GENERALIZED ZARISKI-VAN KAMPEN THEOREM AND
ITS APPLICATION TO GRASSMANNIAN DUAL VARIETIES

ICHIRO SHIMADA

Dedicated to the memory of Professor Nguyen Huu Duc

ABSTRACT. We formulate and prove a generalization of Zariski-van Kam-
pen theorem on the topological fundamental groups of smooth complex al-
gebraic varieties. As an application, we prove a hyperplane section theorem
of Lefschetz-Zariski-van Kampen type for the fundamental groups of the com-
plements to the Grassmannian dual varieties.

1. INTRODUCTION

We work over the complex number field C. By a wvariety, we mean a reduced
irreducible quasi-projective scheme. The fundamental group 71 (V) of a variety
V' is the topological fundamental group of the analytic space underlying V. The
conjunction of paths is read from left to right; that is, for paths a: I :=[0,1] = V'
and 8: I — V, we define a8 : I — V only when «(1) = 3(0).

For a subset S of a group G, we denote by (S) the subgroup of G generated by
the elements of S. Let a group I' act on G from the right. Then the subgroup

Nr=({g7'g"lge G,y eT})
of G is normal, because h=1(g=tg")h = ((gh)~1(gh)?)(h~1h7)~1. We then put
G//T := G/Nr,
and call G//T the Zariski-van Kampen quotient of G by T.

Let f: X — Y be a dominant morphism from a smooth variety X to a smooth
variety Y with a connected general fiber. There exists a non-empty Zariski open
subset Y° C Y such that f is locally trivial in the C*°-category over Y°. We put
X°:= f~1(Y°), and denote by f°: X° — Y° the restriction of f to X°. We choose
a base point b € Y°, put Fj := f~1(b), and choose a base point beF,.

We investigate the kernel of the homomorphism

by = w1 (Fy,b) — mi(X,D)

induced by the inclusion ¢ : F, — X. The classical Zariski-van Kampen theorem,
which started from [29], describes Ker(i,) in terms of the monodromy action of

m1(Y°,b) on w1 (Fy, b) under the assumption that a cross-section of f passing through
b ewists. The cross-section plays a double role; one is to define the monodromy

action of m (Y°,b) on 71 (F}, b), and the other is to prevent m2(Y") from contributing
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to Ker(t.). However, the cross-section rarely exists in applications. If we do not
have any cross-section, then the monodromy of m(Y°,b) on m(F}) is not well-
defined, and moreover m3(Y') may contribute to Ker(c,). (See Example 3.4.)

In this paper, we give a generalization of Zariski-van Kampen theorem (Theo-
rem 3.20), which describes Ker(t.) under weaker conditions on the existence of the
cross-section. Informally, our theorem states that, if there exists a cross-section on
a subspace of Y whose g surjects to m2(Y"), then, under additional assumptions on
the singular fibers of f, Ker(t.) is generated by the monodromy relations arising
from the lifted monodromy, which is defined as follows.

Since f°: X° — Y° is locally trivial, the groups 71 (f~1(f(z)),z) form a locally
constant system on X° when x moves on X°, and hence 7, (X°,b) acts on m (Fy, b)
from the right in a natural way. We denote this action by

(1.1) po: m(X°,0) — Aut(m(Fp,b)),
and call u the lifted monodromy.

Combining our main result with Nori’s lemma [14] (see Proposition 3.1), we
obtain the following;:

Corollary 1.1. Suppose that the following three conditions are satisfied:

(C1) the locus Sing(f) of critical points of f is of codimension > 2 in X,
(C2) there exists a Zariski closed subset Zg of Y with codimension > 2 such that
F, := f~'(y) is non-empty and irreducible for any y € Y \ Eo, and
(Z) there exist a subspace Z C'Y containing b and a continuous cross-section
sz Z — [f7YZ) of f over Z satisfying sz(Z)NSing(f) =0 and sz(b) = b
such that the inclusion Z —'Y induces a surjection wo(Z,b) — ma(Y,b).
Let ix, : m(X°,b) — w1 (X,b) be the homomorphism induced by the inclusion
ix : X° < X. Then Ker(cy) is equal to

(1.2) R:= ({97 ¢"V |g € m(Fp,b), v € Ker(ix.)} ),
and we have the exact sequence

1 — m(F,0)/ Ker(ix,) > m(X,0) L5 myp) — 1.

Remark 1.2. The condition (Z) is trivially satisfied if m5(Y") = 0; for example, when
Y is an affine space AN, an abelian variety, or a Riemann surface of genus > 0.

In our previous papers [17], [23] and [24], we have given three different proofs to
a special case of Theorem 3.20, where Y is an affine space AYN. Even this special
case has yielded many applications ([16, 18, 19, 20, 21, 22, 25]). Thus we can expect
more applications of the generalized Zariski-van Kampen theorem of this paper.

As an easy application, we obtain the following:
Corollary 1.3. Let f : X — Y be a morphism from a smooth variety X to a smooth
variety Y. Suppose that mo(Y) = 0, that [ is projective with the general fiber F

being connected, and that Sing(f) is of codimension > 3 in X. Let v : F, — X be
the inclusion. Then the sequence

1 — m(F) 5 m(X) L5 ney) — 1

15 exact.
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As the next application, we investigate the fundamental group of the comple-
ment of the Grassmannian dual variety, and prove a hyperplane section theorem of
Zariski-Lefschetz-van Kampen type.

A Zariski closed subset of a projective space PV is said to be non-degenerate if
it is not contained in any hyperplane of P. We denote by Gr(PY) the Grass-
mannian variety of (N — c)-dimensional linear subspaces of PV. For a point
t € (PN)Y = Gr*(PV) of the dual projective space, let H; C PV denote the corre-
sponding hyperplane.

Let W be a closed subscheme of PV such that every irreducible component is of
dimension n. For ¢ < n, the Grassmannian dual variety of W in Gr°(PY) is defined
to be the locus of L € Gr°(PY) such that the scheme-theoretic intersection of W
and the linear subspace L C PV fails to be smooth of dimension n — ¢. For a non-
negative integer k, we denote by U, (W, PV) the complement of the Grassmannian
dual variety of W in G *(PN); that is, Up(W,PN) ¢ Gr" *(PV) is the Zariski
open subset of all L € Gr" *(PN) that intersect W along a smooth scheme of
dimension k.

Let X C PV be a smooth non-degenerate projective variety of dimension n > 2.
The fundamental group 7y (PV)V \ XV) = 71 (U,,_1(X,PY)) of the complement of
the dual variety has been studied in several papers (for example, [3, 4]). However,
there seem to be few studies on its generalization to Grassmannian varieties. We
will investigate the fundamental groups 71 (U (X,PN)) for k =0,...,n — 2.

We choose a general line A in (PY)V, and consider the corresponding pencil
{H;}¢en of hyperplanes. Let A := () H; = PN¥~2 denote the axis of the pencil. We
put

Y;:=XNH; and Z):=XnNA.

Let k be an integer such that 0 < k < n — 2. Regarding Gr°~*(H,) as a closed
subvariety of Gr¢(PV), and Gr° ?(A) as a closed subvariety of Gr®~*(Hy), we have
canonical inclusions

Up(Za,A) — Up(Yi, Hy) — Up(X,PN).

Since k < n — 2, the space Ui(Za, A) is non-empty. (When k = n — 2, the space
U,_2(Zx, A) is equal to the one-point set Gr’(A) = {A}.) We choose a base point
Lo S Uk(ZA7A)a
which serves also as a base point of Uy (X,PY) and of Uy(Y;, H;) by the natural

inclusions above. Consider the space
Up (X, PV, A) := { (L,t) € Up(X,PY) x A | LC H; }
with the projection
fa : Un(X, PV A) — A.
The fiber of fp over t € A is canonically identified with Uy (Y, H), and the point
L, furnishes us with a holomorphic section
50 0 N — Up(X, PN, A)

of fo. There exists a proper Zariski closed subset X4 of A such that f, is locally
trivial over A\ X5 in the C*°-category. We choose a base point 0 € A\ ¥5. By the
section s,, the fundamental group 71 (A \ ¥4, 0) acts on 71 (U (Yo, Ho), L) in the
classical (not lifted) monodromy.
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Using the fact that A < (PY)V induces an isomorphism m(A) 2 o ((PV)Y), we
derive from Theorem 3.20 the following:

Theorem 1.4. Consider the homomorphism
v+ m (Ui (Yo, Ho), Lo) — m(Up(X,PV), L,)

induced by the inclusion v : Uy(Yy, Hy) — U(X,PN).

(1) If k < n — 2, then vy is surjective and induces an isomorphism

71 (Up(Yo, Hy), Lo) [/ 71 (A\ 24,0) =% 7 (Up(X,PN), Ly).

(2) If k < n — 2, the monodromy action of w1 (A \ Xx,0) on w1 (Ux(Yo, Ho), Lo)
is trivial. In particular, the homomorphism v, is an isomorphism for k <n — 2.

Remark that this theorem resembles the classical Lefschetz hyperplane section
theorem on the homotopy groups of smooth projective varieties: namely, the inclu-
sion Yy — X induces surjective homomorphisms 7 (Yy) — 7 (X) for k < n — 1,
and isomorphisms 7 (Yy) = m(X) for k <n — 1.

The isomorphism in the assertion (2) of Theorem 1.4 seems to fail to hold for
k =n — 2, as can be seen from the argument in §6 of this paper.

As the third application, we study 71 (Ui, (X, PY), L,) for k = 0. By Theorem 1.4,
it is enough to investigate the case where dim X = 2, and to study the monodromy
action of w1 (A \ ¥a,0) on m (Up(Yo, Ho), Lo), where Yo = X N Hy is a smooth
compact Riemann surface.

First we define the simple braid group SB; of d strings on a compact Riemann
surface C' of genus g > 0. We denote by Div?(C) the variety of effective divisors of
degree d on C, and by rDiv?(C') ¢ Div?(C) the Zariski open subset consisting of
reduced divisors. We fix a base point

Do=p1+---+pa
of rDiv?(C). The braid group Bd = B(C,Dy) is defined to be the fundamental
group 71 (rDiv?(C), Dy). (See [2].)

Definition 1.5. The simple braid group SBZ = SB(C, Dy) is defined to be the
kernel of the homomorphism B(C, Dy) — 1 (Div?(C), Dy) induced by the inclusion
rDiv?(C) — Div(C).

Let M;l = M(C, Dy) be the topological group of orientation-preserving diffeo-
morphisms v of C' acting from the right that satisfy p;” = p; for each point p; of
Dy. We denote by

I’} = I'(C,Dyg) := mo(M(C, Dy))
the group of isotopy classes of diffeomorphisms in Mg = M(C, Dy), which acts on
SBZ = SB(C, Dy) from the right in a natural way.

Let C C PM be a smooth non-degenerate projective curve of degree d and genus
g >0, and let D, € rDivd(C) be a general hyperplane section. We will investigate
71 (Uo(C,PM), Dy); that is, the fundamental group of the complement of the dual
hypersurface of C.

In [8] and [23], we studied this group under conditions that d > 2¢g + 2 and that
the invertible sheaf O¢(Dy) corresponds to a general point of the Picard variety
Picd(C) of isomorphism classes of line bundles of degree d.
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Using the fact that mo(Pic?(C)) = 0, we derive from our main theorem (Theo-
rem 3.20) the following result, which states the same result as in [8] and [23] under
weaker conditions.

Definition 1.6. We say that C' C PM is Pliicker general if the dual curve p(C)Y C
(P2)V of the image p(C) C P? of the general projection p : C — P2 has only
ordinary nodes and ordinary cusps as its singularities.

Theorem 1.7. Suppose that d > g+ 4 and that C is Pliicker general in PM. Then
71 (Uo(C,PM), Dy) is isomorphic to SB(C, D).

Let X C PV be a smooth non-degenerate projective surface of degree d, and let
{Yi}iea be a pencil of hyperplane sections of X parameterized by a general line
A C (PN)Y with the base locus Z, := X N A, where A = (] H, is the axis of the
pencil {H;}:cp of hyperplanes. Let

o : Y ={(x,t) eXxA | z€eH } —> A

be the fibration of the pencil. Then ¢ is locally trivial over A \ £’y in the C-
category, where ¥, is the set of critical values of ¢. Let 0 be a general point of A.
The corresponding member Yj is a compact Riemann surface of genus

Note that Up(Za, A) = {A}, and that each point of Z, yields a holomorphic section
of ¢ : Y — A. By the classical monodromy, we obtain a homomorphism

(1.3) T (A\Z4,0) — I =TI(Yo,Zs),

and hence 71 (A \ ¥/,,0) acts on the simple braid group SBZ = SB(Yy, Zy) from
the right. We denote by
Iy C IY =T (Yo, Zy)

the image of the monodromy homomorphism (1.3). Combining Theorems 1.4 and 1.7,
we obtain the following:

Corollary 1.8. Let X, {Yi}iea, Zo = X N A and T'p be as above. Suppose that
g >0,d > g+4, and that a general hyperplane section of X is Pliicker gen-
eral. Then 71 (Ug(X,PN), A) is isomorphic to the Zariski-van Kampen quotient

SB(Yo,ZA)//Th.

A motivation of the study of the fundamental group 7 (Ug (X, PV)) for a surface
X C PV is the conjecture of Auroux, Donaldson, Katzarkov and Yotov [1] about
the fundamental group 71 (P2 \ B) of the complement of the branch curve B C P? of
the general projection X — P2, which had been intensively studied by Moishezon,
Teicher, Robb. The weakening of the conditions from our previous works ([8], [23])
to the present result (Theorem 1.7) is important with respect to this application.
See Remark 6.4.

The plan of this paper is as follows. In §2, we state some elementary facts about
Zariski-van Kampen quotients. In §3, we prove the generalized Zariski-van Kampen
theorem (Theorem 3.20). We then prove its variant (Theorem 3.33), and deduce
Corollaries 1.1 and 1.3. The main ingredient of the proof is the notion of free loop
pairs of monodromy relation type (Definitions 3.23 and 3.24), and Proposition 3.29.
Using these results, we prove Theorem 1.4 in §4, and Theorem 1.7 in §5. In the
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last section, we explain the relation between 71 (Up(X,PY)) and the conjecture of
Auroux, Donaldson, Katzarkov, Yotov.

Conventions and Notation
(1) The constant map to a point P is denoted by 1p.
(2) We denote by I C R the interval [0,1], by A C C the open unit disc, and
by A C C the closed unit disc.
(3) For a continuous map & : A — T to a topological space T, we denote by
0:6 :1 —T

the loop given by t — d(exp(2my/—1t)).
2. ZARISKI-VAN KAMPEN QUOTIENT

Definition 2.1. Let G be a group, and let S be a subset of G. We denote by (S)¢
or simply by (S) the smallest subgroup of G containing S, and by ((S))¢ or simply
by ((S)) the smallest normal subgroup of G containing S.

We let a group I' act on a group G from the right. The following are easy:

Lemma 2.2. For any v € T, the subgroup ({g71¢g” |g € G})g of G is normal.
Hence, for any subset ¥ C T, the subgroup ({g719° |g € G,0 € X})¢ is normal.

Lemma 2.3. Let S be a subset of G, and let 2 be a subset of . If G = (S)g and
' = (3)r, then we have

({s's"|seSoext)e={g7"¢"lgeGoeXt)a={g'9"|g€ G,y eT})c.
Definition 2.4. We define G x I to be the group with the underlying set G x I"
and with the product defined by

(9.7)(h,8) = (g (K 70).

We then define homomorphisms i : G - G X', p:GXxI =T ands: ' = GxT
by i(g) := (g,1), p(g,7) := v and s(7y) := (1,7). Then we obtain an exact sequence

(2.1) 1 — @ - aGxr &% 1 — 1

with the cross-section s of p, and the action g — ¢7 of v € I' on G coincides with
the inner-automorphism g — s(v) " 1gs(y) by s(7) € G x T on the normal subgroup
G=1i(G)of GxT.

The following two lemmas are elementary:

Lemma 2.5. Let G be a group. Suppose that we are given an exact sequence

(2.2) 1 — & 5 ¢ B 1 — 1

with a cross-section s’ : T' — G of p’ that is a homomorphism of groups. Suppose
also that the action of v €T on g € G is equal to the inner-automorphism by s'(7);
that is, we have i'(g7) = s'(v)~%i'(g)s'(y) for any g € G and v € T'. Then there
exists an isomorphism G = G x T' such that the exact sequences (2.1) and (2.2)

coincide and the cross-section s corresponds to s’ by this isomorphism.
Lemma 2.6. The composite homomorphism
G -5 GxD — (GxT)/{(s(D))axr

is surjective, and its kernel is equal to ({g71g" | g € G,~ € T'}); that is, the Zariski-
van Kampen quotient G//T is isomorphic to (G x T')/{s(T)).
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3. FUNDAMENTAL GROUPS OF ALGEBRAIC FIBER SPACES

Let X and Y be smooth varieties, and let f : X — Y be a dominant morphism.
We denote by Sing(f) C X the Zariski closed subset of the critical points of f. For
a point y € Y, we put

Fy = “(y).
Let o : T — Y be a continuous map from a topological space T'. Then a continuous
map & : T — X is said to be a lift of a if foa = a.
We fix, once and for all, a proper Zariski closed subset
YCY
such that f°: X° — Y° is locally trivial in the C*°-category, where
Yo =Y \% X°:=fYY°) and f°:=f|xc:X° —=Y°.
(In particular, Sing( f) is contained in f~1(X).) It follows from Hironaka’s resolution
of singularities that such a proper Zariski closed subset ¥ C Y exists. We then fix
base points
beY®° and be F,C X°,
and consider the homomorphisms
Ly : 7r1(Fb,l~J) — 7r1(X,l~7) and f : 7r1(X,l~)) — m1(Y,b)
induced by the inclusion ¢ : Fj, < X and the morphism f : X — Y, respectively.
The aim of Zariski-van Kampen theorem is to describe Ker(¢.).

The following result of Nori [14] will be used throughout this paper:

Proposition 3.1. Suppose that Fy is connected, and that there exists a Zariski
closed subset Z' C'Y of codimension > 2 such that F, \ (F, N Sing(f)) # 0 for any
y € Y\ Z'. Then f.: m(X, E) — m1(Y,b) is surjective, and its kernel is equal to
the image of v, : w1 (Fy,b) — m1(X,b).

Proof. See Nori [14, Lemma 1.5] and [23, Proposition 3.1]. O
Let @ : I — X° be a path, and we put a := f° oa. Then & induces an iso-
morphism 71 (Fy 0y, @(0)) = 71 (Fa(1), @(1)), which depends only on the homotopy
class (relative to OI) of the path &. Hence we can write this isomorphism as
[a]s : m(Fag0),@(0)) = m(Faq),a(l)).
The lifted monodromy

p: m(X°,0) — Aut(m (F,b))

introduced in §1 (see (1.1)) is obtained by applying this construction to the loops
in X° with the base point b. By the definition, we have the following:

Proposition 3.2. For any [a] € 71 (X°,b) and g € 71 (Fp, b), we have
129190y = [a] = - 2(g) - [a]

in w1 (X°,0), where 1© : w (Fy,b) — m(X°,b) is the homomorphism induced by the
inclusion 1° : Fp, — X°.

First we prove the following;:
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FI1GURE 3.1. The extension ¢

Proposition 3.3. Suppose that a loop & : (1,0I) - (Xo,l;) is null-homotopic in
(X,b). Then g~ tg"18) € Ker(r,) for any g € m1(F,b).

Proof. We put a := f°o @, and U := (I x {0}) U (0] x I). Let g € m1(Fyp,b) be

represented by a loop 7y : (I,0I) — (Fp,b). We define ¢, : U — X° by
ou(s,0) :==v(s), ¢u(0,t) :=a(t), and ¢u(l,t) = a(t).

Then we have f°o ¢, = (aopry)|u, where pry : I X I — I is the second projection.
Since LI is a strong deformation retract of I x I and f° is locally trivial, the extension
of (awopry)| : U — Y° to aopry : I xT — Y° lifts to an extension from ¢y, : U — X°
to a continuous map ¢ : I x I — X° that satisfies ¢|, = ¢, and f° o d = a o pr,.
(See Figure 3.1.) Then the loop

v = @lrxpy - (1,0I) — (Fy,b)
). Since Plioyx1 = & and @[(1}x; = &, we have
M @R &)t =1

in m (X°, b). Since [@] =1 in 7 (X, b) by the assumption, we have [y]~'[y/] = 1 in
1 (X, b) O

represents g+([%]

1

By Proposition 3.3, the normal subgroup R defined by (1.2) is contained in
Ker(tx). However R is not equal to Ker(c,) in general. We give two examples.

Example 3.4. Let L — P! be a line bundle of degree d > 0, and let L* C L be
the complement of the zero-section. Since the projection f: X = L*X — Y = P! is
locally trivial, we can put X = (), and hence R = {1}. However, the kernel of

te : m(F) =m(C*)2Z — m (LX) = Z/dZ

is non-trivial. Indeed, Ker(,) is equal to the image of the boundary homomorphism
ma(Pt) — 71 (C*) in the homotopy exact sequence.

Example 3.5. Consider the morphism

fiX=C -vy=C
given by f(x,y) := zy. We can put ¥ = {0}, and hence the fundamental group
of X° = C?\ {zy = 0} is isomorphic to Z?. The general fiber F} is isomorphic to
P! minus two points, and the lifted monodromy action of 1 (X°) on m(F},) & Z is
trivial. Therefore we have R = {1}, while we have Ker(t.) = w1 (F}) = Z.
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Our ultimate goal is to show that the three conditions in Corollary 1.1 is sufficient
for R = Ker(t4) to hold.

From now on, we suppose that f : X — Y satisfies the first two of the three
conditions in Corollary 1.1; namely, we assume the following:
(C1) Sing(f) is of codimension > 2 in X, and
(C2) there exists a Zariski closed subset =y C Y of codimension > 2 such that
F, is non-empty and irreducible for any y € Y\ Ey.

Remark 3.6. By the conditions (C1) and (C2), the following hold:
(C0) for y € Y°, the fiber F} is connected, and
(C3) there exists a Zariski closed subset Z; C Y of codimension > 2 such that
F,\ (F, N Sing(f)) is non-empty and connected for every y € Y \ =;.
In particular, we see that f. is surjective and Im(t.) = Ker(f,) holds by Nori’s
lemma (Proposition 3.1).

Let X1, ..., X be the irreducible components of ¥ with codimension 1in Y. There
exists a proper Zariski closed subset = C ¥ with the following properties. We put

YE=v\E f=%\(ZnZ)=x;nY: st.=yp\==xnVY:
(

—
—
—_

—
—

0) The codimension of Zin Y is > 2.
1) The Zariski closed subsets g C Y in the condition (C2) and Z; C Y in
the condition (C3) are contained in Z.

(22) Each Eg is a smooth hypersurface of Y*#, and X% is a disjoint union of
Eﬁ, .. .,Eg\,; that is, = contains all the irreducible components of ¥ with
codimension > 2 in Y and the singular locus of X.

(23) For each y € Eg, there exist an open neighborhood U C Y* of y in Y* and

an analytic isomorphism

o (U,UNY) = A™ 1 x (A,0), where m = dimY’,

with the following properties. Let ¢ : U — A™~! be the composite of
¢:U =A™ x A and the projection A™ ! x A — A™~ !, Then

U.=vyof: fHU) —- A" !

is smooth, and the commutative diagram

FHw) - U

N '
Amfl

is a trivial family of C*°-maps over A™~! in the C*®-category.

Because of the choice of =, for any point y € Eg, there exists an open disc A C Y*
with the following properties:

(A*1) ANY = {y}, and A intersects Zg transversely at y,

(A#2) f~1(A) is a complex manifold,

(A¥3) fly-1ea) - f1(A) — A is a one-dimensional family of complex analytic
spaces that is locally trivial in the C*°-category over A \ {y}, and

(Af4) the central fiber F,, := f~1(y) is an irreducible hypersurface of f~1(A),
and F, \ (F, N Sing(f)) is non-empty and connected.
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Moreover the diffeomorphism type of f|;-1(ay : f~'(A) — A depends only on the
index 7 of ¥;.

We put
XEo= f7HYH), fi= Sy X YR 8= (f)7(S) and ©F = (fF) 7N (E).

Then each @g is an irreducible hypersurface of X*, and ©% is a disjoint union of
0!, ...,0%. Note that we have X° = X*\ OF.

Remark 3.7. By the condition (C1), the Zariski closed subset f~1(Z) of X is also
of codimension > 2, and hence the inclusions induce isomorphisms 71 (X*, b) =
7T1(X, b) and 7T1(Yﬁ,b) = 7'('1(}/7 b)

We introduce notions of transversal discs, leashed discs and lassos.

Definition 3.8. Let H C M be a reduced hypersurface of a complex manifold M
of dimension m, and let Hy,..., H; be the irreducible components of H. We fix a
base point by € M\ H .

(1) Let N be a real k-dimensional C*°-manifold with 2 < k < 2m (possibly with
boundaries and corners), and let ¢ : N — M be a continuous map. Let p be a point
of N that is not in the corner of N. If k = 2, we further assume that p ¢ ON. We
say that ¢ : N — M intersects H at p transversely if the following hold:

(¢1) ¢(p) € H \ Sing(H), and
(¢2) there exist local coordinates (uq,...,ux) of N at p and local coordinates
(v1,...,V2y) of the C*°-manifold underlying M at ¢(p) such that
e p=1(0,...,0), ¢(p) = (0,...,0),
if p € ON, then N is given by wug > 0 locally at p,
H is locally defined by v; = vo =0 in M, and
¢ is given by (u1,...,ug) — (v1,...,%2m) = (u1,...,u,0,...,0).
We say that ¢ : N — M intersects H transversely if $~1(H) is disjoint from the
corner of N (when k = 2, we assume that ¢~'(H) N ON = () and ¢ intersects H
transversely at every point of ¢~!(H).

If ¢ intersects H transversely, then ¢~1(H) is a real (k — 2)-dimensional sub-
manifold of N. If £ > 2, then the boundary of ¢~1(H) is equal to ¢~1(H) NIN,
while if k = 2, then ¢~ 1(H) is a finite set of points in the interior of N.

(2) A continuous map § : A — M is called a transversal disc around H; if
§~1(H) = {0}, 6(0) € H; and ¢ intersects H transversely at 0. In this case, the
sign of ¢ is the local intersection number (+1 or —1) of § with H; at 6(0).

(3) An isotopy between transversal discs § and §’ around H; is a continuous map

h:AxI - M

such that, for each ¢ € I, the restriction 0y := h|a 4y : A — M of h to A x {t} is
a transversal disc around H;, and such that 6o = § and §; = ¢’ hold.

(4) A leashed disc around H; with the base point bys is a pair p = (§,7) of a
transversal disc § : A — M around H; and a path n : I — M \ H from §(1) =
9:0(0) = 0-6(1) to bas. (Recall that 9.9 is the loop given by t +— §(exp(2my/—1t)).
See Convention (3).) The sign of a leashed disc p = (§,7) is the sign of ¢.

(5) The lasso A(p) associated with a leashed disc p = (8,7) is the loop n™1+(8.6)n
in M \ H with the base point by;.
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(6) An isotopy of leashed discs around H; with the base point by, is the pair of
continuous maps
(ha,hr) : (A1) x T — (M,M\ H)
such that, for each t € I, the restriction of (ha,hr) to (A, I) x {t} is a leashed disc
around H; with the base point by;.

Remark 3.9. The isotopy class of a leashed disc p is denoted by [p]. If [p] = [p'],
then [A(p)] = [A(p')] holds in w1 (M \ H,bps).

The following is obvious:

Proposition 3.10. (1) Any two transversal discs around H; with the same sign
are isotopic.

(2) The homotopy classes of lassos associated with all the leashed discs around
H; with a fized sign form a conjugacy class in w1 (M \ H,bpr).

(3) The kernel of the homomorphism w1 (M \ H,by) — w1 (M, byr) induced by
the inclusion is generated by the homotopy classes of all lassos around Hy, ..., H;.

We apply these notions to the hypersurfaces
SP=xtu..ush of YE, and ©f=©iu-.-uei of X

Definition 3.11. (1) A transversal lift of a transversal disc § : A — Y* around Zg
is a lift 6 : A — X* of § with 6(0) ¢ Sing(f) such that § intersects the irreducible
hypersurface @g transversely at 0.

(2) Let p = (8,7) be a leashed disc around ¥ with the base point b. A transversal
lift of p is a pair p = (6,7) such that 6 : A — X* is a transversal lift of § : A — Y
and 7 : I — X° is a lift of ) : T — Y such that 7(0) = §(1) and 7(1) = b.

Remark 3.12. Any transversal lift of a transversal disc (resp. a leashed disc) around

Zg is a transversal disc (resp. a leashed disc) around @3. Moreover the lifting does
not change the sign.

Definition 3.13. (1) Let do and d; be two transversal discs on Y* around E?, and
let h: A x I — Y* be an isotopy of transversal discs from &y to §;. A lift of the
isotopy h is a continuous map
h:AxI— X

such that, for each t € I, the restriction 0, := iL|AX{t} is a transversal lift of
the transversal disc d; := h|a, gy on Y% 1In particular, we have foh = h and
h(A x I) N Sing(f) = 0. Moreover h is an isotopy of transversal discs around @g
from §p to d;. By abuse of notation, we sometimes say that the isotopy J; is the
transversal lift of the isotopy d;, understanding that ¢ is the homotopy parameter.

(2) Let pg and p1 be two leashed discs on Y around to ¥, and let (hx,hy) :
(A, I) x I — (Y¥#Y°) be an isotopy of leashed discs from pg to p;. A lift of the
isotopy (ha,hr) is a pair of continuous maps

(hashr) = (A1) x I — (X, X°)

such that, for each ¢ € I, the restriction j, := (hz, B1)|(A,I)><{t} is a transversal lift
of the leashed disc p; := (ha, hi)l(a, 1)<t} o0 Yt

The following are obvious from the condition (Af4):
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Proposition 3.14. Fvery transversal disc around Eg has a transversal lift on X*.
Moreover, every isotopy 0; of transversal discs around Eg from &g to 61 lifts to an
isotopy 0 from a given transversal lift 6o of dg to a given transversal lift 61 of d1.

Remark 3.15. Every leashed disc on Y# around Zg has a transversal lift on X¥.
Moreover, every isotopy p; of leashed discs on Y* has a lift p; on X* from a given
transversal lift pg of pg, but the ending lift p; cannot be arbitrarily given.

Definition 3.16. Let p be a leashed disc on Y# around Eg, and let p be a transversal
lift of p. Then we have the lasso A(p), which is a loop in X° with the base point b.
Recall that p is the lifted monodromy. We put

N(p) = ({g7'g" PP g € m (B, 0)}) 1, oy

Proposition-Definition 3.17. Let p' be a leashed disc on Y isotopic to p, and
let p' be a transversal lift of p'. Then we have

N() = N@).
Therefore, for an isotopy class [p] of leashed discs on Y*, we can define a normal
subgroup NP\ of mi(Fy,b) by choosing a transversal lift p of a representative p of

[p], and putting

NP .= N(p).
Proof. By Remarks 3.9 and 3.15, the isotopy from p to p’ lifts to an isotopy from p
to some lift 7 of o/, and we have [A()] = [\(})] in 71(X°,b). (However [A(;)] and
[A(7")] may be distinct in general.) Therefore it is enough to show that N(p")) =
N(5®) holds for any two transversal lifts 5V = (6, 7)) and p(@ = (62, 72))
of a single leashed disc p = (§,77) on Y*. We can assume that the transversal disc
d:A — Y* around Eg is an embedding of a complex manifold. We denote by A,
the image of J, and by A, the interior of AP. We can further assume that Ap is
sufficiently small, and that

E,=Ff 71(Ap)
is a smooth complex manifold by the condition (A*2). We then put

Ep = f_l(AP)’ E: = f_l(A:;>7
where AX := A, \ {6(0)} = A, NY°. We also put ¢ := (1) = (0) € A, and
40 =500 = 00y e B, §® = 5D(1) = i®(0) € F,

Since f is locally trivial over n(I) C Y° and M= (81 x I) U (I x {1}) is a strong
deformation retract of I x I, there exists a continuous map Q2 : I x I — X° such
that the following hold for any s,t € I:

f(Q(Svt)) = n(t)a Q(Sv 1) - Ba Q(Oat) = ﬁ(l)(t)a Q(lvt) = ﬁ(z)(t)
(See Figure 3.2.) Then, for each ¢ € I, the map s +— (s, ) is a path in F) ) from
7V (t) to 7 (t). We denote by w : I — F, the path in F, from ¢*) to ¢ defined
by w(s) := Q(s,0). Then we have the following commutative diagram:

m(Fy,b) < m(Fy,qWM) Lo, i (E,,q")
(V).
[ [wle |2 ‘ [wla | 2
™1 (Fy, D) [‘%ﬂ m(Fy,d®) -5 m(E,,q?),
7]
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1;
b
~(1) -2 L 7
7 Q 7
q
w

FIGURE 3.2. The map (2

where i, : F, — E, is the inclusion. Hence, in order to prove N(5(1)) = N(5?), it
is enough to show the following equality:

V] LN (ED)) = Ker(igs = m1(Fyp @) — m1(E,, §V)).
Since f ‘Ep : Ep — Ap is locally trivial over A; with the general fiber being
connected by (CO0), and since there exists a cross-section
55l Ap — EP

of f |Ep given by the transversal lift 8() of §, we have an exact sequence

~(1) iq* —x ~(1) (f‘f;;)* = x
I — Trl(anq ) - ’/Tl(Epaq ) - ’/Tl(A;m(I) — 1

with the cross-section
_ V.
s m(Aq) — m(E,,¢")
of (flzx)« that maps the positive generator [0:6] of ﬂl(A;,q) >~ 7 to [0.60] €
p

m (E:,cj(l)). By the cross-section 561 of f|Ep over A,, we have the classical

monodromy action of wl(A;,q) on 7r1(Fq,cj(1)). By the definition, the action of
[0-0] € ﬂl(A;,q) is equal to

g g/—"([aag(l)]) =[0.60]7 1. g [0.50] for g€ m1(Fy,d),

where the product is taken in mq (F; ,@V)) and 7 (F,, ")) is regarded as a normal
subgroup of (E: ) by ig«. Hence, by Lemma 2.5, 7 (F: ,G1)) is isomorphic
to the semi-direct product m (Fy, g Wl(A; ,q) constructed by the monodromy
action. On the other hand, by the condition (A"4), the central fiber Fs(o) of Ep —
A, is an irreducible hypersurface of F,, and hence the kernel of

e m(E,,qY) = m(E,,¢")

induced by the inclusion j : pr — E, is generated by the conjugacy class of lassos
around Fj(). (See Proposition 3.10.) Since 0.6 = A(3)) is a lasso around
F5(0), the kernel of j, is equal to the normal subgroup ({[8-6M]})) = (Im(s))). By
Lemmas 2.3 and 2.6, the kernel of the composite

Wl(quq(l)) 7‘11_*) ’/Tl(E:,(j(l)) L Wl(Ep,q(l)) = ﬂ_l(E:,(j(l))/«Im(s)»
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is equal to
N’ = ({ g g P2 | g e mi(Fyd0) ).
Since [ﬁ(l)]*(g”([afgm])) = ([ﬁ(l)]*(g))“([)‘(ﬁ(l))]) for any g € 71 (F,,¢"), we see that
[#1], induces an isomorphism N’ = N(51). O
Proposition 3.18. Let 5 : (I,0I) — (X°,b) be a loop, and we put v := f o 7.
Then, for any leashed disc p = (6,1) on Y* around Eg, we have
(N[p])u([’y]) — NGl

Proof. Let g be an element of m (Fy,b), and let h denote g"(’). Then, for a
transversal lift p = (d,7) of p, we have

(g~ L g PA@D YN = =1 (G AN,

Since NPy =AML d.0 - 717 is a lasso associated with the transversal lift
(6,77) of the leashed disc (8, 7y), we obtain the proof. |

Corollary 3.19. If NPl =1 holds for one leashed disc p around ZB, then we have
N =1 for any leashed disc p around Ef.
We can now state the main result of this section.
Theorem 3.20. Suppose that the conditions (C1), (C2) and the following condi-
tion (Z) are satisfied:
(Z) There erists a continuous cross-section sy : Z — f~YZ) of f over a

subspace Z CY satisfying b € Z, sz(b) = b, sz(Z) N Sing(f) = 0 and such
that the inclusion Z — Y induces a surjection ma(Z,b) — ma(Y,b).

Let L be the set of isotopy classes of all leashed discs on Y* around E’i, .. .,Eg\,,
Then Ker(ty) is equal to

N = UpeeN )y ()

Remark 3.21. If m5(Y) = 0, then the condition (Z) is always satisfied, because we
can put Z = {b} and sz(b) =b.

For the proof, we define the notion of free loop pairs of monodromy relation type.
Let S! denote the oriented circle.

Definition 3.22. Let T be a topological space. A free loop on T is a continuous
map ¢ : S! — T. A homotopy from a free loop ¢ to a free loop ¢’ is a continuous
map ® : S x I — T such that @lsiy 10y = ¢ and @lgi, 11y = ¢'. The homotopy
class of a free loop ¢ is denoted by [p]pr-

Suppose that T is path-connected, and let by be a base point of T. Then the
natural map [a] — [a]pr induces a bijection from the set of conjugacy classes of
71 (T, br) to the set of homotopy classes of free loops on T

Let D be a topological space homeomorphic to A, let bp be a point of D, and
let 0D be the boundary of D with an orientation.

Definition 3.23. A free loop pair is a pair
(¥, (Wlop)™) = (D,0D) — (Y*°,X°)

of a continuous map 1 : D — Y° and a lift (¢|sp)~ : 0D — X° of the restriction
Y|op : 0D — Y° of ¢ to dD.
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Let (¢, (¥|op)™) : (D,0D) — (Y°,X°) be a free loop pair. Consider the pull-
back

Y (f°)  Y(X°):=X° Xyo D — D
of the locally trivial map f°: X° — Y° by ¢. Since D is contractible, we have a
contraction ¢ : *(X°) — Fy,,), which is the homotopy inverse of the inclusion
Fy@,) <= ¥*(X°). Then the cross-section
*(¥lop)™ = 0D — ¢*(X°)

of ¥*(f°) over 0D obtained from (y|sp)~ : 0D — X° defines a homotopy class
[(1]ap)~]rL of free loops on Fy ;) via the contraction ¢, and hence a conjugacy
class C(¢, (¥|ap)™) of m1(Fywp), 5’), where b/ € Fyp) is an arbitrary base point.
Remark that C(4, (¥|sp)”~) does not depend on the choice of the contraction c.

Definition 3.24. We choose a path & in X° from b € Fj, to V/ € Fy@p). We say
that the free loop pair
(1, (¥lon)™) ¢ (D,0D) — (Y°,X°)

is of monodromy relation type around Eg if the pull-back of the conjugacy class

C(, (¥|ap)™) C m1(Fybp),b') by the isomorphism [&]. : 71 (Fp, b) = w1 (Fyp,),0)
is contained in N'¥! for some leashed disc p on Y* around Zg.

Remark 3.25. Tt is obvious that this definition does not depend on the choice of the
orientation of dD. It also follows from Proposition 3.18 that this definition does
not depend on the choice of the path & connecting b € Fy, and b’ € Fy,,)-

Definition 3.26. A homotopy of free loop pairs is a pair of continuous maps
(h,(hlop)™) = (D, 0D) x I — (Y°,X°)

such that, for each u € I, the restriction of (h, (hlop)™) to (D,0D) x {u} is a free
loop pair.

Remark 3.27. Suppose that two free loop pairs are homotopic. If one is of mon-
odromy relation type around Eg, then so is the other.

Remark 3.28. Let ¢, : D — Y° be a homotopy of continuous maps from g to ¥
parametrized by w € I. Since f° is locally trivial, the homotopy v |9p : 0D — Y°
lifts to a homotopy (¥y|op)™ : 0D — X° that starts from any given lift (¢polop)”™
of ¢p|ap and hence we obtain a homotopy (¢, (¥u|ap)™) of free loop pairs starting
from a given (v, (Yolop)~). (The ending lift (11|sp)™~ cannot be arbitrarily given.)

Proposition 3.29. Let 8o and &1 be two transversal discs on Y around Eg, and let
h: AxI — Y* be an isotopy of transversal discs from &y = hlaxqoy to 01 = hlax 13-
Let D be a closed subset of OA x (I \ OI) homeomorphic to A, and put

T:=0(Ax1I)\(D\oD),
so that 9T = 0D. Suppose that we are given a lift
(hlr)™ + T — X*
of hlr : T — Y* such that the restrictions
8o = (W)~ |axqoy : A = X and 61 := (A7) |axqy 1 A — X*
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FIGURE 3.3. (h|r)~ and hE

are transversal lifts of 0o and &1, respectively. Then the free loop pair
(hlp, (h|7)~lop) : (D,0D) — (Y°,X°)
is of monodromy relation type around Z?.

Remark 3.30. In Figure 3.3, the closed subset D is the region surrounded by the
dashed curve on the right tube A x I.

Proof of Proposition 3.29. First note that, since & is an isotopy of transversal discs,
the image of 9A x I by h is contained in Y°, and hence we have h|p(D) C Y°.

By Remarks 3.27 and 3.28, we can assume that D N ({1} x I) = § by moving
D by a homeomorphism of A x I homotopic to the identity. We consider the
continuous map

T I? > OA x 1

given by 7(s,t) := (exp(2my/—1s),t). Then we have D C 7(I?\ 0I%) and 7(91%) C
T. Under a suitable homeomorphism between D and I2, the inclusion D — 9A x I
is homotopic to 7. We put

Hy:=hor : I? 5Y°
and define a lift (H0|a[2)N of H0‘312 by
(Holpr2)™ == (h|7)~ o (T|or2) : OI* — X°.
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(0,1) (1,1)

12

the base point (0, 0) (1,0)

FIGURE 3.4. An orientation of 92

By Remarks 3.27 and 3.28 again, it is enough to prove that the free loop pair
(Ho, (Holor=)™) : (I*,0I) — (Y°,X°)
is of monodromy relation type around Eg. For simplicity, we put
q:=0d0(1) = h(1,0) = Hp(0,0) = Hp(1,0), and
G= 50(1) = (hl2)™(1,0) = (Holor2)™ (0,0) = (Holor2)™ (1,0) € F.
By Proposition 3.14, we have an isotopy
ht i Ax T — X*
of transversal discs around @g from 0y = (hlT)~|Ax {0y tO o = (h|T)~|ax{1y that
is a lift of the isotopy h: A x I — Y't;
foht =h.
In Figure 3.3, the left tube is hX, while the barrel with a hole is (h|7)~. We put
Op 1= h|5x{t} A > YY and 6= hL|AX{t} A — XE
Then 4, is a transversal lift of J;. Next we put
ko :=hlpiyxr : I — Y°,
which is a path on Y° from ¢ = (1) to d1(1), and
ko == (hlr) ™~ l1ywr = (Holor)™ oy <1 = (Holar2) ™1y,

which is a lift of ko from § = do(1) to &;(1). Note that, with the base point (0,0)
and the orientation of OI? given in Figure 3.4, the map (Holgr2)™ : I — X° is
equal to R o 3
ko-0.61 - kgt - 0.6,
as a loop with the base point § = (Hoplos2)~(0,0) € F,. We define a homotopy
H,:I? - Y° (uwel)

with « being the homotopy parameter by H,(s,t) := Ho(s, (1 — w)t), and will
construct a homotopy (Hy|s72)~ : 01 — X° that covers the homotopy H,|sr> and
starts from (Hy|pr2)™ above. We define

K:IxI—->Y°

by K(t,u) := ko((1 — u)t), and put ky := K|rx{uy for v € I. Then k, gives a
homotopy with parameter u € I from kg to the constant map k; = 1,. We then
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14 K u— 01y (1)

FIGURE 3.5. The map K

( > 0:61_4,

SN ko

p

FIGURE 3.6. The loop (Hy|gs2)™

define a lift (K|,)™~ : U — X° of K|, : U — Y°, where U := (9I x I) U (I x {0}),
by the following:
q ift =0,
(K )™ (t,u) == 4 ko(t) ifu=0,
o1-u(l) =hE(1,1—w) ift=1.

Since f° is locally trivial, the lift (K|,)™~ extends to a lift K : I x I — X° of K.
(See Figure 3.5.) Then we obtain a lift

];/’u = k'[x{u}a

of k,,, which is a path from ¢ € Fj to the point Sl,u(l) = hE(1,1 —u) of Fs,_.(1)-
(See Figure 3.6.) We then define a lift
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8660
FIGURE 3.7. Two figures for (Hy|gr2)™ = Ky - 0:00 - /;1_1 -3650_1

(Hylor2)~ : 0I* — X°  (uel)
of Hy|ar2 as a loop by
ke - 0c01—y -kt - 0200,
where 91 is oriented and segmented as Figure 3.4 above. Then (H,, (H,|s72)~) is

a homotopy of free loop pairs parametrized by u € I. By Remarks 3.27 and 3.28
again, it is enough to prove that the free loop pair

(Hy, (H1lpr2)™) : (I*,0I%) — (Y°,X°)
is of monodromy relation type around Eg. Note that
(Hilpr2)™ = k1 - 0-60 - ky' - 0-65",

(see Figure 3.7), and that the lift k1 of the constant map ki = 14 is a loop in F,
with the base point . Since Hq(s,t) = Ho(s,0) = 0:0¢(s) for any ¢, the pull-back
Hi(f°) « H{(X°?) — I?

of f°: X° —Y?° by H; is the product of the pull-back

(0=00)"(f°) : (060)"(X°) — I
of f° by 0.0¢ : I — Y° and the identity map of the second factor I. Let

*(Hilor2)™ : 01" — Hy(X°) = (0-00)*(X°) x I
be the cross-section of Hf (f°) over OI? obtained from (Hi|ar2)™~. We will describe
the image of the free loop *(Hi|gs2)™ by a contraction
¢ H{(X°) — F,.

We construct the contraction ¢’ as the composite of the projection

pry ¢ (Hilarz)™ — (0:00)*(X°)
onto the first factor and a contraction ¢ : (0:90)*(X°) — F,. Let

o 0I* — (0.00)*(X°)

be the composite of *(Hi|ar2)™ with the projection pry. The fibers Fq(o) and Fq(l)
of (0:60)*(f°) : (0:00)*(X°) — I over 0 € I and 1 € I are canonically identified
with F,. Let ¢ € Fq(o) and ¢V e Fq(l) be the points corresponding to ¢ € F.
Then (Hi|pr2)™|oyx1 (resp. (Hilor2)™|{1yxr) gives rise to a loop 12;§°> in Fq(o) with
the base point () (resp. a loop 1551) in Fq(l) with the base point q(U). Each of them
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FIGURE 3.8. The loop o = (k{”) - (*9.80) - (E{) =1 - (50.54) 1

corresponds to the loop k; by the obvious identifications (Fy,q) = (Fq(o),q(o)) =
(Fq(l), (j(l)). On the other hand, the loop d-0o gives rise to a cross-section

59.00 : I — (800)*(X°)

of (9-00)*(f°) that connects ¢(°) and ¢"). The loop & on (9.00)*(X°) is then equal
to the conjunction

(B - (*0:00) - (k{V) 71 - (50.0) L.

(See Figure 3.8.) We denote by S C (8:00)*(X°) the image of the section *d.dy,
and choose a contraction

¢ ((0:00)"(X°),8) — (F{",q") = (F;,)
to the fiber over 0 € I that contracts the section S to the point . We put
7 = u([8:80]) € Aut(mi(Fy, 7).
By the definition of the lifted monodromy, the loop
(*0:00) - (k") - (*0:80) !
on 9:04(X°) is contracted by ¢ to a loop in F, that represents
[F)07 € m(Fy. ),

while the loop 12:50) on Fq(o) obviously represents [k1] € 71(F}, ). Therefore, by the
contraction ¢, the loop o on (9:90)*(X°) is mapped to a loop that represents

B ([l ] ) 71 = (7 1R7) 7Y,

where x := ([k1]0))~!. Hence the conjugacy class of 7 (Fy,q) corresponding to
the free loop pair (Hy, (H1|sr2)™) is contained in the normal subgroup N(0.0¢) =
N0l generated by the monodromy relations along [0-60]. (I
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Corollary 3.31. We put

T = {(z,y,2)€R’ | 2 +y*<1,z€l},
A = {(z,y,2) €T | z=(}, and
T = {(Z‘,y7z)€']1‘ | $2+y2=1}UA1 = 8T\A8’

where A§ is the interior of the closed disc Ag. Let ¢ : T — Yt be a continuous map

such that o(T) N X! € ©F and
e (ED = {(2.0,2) €T | &+ (:-1)*=1/2}

hold, and such that @|a, : A1 — Y intersects X transversely at (£1//2,0,1).
Suppose that we have a lift (|v)~ : T — X! of |y : T — Y* that intersects @g
transversely at the two points (£1/4/2,0,1). Let (¢|y)~|aa, : 0Ag — X° be the
restriction of (¢|v)~ to OY = 0Ag. Then the free loop pair

(lags (0lr)"lo4,) © (Ao, 0Ag) — (Y7, X7)
is of monodromy relation type around Z?.

Corollary 3.32. Let 6 : A — Y* be a transversal disc around Z?, and let & and &'
be two transversal lifts of 6. We put q := 6(1) and §:= 6(1) € F,, ¢ = §'(1) e F,.
Suppose that we are given a path v : I — Fy from ¢ to ¢’. Then we can deform
Yo to a path vy on Fy_sqy from 855(75) to 9.0'(t); that is, we have a continuous map
I':1xI— X' such that

f(C(s,t)) = 0:6(t), T(s,0)=n0(s), T(0,t)= 885@), I(1,t) = 855'(75),
and ¢ := T|rxqsy. Consider the path 1 on Fy from  to §'. The conjunction 7071_1

is a loop on Fy, which we write 'yofyfl : D — F,, where D is homeomorphic to A.
Then the free loop pair

(%71 )+ (D,0D) — (Y°,X°)
is of monodromy relation type around Ef,

Now we start the proof of Theorem 3.20.

Proof of Theorem 3.20. By Proposition 3.3, we have N¥! ¢ Ker(s,) for any [p] €
L, because the lasso A(p) is null-homotopic in X for any transversal lift p of p.
Therefore N' C Ker(z,) follows.

Let aloop v : (I,0I) — (F},b) represent an element [y] of Ker(c.). We will show
that [y] € N. There exists a homotopy

h: (I2,1) — (X,b)

from v to 1; in X stationary on OI; that is, h|;xq0y = 7 and h|n = 1;, where
M:=(8I x I) U (I x {1}) C I?. By the condition (C1), we can perturb h so that

(3.1) h(I*) N Sing(f) =0

holds. Since (f o h)|gr2 = 1p, the map foh : I? — Y represents an element of
m2(Y,b). By the condition (Z), we have a continuous map

1: (I?,01%*) — (Z,b)
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FIGURE 3.9. The map b’/

such that [f o h] +[iz ol] = 0 holds in (Y, b), where iz : Z < Y is the inclusion.
We then consider the continuous map sz oiz ol : (I%,01%) — (X,b). Replacing h
with b/ : (I%,1) — (X, b) defined by

, h(z,2y if 2y <1,

W (x,y) = ( . ) .
szoigol(x,2y—1) if2y>1,

we have

(3.2) [fohl]=0 in m(Y,D).

(See Figure 3.9.) Moreover, since sz(Z)NSing(f) = @ by the condition (Z), we still
have (3.1). Then any small perturbation of foh can be lifted to a small perturbation
of h. Since Z is of codimension > 2 in Y, we can assume that (f o h)(I?)N% C XF,
and that f o h intersects ©# transversely (see Definition 3.8). We put

(foh)*(=H ={P,...,P,} C I*\0I%
We will construct a continuous map
j:V=I*\(D{u---UDy) — X*
with the following properties:
(j1) Ds,..., Dy, are mutually disjoint closed discs in I2\ (0I2 U{P,..., P.}),

and D is the interior of D,; in particular, V' contains P, ..., P, in its
interior,

() j(or) = {3},

(j3) foj = foh|y holds, and hence we have j71(0%) = {Py,..., P,},

(j4) j intersects ©F transversely at the points P, for v = 1,...,n, and

(j5) for each D,,, the free loop pair

((feh)lp,,jlop.) : (Du,dDy) — (Y°,X°)
is of monodromy relation type.

By (3.2), there exists a homotopy
H : (I*?xI,B) — (Y,b)
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from foh to 1, that is stationary on 9I?; that is, H|j2x(oy = foh and H|p = 1;,
where
B:= 0@ x)U(I*x{1}) c I* x I.
Since = is of real codimension > 4 in Y, we can perturb H and assume the following;:
(H1) H(I? x I)N'Y is contained in X#,
(H2) H intersects % transversely (in the sense of Definition 3.8), so that
L:=H 2
is a disjoint union of smooth real curves, and
(H3) the projection pr; : L — I to the second factor of I? x I has only ordinary
critical points in L; that is, pr; is a Morse function on L.
We have
OL=LN(I?x{0}) = (foh) () ={P,...,P,}.
Let Lq,..., L be the connected components of L. Then each L, is a curve con-

necting two points of {Py, ..., P,}, or a curve without boundary. In particular, the
cardinality n of the points (f o k)1 (X#) is even.

We denote by pf,...,p;” (resp. py,...,p;,) the critical points in L\ 9L of the
projection pry, : L — I at which the Morse function pr;, attains a local maximum
(resp. a local minimum), and call them the positive (resp. negative) critical points
of pry. (See Figure 3.10, in which L is drawn in thick curve.)

Let T and A¢ be as in Corollary 3.31. For each negative critical point p,, we
can choose a continuous map
Ty 0T — T 2x1
with the following properties:
(1) each 7, is a homeomorphism onto its image T}, := 7,(T), and T1,..., T,
are mutually disjoint,
(72) there exists a strictly increasing function ¢, : I — I with ¢,(0) = 0 that
makes the following diagram commutative;
T % IZx]

1 . 1
I = I,
where the vertical arrows are the projections onto the last factors,
(13) 7#*1(8(12 x I)) = Ap and 7,(Ag) C (12 \ 0I?%) x {0},
(t4) lel(L) = {(z,0,2) € T|2? + (2 — 1)2 = 1/2} and 7.(1/2,0,1/2) = Py SO
that p, is the only critical point of pry, in 7, N L, and
(75) H o (7ula,): A1 — Y intersects ¥ transversely at (+1/v/2,0,1) € A;.
We put
T:=T1U---UT,,.

(In Figure 3.10, each T}, is depicted by dashed curves.) We also put
T := {(z,y,2) € T|2* +y*> < 1,z < 1}
(the union of the interior of T and the bottom open disc), and

TS :=7,(T°), T°:=TfU---UT; and J:=(I*xI)\T°.
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A: the points pj\r, V: the points p,, .
FicUrE 3.10. L and T

Note that J is the closure of (I? x I)\ 7. Then
L':=LnJ

is a disjoint union of smooth real curves L}, ..., L;, and each connected component
L) of L’ contains exactly one positive critical point py in L} \ 9L} . Moreover, each
L/, has two boundary points @ and @, each of which is either one point among
{Py,...,P,} or one of 7,(£1/v/2,0,1) for some . If Q is one of Py,..., P, let
D(Q») be a sufficiently small closed disc on I? x {0} with the center Q. If Q) is
one of 7,(£1/v/2,0,1)), let D(Q)) be a sufficiently small closed disc on 7,,(A;) with
the center Q. We choose a closed disc D(Q") with the center @ in the same way.
Note that H|pqg,) : D(Qx) — Y* and Hlpqy) : D(Qx) — Y*# are the transversal
discs around the irreducible component Ef( ") of ¥ that contains H (pj) Then, for
each A =1,...,[, we have a tubular neighborhood

my: AxI — J
of LY, in J with the following properties:

(m1) each my is a homeomorphism onto its image My, and M, ..., M; are mu-
tually disjoint,
(m2) my ' (L) = {0} x I and m, ({0} x I) = L},
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FIGURE 3.11. Two of M, UW,

(m3) my is differentiable and locally a submersion at each point of {0} x I, and
(m4) m1(dJ) = A x 9T and m(A x {0}) = D(Q»), mr(A x {1}) = D(Q}).
Then the composite H omy : A x I — Y*! is an isotopy between the transversal

discs H|p(q,) and H|p(qy)- We put
M:=MU---UM,.

Let ¢y € I be the real number such that mx(0,cy) = pj. We choose a point p;f' on
mx(0A x {cx}) C OM), and a path

wy I — J

from pj/ to a point p;\r" of I? x {1} with the following properties:
(wl) each w) is a homeomorphism onto its image Wy, and Wy,..., W, are mu-
tually disjoint,
(w2) wy (M) = {0}, wy'(8J) = {1}, and
(w3) the composite pryowy : I — I of wy with the second projection I2 x I — I
is strictly increasing.
We put
W:=WwiuU---UW,.
In Figure 3.11, two of M, U W), are illustrated. The ceiling is I? x {1}, from which
W) are dangling, and the tubes are M.

The following fact is the crucial point in the construction of j : V — XF#:

(3.3) BUMUW is a strong deformation retract of J.
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We choose transversal lifts (H|p(q,))”~ and (H|p(gy))~ of the transversal discs
H|p(g,) and H|D(Q;) around Ef()\), respectively. Then the isotopy H omy : A —
Y*# between H|p(g,) and H|p(q,) lifts to an isotopy between (H|p(q,))~ and
(H|p(qy))™, which yields a lift (H|ar,)~ of H|u,. Hence we obtain a lift
(H|p)™ : M — X?
of H|y;. We define a lift (H|p)™~ of H|p to be the constant map 1;. Then we can
lift the path H owy to a path from (H|a)™(p}’) to (H|p)~(p}”) = b, and thus we
obtain a lift
(Hlw)™ : W — X
of H|w. Joining these three lifts together, we obtain a lift
(H|powow)™ : BUMUW — X*
of H|pumuw. By the fact (3.3), we can extend the lift (H|pupmuw )™ to a lift
(H| )~ :J — XF
of H|y, because the pull-back (H|;)*(f*) of f#: X* — Yt by H|;:J — Y¥is
locally trivial over the complement of the interior of M in J.
Recall that the floor I? x {0} of the source space I x I of H is the source space
I? of foh. For pu=1,...,m, we put
D, = 1,(Ao).
These Dy, ..., D,, satisfy the condition (j1). Then
Vi=I*\(D{U---uUD2)
is identified with J N (12 x {0}). We put
= (H|) v,
which is a lift of f o hly = H|y. Hence j satisfies (j3). It is obvious that j
satisfies (j1) and (j2). Since (H|p)™ is constructed as a union of isotopies of
transversal discs around ©%, the continuous map
v = (H|a) v - MOV — XF

intersects ©F transversely at each P,. Therefore j satisfies (j4). By the properties
(74) and (75) of 7, and Corollary 3.31, we see that j satisfies (j5). Thus the
hoped-for continuous map j : V — XF is constructed.

For v =1,...,n, we choose a sufficiently small closed disc D, 1, with the center
P, in I?\ 8I? in such a way that the m+n closed discs Dy, ..., Dy, 1, are mutually
disjoint.

For each p=1,...,m + n, we choose a path

oy o I — I?
from a point R, = (p,,0) € I x {0} to a point S, € 9D, with the following
properties:
(1) 0<p1 <+ < pmgn < 1,
(a2) each a, is injective and the images o, (I) (# =1,...,m + n) are mutually
disjoint, and
(03) 0, (O1%) = (0. 0" (D,) = {1}, and a7 (D) = 0 if p # 4.
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Dg
Ds
Dy
i Ds
P1 P2 pP3 P4 Ps Pe

FIGURE 3.12. The paths o,

In Figure 3.12, the paths o, are illustrated by thick curves. Then there exists a
continuous map

012 - I?
with the following properties, where I:= 1 = [0,1] C R. (We use the boldface I to
distinguish the source plane I? and the target plane I? of £.)

(€1) ¢ induces a homeomorphism from I? \ 91? to

m—+n
\ (8[2 U U (DHU%(I))> ,
(£2) if (x,y) €e N:= (01 x I) U (I x {1}), then ¢(z,y) = (z,y), and

(£3) there exist real numbers c,,, d,,d,,,c;, € L for p=1,...,m +n with

0 < a < & < & < & <
< e < de o< dy < & <

< Cmgn < dmgn < dip, < Cpyn < 1

such that the following hold:

~ U{ep,0) = £(c],0) = R, € I x {0}, £(d,,0) = £(d,,,0) = S, € D,

— (¢, .d,]x {0} is equal to o, via a parameter change [c,,d,] = I, and
€|[dim ! via a parameter change [d),,c]] = I,
— E|[du7dh]x{0} is the loop that goes from S}, to S, along dD,, clockwise,

and

e, ]x{0} is equal to o,



28 ICHIRO SHIMADA

~

I x {0}

¢ Ix {0}
RN

FI1GURE 3.13. The map /¢

- €|[C;717cu]x{0} is equal to the path [p,_1,p,] — I x {0} given by t —
(t,0) via a parameter change [c},_1,¢,] = [pu—1,pu), where we put
po:=0,c:=0and ppmyny1 =1, cmins1 =1
(See Figure 3.13.) Since the image of ¢ is contained in V' and is disjoint from
{P1,...,P,}, we have continuous maps

jol:I> - X° and hot:I*— X°

to X°. They satisfy
fPojol=fohol
by the property (j3). By the properties (j2) and (¢2), they also satisfy
jolln=1; and hol|n=1;.

We then define G : I? x I — Y° by the composition

G:2xI 2o g2 froetelehel yo
where pr; is the first projection. We put

C:=([xouMmxI) c I*x1,
and define a lift
(Gle)y : € — X°
of G|¢ : C — Y° by the following:
h(l(x,y)) if z=0,

(Glo)™ (@9, 2) == j(lzy) ifz=1,
b if (x,y,2) e N x L
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Since f° : X° — Y° is locally trivial and C is a strong deformation retract of I x I,
the map (G|¢)™ extends to a lift

G:IPxI — X°
of G : I2 x I — Y°. By construction, for (z,y) € I?, the restriction of G to
{(z,y)} x Iis a path in the fiber
Frohot(ay) = Frojot(a,y)
from the point h o ¢(x,y) to the point j o ¢(x,y). For x € I, we put

Fla1 := Fronot(a,0) = Frojot(a,0), and = él{(z,o)}xl I — Fly).

Suppose that = ¢ (J"""[c,, ¢,], so that

p=1 Iz
(2',0) := £(x,0) € I x {0}.
By (j2), we see that Fl,; is equal to F}, and {[,) is a path in F}, from h(2’,0) = v(z')
to j(2/,0) = b. Moreover, we have o) = &1 = 1 because G’|mx1 = 1;. Therefore,
for u=20,1,...,m+ n, the path
V= Mipwpun) = Plippuralxioy * [P Pura] = Fo

is homotopic to the path g[cug[;:m in Fy, because the boundary of é|[%,cu+1] x {0} I
is the loop 5[%] . 15-5[;5+1] -, in Fy, where [¢],, ¢, 1] x {0} x T2 I? is oriented and
segmented as in Figure 3.4. Since 7 is the conjunction Yoy1 - . . Ym+n, the homotopy

class [v] € 71 (Fp, b) is equal to
-1 -1 -1 =1 -1 -1
[€re€ien&ien€iea - - Eler, 1€ I = enen) ool e 18

tntn] >emtnt1]

]

(See Figure 3.14.) Note that 5[;}]5[0,] is a loop in F, with the base point b. It

’
7n+n]

is enough to show that each [5[;115[c' }] € m1(F},b) is contained in NI for some
" m
transversal disc p around an irreducible component of 2f.
Consider the path
&, =joay, : I — X°

from b to g, := j(S,) € Fy,, where g, := f(j(S.)) = f(h(S,)), and the induced
isomorphism

[&u]* : 7|'1(Fb7b) = Wl(FqMa‘ju)'
This isomorphism maps [f[zi]ﬁ[c, ]] € m1(Fy,b) to
[g[jii}g[dﬁ]] € Wl(Fquvq,u)'

See Figure 3.15.) We consider £4&, ., as a free loop A — F, in F, . Tt is
[du]>[d],] £ u

enough to show that the free loop pair
(lqu7£[71i]£[d“) : (A76A) - (YO7XO)
is of monodromy relation type.

Suppose that > m, so that D,, is a disc with the center P,_,, € (foh)™1(X#).
Then (1%,5[;1]5[(1,]) is of monodromy relation type by Corollary 3.32. Suppose
W M
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FIGURE 3.14. The paths v, and § ], e )

©

K_é\ j|8D“

du

hlap,

FIGURE 3.15. Deformation of the loop along &,

that p < m. By (j5), it is enough to show that the free loop pair ﬂqwf[jil]f[d' ]) is
H I
homotopic to the free loop pair

((foh)lp,,dlop.) + (D, dDy) — (Y7, X7)
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(jo lu)il

the base point (d,,1) (d,,

)

§an V [du, ] X IA &)

(dy,0) (d},,0)
hol,

FIGURE 3.16. The orientation of d([d,, d],] x I)

under a suitable homeomorphism A 22 D,.. We put

llt = é[d‘“dL]x{O} . [d d/] i 8DH.

B P

Consider the continuous map

Cu: ldy,d)] x I — X°

Y]
given by ¢, (z,t) := {5 (t). With the base point and the orientation on the boundary
of [dy,d,] x I given in Figure 3.16, the boundary of (, is equal to the loop

f[?ji] : (ho lu) 'é-[dit] : (] o lu)_l
with the base point ¢,. Since the free loop h o, is the boundary of h|p,, it is
null-homotopic in X°. Hence the free loop f[jii] -€ (] is homotopic to the free loop
jol, in X°. It can be easily seen that we can construct a homotopy of free loops
from jlop, = jolu to f[jii] -5[%] in X° as a lift of the restriction to 0D, of a
contraction from f(h(D,)) to g,, because f(h(D,)) C Y° holds for ;1 < m. Hence
(1%,5[;‘{]{[%]) is homotopic to ((f o h)|p,,jlep, )- O

The following is a semi-classical version of Theorem 3.20.

Theorem 3.33. Suppose that the conditions (C1) and (C2) are satisfied. Suppose
also that there exist a reduced connected curve C (possibly singular and/or reducible
and not necessarily closed) on'Y and a continuous cross-section

sc : C — [71(0)
of f over C' with the following properties:

e C° :=CNY?° is non-empty and connected, and the inclusion C° — Y°
induces a surjection w1 (C°,b) —> w1 (Y°,b), where b € C° is a base point,
o the inclusion C' — Y induces a surjection mo(C,b) — m2(Y,b),
e 5¢(C)NSing(f) =0, and
e for each irreducible component X; of ¥ with codimension 1 in'Y |, there exists
a point p; € C'N3Y; satisfying the following:
— C and ¥ are smooth at p;, and C intersects 3; transversely at p;,
— the cross-section s¢ is holomorphic at p;.
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By the cross-section s¢, we have the classical monodromy action

m(C°,b) — Aut(mi(Fy,b)), where b:=sc(b) € F, = f~'(b),
which we denote by g — g* for u € m1(C°,b). Then Ker(t.) is equal to
Ni = < {gilgu |g € Wl(Fbai))au € K} >7
where K C w1 (C°,b) is the kernel of 1 (C°,b) — m1(C,b) induced by the inclusion.

Proof. First of all, remark that the condition (Z) is satisfied with C' and s¢ being
Z and sz in the condition (Z), and hence Ker(z,) is equal to N.

Let v : (I,0I) — (C°,b) be a loop that represents an element u of K. We have
a homotopy (stationary on 9I) h on C from 7 to 1. Then s¢ o h is a homotopy on
X from sc oy to 1;. By definition, the classical monodromy action by u is equal to
the lifted monodromy action by [s¢c o7] € 71 (X°, l~)) Since s¢ o~y is null-homotopic
in X, we see that g~ 'g* = g~ 1g*[5c°) is contained in Ker(e.) by Proposition 3.3.
Thus Nk C Ker(e,) is proved.

In order to prove N' = Ker(t,) C Nk, it is enough to show that, for any leashed
disc p = (4, n) around an irreducible component E? of ©%in Y*, the normal subgroup
NPl is contained in Nx. We have a point p; of CNY; at which C and ¥ are smooth
and intersect transversely. Let

51"0 : A — C

be a sufficiently small closed disc on C such that ¢; (0) = p;. Since s¢ is holo-
morphic at p; and sc(p;) ¢ Sing(f) by the assumption, © := f~1(X) is smooth
at sc(pi), and s¢ o d; ¢ intersects O at sc(p;) transversely. If p; € =, then we
perturb d; ¢ to a C**-map §; o+ A — Y* such that §; clpa = 6 cloa- I pi ¢ E,
then we put J; o = d;c. Then §;  is a transversal disc around Zg such that
6, (0A) C C°. Since sc(p;) ¢ Sing(f), we can lift the perturbation from §; ¢ to
d; ¢ to a perturbation from sc o §; ¢ to

g’c . A — )(tt
in such a way that
NG /
i cloa = sc 06 cloa = sc © diclaas

and that S{C is a transversal lift of 51{,0 around @g. The transversal disc 6 of
the given leashed disc p = (d,7) is isotopic to &; o (Proposition 3.10). Hence p is

isotopic to a leashed disc
/

P =(5c.m)

for some path 7" on Y from 4, (1) = d; (1) € C° to b. Since C° is connected,
there exists a path ¢ on C° from b to #'(0) = 0;¢(1). Then (n’ is a loop on
Y° with the base point b. Since the inclusion C° — Y° induces a surjection
m1(C°,b) — 71 (Y°,b), there exists a loop £ on C° with the base point b that is
homotopic to {n' in Y°. Then p = (§,n) is isotopic to the leashed disc

po = ( ;,Cvcilg)'
Note that (~!¢ is a path on C°. Since Sgc(l) = 5c(6; (1)), the pair
po = (0} cvsc o (CT19))
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is a leashed disc, which is a transversal lift of po. Hence N?! is generated by the
monodromy relations g~g*([XPe)D) along [A(pc)]. Note that the lasso A(pe) is a
loop on C° that is null-homotopic in C, so that we have [A(pc)] € K. Because
sc o Mpe) = Mpe), the generators g~ g#(MP)D) of NP are contained in Ng. O

We give a sufficient condition under which NPl = 1 holds for one (and hence
any) leashed disc p around 2?. (See Corollary 3.19.)

Suppose that X is the complement to a reduced hypersurface W in a smooth
variety X, and that f is the restriction to X of a projective morphism f : X —
Y. For y € Y, we put F, := f~(y), and denote by W, the scheme-theoretic
intersection of ', with W. Let Sing(f) C X be the Zariski closed subset of critical
points of f.

Proposition 3.34. We assume the conditions (C1) and (C2). Suppose that, for a
general point y of ¥;, the intersection F, N Sing(f) is of codimension > 2 in F,
and Wy, \ (W, N Sing(f)) is a reduced hypersurface of F, \ (Fy N Sing(f)). Then
NI =1 holds for a leashed disc p around Zg.

Proof. Let yo be a general point yo of X;, and let U C Y be a sufficiently small
contractible neighborhood of . Since f is projective, there exists an embedding
over U of f~1(U) into PN x U;
) — PN x U
\ /
U.

By this embedding, we consider each Fy for y € U as a closed subscheme of PV
of dimension dim X — dimY. We choose a general linear subspace P C PV of
codimension dim F, — 1. By the assumption dim(F, N Sing(f)) < dim F, — 2 for
any y € UNY;, we have (P x U) N Sing(f) = 0 and we can assume that PN F,, is
a smooth projective curve for any y € U. By the assumption on W, we see that
PNW, is a reduced divisor of P ﬁfy whose degree is independent of y € U. Hence
the family
PNF,=PN(F,\W,) (yeU)

of punctured Riemann surfaces is trivial (in the C*°-category) over U. Let § : A —
Y* be a transversal disc around Zg such that 6(A) C U. Then we have a transversal
lift & : A — X* of § such that §(z) € PN Fj(2) holds for any z € A. We put

q:=94(1), G:=0(1)e PNF,.

The lifted monodromy of [855] on m (PN Fy,§) is trivial. On the other hand, the
inclusion P N F, — F, induces a surjective homomorphism

m(PNFy,q) — m(Fy,q§)

by the Lefschetz-Zariski hyperplane section theorem. (See, for example, [5] or [6]).
Hence the