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1 Introduction and Motivation.

X, Y: norm. proj. algebraic varieties over the complex numbers C.
m: X — Y: surjective finite morphism.
C(X) (resp. C(Y)) : function fields of X (resp. Y).

Definition 1.1
7. X — Y isa Galois cover. < C(X)/C(Y) is an Galois extension.

Note
m: X — Yisa Galois cover = 4G ~ X and Y = X/G.
If Gal(C(X)/C(Y)) = G, we say that 7 is a G-cover.

The Main Problem in Galois covers

. The Inverse Galois Problem )
Given G and a projective variety Y, construct a G-cover over Y.

i.e. construct a projective variety X’ and a surjective finite mor-

phism 7’ : X" — Y’ such that 7’ is a G-cover.
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Namba’s approach [6]: (c.f. T.Yasumura’s poster)

Given a finite group G, a projective variety Y’ , and a G-cover
m: X — Y, and if a G-indecomposable rational map v : Y’ --» Y
exists,

= We obtain a G-cover over Y’ by “pulling-back” the G-cover

structureof 7 : X — Y.
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where Y’ is a resolution of indeterminacies of v and X' = Y’ x X.
Y

This construction works only it v exists. This leads to the following

detinition of a versal G-cover given in [11] and [9].

/ Versal G-cover and versal GG-variety \
Letw : X — Y be a G-cover.

Definition 1.2

w : X — Y isversal, if for any G-cover w : Z — W,

o i : Z/ — X G-equivariant rational map such that
e u(Z) ¢ Fix(X,G) = {w € X|G, # {1}

It w: X — Y is versal, we say that X is a versal G-variety.
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Theorem 1.1 (Namba [6])
A versal G-cover exists for any finite group G.

Definition 1.3 (Buhler-Rehistein [2], Tokunaga [10] )
The essential dimension edc(G) of a finite group G is
edc(G) := min{dim X |7 : X — Y is a versal G-cover }

- Problems in versal G-varieties \
e Find versal G-varieties X such that dim X = ed¢(G).

o Classity versal GG-varieties.

e Study the relation between two G-varieties.
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2 The case G = 55 : the symmetric group of degree 5.

Fact
o edc(S5) = 2
Theorem 2.1 (Tokunaga, [10])

If edc(G) = 2 and if w : X — Y is a versal G-cover such that
dim(X) = 2, then X is rational.

Hence the classification is reduced to the case of rational S:-

surfaces.
- The three birational equivalence classes of rational S;-surfaces -

The classification of rational G-surfaces is given by Dolgachev and Iskovskikh in [3]. There are

three distinct birational equivalence classes represented by:

o P! x P!,

e Dps: Del Pezzo Surface of degree 5.

e ('b;:Clebsch cubic surface.

[2?0, X1, T2, T3, 5134]2 hom. coord. of p*

S5 ~ P* by permutation of coordinates.
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Then C'bs is a del Pezzo surface of degree 3 and
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P! x P!is not versal by elementary arguments. Dps is versal. This

is shown in [1]. Cbs is versal. This is essentially equivalent to the
following equivalent theorems by Hermite.

- Hermite’s S;-covariant, and Normal Form for quintics N
Theorem 2.2 (Hermite [4])

Let L be any field. Let S5 ~ L’ by permutation of the coordinates. There

exists a faithful Ss-covariant

¢ L°— L°

such that
5

O(L%) C {(z1, - ,x5) € Lﬂilx@:z:ﬂ?:o}

i=1
Theorem 2.3 (Hermite [4])

Let L/K be a separable field extension of degree 5. Then there exists
0 € L suchthat L = K(0) and

0>+ b0°+dd+d=0 (bdc K)

Conclusion
- Main result N
Theorem 2.4

There are exactly two distinct birational equivalence classes of versal S;-

surfaces represented by Dps and Cbs with Ss-action.
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3 Wish List.

e Want to find more methods in determining whether a variety is

versal or not!! Is there some kind of good invariant?

e Want to actually apply the construction of Namba using versal G-

varieties!!
e Want to understand Hermite’s covariant in geometric terms!!

e Want to know the relation between Dp; and Cbs.
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