0 0 0 O

10 0 0 0 0

2. 76 o [zn, .. 2] 00 1 0 0 0
AL S 11 1 -1 0 0
33 0 0 -1 0

4 4 -1 0 0 -1

Remark 8.6. Letn : H — A be as above, and suppose that 7 is an embedding (that is, the
equality (8.5) holds). Then the induced morphism

7:H/ () =P - Y
is an isomorphism from the u-line H/(1) to the (—2)-curve I'[5]y on Y. The morphism

7] is calculated as follows. Let (z1,y1) and (z2,y2) be the affine coordinates of the first
and the second factor of A = E' x E. Then the singular surface A/{t4) is defined by

w? = (27 —1)(23 - 1),
where the quotient morphism w : A — A/(v4) is given by
((@1,91), (T2, y2)) = (71, 72, w) = (21, T2, Y1Y2)-
Then poij: P! — A/(14) is given by the rational functions
(pon) ey =M(u), (poin)we=M(u), (pon)w= fu(u)Ni(u)Na(u).
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Let P be a point of As. Suppose that the image of p o 7} passes through the node w(P)
of A/{ta). Let Q@ € H be the point that is mapped to P by 7, and let Q' € H/(.z) be
the image of @ by the quotient map H — H/(1g). Theliftj : P! — Y of po#jat Q' is
calculated as follows. Let Tp 4 denote the tangent space to A at P. Then the (—2)-curve
n(Ep) = p~'(w(P)) on Y is canonically identified with the projective line P,.(T/p 4) of
1-dimensional linear subspaces of T'p 4, and 77(Q)") € w(Ep) corresponds to the image of

dQ77 : TQ’H — TP,A,

where T g is the tangent space to H at ). Thus 77(Q)") is obtained by differentiating 1
at Q. In particular, if n : H — A is defined over Fy5, then we can calculate the list of
[Fo5-rational points on the (—2)-curve I'[n]y on Y.

We consider the hyperelliptic curves defined by
F:o?=u%—1, and  G:0?=v2w? +2u® +2u* +1),

and the morphisms

u—1 (u—1)2
¢p2: F— FE (u,v) = (u?, v),
2u v(2u® +1)

ud —1’ (ui”—1)2>7

AV2 (u+3vV2+4)2 (u+2V2 4 4) (4+4ﬁ)v>
f ’ f? 7
where f = (u+v2)(u+4v2+1)(u+3v2+2),

64 G — E (u,v)»—><U4+(1+4ﬂ)UQ+2 vu>’

bai o E (uv)’_)<2u2+3u+1 2\/§v(u2+3u+3)>
E2 - ) )

¢p3: F—FE (u,v) —

¢G,3:G_>E (u,v)l—>

)

g 9
where g =u*+ (1+2v2)u®+ (44 V2).

Remark 8.7. Each of the five morphisms ¢ : H — E above satisfies tp 0 ¢ = ¢ o 1.

Remark 8.8. A basis of the vector space HO(G, Q) of regular 1-forms on the curve G is
given by
dv x*dx xzdr 23dr 2?dr dxr 2tdw

v ooy oy oy oy Ty oy
With respect to this basis, the Cartier operator C is given by the matrix
{ 313 | O32
O3 | Oz

} , where I3 is the 3 x 3 identity matrix and O, 3 is the a X b zero matrix.

Therefore, we have dim KerC = 2 and rankC = 3. Hence, the Jacobian variety J(G)
of G is isogenous to the product of a 3-dimensional ordinary abelian variety and a super-
special abelian surface A. In the same way, we see that the Cartier operator is zero for the
curve F' and that the Jacobian variety J(F") of F' is isomorphic to A.

Remark 8.9. The Weierstrass points of F are (u,v) = ((3 +2+/2),0) forv = 0,...,5.
The Weierstrass points of G are (u,v) = (u,,0) forv =0,...,11, where u, are

V2, £2v2, 1+v2, 24+2v2, 3+3V2, 4+4V2.
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In particular, let £/ — P! (resp. £/ — P!, F’ — P!, G’ — P!) be the double covering
branched at the points in Py (resp. P,, Ps, Py5) defined above Theorem 1.3. Then E’ and
E' are isomorphic to E over Fo5, F” is isomorphic to F' over Fo5, and G’ is isomorphic to
G over 5.

We also consider the automorphisms

y:E—E (u, ) = (wu, —v),
202u+4

he:F—F  (u,0)— V2uid ! :
u+2v2 " (u+2v2)3
2/2u+1 v

We:F—F (u,v) —

)

u+3vV2 ' (u+3v2)3 )’
2u+3 4v
u+1’ (u+1)8

hg:G— G (u,v)»—><

Note that the morphisms ¢ 2 and -y have already appeared in Section 6.

Let 7 denote the automorphism (P, Q) — (Q,tg(P)) of A. Note that 7 lifts to an
automorphism of A and its action on S i 1s obtained from Examples 8.4, 8.5. For a curve
I' on A, we denote by 7 (I) the set of translations of I” by points in A,. Then we define
sets of curves on A by

Lo1 = T([(¢r2, dor2hr)]),
Loz = TT(¢rs, ¢rashp]),
L1043 = T[(bc.4,0c3)]);
Elo,(4,4) = T(F[(72¢G74, 7¢G,4hG)] )7
Lo = Li0,4,3) UT(L10,4,3)) U L10,(4,4) U T(L10,(4,4)),
511,(1,2) = T(F[(ny, ’72¢E,2)} ),
Li1,22) = T([(¢r27,79E2)]),
L11 = L1012 UT(Li1,1,2)) U L1, 2,20 UT(L11,2,2));
L1 = T(B1)UT(By)UT(Bsy)UT(T|[(id,¥?)]).

Using the method above, we have the following list of intersection numbers.

By | By | By | Bs| Bs | Bg
T(¢p2, prohr)] 2214121817
I'(or3, dr3h’p)] 303613512
I'(pG.4, Pc.3)] 314|174 |14]15
T[(V2bca,vdcaha)] | 4 | 4 | 7 | 3 | 14| 16
L[(v*,7%¢E2)] 211312137
I'(0p.27,70E,2)] 221521678
T[(id, *)] T 13 [1]2]2
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Using this table and the Gram matrix (8.3), we obtain the following vector representations
of classes of these curves.

[T[(¢r2, or2hr)]] = [2 —1,0]
T [(¢F3, dr3hk)]] = [4 6,-2,3,-1,-1]
[L[(¢G,4: 96,3)]] = [5,6 -1,-1]
T[(v*¢c.4,70c.ahc)]] = [476 -2,4,-1,-1]
[T[(v*,7*¢p,2)]] = [2,4,-1,1,0,—1]
T[(¢r,27:79E,2)]] = [3,4,-2,2,0,—1]
[T[(id, v*)]] = [1,1,-1,1,0,0].

Remark 8.10. In particular, we see that these curves are smooth by confirming (8.5).

Remark 8.11. Incidentally, by the vector representations of classes of our curves, we have

ilracomanel) = | |y 2, TR, ]
ioraomati) = | g 0, BT Rt onat ]
il60a 660D = | | g1y oo ines T CpRTOET .
i e ar00ahal) = | 5 gy b g ST OB oRaT ]
JCI( 7 m2)]) = [ 1_7i7¢m 1+727;¢E7272 }
i aoe) = | 5y, T 0|

—2 1
We can also use these expressions to calculate the intersection numbers.

e =] e 7]

Now we state our main result of this section.
Theorem 8.12. For vi = 01,02,10, 11, 12, the set
Syi:{ry|1—‘€£w‘}

is a set of disjoint 16 smooth rational curves on Y. Moreover, together with the set
Soo of the images of the (—1)-curves Ep for P € Ay by 1 : A — Y, the six sets
S00, So1,So2, S10, S11, S12 satisfy the conditions (a), (b) and (c) in Theorem 1.2 and pos-
sess the properties in Theorem 1.3.

Proof. Let S be the union of the six sets Spg, So1, So2, S10, S11,S12. We have already
seen that the 96 curves in S are (—2)-curves on Y (see Remarks 8.7 and 8.10). Since
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the 96 rational curves in S are presented explicitly, we can prove Theorem 8.12 by direct
computation.

By the method in Remark 8.3, we can calculate the classes [['y| € Sy of the 96 rational
curves I'yy € S: more precisely, we calculate the vector representations of the classes

[7*(T'y)] of the curves 7*(I'y') on A with respect to the basis [Bi],...,[Bg] and [Ep]
(P € As). Using the Gram matrix (8.3) and the formula
1 * *
Tyl 0y D sy = {7 Ty)L 7 (0 )Ds,

we can calculate the intersection numbers among the curves in S. It follows that the six
sets S,; satisfy the conditions (a), (b) and (c) in Theorem 1.2.

Next we calculate the list I'y (Fo5) of Fo5-rational points by the method in Remark 8.6.
It turns out that

(Cy], Dy ]sy =Ty (Fas) N Ty (Fas)|
for any pair 'y, I'}, of distinct curves in S. Therefore any intersection point of curves in S
is an [Fo5-rational point. Moreover the properties in Theorem 1.3 can be checked directly.
For example, we consider a curve I'[] € Ly (4,4), Where the morphism 7 : G — A is
given by

ey _ 22V2) (P + (443V2)ut4V2) (w4 (1+2V2)u+4v2)
e = (u—|—4\@)(u+3\/§—|—3)(u+2\/§+2)(u+ﬂ) ’
o uv

(w+4v2) (u+3vZ+3)° (u+2v2+2)" (u+v2)*

(44+3v2) (W + (3+4V2)u+3v2+4) (v + (1 +4V2)ut+4v2+3)

v = (wtd+v2) (utv2+1) (ut2v2+2) (ut3v2+2)
(1+v2)v(u+4)(u+1)

(ut+d4+v2) (ut+v2+1)* (u+2v2+2)° (u+3v2+2)"

The vector representation of [I'[] ;] € S5 is

[F[U]A} = [4’6> -2,4,-1, _1] - Z [EP]7
PETn)

Ny =

where [4,6, —2,4, —1, —1] € S4 is written with respect to [B1], ..., [Bg], and
T[T]] = {POOOCaP0007PO<)17P0027POOO7POO7P017P023P1007P12;P2003P22}'

Here P, denotes (P,, Pg) € Ay for a, 5 € {00,0,1,2} (see Section 6). The induced
isomorphism # from the u-line P* = G//{1g) to the (—2)-curve I'[]y € Sio induces the
bijection between the sets of Fo5-rational points given in Table 8.1. In this table, the point
7j(u) is written by the following method: If 7j(u) is not on the exceptional divisor of p, then
the coordinates [x1, o, w] of (u) on A/ (1) defined by w? = (23 — 1)(23 — 1) is given.
(See Remark 8.6.) If 7j(u) is on the (—2)-curve m(Ep) = p~!(w(P)) corresponding to
P € A,, then the point 7j(u) is written by the coordinates [[z1, 2], [£o, &1]], Where [£o, &1 ]
is the homogeneous coordinates on 7(Ep) = p~!(w(P)) = P.(Tp ) with respect to the
basis 6 P, 0 p of Tp 4, where 6 is a non-zero invariant vector field on FE, which is unique up
to scalar multiplications.

We put I = I'[n]y, and present the four subsets Iy, I'no, L1, Lo2 of I'(Fa5) in Theo-
rem 1.3. The set 1o of 12 points on the exceptional divisor of p is easily obtained from

)
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7i(c0) = [2+2v2,4+3V2,0],

71(0) = [2+3v2,443V2,0],

(1) = [1"’_3\/571’0}7

7(2) = [143v2,4+3v2,4+3V2],
7i(3) = [14+3v2,443v2,1+2V72],
7i(4) = [1+3v2,243V2,0],
77(\/5) = [[oo,1],[1,2 \/5”7

nl+v2) = [2+3v2,2+2V2],[1,2]],
n2++v2) = [2v2,2+V2,3],

AB8+v2) = [4+4v2,4+2,3],
ﬁ(4+\/§) = [[2+2\/§72+2\/§L[1?4+\/§”7
77(2\/5) = [[172+3\/§]7[174+2\/§H7
7(1+2v2) = [3v2,2+v2,1+2],
1(2+2v2) = [[c0,2+2V2],[1,2v2]],
77(3"’_2\/5) = [[17001’[172+\@]]7
N4+2v2) = [B+4v2,4+V2,4+4V72],
n(3 \/5) = [[1,1], 1, \/iﬂv

T14+3v2) = [3+4v2,2+4v2,1+472),
i2+3v2) = [[1,2+2v2],[1,v2]],
M(3+3v2) = [[oo,00],[1,4+2V2]],
7(4+3v2) = [3v2,3+4v2,3],

ﬁ(4\/§) = [[OO,2+3\/§],[1,3+4\/§H,
A1 +4v2) = [[2+2v2,00],[1,1]],
7(2+4v2) = [4+4v2,2+42,44+472],
A(3+4v2) = [2v2,3+4v2,14+472],
M(4+4v2) = [[2+3V2,00],[1,2+2V?2]

TABLE 8.1. The map 77 on Fy5-rational points

Table 8.1. The other sets are given as follows:
7N I) = {00,0,1,2,3,4},
T o) = {3+V2,442V2,1+3V2,2+4V2},
T ) = {24+ V2,14+2V2,4+3V2,3+4V2}.

For example, the unique (—2)-curve in Sy; passing through 7j(c0) € I is T'[n']y, where
n' : E — Ais given by

w?+ (1+3vV2)u+2v2+1 (44+2v2) v (u+2v2+4)
(ut3v2+4)° ’ (u+3v2+4)°

and we have 77/ (1 + 31/3) = 7(00), while the unique (—2)-curve in S;o passing through
fi(c0) € I is T[]y, where ' : E — Ais given by

[[2+2v2,0], [u,v]],

and we have 77/(4 + 3v/2) = 7j(c0). The unique (—2)-curve in Sp; passing through
(3 +V/2) € Iy is T[¢]y, where & : F — A s given by

l[u%v}’ ?Eu(izg)‘j (u+;}\@)3]]

,[(Hm)u,mﬂ,
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and we have £(4 + 3v/2) = (3 + v/2).
The details of these data for all 96 curves in S are presented in [30]. [l

We give a remark about (16,.)-configurations on a K3 surface in general.

Proposition 8.13. Assume that the characteristic p of the base field is # 2. No abelian
surfaces contain any non-singular hyperelliptic curve of genus greater than or equal to 6.

Proof. Suppose that an abelian surface A contains a nonsingular hyperelliptic curve C' of
genus g. We may assume that C' is symmetric under the inversion ¢ of A. Then, C'N A,
must contain 2g + 2 points. Since the number of points in Ay is 16, we have g < 7.
Assume g = 7. Then, we have C'N Ay = A,. If there exists a two-torsion point x such
that T C # C, then we have C? = (C, T} C) > 16. Therefore, the genus of C' is greater
than or equal to 16/2 + 1 = 9, which contradicts g = 7. Suppose T,C' = C for any
x € As. Then, the group scheme K (C') = Ker ¢ contains As, where ¢ is defined in
Remark 8.2. On the other hand, by the Riemann-Roch theorem, we have

|K(C)| = degpc = (C*/2)* = (g — 1)* = 36.

Since A; C K(C), 36 must be divisible by 16, a contradiction. Hence, A does not contain
any nonsingular hyperelliptic curve of genus 7.

Now, assume g = 6. Then, since C' is hyperelliptic, we have |CNAs| = 2x6+2 = 14.
Let = be a point in A that is not contained in C' N A,. Take a point y € C' N As. Then,
we have C' # Ty C and C N T;_,C N A contains more than or equal to 12 points.
Therefore, we have C? = (C, T;fyC) > 12. Hence, the genus of C' must be greater than
or equal to 12/2 4+ 1 = 7, which contradicts ¢ = 6. Consequently A does not contain any
nonsingular hyperelliptic curve of genus 6. O

Remark 8.14. Let C be a nonsingular complete curve of genus 2, and let J(C') be a Jaco-
bian variety. Then, it is well-known that on the Kummer surface Km(J(C')) there exists
a (16¢)-configuration. We also have a (16;()-configuration on some Kummer surfaces,
using a certain hyperelliptic curve of genus 4 (see Traynard [33], Barth and Nieto [2],
Katsura and Kondo [15]). In this paper, we constructed a (1615 )-configuration on the su-
persingular K3 surface with Artin invariant 1 in characteristic 5. This seems to be the
first example of (16;2)-configurations on a K3 surface. To construct the configuration we
use a hyperelliptic curve of genus 5. By Proposition 8.13, we cannot construct (162)-
configurations with £ > 7 on a Kummer surface in a similar way to our method.

Remark 8.15. The supersingular K3 surface with Artin invariant 1 in characteristic 5 has an
interesting example of a pencil of curves of genus 2. Let P be a point of P?(Fa5)\ Cr (Fa5),
and let R; and R, be the points on X that are mapped to P by 77 : X — P2, We take the
blowing-up X at the two points R;, Ry of X. Then, the pencil of lines passing through
P induces on X a structure of fiber space over P! whose general fiber is isomorphic to a
smooth complete curve C of genus 2 defined by y2 = 2% — 1. The fiber space has exactly
6 degenerate fibers corresponding to the tangent lines of C'r passing through P. Each
degenerate fiber is a union of two smooth rational curves intersecting at one point with
multiplicity 3.

Let C be the nonsingular complete model of the curve defined by the equation 1+ 2z +
2§ = 0. G = Z/6Z = (0) with a generator §. We denote by ¢ a primitive 6-th root of
unity, and consider the action

O: x w— xy, xy = Exo
x = fx, y — y
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on the surface C; x C. The group G also acts on the curve C;. We set
w = /—1(xa/x)%y, 2z = 2o /.

Then, 1, w and z are G-invariant and the quotient surface (C; x C)/G is birationally
isomorphic to the surface defined by w? = 26 + 1 + z§. The fiber space structure is given
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