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Def. (Joyce 1982)

Let X be a set, and consider
e 5s: X x X = X:(y,x)— sy).
Then (X, s) is a quandle (or symmetric set) if
(S1) Vx € X, sx(x) = x.
(S2) Vx € X, s, is bijective (or s2 = id).
(S3) Vx,y € X, sx 05, = 55 () © Sx-
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Ex.
o (V—~v) NFREMIZA Y FIL.
o BRI S" 1 “EHIZBES B DKL ITX DAY RIL.
o M ST ED n FEHEDSRBEEE (H2) 7Y R,
(Z#1% dihedral quandle £\ 5)
o B G & sg(h) :=gh lgizkb AN

[FIRE (1)

o (MM ZEMERZSEIZLT) Y NV “HEHER" % /Fh.
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Def. (Ishihara-T. 2016)
e A quandle (X,s) is flat if

GO(X,s) := ({sxos, | x,y € X}) is abelian.

Note
e This is a characterizing condition for a Riem. symmetric space
to be flat (i.e., curvature = 0).
Ex.

o Slisflat. (- G°S1,s)=S0(2).)
e R, (dihedral quandle) is flat.
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Thm. (Ishihara-T. 2016)

e (X,s) is flat finite connected iff
it is isomorphic to a “discrete torus” with odd cardinality.

Note

e R, is regarded as a “discrete S1".

e A discrete torus is: R, X -+ X Rp,.

Note
The above theorem is a discrete version of:

e A flat compact connected Riem. symmetric space is a torus.
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B EA 5
TREE AV R
o EF (T. 2013),

o AIR7Z5E D43 %H (Kamada-T.-Wada 2016, Wada 2015,
Vendramin 2017).

B

> DB

o [HRH (1)-1: #7E, WAL 2 H ¥ NVITERT & (EREF).

o MR (1)-2: B R 7V FIVITESRE & ().
(CREE B L IXBRT 29 7)

o [HE (1)-3: iR, EER, . ZERTE 2507

pall
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(BEEF - IS HRIE | — | B> B
[Ele (2)

o "R\ HIRA Y FILOHIZRERE XK.
(e.g., FEHERERABREIHA > FIL.L)

Jiit

o AAY KNI = sF! (Vx) THUBEHHES.
o NHZERINDERS > RILT, BXZS54bDERMITS.
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Ex. (sphere)
The unit sphere S" is a symmetric space with

L Sx(y) = 2<X7y>X_y-

ﬂ Sg ﬁ Sz

e

(Thanks to Y. Tada)
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Ex. (Furuki-T.)

o A(l,n):={+ter,...,Te,} & S WOWH AV FILT, X
S IZ S, R, S,

Proof (n = 3)

o sy =diag(l,—1,—1), ¥ R
o sio IFETHMITHTRING. Ko THIH.
o sio FERFUNEZLR. Ko TIER.

Note

o (X,s) ¥ &EfE o Inn(X,s) := {5 | x € X} ~ X DHERBIY.
o (X,s) 2 FHE & Aut(X,s) ~n X BHEBMN.
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Def.

The real Grassmannian (Gx(R"), s) is define by
¢ Gk(R") :={V : k-dim. linear subspace in R"};
e sy(W) := “the reflection of W wrt V".

Ex.
e For Go(R"),

SSpan{el,GQ}(Span{ela 63}) = Span{el, —63}
= Span{ey, e3}.
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Def.

The real oriented Grassmannian (Gx(R")™,s) is define by
o Ge(R")™:={(V,0) |V € Gk(R"), o : orientation}
(an orientation is o € {bases of V}/GL(k,R)");
* S(v,0)(W,T) := "the reflection of (W, 7) wrt V".

Ex.

e For simplicity, (i,/) := (Span{ej, ¢}, [(ei, €)]) € Go(R")™.
® 5(1,2)(173) = (Span{e17 _63}7 [(61, _63)]) = _(173)'

Note

e G(R™1) = RP", G(R")~x=3"
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Thm. (Furuki-T.)
For Gk(R )™,

( ) (Span{eil""’eik}vi[(eh?”'7ef/<)]);
° A(k,n) = {j:(il,...,ik) ‘ 1<ip<---<ig< n}.

Then A(k, n) is a subquandle in Gx(R")™, which is flat,
homogeneous, disconnected (and nontrivial).

Note

ARRSEHE S >~ RILIZDOWT,
o “HIFE" D DIINEHFE A (D TRENZ > 72).
o “FH" BLDPBELFET .
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Note
For A(2,4),
‘5(12(1 3) = —(1,3); 5(12(3, 4) = (3,4);
e join [i,j] and [k, I if 5 jy(k, 1) = —(k, ).
Then we get
[1,2] [1,3]
[1,4] 12,3]
[2,4] [3.4]

(Thanks to K. Furuki)
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R (2)-1

o (Furuki-T.) 7'2 7% & 3EEfS R EEFEH T 2 ROVDMENS .
ZEULESNEDIE 2 =id L5 ED7EIT.

o TOMKIEE LY XK. FEEHEA Y FLe e &

M (2)-2

o LRLBIAMZ, MFREMND "R\ #04 > L2 BT &
o —f%ITIE, EKHDHETT & (47> RILVOSHEIX) WE.
(Weyl BEDHIE & 725 H DIZDWTIE, EREH)
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Question

e What are A(k,n) in Gx(R")~7?

Note

e A(k, n) is not antipodal;

e (Chen-Nagano 1988) A subset C in a quandle (X, s) is
antipodal if Vx,y € C, sy (y) = y.
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Def.
A subset C in a quandle (X,s) is s-commutative if

e s,os,=s,05s, (Vx,y € C).

Thm. (Nagashiki et al.)
If n £ 2k, or n = 2k with k odd, then
e A(k,n) is a maximal s-commutative subset in G,(R")™;

e such subset in G,(R")™ is essentially unique.
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el (3)
o EXHRER M O A s T BAHEAE P L

Fact

o —fRDH Y NIVT, MK s-AJ RN EEIEE D /1> v,
o U — URFRAER M 1Zxt L, #[MiK s- AT IR DEE] < oco.
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[l (3)-1
o Gk(R?K)™ (k even) WK s-AIHEI 84 & RER &
o E: G(RY)™ XU, A(2,4) 1 s-AMHAZAMRK TIZ A2\,
(A(2,4) := +{(1,2),(1,3),(1,4),(2,3),(2,4), (3,4)})

RIS (3)-2

o fHIDNIFRZEMT, MK s- IR EEG 2 RER K.
o (Akase et al.) RT3 >3 M HHBED G A ICHE;
IM : BBK s- AT D AT — R TIRRW
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[MIE (3)-3

o MIK s- % fifi o T, MRS ZHA L.
o —HRIZ, X = s-F (. scos, =5, () 05)
. ﬂij( ssHOHPRE L X T WEEDL . (e.g., G(R")™)

i (3)-4

o MK s-HA[HES D EA X, AADRFRZEM 25T 55?7
o THA YV, NEHHEER?



Sec. 2 Sec. 3 Summary
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