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Summary



Abstract

Our Problem
e How many inner products (,) (with signature (p,q)) on a
given Lie algebra g up to automorphism and scaling?
Our Results

e We (want to) study the above question for
- gryn : the Lie algebra of real hyperbolic spaces,
- B> ®R"3 : the 3-dim. Heisenberg Lie algebra plus abelian.
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General Problem

e Study/Find/Classify nice left-invariant metrics on Lie groups.

Def.
e (,)1 and (,)2 on g are equivalent up to automorphism and

scaling if 3c € R*, Jp € Aut(g) : (,)2 = (cp).(,)1.

Note

° g.(,):=(g7'(-),g (")) for g € GL(g).
e (,)1 ~ (,)2 = the corresponding left-invariant metrics are
isometric up to scaling.
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Def.

o PM(,q)(9) == {(,) on g with sig. (p, q)}/ “equiv.”
is called the moduli space.

Our Problem

o Describe M, ;1(g) for a given g.

Ex.

e gru» = span{er,..., ey} with [er,e] =¢ (j=2,...,n).
(Grun (simply-connected) acts simply-transitively on RH")
o b3 :=span{e;, &, e3} with [e1, e2] = e3. (Heisenberg)
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Summary (the list of # PIM, .1(9))

g ‘ positive def. ‘ indefinite ‘ comments
R" 1 1
ORH" 1
h3 D R”_3 1

Fact (Lauret 2003, cf. Kodama-Takahara-T. 2011)

o #PM,0)(g) =1 (in fact, finite)
= g= R", gRH", OF b3 b R"3,

Summary
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Summary (the list of # PBIM, .1(9))

g ‘ positive def. ‘ indefinite ‘ comments
R" 1 1
ORH" 1 3 (p,q)=(n—1,1)
? (p,q) : generic
B eR"3 1 3 n=3
? n>4

Fact

o # PM(p_11)(grur) =3 (Nomizu 1979).
o # PM1y(h*) =3 (Rahmani 1992).
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Prop. (well-known)

e {(,) : with signature (p, q) on g} = GL(p + ¢q,R)/O(p, q).

Prop. (observation)

* PMp,q)(9)
= the orbit space of R*Aut(g) ~ GL(p + q,R)/O(p, q)

= R*Aut(g)\GL(p + q,R)/O(p, q)
= the orbit space of O(p.q) ~ GL(p + q,R)/R*Aut(g)
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Result 1: ORH" (1/5)

e We study g := grpr.

Thm. (Kubo-Onda-Taketomi-T. 2016)

o # PM, q)(9rEp+a) =3 if p,q € Z>1,

e these 3 metrics have positive/zero/negative constant sectional
curvatures.
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Result 1: ORH" (2/5)

Idea of Proof

° RXAut(gRHn) =

e By direct matrices calculations,

R*Aut(grur+)\GL(p + q,R)/O(p, q) = {3 points}.

e We can give an intuitive explanation why “3 points”.
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Result 1: ORH" (3/5)

Recall

o PM(, () = O(p, 9)\(GL(p + ¢,R)/R* Aut(g)).

Intuitive Explanation (1)

e Recall that H := R* Aut(grpye+q) is “parabolic”.

e One knows
GL(p + q,R)/H = RPPT91,
e O(p,q) ~ RPP9~1 has exactly 3 orbits:

{[v] € RPPT971 | v : spacelike},
{[v] € RPPT971 | v : lightlike},
{[v] € RPPT97L | v : timelike}.



Result 1

Result 1: ORH" (4/5)
Cor. (a generalization of Milnor frames)

e Y(,) with signature (p, q) on gryr+a,
dk >0, 3N €{0,1,2}, I{x1,...,Xprq} : p-o.n.b. wrt k(,),

[XlaXi]:Xi (’E{2vap+q_1})7
[X17Xp+q] = —Ax1 + Xp+q>
[Xi7Xp+q]:_)\Xi (ie{2,....p+q—1}).

Intuitive Explanation (2)

e In general, [g, g] is preserved by R*Aut(g).
* [grup+a, OrHP+a] is spanned by {xa, ..., Xprq—1, —AX1 + Xptq}-
o Hence, (,)l[g.iipia.0mmpial 1 (P — 1, ), degenerate, (p,q —1).
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Result 1: ORH" (5/5)

Note

e R*Aut(h3) is quite “similar’ to R* Aut(ggys)-
e Hence, our method can be applied to h3, which gives an
alternative proof for the following.

Fact (Rahmani 1992)

o # mfm(m)(h?’) =3.
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Result 2: h3 DR (1/4)

e In this section, we study g := h3 @ R (Heisenberg + abelian).

Thm. (Kondo-T., in progress)

o #PM;1(h> OR) =6.

Idea of Proof

e Direct matrices calculations! (but more complicated)
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Result 2: h3 DR (2/4)

Note

o H:=R*Aut(h® & R) is parabolic of type (1,1,2):

*x[0|0 O

He |20 00 cqrar)
O N
k| k| ko ok

Note

o R*Aut(h3 @ R"3) is similar; parabolic of type (1,1,n — 2).
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Note

o GL(4,R)/H = F1»(R*) : flag,
o F1o(RY) = {(V4, Vo) | Vi C Vo C R*(subsp), dim Vi = k}.

Intuitive Explanation (1)

e O(3,1) ~ F12(R*) has 6 orbits:

V5 1 (2,0) = V4 : positive,
V, : degenerate = V/j : positive/degenerate,
Vs : (1,1) = V4 : positive/degenerate/negative.
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Note

e g:=h3® R = Span{er, e, €3, &4} with [er, e2] = e3.
e R*Aut(g) normalizes

[0, 0] = Span{es}, Z(g) = Span{es, e}

Intuitive Explanation (2)
e 36 (,) on g=h3®R such that

() z(g)  (2,0) = (,)g,q : POSitive,
(,)|z(q) : degenerate = (, )|[q.q : POSitive/degenerate,
(z@) : (1,1) = (,)|[g,q] : POsitive/degenerate/negative.



Introduction

Summary (list of #BIM, .1(g))

Result 1

Summary (1/2)

Result 2

g | positive def. | indefinite | comments
R"” 1 1
ORH? 1 3 for Y(p, q)
B eR"3 1 3 n=3
6 n = 4 with sig. (3,1)

Summary
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Problem

o # PMp (> BR™3) =7 Is it finite?
o If # PM(, 4)(8) < +0oo, then g is one of above?
o Describe M, ;)(g) for some g (e.g., three/four-dim., ...)

Thank you very much!
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