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Problem

Give C(s)-rational points of the following elliptic curve.

1
By =a’— \/ 76771008 + 44330496v/3 s'z + s°(s® + 1)
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Theorem (Kuwata & U.)

1 1
144 (~1+4)?

( (606569375222602654749016417 + 350202992066952759103881512 /3

S1 =

1/3

+ 238575801875078451092408154 / 3 + 2 /3 + 137741803434707366958250154 /3 /3 +2 /3 ) (—2017 — 6163

125034203 +1422 5 3+ 273 ) (1416853 + 2945 + 55 + 1685 /3 + 294 5° + 78960 5> V3 + 136820 °

+7392ﬁs4+12831s4+7392ﬁs2+12831s2)), - 11 - [ 17128 1(56y3 —97) (14+25253 +440s + s
(-1+s)

+252./3 57 +440s” + 47880 /3 s° + 82972 5% — 294588 5° /3 — 5101365° — 294588 5> \/3 — 510136 s° — 26376336 /3 s*
— 45684794 5" + 47880 /3 s* + 82972s%) (1 +5)) |

S2 o [ Tad (1172 ( (606569375222602654749016417 + 350202992066952759103881512 \/T
+ )

1/3

+ 238575801875078451092408154 / 3 + 2 /3 + 137741803434707366958250154 \/3 /3 +2 /3 ) (—2017 —616./3

—1250/3+2/3 +1422J?\/3+2¢?) (168s° y3 —s®—7392 /3 s* +2945° + 78960 s> /3 — 12831 5" — 7392 /3 s*

+1368205° + 1685 3 — 12831 5% + 2945 — 1)), 17128 (1 1 ; ((56y3 —97) (-1+35) (25243 57 —s°
+ s

— 47880 /3 s° + 440 5" — 294588 5° /3 — 82972 5° + 26376336 /3 s — 510136 s° — 294588 5> /3 + 45684794 s
— 47880 /3 s> — 510136 s> + 2525 /3 —82972s> + 4405 —1)) |
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(

Example

1
233 I (606569375222602654749016417 + 350202992066952759103881512 \/T + 238575801875078451092408154 / 3 + 2 \/?

1/3
+ 137741803434707366958250154 \/3 /3 +2 /3 ) (-2017 — 6163 —1250/3+2/3 +1422./3 /3 +2 /3 ) (s'2

— 30095280 I s> — 12525304032 15" — 94368 \/3 s'° — 163590 5s'® — 12525304032 1 5° — 7231488048 I5° \/3 + 646065792 /3 s°
+ 1119019407 s® — 17375256 Is° /3 — 17375256 1s° /3 — 16530119616 /3 s® — 28631008532 s° + 14415 + 72153
+ 646065792 /3 s* + 1119019407 s* + 144 15" + 721s' /3 — 94368 \/3 s> — 163590 s> — 7231488048 1s” \/3

2
—300952801s9+1))/(481s3ﬁ+761s3—s“+481sﬁ—216ﬁs2+761s—366s2—1) ,—ﬁ ((5613

—97—-971+ 563 ) (1 + 16605906912 \/3 s* — 149328 \/3 s* — 6488174914992 /3 s° + s'® — 149328 /3 s!*

+ 16605906912 s'% /3 + 2147762616984 1 s'! — 1035416728522296 1s° — 1035416728522296 I s’ + 2147762616984 1 5°
— 774915121s> 4+ 216 Is + 216 15> — 77491512 1s' — 258992 s'* + 28762282252 5% — 11237848589072 s5'°

— 6488174914992 /3 s'% — 3121650593998272 /3 s® — 11237848589072 s® + 28762282252 s* — 258992 s*

— 5406857432335514 s° + 1240011318348 I s'' /3 — 597798126976284 1s° \/3 — 597798126976284 15" \/3

+ 1240011318348 1s° \/3 — 4473846015 /3 + 108153 + 10813 s> — 4473846013 s°) (1 +s) (-1 +s))/
(481s° /3 +761s° —s* + 48153 —216/3 s> +761s — 366 s> — 1)3]

= 51 + 59
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§1 What?

§2 How?
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§1 What?

6 0

X : singular K3 surface with Tx ~ 0 6

X — P! : Jacobian fibration with II* x 2
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§1 What?

X : singular K3 surface with Tx ~ ( g 2 )

X — P! : Jacobian fibration with II* x 2

is given by the following Weilerstrass equation.

1
y=at \/ 76771008 + 44330496V/3 s'z + s°(s* + 1)
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Singular fibers (Kodaira's classification)
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Example (Elliptic K3 surface with 211*)

X — P!

(z,y,8) = s
Elliptic parameter

' =x2° —3as'r +5°(s* +s5—2B), «o,B€C
Weierstrass equation

1
(y2:x3—30433+3—|———25>
S
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Properties
[~ 0 1
X : K3 surface 10

H*(X,Z)~ Es(—1)® Ey(-1)eUaUaU
U
NS (X) := {divisors}/

Néron-Severi lattice

~ {divisors}/

alg equlv

lin. equw

= Pic(X)

Tx = NS(X)*" Cc H*(X,Z)
Transcendental lattice
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p(X) : Picard number

X VK3 surface
é”

1 <rk NS(X) <

singular K3 surface < rk Tx = 2
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singular K3 surface
Theorem (T. Shioda & H. Inose)

[@ ~ Qs & Ty € SLy(Z), Qs — ’fv@wj

|

{singular K3 surface} oy Q/SLy(Z)

(

\

(

2a b
b 2c

)(Mbﬁj:zzjz —

) | a,b,c € Z,a,c > 0,b* — 4ac < 0

(positive definite integral even lattice)
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Theorem (D. Morrison)

Vsingular K3 surface admits a Shioda-lnose structure

(p(X) =19 =)
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Shioda-lnose structure

Definition

A K3 surface X admits a Shioda-Inose structure.

def
< dv € Aut(X) : symplectic involution

with rational quotient map m : X — )/(\//L ~ Km(A)

&
T, : H*(X) — H*(Km(A)) induces a Hodge isometry

TX (2) ~ TKm(A)
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Shioda-lnose structure

X

N

~ 21 2:1 -~

Na e

X 1s a double cover of a Kummer surface
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symplectic involution on elliptic K3 surface with 2IT°

S EEE

O<><4

0 00 5 i
-
L = X/t~ Km(E; X E»)

product type

BEBHA LOBAMROBERICDOWT Wi Ak U8R RE)



Elliptic K3 surface with 211"

X 2 Km(E; x E»)

X y? =2 - 3as*y + 5°(s° + 5 — 208)

a=/J(E)J(By), B=+/(1- (1—J(Ey))

(J(E;) == j(E;)/1728)
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Elliptic K3 surface with 211"

a b
The case Of X[a7b,c] (singular K 3 surface with TX ~ ( 2b 2¢ ))

[%;Qi(j/ZZ%-TﬂZ

_—b+\/b2—4ac _b+\/b2—4ac

Tl = T2
2a ’ 2

BEBHA LOBAMROBERICDOWT Wi Ak U8R RE)



X : singular K3 surface with Tx ~ ( g 2 )
|

Xpo3 = Ei=C/Z+iZ
By = C/Z + 37
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§2 How?
Based on

Some Shioda’s papers :

- “Correspondence of elliptic curves and Mordell- Weil
lattices of certain elliptic K3 surfaces”

- “Kummer sandwich theorem of certain elliptic K3
surfaces”

A. Kumar & M. Kuwata :
- “Elliptic K3 surfaces associated with the product of

two elliptic curves: Mordell-Well lattices and their
fields of definition”, arXiv:1409.2931.
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Kummer sandwich theorem (1. Shioda)

X : Elliptic K3 surface with II" x 2
do, 7 € Aut(X) : symplectic involutions
dF4, E5 : elliptic curves

X/(o) ~ Km(FE; X E»)

X/(o,7) ~ X
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Kummer sandwich theorem (1. Shioda)

Bﬁﬂ(fﬁ_x.ﬁh) > X >:KJH(EH X.Eb)
S-1 str.

M S:tQ M TIS—I—)l/S'

P} > P! P}

t =00 IV” *s=10 /II*T:oo

t=0 IV* [I* s =00
I %
OSZ::l STI::Q
Lo 0
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FO(ELEy) Y2 = X3 —3at!X +t'(t" — 281> + 1)

Km(E; x E») . P!
s = t?
Y =y/t°
\/ v X :ZE/tQ
X > IP);

FO(E Ey) 0 y? =23 — 3asts + s°(s* — 285 + 1)
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FO(ELEy) Y2 = X3 —3at!X +t'(t" — 281> + 1)

FP(C(t)) ~ Hom(E;, E,) & (Z/27)”
U
FW(C(s)) ~ Hom(Ey, E)[2]

FYO(E Ey) : ¢ =23 — 3asts + s°(s* — 285 + 1)
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0 E, % E,

1S0g.

rk }ICﬂll(lzl,_[;Q) — 1 lﬂl ~ Z?Q

1s0g.

2 Fi ~ FEy:CM type

X : singular K3 surtace
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X : singular K3 surface with Tx ~ ( g 2 )
|

Xpo3 = Ei=C/Z+iZ
By = C/Z + 37
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X : singular K3 surface with Tx ~ ( g 2 )
|

X303 = E=C/Z+ 3iZ
j(Ey) = 76771008 + 44330496/3
By =x (v — 1)(21 — M)
(3= -193 - 112v5 - a1y/9 4 0v5 - /o 613
E, =C/Z +1Z
J(Es) = 1728
By :ys = xo(w9 — 1) (22 + 1)
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ERHH(EH,Z%93:3«$1,¢Q>

@1 — ’.x»z[g(—3—2\/_7+2¥f—9+6¥f7 +2y-9+6J3 V3 )x [3(}+18\/_T+26J—9+6\/_T

+15)-9+63 ﬁ+_x-1)2]/(18+6ﬁ+12J—9+6J_T +7J-9+6J3 \/_T—9_r1)2,_v?

——(91(=3y3 =18+ 11 -9+6y3 +5/-9+6y3 V3 )y (3x,+33 +3
+3J-9+6y3 +2J-9+643 \/T] (30+18y3 +264/-9+6y3 +15/-9+6J3 3
+x,) [37—_\'1+18mﬁ+21ﬁ+31m))/(18+6ﬁ
+12/-94+6y3 +7J-9+63 \/3_—9_\'1)3}

@2 — ,\'EZ—[9(—3—2\/_T+2J—9+6\/_T +2/-9+6y3 V3)x (30+183 +26(-9+6/3

+15/-9+643 \/_T+xl)L)/(18+6JT+12\/—9+6JT +7J-9+6J3 V3 —9x ).y,

~(9(-3y3 =18+ 11/-9+6y3 +5/-9+6V3 V3)y (3x,+3/3 +3
+3/-9+6y3 +2/-9+6y3 V3) (30+18Y3 +26/-9+63 +15/-9+63 3
+x,) (37—x+18Y-9+6J3 V3 +213 +31 —9+6JT))/(18+6V/T

+12J-9+6y3 +7J-9+643 3 — 91]]

o, B, 33 E, o, B 3B, X E,
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singular affine model of Km(FE; x F,)

tQZCl(ZCl — 1)(331 — )\1), T = %

To(xe — 1)(20 + 1) "

v

1
@ y?=X3— n {’/ 76771008 + 443304963 t1X + t1(t* + 1)
= J(£n)

<Y2 = X3 — 3ot X + ¢ttt — 2682 + 1) )
a = v/ J(E1)J(Ea), B=+/(1—J(E))(1 - J(E,))
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How to find rational points of F(Q)(El, E»)

FP(C(t)) =~ NS(X)/T(X)

T(X) = (irr. comps. of red. fibs., zero-section, gen. fib.)
~ Fg(—1) @ Eg(—1) @ U : Trivial lattice

NS(X) — F®(C(t))
D — sum(D|pe))
c FP(C(1))
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VNS Hom(El, EQ)

o (21,91) = (22, 92) = (0e(21), 0y(21)Y1)

{ZCQ(QZ’Q — 1)(1’2 — )\2) = tQCEl(QZ'l — 1)(33’1 — )\1)
L2 = pr(xl)
gives the divisor on Km(F; x E»).

To(xo — )19 — Xo) = 221 (21 — 1) (21 — A1)

— (py(@1) = O)(py(21) + )21 (z1 — 1) (21 — A1) =0
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(py (1) — ) (py(x1) + D)x1(T1 — 1) (21 — A1) =0
Proposition
D7 € div(Km(E; x E,)) is defined by ¢, (21) = £t.

(1) Df =Qy +---QF : irr. decomp. /C(t)
L PE = XQF € FO(C()

(2) P —P; elIm (FM(C(s)) - FP(C(t)))
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For our &, dy - - -

° Q;t . solution of cubic equation over C(t)

° > Qii . hard to compute

Dz : 3-sections on F®(C(t)) intersect with

1

To(xe — )19 — Xo) = 221 (21 — 1) (21 — A1)

at 3 points (over C(t)).
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Conic

P1 P5 Cubic

Ps, P, Secfon!

- P+t Bh+PB+P+ PP+ =0

3-section !



How to get such a conic

Case of Dy,

o p(x1) := numerator of ®,,(z1) — ¢t (degp(z1) = 3)

o vy =& (1) =: axy + bxy + c € C(t)[x1]/(p(x1))

e give a matrix A s.t.

(1 T1 To T1Lo x% azg) = (1 1 x%) A

o for ker A =: (vy, vy, v3) give q1, q2, q3 s.t.

(q1v1 + q2v2 + q3v3)

/

=0 passes (0,0),(0,—1).
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Resultant(Cubic, Conic, x5) :(xl)x%q(t)
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