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1. Introduction

e Horikawa introduced a method of resolving singularities of double
covers over a smooth surface (1975).

e Ashikaga generalized this method to triple covers over a smooth
surface (1992).

In this talk, we will discuss resolution of singularities of certain 4-fold
covers of surfaces over C by using G4-covers.
(&4 : the symmetric group of degree 4)



32. Definitions

Def. (Galois covers)
Let 7 : X — Y Dbe a finite surjective morphism of normal varieties.
Note that we can regard C(Y) as a subfield of C(X).

T ¢ a Galois cover £ C(X)/C(Y) : a Galois extension

If Gal(C(X)/C(Y)) = G, we simply call m a G-cover.
(G : a finite group)



Def. (good resolutions)
Let v : X' — X be a resolution of singularities of X.

. f . : . .
v . a good resolution <dé> the exceptional set is a divisor with
only simple normal crossings.

Example.
In dimension 2, the exceptional set is as follows, and its dual graph is
the following:

O—0O—0



33. 4-fold covers and &4-covers

Let 7 : X — Y be a 4-fold cover. There is an element z of C(X) such
that C(X) = C(Y)(z), and

2+ g12° + goz+ 93 =0

for some g1, 92,93 € C(Y).

Let

—_

K : the Galois closure of C(X)/C(Y).

Assume Gal(K/C(Y)) & &4.



By Lagrange’s method to solve quartic equations, we have the following
diagram of field extensions, as well as the following diagram of normal-

izations of Y :

—_—

K X 43
S~ ¥ ~.
/ K2 Normalization / 3 X2
C(X) ‘ X @ l?ﬁz
K \ X
yZ 1 T ‘/wl 1
C(Y) Y
where
7 . an G4-cover, @ . an Gz-cover,
1 . a double cover, Yo :a cyclic triple cover, and

w3 1 a Vy-cover

(Vg = {id, (12)(34),(13)(24),(14)(23)} C ©4, the Klein group).



34. Our strategy to resolve a singularity

Let # : V — W be a 4-fold cover of surfaces. Let u: Wg — W be a
composition of blowing-ups. To have the C(V)-normalization V5 of Wy,
we construct the G4-cover over Wo. We have Vy as the quotient of 1%
by G3. Then we have a morphism v : Vo — V by Stein factorization.
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But Vo may be singular for any u. SO we need to improve this strategy.



35. Resolution of singularities of certain 4-fold covers

In this section, we resolve singularities of certain 4-fold covers.
We introduce some notations.

Let

W : a surface which is smooth at a point P €¢ W, and

7.V — W : a 4-fold cover.

To analyze the singularities of the surface V, we will work locally on W.



In this talk, we consider the following 4-fold covers:

We put
fri=2%4 42"z 4+ 3™,
where {x,y} is a system of local parameters at P € W, and n > 1 and
m > 2 are integers. Let
Vf c Al x W : the subvariety defined by the equation f = 0.
Then we have a 4-fold cover w by restricting the projection
Al x W — W to Ve
T . Vf — W.

In fact, there is an isolated singularity on V¢ over P.



Let
Dy : the divisor on W defined by z4" — 4™ = 0.

Since z#" — y3™ is the discriminant of f w.r.t. z, =« is branched at Dy,
We define integers as follows to describe our resolution of Vf:

d .= GCD(4n,3m),

n1 . 4n =dnq,

m1 : 3m =dmq,
O0<e<mqi:nie+1=0 (modmq),

0<e; <ni: mier+1=0 (mod nq).



We let

la1,...,ar] i = a1 —

as» —

for integers a1,...,a, > 2.
Let {a;}1<i<r and {b;}1<;<s be sets of bigger integers than 2 such that

m
—1= [a'17"'7a’7”‘]7
e
mn
L —[by,. .., bl

€1



Proposition.

For each case (1),...,(6), there is a good resolution of the singularity of
Vf over P such that the dual graph of the exceptional curves is as follows,
and all exceptional curves except for the (—c)-curve are isomorphic to
Pl

(1) If d=0 (mod 12),

oy —Cay—Cay Cop— by — ()
- —Ca—Ca) Corr— by — by
oy —Ca—Ca) (¢ Corr— by — by
) —ay—(ay Cory—Cboy— by

where c =4, and g =d/2 -3
(g : the genus of the central (—c)-curve).



(2) If d=0 (mod 3) and d=2 (mod 4),




(3) Ifd=0 (mod 3) and d=1 (mod 2),

where c =4 —¢”, and g = (d — 3)/2.

) ni ni
311/7 CI” : elzq/,Z‘Fe,l/ (Oﬁefl/<ja
n
b”,. . .,b/s/// ) 4—];/ == [b//,. . .,b/S,//].
e

1



(4) If d£0 (mod 3) and d=0 (mod 4),

bbb



(5) If d£0 (mod 3) and d=2 (mod 4),

where c=4 —p' —2¢’, and g =d/2 — 1.

y M1 / y M1 /
e — —+€, €1 — +67
mi / / ni / /
—=[a1,...,ar/], —,:[b,...,bs/].
3e! 2e



(6) If dZ0 (mod 3) and d Z0 (mod 2),

where c=4—p' —¢", and g=(d—-1)/2.

y M1 / y N1 7
e=r 3 + e, e1 = ¢ —4+€1,
mi oy / N1 o I



Example (n = 10, m = 30).

If n=10 and m = 30, then
d .= GCD(40,90) = 10,
ny = 4, my1 = 9.

So this example is in the case (5).
Since4-24+1=0 (mod9) , and since 9-3+1=0 (mod 4),

e = 2, e1 = 3.



Recall that the branch divisor of 7 : V; — W is Dy : 2*0—499 = 0. Since
9/2 = [5,2], and since 4/3 = [2,2,2], by toric blowing-up,

3, W — W : a resolution of singularity of Dy (as a curve)

such that the dual graph of the exceptional divisor of u is the following:
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N
10 verticies
corresponding to
the strict transform of Df



Note that the C(V;)-normalization of W' may be singular over neigh-
borhood of the exceptional set of u.
So let

w o W — Wy : the contract of the exceptional divisor except
for the (—1)-curve.

Note that Wy is singular at Py and Qp, and E is isomorphic to P1L.



And note that
the singularity at Py is Ag o, and

the singularity at Qg is Ag 3.

Here
Agp @ the cyclic quotient singularity (C2/G,0),

where GCD(a,b) = 1, and

G = <<Coa Cob>> ((q : a primitive a-th root of unity).
a



Now we construct the G4-cover over Wy corresponding the Galois clo-
sure K.

— ~

K V

3
~__ ¥ ~.
/ K2 Normalization / V2
C(Vf) ‘ Vo T l¢2
/K1 R ‘/¢1V1
C(W) Wo
[
C(Wp)

Note that E is not a branch divisor, and it depends on only d whether
Y; Is ramified over Py and Qg for each + = 1,2, 3.
In this case (d Z0 (mod 3) and d=2 (mod 4)),

Yy is ramified over the strict transform of Dy,
Yo is ramified over Py, and

Y3 Is ramified over Q.



« Qo

@Awl/

10 components of the
strict transform of Dy



« Qo
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Finally, let

iV — V5 : the resolution of quotient singularities on V.

Then we have the following dual graph:

(22 &
)
22 &

This is a resolution of V¢, and the genus of the (—-3)-curve is equal to
4 by Hurwitz's formula.



