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In this note I will survey some basic results in the theory of holomor-
phic functions of several variables in the complex domain. The purpose
of this section is to explain to the readers the following fact: treating
holomorphic functions in the germ sense is almost equivalent to treating
convergent power series.

It is assumed that the readers know the basic part of the theory of
holomorphic functions of one variable.
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In this section we use the following notations: N = {0,1,2,...},n > 1,
z=(21,...,2,) € C", a = (ar,...,a,) € C" o = (vq,...,a,) € N",

lal = a1+ +a,, el =aq! -l and (z—a)® = (z1—a1)* -+ (2 —ay)*.
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Definition 1.1. By a formal power series in z centered at a we mean
a formal series of the form

docalz=a) |= 3 caanm ) (- a)™
a a1,...,an6N

where ¢, (o € N™) are complex numbers.

Set

f2) =) calz—a)™

[e%
From elementary calculus we know the following:
(1°) We say that the formal power series f(z) is convergent (or con-
verges to s € C) at z = 20 € C", if the series

Z ca(2’ —a)®

la] <N

is convergent (or converges to s) as N — o0o. In this case we write

an(zo —a)® = A}lir{l)o Z ca(2’ —a)* = s.

e || <N

(2°) We say that the formal power series f(z) is absolutely convergent
at z = 2Y € C", if we have

Z |ca(z’ — )| < +o0.

«

It is easy to see that if f(z) is absolutely convergent at z = z° then f(z)

is convergent at z = 2°.

(3%) If the formal power series f(z) is convergent at z = 2%(= (2%, ..., 2°

rTn

C", then f(z) is absolutely and uniformly convergent on any compact
subset of

D={2€C"; |z —aj| < |z} —a;| fori=1,...,n}

and therefore f(z) defines a continuous function on D.

Lemma 1.2. Assume that

M
<: 7) for any o € N"

a1 o
1 "

M
|Ca| S ’I“_O‘

2



holds for some M >0 and ry > 0,...,r, > 0. Then we have:
(1) The formal power series f(z) = Y, ca(z — a)® is absolutely con-
vergent at any point in the polydisk

D(a,r):{zecn; |Zi_@i‘<ri fOTiZl,...,n}

(with r = (r1,...,1,)) and therefore f(z) defines a continuous function
on D(a,r).

(2) If we write z; = 2, +v—1y; € R+vV/—1R (i=1,...,n), f(2) is of
C! class in the 2n real variables (z,y) and satisfies the following formula
of termwise differentiation:

0 0
ai(z) = ;Caa—xi«z—a)a), fO?"’izl,...,n,

O ?caa%«z—a)a), fori=1,....n

Proof. (1) is verified as follows. Take any 2° € D(a,r). Then we have
|20 —a;| <rifori=1,...,nand

Z ‘ca(zo — a)“‘

[0}

= Z ’Ca||Z?_a,1‘a1..~}22—an‘an

a120,...,00n20

M 0 (o5} 0 Qn
e |4 [ 2y —
...7”‘1

oy a(Hel) (el
1 Tn

a120,...,an20

1 1
=M X oo X

™ Tn

< 400,

IN

which implies that f(z) is absolutely convergent at z = 2. Combining
this with (3") we obtain the result (1).

Note that by differentiating 1/(1 —z) = > ° 2 we have 1/(1 —x)* =
> oy prP~t. By using this let us show (2). We have

anaixl (z—a)") = anal(zl —a) (2 — an)™

« «



and for any 2% € D(a,r)
D lenan (2 = ) - (2 = )|

_ 0 ar—1 0 [e3) 0 Qn
= |cal a1 ‘Zl—al‘ ‘22—a2| ---‘zn—an{

&7

< M 0 a1—1| o [e%) 0 Qn
S v i T Gt I R R EX
7” ...’r‘l

[0}

-1
_ > o u® <|Z?—a1|>m « (|23—a2|>a2 x
T1 T1 T2

a1>1,a22>0,...,an,>0

M 1 1 S 1
SN 2(1_|zg—a2|) (1_|zg—an|)
1 T2 Tn
< +00.

Since 2° € D(a,r) is arbitrary, this implies that Y, ¢, (9/0z1)((z — a)®)
is convergent on any compact subset of D(a,r). Hence by a theorem of
term by term differentiation in elementary calculus it is easy to conclude
that f(z) = >, ca(z — a)® is differentiable in z; and

of . 0 N
(9—951(Z> = Zazcaa—xl ((z=a)?),
and that (0f/0x1)(2) is continuous in D(a,r).

By the same argument with x; being replaced by the other x; or y; we
can get the result (2).

2. 00000000000

0000,0000000000000.00000, f(z)0o0o00 ot
ObO0bO0b0oobodb. HartogsU D OO DODODODODOODODOODO
go.

Let z = (21,...,2,) € C", z; = z; + V—1y; € R+ +/—1R for i =

4



1,...,n, and

0 1 (/0 0 :
agizg(azi‘i‘\/—_layi), ZZl,...,n.

Definition 2.1. A complex valued function f(z) defined on an open
subset D of C" is said to be a holomorphic function on D, if it satisfies
the following conditions 1) and 2):

1) f(z)is of C' class on D,

2) (0f/0z;))(z2)=0on D fori=1,...,n.

First we note:

Lemma 2.2. Let f(z) be a complex valued function of C' class on
D. Then the following conditions (1) and (2) are equivalent:

(1) f(z) is holomorphic on D.

(2) Foreachi=1,...,n, f(z) is holomorphic with respect to z; as a
function of one variable z;.

Proof. Let f =u+ +/—1v. Then we see

of 1[0 8

1 ou ov ou ov
= = - NS
2 |:(8Iz 3%‘) " (ayi * 33@)1

and therefore 0f/0z; = 0 is equivalent to

ou B ov N ou L ov
Oz, B Oy : Yy B 0x;

which implies that « and v satisfy the Cauchy-Riemann’s relation with

respect to the variable z;. In other words, 0f/0z; = 0 is equivalent to
that f(z) is holomorphic with respect to z; as a function of one variable
z;. This immediately leads us to Lemma 2.2.

Next let us see the Cauchy’s integral formula:

Theorem 2.3. (Cauchy’s integral formula). Let D = Dy x---x D,, be
a domain in C" and let f(z) (= f(z1,...,2,)) be a holomorphic function

bt



on D. Then for any a = (ay,...,a,) € D we have

Cl? tt Cn)
a d¢y~dc,,
10 = o= Fl/; it g
where I'; is a Jordan closed curve in D; (i = 1,...,n) illustrated in the
following picture.
v Imz;
z;i-space
D;
Rez;

Proof. For simplicity let us consider the case n = 2. Since f(z1,as) is a
holomorphic function in z; (as a function of one variable z;), by applying
the Cauchy’s integral formula in one variable case to f(z1,as) we have

1 f(Claa2)
27‘-\/__1 I (gl - al)

Moreover, since the integrant f((, z2) is a holomorphic function in zy, by

f(a17a2) = dg; .

applying the Cauchy’s integral formula again to f({i, as) we have

1 1 { 1 [, ¢2)
2/ =1 Jr, (G —a1) L 27v/=1 Jr, (G2 — a2)

This proves Theorem 2.3, because the repeated integration is expressed

f(ah a2) =

d@}d@.

in the form of the double integration.

By applying (9/0a)* (= (0/0ay)** - - - (0/0a,)*") to both sides of the
Cauchy’s integral formula in Theorem 2.3 and by using a theorem of
differentiation under integration in the elementary calculus we obtain

6



Corollary 2.4. Under Theorem 2.3 we have

olel
£ (a) (: WL <a>)

Clw"aCn)
271'\/_ /1—‘1 /n Cl — CL1 a1+1 (Cn _ an)anJrldCl an

3. 0ooogn

oooo,
1. 0000000000000000000,00
2. 000000000000O000O00O0,
oooooooo.

In this section we will see that holomorphic functions are expanded

into convergent power series.

Proposition 3.1 (Taylor expansions: from holomorphic functions to
convergent power series).  Let r = (r,...,r,) with r; > 0,...,7r, >
0, and a = (ay,...,a,) € C". If f(2) is a holomorphic function in a
neighborhood of K = {z € C"; |z; —a;| < i = 1,...,n}, f(2) is
expanded into the power series

[e% : 1 (0%
(%) f(2)= ) calz—a)* with ¢, = — )
aceN"

which is convergent at any point in D(a,r). Moreover we see that the
coefficients ¢, (o € N") satisfy the estimates

M

|co| < —  for any a € N"
T»Oé

where M is the maximum of |f(z)| on K.

The power series (k) is called the Taylor expansion of f(z) centered at
z = a. When we get (x) from f(z), we say that we expand f(z) into the
Taylor series at z = a.



Proof of Proposition 3.1. Let I, = {2z € C; |z —a;| = r;} (i =
1,...,n). Take any z = (z1,...,2,) € D(a,r). Then by Cauchy’s integral

formula we have

Cla"'aCn)
) 6= e o T e ey

Since ¢; moves in I';, we have |(; — a;| = r; and therefore |z; — a;| < 1; =
|CZ — (IZ‘| that is

Sy
Cz’ — a; '
Hence
1 - 1 - 1 1

Cz‘—Zz‘ B (Cz‘—az‘)—(zi—az‘) B Cz‘—az' 1— Zi — Q4
G — a;
1 > Z; — Q; & (ZZ — ai)ai
G —a ; (Cz' - ai) O;) (G — a;)tt

which is absolutely convergent. By sustituting this into (**) and by using
a theorem of termwise integration in the elementary calculus we obtain

1
1) = G o[ ancl,...,m

..... an>0
(21 —a)”  (z—an)™
(¢ — al)‘““ (Go = an)n T

- Z ca(21 —a1)™ + - (2 — an)™"

a12>0,...,an,>0

dC1 an

where

o Cla"'aCn)
foo = 27T\/_ /Fl /n (G —ap)att (G — ay)

= ).

e dy -G,

This proves the former half of Proposition 3.1.
Next let us prove the estimates of ¢,. Since |f({)| < M for ( € ' =



le---an,wesee

Ca| = dc,|~|d¢,
cal 27r /Fl/nygl_alyalﬂ Jen = |a+1|Cl| |dG,|

- (27T) rontL. Tan+1/ / |dGi [~ |dG]

1 M
B R e (2ry) -+ (277)
1 n

M

a1 | oy
T "

Proposition 3.2 (From convergent power series to holomorphic func-
tions). If

:7> for any a« € N"

holds for some M > 0 and r; > 0,...,7, > 0, the power series

f)= ) calz—a)®
acIN"

defines a holomorphic function on D(a,r).

Proof of Proposition 3.2. By Lemma 1.2 we already know:
1) f defines a function of C! class on D(a,r).

2) By term by term differentiation we have

of ) .
()= Yoy (—a)).

«

Since (z; — a;)* is a polynomial in z;, it is holomorphic in z; and so

(0/0%Z;)(z — a)® = 0. Thus we obtain (0f/0z;) =0 forany i =1,...,n

4. OQoOggg

gboboo,0bbuobboodbboabbbuoo.bbuogb
gobobobobbboougooogobobbobboodoooooon
go.



Theorem 4.1 (Principle of analytic continuation).  Let f(z) be a
holomorphic function on a domain (i.e. a connected open set) D in C",
and let a € D. The following three conditions are equivalent to each
other:

(1) f=0on D;

(2) f =0 in a neighborhood of «;

(3) f(a) =0 for any a € N".

Proof. 1t is clear that (1) implies (2) and that (2) implies (3). Since
f is holomorphic on D, by Taylor expansion we know that f is expressed

in the form

(@) (g
Py =S W e

(0%

in a neighborhood of z = a. Hence it is also clear that (3) implies (2).

Let us show that (2) implies (1). Assume (2). Set E={2"€ D; f =
0 in a neighborhood of 2°}. If we prove (i) E # 0, (ii) F is open in D,
and (iii) F is closed in D, then by the connectedness of D we have £ = D
and hence (1). Thus we have only to show (i), (ii) and (iii). Since (2)
implies a € E, we have (i). (ii) is clear from the definition of E. To
prove (iii) it is enough to show that if a sequence {z,} in E converges
to 2 € D (as p — o0) then we have z° € E. This is verifies as follows.

Let {2} be a sequence in F and assume that it converges to 2 € D
(as p — 00). Since 2(,) € E, we have f(¥(z(,) = 0 for any o € N" and
hence

F@0Y) = lim f@(zp)) =0 for any « € N™

p—0o0

0

This implies that f(z) = 0 in a neighborhood of z = 2°, since it is already

proved that (2) and (3) are equivalent. Thus we obtain 2% € D.

5. Uonoooon

googbooob,0gbugboobbooboobboobogn
obooob.0oboobgooogd.
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Denote: z = (z1,2), 2/ = (29,...,2,), 71 >0, 17" = (re,..., 1), and

D', ") = {#eC" " |z —ail <ri, i=2,...,n},
K = {ZeC" " ' |z—a|<r, i=2,...,n}

Proposition 5.1 (From holomorphic functions to convergent power
series). Let ry > 0,70 > 0,...,7, > 0 and a = (ay,aq, ...,a,) € C". If
f(2) is a holomorphic function in a neighborhood of K = {z € C"; |z; —
a;| <y, i=1,...,n}, f(2) is expanded into the power series

Z1, Z@p 21 —G1)

which is convergent at any point in D;(ay,r;) X K’. Moreover we have:
1) ¢,(2') is given by
1 0Pf
2 = ar, 2
SOP( ) p‘ 6 p( 1 )

_ 6,
27"\/__1 |¢1—a1]=r1 (gl - al)p+1 .

2) ¢,(2') is holomorphic in a neighborhood of K.
3) If we set M = max,ek |f(2)|, then we have

M
lop(2)] < 7 on K' for any p=0,1,2,....
1

Proof.  Since f(z1,2') is a holomorphic function in z;, by the Cauchy’s

integral formula we have

1 f(Ci52")
27T\/_ [¢1—a1|=r1 (Cl - Zl)

Applying the same argument to this formula as in the proof of Proposition

f(Zl, 2/) ———=d(;.

3.1 we can easily obtain Proposition 5.1.

Proposition 5.2 (From convergent power series to holomorphic func-
tions). If p,(2') (p =0,1,2,...) are holomorphic functions in a neigh-
borhood of K’ and if the estimates

M
lop(2)] < —7 on K’ for any p=10,1,2,...
1

11



is valid for some M > 0 and r; >, then the series

f(z1,2 Zsop (21— a1)”

defines a holomorphic function on D(a,r).

Proof. By Proposition 3.1 we see that ¢,(z’) is expanded into the
form

op(2) =) (' =)

a/

for any 2’ € D'(a/,r") and the coeflicients ¢, o satisfy

M 1

|Cp,a’| S E T?Q"'Tf{" !

Then by these estimates and Proposition 3.2 we see that
2) = Z Cpor (21 — )P (2 — a)™
p,o’

defines a holomorphic function on D(a,r). Since g(z) is absolutely con-
vergent at any point z € D(a,r), by changing the order of summations
we have

g(z) = > (Z Cpor (2 — a')al> (21 —a1)?

p—O o
= ZSOp )(z1 — @)’ = f(21,7).
This proves Proposition 5.2.

Corollary 5.3. If p,(z') (p =0,1,2,...) are holomorphic functions
in a neighborhood of K’ and if the series

> (max o) (21—

p=0

is convergent on Dj(ay, ), then the series

f(z1,2 Z@p (21 —a1)?

12



defines a holomorphic function on D(a,r).

Proof.  Put M, = max,cx |py(2')|. By the assumption we know that

the series
oo
E Mp Z1 — CL1
p=0

is convergent on Dy (a, ).

Take any 0 < p < r;. Then h(z;) is holomorphic in a neiborhood of
{z1 € C; |21 —ay] < p} and |h(z1)| < L for some L > 0. Hence by
Proposition 3.1 we have M, < L/pP for any p = 0,1,2,...; this implies
that I

lop(2)] < > on K’ for any p=0,1,2,....

Thus by applying Proposition 5.2 we see that

f(z1,2 Z@p (21 —a1)?

defines a holomorphic function on D;(ay, p) x D'(da’,7").
Since p is an arbitrary number with 0 < p < 7y, this concludes that
f(z1,2") defines a holomorphic function on D(a,r).

Ooon
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