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0__ Preface

0.1 Topic of this lecture

v Riemannian symmetric spaces:
o an important class of Riemannian manifolds,
o a beautiful theory (a beautiful application of Lie groups),

o many applications (for example, to submanifold geometry).



0.2 Plan of this lecture

v Part 1. Homogeneous spaces.

o Ref.. Foundations of Dfferentiable Manifolds and Lie Groups
(by Warner)

v Part 2. Symmetric spaces.

o Ref.: Differential geometry, Lie groups, and symmetric spaces
(by Helgason)

v Part 3. R-spaces.

o Ref.: | do not know good textbooks...



1 Homogeneous spaces

v Summary of Part 1.
o M : a homogeneous manifold (i.e.,d a transitive action)

& there is an expressionM = G/K.

v Contents:
o Group actions & transitive actions
o G/K as a set
o G/K as a manifold & main result

o Some applications (homogeneous submanifolds)



1.1 Group actions (}3)

v Detf.:
o G:agroup, M:aset, Aut(tM) := {f : M - M | bijective}.

o A group homomorphism¢ : G — Aut( M) is called anaction.

o Notations: G~ M, g.p:= ¢,(p), ...

v Example:
o GLn(R) ~ R,
o GLL(R) ~ GK(R") :={V c R" | dim(V) = k} (Grassmann),
o GL,(R) ~ M,(R) by conjugation (g.X := gXg™t).

o SLy(R) ~ RH? := {z e C | Im(2) > 0} (upper half plane)
by the linear fractional transformation.



1.2 Group actions (43)

v Lem.: If G~ M, then
o GO H:subgroup = H ~ M,

o M D> M’:preservedbyG = G~ M’.

v Example:
o SL,(RR), O(n), SO(N) ~ R",
o SLy(R), O(n), SO(MN) ~ G(R"),
o O(n), SO() ~ S™1 (c R"),
o O(n), SO(n) ~ sym>(R) by conjugation,
where synP(R) := {X € Mp(R) | 'X = X, tr( X) = 0}.



1.3 Group actions (33)

v Def.:

o G~ M: transitive

oV¥pgeM, dgeG : g.p=q
(©doe M : Ype M, Age G : g.p= 0).
v Example: The following actions are transitive:
o GLn(R), SLn(R), O(n), SO(n) ~ Gi(R"),
o O(n), SO(N) ~ S™ 1 (c R"),

o SLy(R) ~ RH?.



1.4 Homogeneous sets [3)

[Main Thm.: M : homogeneous se& M = G/K.]

v Def.:

o M is called ahomogeneous sawith respect to G

& d atransitive actionG ~ M.

v Def.:
o Let G: agroup, K: asubgroup.
o Defineg ~ h:& g~th € K (an equivalent relation).

o The quotient spaceG/K := G/ ~ Is called thecoset space

(Note: [g] = gK)



1.5 Homogeneous sets 2)

[Main Thm.: M : homogeneous se& M = G/K|]

v Thm.:
o M : a homogeneous set with respect tG
= M = G/G, (bijective),

where G, := {g € G | g.p = p} : the isotropy subgroup at p.

o G/K Is a homogeneous set with respect G.

v Example:
o Gk(R") = GLn(R)/(#),
o S =0(n)/O(n- 1),
o RH? = SL,(R)/SO(2).



1.6 Homogeneous sets [3)

[Main Thm.: M : homogeneous se& M = G/K.]

v Lem.:
o G > H:asubgroup, G,H ~ M : transitive.

=> M =G/G, = H/(Gp N H).

v Example:

o Gi(R") = SLn(R)/(*)
= 0O(n)/O(k) x O(n — k)
= SO(n)/S(O(k) x O(n — k)).

(Notation: S(O(k) x O(n — k)) := SO(n) N (O(k) x O(n - k)).)
o S™1 = 0O(n)/O(n-1) = SO(N)/SO(n - 1).



1.7 Homogeneous manifolds {B)
[AIm: M : homogeneous mfds M = G/K.]

v Def.:

o An action of a Lie group G ~ M : smooth

& ¢, 0 M = Missmooth (Vg € G).

v Example:

o All actions we mentioned before are smooth.

v Def.;

o M is called ahomogeneous manifoldwvith respect to G

& 1 a transitive smooth actionG ~ M.



1.8 Homogeneous manifolds (3)

[Main Thm.: M : homogeneous mfds M = G/K.]

v Prop.:
o G:aliegroup, K: aclosed subgroup.

= A1 the manifold structure on G/K s.t. G ~ M : smooth.

v Thm. (homogeneouss M = G/K):
o M : a homogeneous manifold with respect td@
= M = G/G, (diffeo.), whereG, := {g € G| g.p = p}.

o G/K Is a homogeneous manifold with respect t¢.



1.9 Homogeneous manifolds (3)
[Main Thm.: M : homogeneous mfds M = G/K.]

v How to define a mfd structure onG/K:
o We use
— ¢g = t® m (adirect sum decomposition),
— exp : g » G (the exponential map),
— n . G » G/K (the natural projection).

o woexpln : m —» G/K defines a local chart around f].

v Cor.:

o m = Ty(G/K) (anatural identification).



1.10 Some applications

v Def.:
oletG~ M, pe M.

o G.p:={g.pe M | g € G} is called theorbit.

v Fact:

o M D G.p: asubmanifold.

v Example:
o Orbits of SO(3) ~ symg(IR) =~ R

(Veronese surface, Cartan hypersurface)



2 Symmetric spaces

v Summary of Part 2:
o M : a Riemannian symmetric space

o (G, K, o) asymmetric pair & (g,f,0): a symmetric pair

v Contents:
o Definition
o (G, K, o) : Symmetric pairs of Lie groups
o (g,%, 0): Symmetric pairs of Lie algebras
o Algebraic structures - Cartan decompositions, Rank, Roots

o Some applications - lwasawa decompaosition



2.1 Definition (1/2)

| Aim: define symmetric spaces |

v Setting:
o M = (M,g) : aconnected Riemannian manifold.

v Def.;

o Anisometry s,: M — M is called asymmetry at p

- s =id, pe Fix(sp M) isisolated.

v Def.:

o (M,g) is called asymmetric space

& Ype M, ds,: symmetry at p.



2.2 Definition (2/2)

| Aim: define symmetric spaces |

v Example:
The following spaces are symmetric:
o R" (sp(X) :=2p— x),
o 5" (Sp(X) 1= =X+ 2%, P)p),
o Gy(R"),

o G :any compact Lie group with a bi-invariant metric
(Sp(¥) = px~*p).



2.3 Symmetric pairs of Lie groups (¥3)
[ AIm: symmetric spacese symmetric pairs |

v Def.;

o (G, K, o) : a Riemannian symmetric pair

& o (G aconnected Lie group,

e K : acompact subgroup ofG,

e o : aninvolutive (i.e.,o? = id) automorphism of G,

¢ Fix(o,G)? c K c Fix(co, G).

v Remark:

o K : compact«— 1 invariant Riemannian metric.

o Fix(o, G)? : the connected component containinge € G.



2.4 Symmetric pairs of Lie groups (43)

[ AIm: symmetric spacese symmetric pairs |

v Example: The following (G, K, o) are symmetric pairs:

o (SLa(R), SO(n),0), ofg) :="g™"

o S"=(SO(nh+ 1),SO(n), o), o(g) :=11ng!l1n.

o RP" = (SO(n+ 1), S(O(1)x O(n)), o), o(g) := l1ngln.

o Ga(R*P?) = (SO(a+ b), S(O@) x O(h)), ),  (g) := lapglap.

o Ga(C*P) = (SU(@a+ b), S(U@) x U(h)),), 0o(g) := lapglap.
v Remark:

o G=30(N), o(g) = lynglin,

= Fix(o, G)? = SO(n) ¢ S(0(1)x O(n)) = Fix(o, G).



2.5

Symmetric pairs of Lie groups (33)

[ Aim: symmetric spaces« symmetric pairs |

v Thm.:

o (M,g): asymmetric space
= (Isom(M, ¢)°, Isom(M,g)?(, Sx) - a symmetric pair.
o (G, K, o) : asymmetric pair

= M = G/K becomes a symmetric space s.$, = 0.

v Note:

oo :.G/K->G/K:[g] ~ [o(g)].



2.6 Symmetric pairs of Lie algebras (13)

| AIm: ( G, K, o) & symmetric pairs of Lie algebras @, t, 0) |

v Def.:

o (g,% 60): a Riemannian symmetric pair

& e g:aliealgebra,
e f. acompact Lie subalgebra ofg,
e #: aninvolutive (i.e.,8° = id) automorphism of g,

e Fix(6,9) = 1.

v Note:

o f: compact & 1K :acompactLie group s.t. Lie(K) = {.



2.7 _Symmetric pairs of Lie algebras (23)

| AIm: ( G, K, o) & symmetric pairs of Lie algebras @, t, 0) |
v Example: The following (g, t, 8) are symmetric pairs:
© (5IH(R)9 D(n)a 0), H(X) ==X

o (o(n+ 1),0(n),8), 6(X) :=l1aXlen.



2.8

Symmetric pairs of Lie algebras (33)

| AIm: ( G, K, o) & symmetric pairs of Lie algebras @, t, 0) |

v Thm.:

o (G, K, o) : asymmetric pair
= (Lie(G), Lie(K), do) : a symmetric pair.

o All symmetric pairs (g, t, 8) can be constructed in this way.

v Remark:
o (G,K,0) & (g,%,0) Is not one-to-one.
(e.g., (SO0 + 1),S0(n),o0), (SO(n + 1),S(O(1) x O(n)), o) give
the same ¢(n + 1), o(n), 6))



2.9 Algebraic structures (¥4) - Cartan decomposition
v Def.:

o For(g,%,0),letp .= {X €g| OX) =-X}.

o Then, g = ¥t p is called theCartan decomposition

(or the canonical decompaosition.

v Remark:
o To(G/K) = p (the natural identification).
v Example:
o sIn(R) = o(n) & sym’(R).
oco(N+1)=o(N)dp, p=R"

o o(a+b) =(o(a)®o(b)) ®p, »= Myp(R).



2.10 Algebraic structures (44) - Rank
v Thm.:

o Any maximal abelian subspacar C p are conjugate.

v Def.:

o rank (M) := dim a, which is called therank.

v Example:
o rank (SL,(IR)/SO(n)) = n-1.
o rank (S") = 1.

o rank (Gz(R®P)) = min{a, b}.



2.11 Algebraic structures (34) - Duality

v Prop.:

o g =t® p: the Cartan decomposition of @, t, 6)
= o g% := t@® V-1pisa Lie algebra,
e (g9,¢,60): a symmetric pair.
v Def.:

o (g9, 0) is called thedual of (g, t, 6).

v Example:
o S" (or RP™ and RH" are dual.

o CP"and CH" are dual.



2.12 Algebraic structures (44) - Root systems
v Detf.:

o Let p D a: a maximal abelian subspace.
oa:a—R (o #0) iscalled aroot
& 0#£g, ={X€eg|[H,X] =a(H)X(YH € a)}.

o A :={a : root} is called theroot system

v Example:

o Roots for (sI,(IR), o(Nn), ) ...

v Thm.:

o Ifitis “noncompact type”, then g = go @ 69 gy

a€EA



2.13 Some applications - Iwasawa decomposition/Q)
v Def.:

o A ={ay,...,a;}:asetofsimple roots

v Def.;

o a € A s positivewith respecttoA = {a1,...,a/}

& dCi,...,C EZZ() . ¥ =Cag+ -+ Cay.

v Example:

o SL,(IR)/SO(n) Is easy to describe...



2.14 Some applications - Iwasawa decomposition/@
v Thm.:

If it IS noncompact type, then

on.= EB g, . a (nilpotent) Lie algebra.

a>0

o g = fdadn (as vector space), called thevasawa decomposition

v Example:

o SL,(IR)/SO(n) Is easy to describe...

v Thm.:
o AN ~ M = G/K : transitive.

o M = AN (called thesolvable mode).




3 R-spaces

v Summary of Part 3:
o M = G/K : asymmetric space of rank 2

— homogeneous hypersurfaces in spheres

v Contents:
o Examples
o Isotropy representations
o Orbit type
o Homogeneous hypersurfaces in spheres

o Appendix: parabolic subgroups



3.1 Examples

v Recall:
o SO(3)~ symg(R) = IR°> by conjugation
= orbit = RP?, SO(3)/S(O(1)x O(1) x O(1)) c S
v Recall:
o sl3(R) = 0o(3) & sym ()
IS the Cartan decomposition of Sl3(IR)/SO(3).

v Comment:

o This Is a typical example of R-spaces.



3.2 Isotropy representations (13)
v Def.:

o Let M = G/K : a symmetric space,
g = t @ p : the Cartan decomposition.

o Then,K ~ p by Ad is called theisotropy representation

v Note:
o Yg € G, Ad, : ¢ = ¢: the adjoint representation.
o Gc GL,(R) = Ad,(X) = gXg~.

o ge K= Ady(t) =t Ad,(») =».



3.3 Isotropy representations (23)

v Example:
o SL,(R)/SO(N).
o SO+ 1)/SO(Nn).
v Prop.:
o (¢, %) : the dual of (g, f)
= thelir isotropy representations are equivariant,

l.e., the natural mapp —» V-1p commutes with the actions.

v Def.;

o R-spaces

.= orbits of the isotropy representations of symmetric spaces.



3.4 Isotropy representations (3)

v Def. (in general):
o Let M = G/K : a homogeneous space.
o K~ ToM by (dg)o: ToM = ToM (g € K)

IS called theisotropy representation

v Prop.:
o M = G/K : symmetric,
= these two isotropy representations are equivariant.

(Recall: p = T4(G/K) : the natural identification.)



3.5 Orbit type (1/3)

v Example:

o SO(3)~ symg(R) = IR°> by conjugation
= every orbit through a diagonal matrix.

(*©) Any symmetric matrix is diagonalizable. O

v Prop.:
o Ad : K ~ p: anisotropy representation,
o p D a:a maximal abelian subspace
= every orbit through dH € a.

(l.e., we have only to consider the orbits throughH € a.)



3.6 Orbit type (2/3)

v Prop.:

o Ad: K ~ p:anisotropy representation, H € a

= Lie(Kn) = 1N (90® ) 90).
a(H)=0

v Proof:
o (Stepl) LieKp) ={X et|[X H] =0}

o (Step2) K,Hl =0& X € g0 ® 69 9o O
a(H)=0




3.7 Orbit type (3/3)

v Example:
o SO(3)~ symg(R) = IR°> by conjugation

= ... (see Whiteboard)



3.8 Homogeneous hypersurfaces in spheres/8)

v Prop.:
o rank (G/K) =r

= dmp-dmKH>r (*=" © Hisregular).

v Example:
o SO(3)~ symg(IR%) = R® by conjugation

= ... (see Whiteboard)

v Proof of Prop.:
o dim K.H = dim K = dim Ky.

o Lie(Kn) =N (80® € 8) > N go.
a(H)=0




3.9 Homogeneous hypersurfaces in spherey82

v Prop.:
o R-spacesc S" (the unit sphere inp).

(1) K preserves the inner product defined by the Killing form. O

v Prop.:
o rank (G/K) =1

= K ~ p : transitive on the unit sphere.

v Thm.:
o rank (G/K) = 2

= dH € as.t. KLH Is a hypersurface in the unit sphere inp.



3.10 Homogeneous hypersurfaces in spherey$3

v Remark:
o M = G/K =two-plane Grassmann (overR, C, HH, Q)
= homogeneous hypersurfaces in spheres

(with four distinct principal curvatures).

v Thm. (Hsiang - Lawson):
o Every homogeneous hypersurface can be obtained in this way

(1.e., the isotropy representations of symmetric spaces of rank 2).



3.11 Appendix: parabolic subgroups (12)
v Def.:

o Let G/K : noncompacttype, A 2 ® : a subset.

o G = g0 D E} g, IS called aparabolic subalgebra
a>0orace (D)

v Example:
o Parabolic subalgebras insl3(IR),
o Parabolic subalgebras insI,(IR)

& block decompositions of matrices.



3.12 Appendix: parabolic subgroups (22)

v Thm.:

R-spaces= G/Qqg, I.e.,
o K.H = K/Ky : an R-space
= dd c A s.t. KH = G/Qq.
o G D Qg : parabolic

= dH € a s.t. G/Qqep = K.H.

v Comment:
o This is an another definition of R-spaces.

o Qg are important for studying noncompact homogeneous spaces
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