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Abstract

The purpose of this paper is to investigate the global topological mon-
odoromy of a certain fibration of the Fermat surface without using numerical
analysis by computer.

1 Introduction

Let M be a complex surface and let B be a complex curve. A holomorphic map
f: M — B is a degeneration map if f satisfies (1) f is proper and surjective, (2)
there exist finite number of critical values s; € B (1 =1,2,...,r) and (3) if s # s;
then f~!(s) is a compact Riemann surface.

We consider a simple loop 7; C B\{s;} surrounding only s; with a base point s.
Then f~1(v;) is a topological mapping torus and we obtain a self-homeomorphism
pi o f71(s0) — f1(so) of the reference fiber f~1(sq). We call it a local monodromy
of the singular fiber f~!(s;). Choice of ; has ambiguity by isotopy and conjugation.
Hence a local monodromy p; is determined up to isotopy and conjugation.

The local monodromy is well-studied from both of algebraic and topological
aspects. Matsumoto and Montesinos-Amilibia’s paper [9] is one of the most impor-
tant ones because they gave a perfect correspondence between local monodromies
and degeneration maps from a topological viewpoint.

On the other hand, if we fix the base point s¢ (s # s;), then the monodromy
is given by a homomorphism

p:m(B\{si}, s0) — M(f_l(SO))a

where M(f7!(sg)) is a mapping class group of the reference fiber f~'(sy). This
p is called a global monodromy. For a given degeneration map f : M — B, we
are much interested in how to calculate p concretely, but it is difficult to do that.
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Simply because if B and/or f are given by high-degree polynomials, then we have
few idea to ‘solve’ the equations on f~!(s) generally.

Experimental trials of getting global monodromies were done for some exam-
ples. Ahara [1], [2] and Matsumoto [7] give the global monodromy of the degen-
eration map (1.1) from the Fermat surface of degree 5 (and 6) to CP'. Kuno [6]
also determine the global monodromy of another degenaration map on the Fermat
surface of degree 4. In both examples, in order to obtain the global monodromies
they use numerical analysis by computer.

In this paper we give a way to get the global monodromy ‘by hand’, without
useing computer calculation. The recipe of calculation is the same as those of
Matsumoto, Ahara, and Kuno. In this paper, we use lots of tricks to pursue
solutions of high-degree equations and succeed in acquiring the results.

We fix a degenaration map f : V,, — CP! from the Fermat surface of degree
n to CP! and assume n is an odd number. Also in the case that n is an even
number, we have similar results but we omit these for simple description. See [4]
for detail.

This paper is organized as follows. In the remaining of this section, we prepare
some notations and introduce some basic results of the singular fibers. In section 2,
we define a branched covering map p, of each fiber f~1(s). In section 3, we obtain
the configuration of branch points of p,, of the reference fiber f~!(sy). Finally in
section 4, we show our main results.

1.1 Preparation

We set
Vii={[20:21:2: 23] € CP?: 20 — 2" — 25 + 2% = 0}.

Then V,, is a complex projective hypersurface, and we call it the Fermat surface of
degree n. We regard CP' as C U {oo} and define a fibration f : V,, — CP! by

anl
i_l if zp=2 and 2z = z3,
fllzo s 21 221 23)) = 20 (1.1)
0— <1 .
otherwise.
Z9 — 23

We take an open covering

CP’ =U,UU,UUs UUy,
where U; := {[z0 : 21 : 22 : 23] € CP?: 29 # z} (i = 1,2,3) and U, is an open
neighborhood of [1:1:1:1]. Here U; 2 C? (i = 1,2,3). Setting

20 z3

X =

ZO—Zl’ . ZO—Zl’ . ZO—Zl,



then
21

=X —-1.
20 — 21
Hence

VonU ={(X,Y,2) e C}*: X" — (X = 1)" =YY"+ Z" = 0},

and f:V, NU, — CP!is expressed as

XY 2) = e

For a nonzero s € C, we can express f~'(s) N U, as

) NU = {(X,Y) e C?: g(X,Y) =0},

where

G(X,Y) = X" — (X —1)" =Y + (y_é)n,

In order to know the positions of the singularities, we solve the system of
equations

dgs dgs B
aX _O) aY _Ou gS(X,Y)—O

First, from gg; = 0, we solve the equation

895 . n—1 n—1 __
X nX n(X —1)"" =0,

which is rewritten as

X = (X -1
Then we obtain v, X = (X — 1) and

X = ! ,
1—Vk

where v, = exp(Z22) (k= 1,2

T ,2,...,n—2)is an (n — 1)st root of unity other than
1. We set

1

B ” (1.2)
. Next, from ggﬁ = 0, we solve the equation

8 o 1 n—1
ag/ = —nY" '4n <Y — —>

S

in
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which is rewritten as

Then we have 1Y = (Y — 1/s) and

1
)
8(1 — Tl)
where 7, = exp(2%) (I =1,2,...,n — 2) is an (n — 1)st root of unity other than
1. We set ]
Yi(s) = ——. 1.3
l(S) S(l — Tl) ( )
Substituting Xy, Yi(s) into g5(X,Y’), then we have
1 1

9s(X, Yi(s)) = (1 — )2 - sh(1— 7)1

We solve the equation gs(Xy, Yi(s)) = 0 in s. Then the critical values of f:V,, —
CP! other than 0 or co are the solutions of

. 1 " n—1
s" = .
1— Tl
We can rewrite the right hand side of this equation as
sk n—l
sin -
(_1)k—l ( : nl;1>

S1n o

by using Lemma 3.1.2. We denote the critical value by
s (G=0,1,....n—land kl=1,2,...,n—2).

The singular points are given by

1 1
(X,Y) = T .
ks (1—m)

For a regular value sy (# s,(f,)l,O, 00), a general fiber f~!(sg) is defined by a
polynomial of degree n — 1. By Pliicker’s formula, we obtain the following

Proposition 1.1.1. If sy is a reqular value of f : V, — CP', then f~(sq) is a
complex curve of genus (n — 2)(n — 3)/2.

We remark that the fibers have some symmetry like
F7 ) 2 ()

and

) = (1))



1.2 The shapes of singular fibers

Matsumoto [8] determined the topological types of all singular fibers of f :V,, —

CcpPL.

Theorem 1.2.1 (Matsumoto [8]). We assume that the degree n is greater than
3. Then the singular fiber is as follows:

(I) If n is odd (and if n > 13, then n # 1 (mod. 6)), then there appear four
types of singular fibers:

(1)
(2)

For sy = 0 or oo, f~Y(sg) consists of n — 1 projective lines. FEach
projective line intersects the others projective lines at only one point.

For sy which is an nth root of unity, each fiber f~'(sy) consists of a
plane curve of degree n — 3 and two projective lines. Fach projective
line intersects the plane curve at n — 3 points and intersects the other
line at one point.

For an integer k (1 <k < "T_?’), letting so be an nth root of

n—1
otk (sin hm )
n—1
1 n—1
n—1
—1 T—i—k - 7
(=1) <sin%>

then each fiber f=1(so) is an irreducible plane curve of degree n — 1 with
two nodes. Its vanishing cycles corresponding to the two nodes are non-
separating simple closed curves and they are not homologous to each
other.

(~1

~—

or

For an ordering pair of integers (k,1) (1 < k,l < 53), letting so be an

2
nth root of
gipg Kz \ "7V
k—I1 n—1
(_1) ( i A > ?
Sin oy

then each fiber f~1(so) is an irreducible plane curve of degree n — 1
with four nodes. Its vanishing cycles corresponding to the four nodes
are non-separating simple closed curves and they are not homologous to
each other.

(IT) If n is even, then there appear three types of singular fibers:



(1) For so = 0 or oo, each fiber f~'(so) consists of n — 1 projective lines
and each projective line intersects the others projective lines at only one
point.

(2) For sy which is a 2nth root of unity, each f~'(so) consists of a plane
curve of degree n—2 and a projective line. The line intersects the plane
curve at n — 2 points.

(3) For an ordering pair of integers (k,1) (1 < k,l < %52), letting s be a

2
2nth root of
o kr \ 2(n—1)
S1n 1
sin % ’
then each fiber f~1(so) is an irreducible plane curve of degree n— 1 with
two nodes. Its vanishing cycles corresponding to the two nodes are non-

separating simple closed curves and they are not homologous to each
other.

Moreover, Matsumoto told us that he had a certain result about the singular
fibers in case n = 1 (mod. 6) in a joint paper with K. Masuda but it is not
published yet.

2 Branched covering map

Is this section, we define a branched covering map p, from a fiber f~!(s) to CP!
for a general s. This map plays an important role to describe the reference fiber
and to determine the topological monodromy around a singular fiber.

2.1 Definition of a branched covering map
Before we define the branched covering map, we note that the following lemma.

Lemma 2.1.1. If s is not zero nor infinity, then f~*(s) N {zy = 21} consists of
n — 1 points.

Proof. From the definition of the map f;

0 if 22 7é Z3,
20121 29 23)) = .
Fllz0 21 202 2)) { (20/20)" 1 if 29 = 23,
if s # 0, then the equation 23! = sz~ has n— 1 solutions. We solve the equation
as 2o = Y1,Y2,---,Yn_1. Lhen we obtain
o) n{zo=21y={lzo: 21 v ], [20: 20 s 92 s %2l ooy [20 0 21 Y1t Ynoa] )



Now, we define a branched covering map p, : f~*(s) — CP! = CU {co} by

20

ps([z0 1211 290 23]) i= p——

Since the inverse image p; '(co) of the infinity point consists of n — 1 points from
Lemma 2.1.1, oo is not a branch point of p,. Hence we consider a branched covering
map ps from f~'(s)\ {n — 1 points} to C defined by

ps: fH(s)\ {n — 1 points} — C, ps(X,Y):=X.

Here f~1(s)N{z0 # 21} = {(X,Y) € C?: g,(X,Y) = 0}. Let s¢ be a regular value
of f:V,, — CP'. Then this map is an (n — 1)-fold branched covering map from a
smooth complex curve f~!(sg) of genus (n — 2)(n — 3)/2 to CP' . Hereafter, for
simplicity, we denote f~1(sg) \ {n — 1points} by f~*(so).

2.2 Branch points and ramification points

We determine the branch points of pg, : f~!(s9) — C. For a general point Xj € C,
the number of the solutions of the equation in Y

1 n
Xg—(X0—1)”—Y“+(Y——) =0 (2.1)
S0

is n — 1. The Y-coordinate of the ramification points are the multiple roots of the

equation (2.1). Solving aag% = 0, then we have

1

Y, = YZ<SO) = m,

l=1,2,....,n—2.
The branch points of py, : f~(sg) — C is the solutions of the equation in X

1 n
X”—(X—l)”—}/l”—i—(ifl——) =0, [=1,2,....,n—2. (2.2)
S0

Let X;l) (7 =1,2,...,n— 1) be the solution of (2.2). That is, the branch points
are the solutions of the equation in X

T {x - orm oo (3= 1)} 2o

=1



As in Lemma 3.1.2.

_ infl(_l)l
2n=Lgp(sin(lm/(n — 1))t

IfI' =n—1—1, then Y;" — (Y;—1/s0)" = Y;? — (Yy — 1/50)" and {X"}; = {x\"},.
Hence we can reduce the running number [ and obtain

[(n—1)/2]

11 {X"—(X—1)"—W} =0, (2.3)

=1

where [-] is Gauss symbol. Generally in order to identify X ](»l) to X ;l/), we need to
permute the index j. But if ' =n — 1 — [, then the equations (2.2) coincide for [
and I, so we may identify X J@ to X J(-ll) naturally.
Hence if sq is a regular value of f : V,, — CP!, the number of the branch points
is
(n—1)2/2 if n is odd,
{ (n—1)(n—2)/2 if nis even.

Lemma 2.2.1. For a general fiber f~'(so), the ramification index of each ramifi-
cation point of the branched covering map ps, : f~(s0) — C is two.

Proof. There exist no solutions of the system of equations

(

1 n
9so(X0,Y) = X§ — (Xo—1)" =YY" + (Y a s_) =0,
0
d9s
—0
oY ’
9% g,
Is _ .
L 0Y?2

This leads to the assertion.

It is easy to check that if s is a regular value of f : V,, — CP!, then the equation
(2.3) does not have any multiple roots. If s is a critical value of f : V,, — CP?,
then the equation (2.3) has multiple roots. (Precisely speaking, they are double
roots from Lemma 2.2.1.)

Moreover, we can determine the positions of all branch points. See Figure 6.
In order to draw the positions of branch points, we need more discussions. Hence
we leave the conclusion to subsection 3.3.



In order to determine the topology of a reference fiber f~!(sy), we want to
know the permutation of the solutions of g4, (X,Y;) = 0 when we move X from X
to the branch point X ](l). We investigate the branched covering map p;, in detail
and determine the permutation in section 3. In order to determine the monodromy
around the singular fiber f _1(32]7 l)), we want to know the trace of the branch points
X ](l) when s moves from sy to the singular value sl(j l) and we determine it in section

4.

3 Determination of the reference fiber

We keep the notation as above. In order to determine topological structure of the
reference fiber f~'(sp), we need some technical theorems. We have to separate
into two cases that (i) n is odd and (ii) n is even. In this article, we only state the
case that n is odd, but we can get similar results for even n. See [4].

3.1 Technical theorems

For “good” sy and X, we want a good configuration of the solutions of the equation
9so(Xo0,Y) = 0 and that of the branch points of ps,. The key theorem is

Theorem 3.1.1. Let Xg = 1/2 and let YV, Y®) . Y=Y be the solutions of
9s0(X0,Y) = 0. If 59 is a sufficiently small positive real number, then YD Y2y (=1
lie on a line {Y € C|ReY =1/2s50} (Im YV > Im Y? > ... > Im Y1),
Moreover, there exists Y; between YO and YYD on the line. See Figure 1.

Before we proceed the proof of Theorem 3.1.1, we show technical lemmas.
Lemma 3.1.2. Let = /(n —1). The following equalities hold:
(1) 7 +1=2¢e%coslb.
(ii) 1 —7 = —2ie" sin 0.
" 1
iii) V()" = | Yi(s) — =) = ————.
i) (o = (%09~ 1) = e

1 1 sin 2(0
. Y — g 1 .
(iv) Yi(s) s(l1—7) 2s T 225(1 — cos 210)

Proof.
(i) m+1=e+1
= elfifeli 4 ¢~16iY

= 26" cos 16.



(i) 1 -7 =1— %
_ el@i{e—lei B el(%}

= —2i%sin16.

o= (0=3) = () - ()

. (=7m) 1
s"(1—m)n  s?(1—m)
. 1 1
) SA =) = 5= cos 216 — 7 sm 210)
1 — cos 200 + isin 2160
- 25(1 — cos 2160)
1 , sin 206

25 " 25(1 —cos 210)

Corollary 3.1.3. The real part of 1/(1 — 1) is 1/2.

From Corollary 3.1.3, if we take s a real number, then not only the real part
of Yj(s) is 1/2s but also the real part of Xj is 1/2. (We note that Y;(s) is the
Y-coordinate of the ramification point of ps.) We remark that the real part of
Y(s) is independent of n. It depends only on s.

Let sy be a regular value of f and let X, be a regular value of p,,, that is, Xy
is not a branch point. We investigate the solutions of the equation

XD (Xo— 1) — Y™ + (Y—i>n:o. (3.1)

S0

Lemma 3.1.4. The equation (3.1) has solutions of the form
1
Y= 45
280 6]’

where ; € C (j =1,2,...,(n—1)/2).

Remark 3.1.5. This lemma implies that the configuration of the solutions of (3.1)
has symmetry on 1/2sq. If all B; are purely imaginary numbers and sg is a real
number, then the solutions of (3.1) lie on the line {Y € C | Re Y =1/2s0}. (See
Figure 1. )
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Proof. We set Y’ :=Y — 1/2sy. Then the equation (3.1) is rewritten as

1\" 1\"
Xg—(XO—l)"—(Y’+—) +(Y’——> =0.

280 280

The left hand side of this equation is

—3 G (L) — 2,C5(Y")"? (i)g = 2,0 (Y (L)H

280 250 250
1 n
-2 — X — (Xg—1)".
() +X5 - (X1
(3.2)
Since n is odd (and n —1 is even), the polynomial (3.2) has only the terms of even
degree. Hence there exist some complex numbers 3; (j =1,2,...,(n —1)/2), we
have solutions as
(Y')? =37,
and we have
Y' = +0;.
Substituting this into Y =Y’ + 1/2sy, we can solve
1 n—1
Y=—=+0; e C ) =1,2,... .
250 ﬁja /6] € 3 J ) “y 3 9
[ |
We set
U(X)=X"—(X-1)"
and

H(Y") = W(Xy) — (Y’ + i)n 4 (Yf - i)n.

280

Expanding ¢(Y”), we have

(V") = —2,Cy (V") (L) 9. Gy ( 1 )3_._‘_271071_2(}//)2 ( N )H

Now, we prove that all solutions of ¢(Y’) = 0 are purely imaginary numbers
for Xo = 1/2 and a sufficiently small positive number so. We obviously obtain

Lemma 3.1.6. Let Y’ = vi be a purely imaginary number and let sq be a real
number. If ¥(Xy) € R, then ¢(Y') € R.

11



Under the assumption of Lemma 3.1.6, we can define a function o(v):R—R
by ¢(v) := ¢(vi). That is,

2
E(U) = _(_1)(n—1)/22nclvn—l . (_1>(n_3)/22n031)n_3 (21 > o
S
1 n—2 1 n 0
_(— 2 .
( 1)21’),071,721] <—280) 2 (280> + \IJ<X0)

We draw a graph of w = ¢(v). In order to know the extreme points of w = ¢(v),

we solve 22 (V") = 0. (Equivalently w = 0.) From (1.3),

dy”’

1 Tl+1

Y=Y —— =117~
: 280 280(1 —’7'1)7

1=1,2,....,n—2

We denote this by Y/. From Lemma 3.1.2, we obtain

 cot 10
y = LovY .
= (33

We set b :=Im Y, = (cot (0)/2s¢. Then the following inequalities hold:

Lemma 3.1.7. by > by > --- > b(nfl)/2 =0> b(n+1)/2 > o> by g,
We note that ¢(b;) is the extremum. Now we investigate the sign of ¢(b;). We
compute ¢(b;):
— 1
b) = oY) =gs (X0, V) =¥(Xg) — ———.
¢( l) ¢( l) g 0( 05 l) ( 0) 38(1 —Tl)n_l
From Lemma 3.1.2 (ii), we have

_ 1
=U(Xy) — .
o (b) (Xo) st (2iel? sin ()1

(_1)(n—1)/2+l
sp2n=1(sin @)1
For Xy =1/2, U(Xy) = X7 — (Xo — 1)" = 1/2""! and we have
_ 1 -1 (n—1)/2+1
30) = gy — o)

2n=1 ghon—l(gin @)1

= W(X;) -

Obviously, for any n and [, there exists an small positive real number sy such that
the following inequalities hold:

0<sp<l1. (3.4)

Therefore we deduce
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Lemma 3.1.8. Suppose that Xo = 1/2 and sq is sufficiently small positive real
number satisfying (3.4). Then
(I) If (n — 1)/2 is even, then

—. | negative if [is even,
o(br) = { positive if [ is odd.

(IT) If (n — 1)/2 is odd, then

— | positive if [ is even,
obr) = { negative if [ is odd.

From this lemma, it follows that the graph w = ¢(v) is as Figure 2. Since o(v)
is a polynomial of degree n — 1, the number of solutions of the equation ¢(v) = 0
is n — 1 and we obtain

Proposition 3.1.9. Let sy be a positive real number satisfying (3.4). Setting
Xo := 1/2, then any solution of the equation ¢(Y') = 0 is a purely imaginary
number.

We denote the solutions of ¢(v) = 0 by v (j = 1,2,...,n — 1) such that
v > @ > ..o > =D Then ¢(v¥i) = 0 and hence the solution YV) of
o(Y) = 0 is expressed as

v — L o),
280 ’
By Lemma 3.1.4 and Proposition 3.1.9, we conclude

Corollary 3.1.10. Let sy and X, be as in Proposition 3.1.9. Then YD Y®) Yy ®-1)
lie on the line defined by Re Y = 1/2sy. See Figure 1.

As seen in Figure 2, the inequalities
0D < <D < << 0@ < by <0

hold. Then we conclude Theorem 3.1.1 for the case n is odd.

3.2 The curve C defined by Im ¥ (X) =0

In order to investigate the permutation of Y’s when we move X from the base
point X to the branch points X](-l), we find a “good” path from Xj to X]@. In
this section, we assume that sg is a real number.
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We set
Ox(v) = guo (X, 50 + vi)

1 1\?
= —(—1 (nfl)/22 n—-1(_~ ) -1 (n73)/22 n-3 [ _+
(=102, 0o () = (<), G (S
— = (=1)2,0 ik L n_2_2 L n+g;(X)
n“Yn— 280 250 .

We remark that ¢y, = ¢. If X = X§l), then ¢ (b)) = 0. It follows that the graph

w = ¢,o(v) is tangent to the v-axis at (b;,0). If X moves along a path satisfying
J
that W(X) is a real number, that is Im ¥(X) = 0, then we can see the movement

of the graph w = ¢ (v) and how the intersection points v¥) and v*+1 converse to
b;. Here we consider v'9) as a continuous function of X, whenever they exist. In
this subsection, we investigate a curve defined by Im W (X) = 0.

We set X :=z +iy. Then ¥V(X) = (z+iy)" — (x + iy — 1)". We often denote
U (X) by ¥(z,y) and we define the curve

C:={X eC:Im ¥(X)=0}(={(z,y) € R*: Im ¥(z,y) = 0}).

Proposition 3.2.1. The notation is as above. Then the imaginary part of V(z,y)
is factorized as Im V(x,y) = y(x — 1/2)h(x,y). Moreover the curve C passes
through the points Xj(l) and Xy =1/(1 — vy).

We remark that h(z,y) is a polynomial of degree n — 3 in y.
In order to show this proposition, we need three lemmas.

Lemma 3.2.2. If x = 1/2, then V(1/2,y) is a real number.
Proof. Substituting X = 1/2 4 iy into ¥(X), then

1 1 " 1 "
\I/(§+zy> :(§+iy) —(§+iy—1)
_+1 " , "
=lwy+=| —(wy—=] .
Y3 Y73

Since n is odd, this is a polynomial of (iy)%. Hence ¥(1/2 + iy) is a real number.
|
Lemma 3.2.3. Ify =0, then V(x,0) is a real number.
Proof. Let X be a real number. Then

U(z,0)=a" — (x —1)",

and it is obviously a real number.
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From Lemma 3.2.2 and 3.2.3, it follows that Im W(z, y) factorize as Im ¥ (z,y) =

y(x —1/2)h(z,y). Moreover all the branch points XJ@ and Xy, are on the curve C'
from the next lemma.

Lemma 3.2.4. (i) U(X\") € R and (i) ¥(X;) € R.
Proof. (i) Since X J(»l) is a solution of the equation

1
950 (X, Y1) = (X)) = -7 =0,

88(1 — Tl)”_l

\I/(X](l)) =1/s3(1 — )" . Now from Lemma 3.1.2,

(—1)(n=D/2+

sh2n=1(sin @)1

(X)) =

Clearly, U(X J@) is a real number.
(ii) Since the real part of X is 1/2 from Lemma 3.1.3, ¥(X}) € R from Lemma
3.2.2.

Therefore we obtain Proposition 3.2.1.
For convenience, we set

L::{(x,y)ERzzx:%}CRgz(C

and
H :={(x,y) € R?*: yh(z,y) = 0}.

We note that C' = L U H. We next show

Proposition 3.2.5. The line L and the curve H intersect at Xy. Moreover, the
number of the intersection points is n — 2.

In order to show Proposition 3.2.5, we first show

Lemma 3.2.6. Let y;, be a solution of h(1/2,y) = 0. Then 1/2 + iyx = X, a

solution of % = 0.
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Proof. We separate the holomorphic function W(X) into the real part and the
imaginary part: ¥(X) := u(x,y) + iv(x,y) where X = z + iy. Since ¥(X) is a
holomorphic function, Cauchy-Riemann formula is followed:

ov  oJv  Ov
From Proposition 3.2.1, the imaginary part v(z,y) = y(x — 1/2)h(z,y). We com-
pute the derivatives % and g—;:
ov 1\ Oh
— =yqh —= )= :
> —v{mea+ (o-3) 5} (36)
ov 1 Oh
—=l|x—=]|<h — 0. 3.7
o= (o-3) {re g ) (3.7)

The conditions h(1/2,yx) = 0 and x = 1/2 imply that g—;’: = g—z = 0. Hence
22(1/2,) = 0.
[ |
Next we show the converse.
Lemma 3.2.7. Let Xy = 1/2 + iyg. Then yrh(1/2,y) = 0.
Proof. We note that X; = 1/2+ iy is a solution of j—;l’( = 0. Then from (3.5),

ov 1

%(5»?&) =0.

From (3.6), we obtain
1
yrh(5,ye) = 0.

Moreover, we have
Proposition 3.2.8. The curve C' is symmetric about the line L and the x-axis.
Proof. Easily we can show that

Im WU(x,y)
= y{nCr 2" = (2 = )" =, Csla" P — (2 = 1)y

RS (_1)(n—3)/2n0n72[x2 _ ([B _ 1)2]yn—3}'

Therefore we have Im ¥(x,y) = —Im ¥(z, —y) and Im ¥(z,y) = —Im ¥(1 —z,y).
These are followed by the conclusion.
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[ |
We can move X from X, to X J(»l) along the curve C by the following theorem.

Theorem 3.2.9. The branch points XJ(»I), the base point Xo = 1/2 and X}, are on
the same connected component of the curve C for anyl, j, k.

In order to show Theorem 3.2.9, we need following two lemmas. For simplicity,
We denote
(—1)(m—1)/2+1
a(s) == 5 - —
2n—lgn(sin 10"

Lemma 3.2.10. If s is a real number, then the solutions of V(X) — a;(s) = 0
are on the curve C.

Proof. Let X be a solution of ¥(X) — ;(s) = 0. Then ¥U(X) = as) and
U(X) is a real number. It follows that the solution X is on the curve C.

Lemma 3.2.11. There exists a positive real number s such that the solutions of
U(X) —a(s) =0 are on the line L.

Proof. We denote X =z +dy. If a;(s) € R, then (1) the solutions of ¥(X) —
ai(s) = 0 are on the curve C, and (2) if X = 1/2+1y € L, then ¥(X) —a(s) € R.
Therefore we can define the function ¢ : R — R defined by

Uy) =0 + i) — (o).

We set y;, := Im X}, as in Lemma 3.2.6. Then 1)(y) is an extremum.

— 1 1 (— 1)k
Ploe) = 2n=1(—1)(n=1)/2+k {(sin k)1 sn(sinlf)n-1 [
If s is enough large, then

1
(sin k@)n—1

1
s"(sinl@)"—1|"

Hence the sign of 1 (y;) is determined whether (n — 1)/2 and k are odd or even.
Therefore, we summarize

(I) If (n —1)/2 is odd, then

— | positive £ is odd,
Vlye) = { negative k is even.
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(IT) If (n — 1)/2 is even, then

— | negative £ is odd,
Vlye) = { positive & is even.

In the same way as in the proof of Proposition 3.1.9, there exist n — 1 zero points
of ¥(y). The function ¥(y) = ¥(1/2 + iy) — a;(s) is a polynomial of degree n — 1
in y. Hence all solutions of ¥(X) — a;(s) = 0 lie on the line L.

Proof of Theorem 3.2.9

Let s; be a real number satisfying the condition of Lemma 3.2.11. When we
move s from sy to s; along the real axis, the solutions of ¥(X) — a;(s) = 0 move
from Xj(l) to the point on the line L along the curve C' from Lemma 3.2.10 and
3.2.11. Hence we obtain the assertion.

From Theorem 3.2.9, we can choose a path v from X to X]@ such that ¥(X)
is a real number. If we move X along the path 7, then we can see the movement
of the Y-coordinate Y of the ramification points of p,, : f~!(sq) — CP".

3.3 The positions of the branch points

We determine the positions of the branch points of py, : f~!(s9) — CP!. In this
subsection, we assume that (n — 1)/2 is odd. In the case that (n — 1)/2 is even,
similar discussion holds. Hence we omit the case that (n — 1)/2 is even. We keep
notation and take sy a sufficiently small positive real number satisfying (3.4)

We recall that ( )( .
- 1 —1)\n=
¢Xo(bl) = -

2n=b gp2n—l(gin [@)"— 1

is an extremum of the graph w = ¢y, (v). Then we obvious obtain

Lemma 3.3.1. The following inequalities hold: If (n — 1)/2 is odd, then
(i) Py (b1) < Px,(b3) < -+ < b, (bn-1y/2) <0, and
(i) dx,(b2) > Oy, (ba) > -+ > G, (bin-3)/2) > 0.

Hence the graph w = EXO(U) is concretely drawn as Figure 2. Now we investi-
gate increase (or decrease) of the value ¥(X) on the curve C.
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Lemma 3.3.2. Let X(t) € C = {Im VU(X) = 0} be a path such that (i) X (t) is of
class C*, (ii) |4 X (t)] # 0 and (iii) for each t, X (t) # Xj. Then LW (X(t)) # 0.

Proof. Since the condition (ii) means %X (t) # 0 for any ¢ and the condition
(iii) means £ W¥(X) # 0,
d d d

(X (1) = —U(X) x

< X(t) #£0.

From Lemma 3.3.2, U(X(¢)) € C is monotone increase or monotone decrease on
the path X (¢) which does not pass through Xj.
If X =1/2+ iy, then U(X) € R. Hence we can define the function

— — 1

UV:R—-R, Yy := \11(5 +iy).
The function W(y) has extremums at 3, (= Im Xj). The function ¥(y) is a
degree (n — 1) polynomial | in y and there exist n — 2 extreme points. Then the
increase/decrease table of W(y) is as follows:

y | e | yems | [ e e | e | o] 35
L0 I R VY 2 B Z B B B D2 B

Hence we have

Lemma 3.3.3. The direction of increase of W(y) on the line L is as Table (3.8)
and Figure 3.

From the maximum principle of a holomorphic function, we have

Lemma 3.3.4. Around the point X, the direction of increase is either of two
cases in Figure 4.

From Lemma 3.3.3 and 3.3.4, we deduce

Proposition 3.3.5. The direction of the increasing of W(X) around the line L is
as Figure 5.

We investigate the positions of the branch points X J@ on C. First, we show

that for small sy > 0, there exists no branch point X ]@ on the segment from X,

to X,,_o. In order to show this, we assume that X]@ is on the segment from X; to
X, _9. Since

_— (_1)(n71)/2+k
(Xi) = 271 (sin kg)n—1’
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we have
1

~ 2 I(sinf) 1

On the other hand, ¢ (b) = \II(XJ@) — a;(sp) = 0 is followed by

T (X)) < (X))

1 1

(X = - > :
% )| = lai(so)] 2n=tso|m(sin @)=t = 2n—1 sy |”

J

Hence if sg satisfies
|so|™ < (sin)" ", (3.9)

then ) .
T(XD) > >
| ( )’ 2n71|50|n 2n71(sin Q)nfl

0
j > [U(X50)]

and this is a contradiction.

We fix sg > 0 satisfying (3.9). Let By, be a divisor of the curve H = {yh(x,y) =
0} intersecting L = {x = 1/2} at X, and set By := {X € By : Re X > 1/2},
By :={X € By : Re X < 1/2}, By = {X € L : Im X > Im X,} and
B :={XeL:ImX <Im X, »}. Wecall By, Bi, B, By and B_ branches
of the curve C. If k is odd, then when X moves from X}, along the branch By | or
By, U(X) is positive and is monotone increasing. On the other hand, if & is even,
then when X moves from X}, along the branch By, ; or By —, V(X)) is negative and
is monotone decreasing. (See Figure 5.)

Lemma 3.3.6. Fach branch By, y, By — By or B_ of the curve C' does not intersect
with other branches.

Proof. In the case (n — 1)/2 is odd, from Proposition 3.3.5,

{weR:U(Xy) <w} (k: odd)
\I/(Bk) C { {w cER: \I/(Xk) > w} (k’ : even).

The value W(X}) is positive (resp. negative) when k is odd (resp. even). Hence
By and By, never intersect. From Proposition 3.3.5 again,

U(By) C{weR:U(X,) > w}.

(Remark that U(X;) = U(X,,_2).) Therefore By and By (By and B,_») never
intersect.

Around the line L, the curve H intersects to L at X;. Then there exist at
least n — 2 divisors in yh(z,y) = 0. Since the degree of yh(z,y) =0 in y is n — 1,
yh(x,y) = 0 is factorized into a product of analytic functions: [[,(y — hx(x)) = 0.
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We assume that (n —1)/2 is odd. For any I,

_1)l+1
p(x0) = .
(X57) 2n=lsp(sin [O)n—1
Hence
X > (x> s u(x Ty s g
and

T(XP) <Xy < < p(x ) <o,

From the assumption (3.9),
U > W(X) (> (Xa) > > U (K oyga) > 0)

and

(XY < W(Xo) (< U(Xy) - < U(Xogy) < 0).

Hence for each odd k, X;(n_l)m,X;(n_S)m, e ,XJ@,X;D lie on By + in this or-
der and for each even k, X;(n_g’)/?),X;(n_?)m, e ,XJ@),X]@) lie on By . in this

order. Similarly, X;(nfg)/Q),X]((nq)/Q), e ,XJ(4),XJ(-2) lie on By in this order. We
renumber the indices j and we summarize as follows:

Proposition 3.3.7. The position of branch points XJ@ and Xy, 1s as follows:

(1) If k is odd, then X\"~¥/2 x(@=0/2 X XU (regp. x0r9/2)
X,E(ffwm, ce X,S’r)l, X,Sr)l) is on the kth branch By 4 (resp. By_) in this
order.

(IT) If k is even, then Xlg("*l)m), Xlg(n75)/2)’ ...,X,g4), X,gQ) (resp. X,i(ff”/z’,

Xlg(ﬂ_‘r’)m, cee Xlgi)l, X,ii)l ) is on the kth branch By (resp.By._) in this
order.

) 0, {0 (0, X e XU, X X,
X 2

n—1

) on By (resp. B_) in this order.

And the outline of the curve C' is as Figure 6.

3.4 The monodromy permutations of the branch covering
map ps,

In subsection 3.3, we get the configuration of the branch loci of py,. Next we
determine its monodromy permutations.
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Let 7 := m(C\ {X J(l)}, Xj) be the fundamental group of non-branched locus
domain of p,,. The map

_ I I
P 1 P (C\ X)) — CV X))
is a covering map and any path [y] € T gives a permutation of p '(X,) =
{yW y@ ' y(™=D1l through the liftings of . We denote this permutation
by 7 and we call it the monodromy permutation.
Forl=1,2,...,(n—1)/2,7=1,2,...,n — 1, we define a path 7]@ as follows:

The path 'yj(»l) starts at Xy and goes (almost) along C' toward near X ](l) and turns

)

around X J(l once and goes back on the coming path. See Figure 7. Here, around

the the branch points X ](f/) and X J@, the path %(‘l) goes along e-circles.

Theorem 3.4.1. The monodromy permutation y_j(l) 15 as follows:
M) For1<l<(n—-1/2, %Y =01+1)(n—-1-1n-1).
(1) Forl=(n—1)/2, %V = ((n —1)/2,(n —1)/2+ 1).

Proof. We assume that [, k are odd integers other than [ = (n — 1)/2. If we
move X from X, via X to X ,gl), strictly along the curve C, then we can strictly
pursue the movement of Y!). Indeed a real solution v of ¢ (v) = 0 gives a solution

Y =1/2s¢ +iv of g5, (X,Y) = 0. The function
dx(v) = T(X) = U(Xo) + o(v)

has extreme points by and extremums W(X) —ay(so) (I' = 1,2,...,n—2). We note
that while we move X from Xy to Xj, the number of real solutions of ¢y (v) =0
does not change, because of the discussion around the condition (3.9). On the

other hand, while we move from X} to X J(l), on the branch By, 4, U(X) is monotone
increasing, and the extremum

U(XY) —ay(s0) =0 (also U(X" ) = ap_y_y(s0) = 0).

This means if we pursue the movement of Y ¥)’s when we make X at X ](-l), Y ® meets
YD at a point V;, and Y19 meets Y~V at a point Y,,_;_;. This is the result
of the halfway of 7](1) with € — 0. This means that 7§l) =LI+1)(n—1—-1,n—1).
For other [, k, the statements are shown in the same way.

From Theorem 3.4.1, the reference fiber f~!(s) is obtained by the following
way: (I) Prepare n—1 projective lines with (n—1)(n—2) holes and (n—1)(n—2)/2
annuli. (II) Paste projective lines and annuli along the hole with rules in Theorem
3.4.1. We can construct a smooth complex curve of genus (n —2)(n — 3)/2.
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4 Determination of the global monodromy

In this section, we determine the global monodromy. We investigate the movement

of branch points of p, : f~'(s) — CP! when we move s from sy to the singular

(4)
value s;7.

4.1 Recipe for the global monodromy
We set U(X) := X" — (X — 1)" and consider the equation

9s(X, Yi(s)) = W(X) — a(s) = 0,

where q;(s) :=1/s"(1 — ) ~1. First we note that the solutions of g4(X,Y;(s)) =
U(X)—a(s)=0(=1,2,...,(n—1)/2) give all branch points of the branched
covering map ps @ f~ 1(s) — C. We investigate the movement of the solutions of
9s(X,Y;)) = 0 when we move s. In the case that n is odd, if @;(s) € R then the
solutions of W(X) — a;(s) = 0 lie on the curve C' = {Im ¥(X) = 0}. Since n — 1
is even, (1 — 7;)""! is a real number by Lemma 3.1.2 and ¢(s) is a real number
precisely when s is an nth root of a real number. Hence we obtain

Lemma 4.1.1. Ifn is an odd number and s™ is a real number, then every solution
of the equation g;(X,Y;) = 0 is on the curve C. That is, all branch points of ps
are on the curve C.

We recall that X © (7 =1,2,...,n— 1) are all solutions of g,,(X,Y;(s9)) =0
and X satisfies g_ m(Xk, (s,(jl))) 0 (See subsection 1.1). For every s, there

exist solutions of gS(X Yi(s)) = 0 and X is continuous with respect to s. Then we
conclude

Proposition 4.1.2. We fix k and l. If we move s from sq to Sg,)z) along the real

axis, then some of the branch points X](-l) of ps, move to Xy, along the curve C.

Proof. Since Xj(-l) (resp. Xj) is a solution of g, (X,Y;) = 0 (resp. g,;)(X, Y1) =
k,l

0), we obtain the assertion from Lemma 4.1.1.

For simplicity, we put S = 1/s" and set A;(S) := S/(r, — 1)"7!, g5(X,V}) :=
U(X)— Ai(S), So:=1/sy and Sk, := 1/(skl) .

We discuss how to obtain the global monodromy. For details, see 2], [6], [7].
In our case, we know that there occur single nodes except on f~1(0) or f~!(c0).
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Each single node is correspondent to a vanishing cycle, so it is sufficient to know
how to obtain the vanishing cycles.

Let v be a path in s-plane as in Figure 8. Our goal is getting vanishing cycles
with respect to 7. We push out « into S-plane as in Figure 9 (Note: S = 1/s").
We denote by 7 the path in S-plane induced from ~. Let ¢ be a half path of %
in S-plane, that is, ¢ is a path from Sy to S;; almost along 7. We set the end
point of 0 as Sy, itself (Figure 10). We move the parameter S along the path ¢
and observe movement of solutions of

[T - ads) =o.
)

1

(

For example, we suppose that X ,g meets X ki) at X and other X (I3 never meet

together (Figure 11). We draw a loop ( surrounding the trace of X lgll) and X,ii)
(Figure 12), and let (1, (s, ..., ¢, be non-zero-homologous liftings of ¢ over p,,.
The liftings (1, (o, ..., are the vanishing cycles at Sk, with respect to the loop
v. Using this procedure, in order to obtain the global monodromy, it is sufficient
for us to know movement and meetings (encounters) of X ,gl)’s for any half path ¢
in S-plane.

In S-plane, critical value Sj; are on the real axis, hence we consider a half
path dy; to Sy, consisting of some segments on the real axis and of some half (or
full) circles of radius € > 0 (Figure 13). The equation [[,(¥(X) — A4;(S)) = 0 has
multiple solutions if and only if S = 0,00, S;. We denote by {X ]@} the set of
the solutions of [[;(¥(X) — A4;(Sy)) = 0. These facts are followed that there exist
unique liftings (traces) of d;; with start point X ](l) for each [ and j.

When the parameter S goes to the end point S, of dy; (as in Figure 13), there
happens an encounter of X ,ﬁ? and X ,512) at X}, for some k; and ks (from Proposition
4.1.2). On the other hand, if ¢ > 0 is very small, then the liftings (traces) of
X,gl)’s are almost on the curve C' (from Lemma 4.1.1). In the next subsection,
we determine k; and ky for each dy;, and pursue the movement of X 15;11) and X ,gi)
(almost) on the curve C.

4.2 Behavior of the solutions of ¢,(X,Y;) = 0 around the
critical value 0 and S

Let Q1,Q2,...,Q,_1 be the solutions of the equation W(X) = 0. Then we have
the following lemma.

Lemma 4.2.1. The points Q1,Qa, ...,Q,_1 are on the line L = {Re X = 1/2}.
Moreover on the line L, there are QQ1,X1,Q2, Xo, ..., X_2,Qn_1 in this order.
(See Figure 14).
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Proof. The value ¥(y,) (K = 1,2,...,n — 2) are extremums of ¥ and
U(ye) ¥ (yry1) < O for any k. Hence there exist n—1 real solutions for ¥(y) = 0 and
they give n — 1 solutions of W(X) = 0 on the line L. Recalling that y, = Im X},
it is clear that @1, X1, @2, Xo, ..., X,,_2,Q,_1 are in this order.

From Lemma 4.2.1, if S goes near 0, then Xj(l) ’s go toward the points 1, Qs, . . ., Qn_1
on the line L since A4;(0) = 0 for any [. We remark that for one point @);, there

are just (n —2)/2 of X](l)’s that converge to @;. If a path d;; contains a half circle

)’s are given by Figure 15, since a

of radius € > 0 around 0, the movement of X ](-l
lifting map S +— X ]@ is a holomorphic (and conformal) map.

When the parameter S goes near Sy y, it is sufficient for us to pay attention
to the branch points X](l,) (j=12,...,n—1) (ar}d also X]("_l_l,) = X](l,)). Since
any singularities are single nodes, just two of X j(l Vg converge to Xj. Therefore,
if a path d;,; contains a half circle of radius € > 0 around Sy, the movement of

the two of X ;l/)’s looks like in Figure 16. This behavior is just the same as in the

case y? = 2% — s, standard single node.

4.3 The global monodromy for S,

From now on, we assume that n is odd and (n—1)/2 is odd. In other cases, similar
results hold. We determine how a branch point encounters another one. Recall

that )
inlo\""
_(_)k sin
Skr = (=1) (sink;e ’

where § = 7/(n — 1), and Sk; = Skn—1-1, Ski = Sn—1-k,. Then we obtain

Lemma 4.3.1. For a fized k, the following inequalities hold:
(I) If 1 is odd, then

(i) 0< S(n—l)/2,l < S(n—5)/2,l < <S5 < Sy
(ii) SQJ < S47l <0 < S(n—3)/2,l < 0.

(IT) Ifl is even, then

(1) 0< S(n—3)/2,l < S(n—?)/2,l < e K 5471 < SQJ.
(11) Sl,l < S3,l <0 K S(n—l)/?,l < 0.

25



The condition (3.4) and (3.9) are followed by

1

= [S1,(n-1)2| = max | Skl

We indexing of X](l) is as in Figure 6. Let 5, (resp. dp) be a half path from S
to Sk (resp. 0) such as in Figure 13. Our final goal is the following theorem.

Theorem 4.3.2. The encounter of X]@ 's with respect to 0y or 0y is as follows:

(I) If Sk; > 0, that is k and | are both odd (or both even), then two branch points
X,gl) and X,glJ)rl ( resp. Xffll_k and XSEQ_,C) on the branches By and By, —

(resp. Bp—1-k+ and By_1_ ) converge to Xy (resp. Xn_1-x). See Figure
17.

(IT) If k (# 1, #n —2) is odd and | is even (Sk; < 0), then two branch points
X&l and X,El) (resp. ngk and nglfk) on the branches Byy1 4+ and By_q -
(resp. Bp—k+ and By,_j_o_) converge to Xy, (resp. X,_r—1). See Figure 18.

(IIT) If k 1s even and [ is odd then the branch points X,Elll and X,Fj) (resp. Xfflk
and Xfﬁlfk) on the branches By + and By_y _ (resp. By 1 and By,_;_o _)
converge to Xy, (resp. Xn_x—1). See Figure 18.

(IV) If k = 1 (resp. n —2) and [ is even then the branch points X{l) and X3
(resp. XTSZZQ and X,(Llll) on the branches By and Bs 4 (resp. By,_3— and B_)
converge to Xy (resp. X,_o ). See Figure 19.

(V) If S =0, then the movement of the branch points is as Figure 20.

Proof. Let k and [ be odd numbers and let &’ be an even number. If we move
S from Sy to Sy, then there exists no singular value Sy ; between Sy and Sy from
Lemma 4.3.1. The solutions of the equation [[,(¥(X) — A4;(S)) = 0 on the branch
other than By do not go to X}, because if X ,EQ on another branch B, for even
k' goes to X}, then it must pass through X;,. The solutions on By are X ,il) and

X ,Fjll, and they must encounter each other when S goes to Si;. When X ,ﬁ” meets

X,gl}rl, X,E,l/) and X,gljr)l (I" > 1) move on By, toward X}, turn right at X}, and finally
go to a point on L. The other X,ﬁ” and X,ﬁlfl (I" <'1) move on By, toward X}, and
finally go to a point on By. (See Figure 21.) From the definition of Sj;, we have
Ski = Sp—1-k;. Hence if S goes to Sy, then X7(21—k (on By,_1_g ) encounters

X (on By_y_p_) at X, i
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Similarly, let £ and [ be even numbers and let &’ be an odd number. If we
move S from Sy to Sk, then there exists no singular value Sy ;. The solutions of
the equation [[,(V(X) — A;(S)) = 0 on the branch other than By, do not go to X
Thus we have (I).

Suppose that k is odd, [ is even, k # 1 and k # n — 2. Then Sj; is negative

and 0, pass near 0 once before arriving at Sy;. Hence if X]@ goes to Xy, then
it must pass the points Qy or Q41 once (Figure 22). Thus X;l) must be on the
branch Bj_; or Bi,, at the start. As in Figure 16, X J(-l) turns right when it visit
a crossroad X1 (or Xjy1). This means that X](-l) must be on By_;_ or By 4+

at the start. It follows that X,gl) (on By_; ) encounters X,gﬁ)rl (on Byy1+) at Xj.
Thus we have (II).

Suppose that k is even and [ is odd. Then Sy, is negative and Sj; pass near
0 once. In the same reason as (II), X]@ must pass the solution Q;_; or @, and
hence X,El) (on Bj_; ) encounters X,glll (on Byt1+) at Xj. Thus we have (III).

Suppose that & = 1 and [ is even. Then Sj; is negative and X ng) must pass the

solution @)1 or Q2. Hence Xl(l) (on B,) encounters XQ(Z) (on By 4) at X;. In case

that k =n — 2 and [ is even, we can show in the same way. Thus we have (IV).

In case (V), as in Figure 15, X lgl) turn right at X;_; or Xj;. Therefore every

X,gl) (l=1,2,...,n —2) meet together at Q.
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Y,

Y,
Yy

Yy

Ys

Figure 1: The solutions Y@ of g,,(Xo,Y) = 0 and the solutions Y; of 835’;0 =01in
the case that n = 7.

Figure 2: The graph w = EXO (v) in the case n = 11: The extremums decrese in
order.
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Xn72

((n—1)/2: odd)

Figure 3: The direction of increase of ¥(X) on L

Figure 4: The direction of increase of W(X) around X},
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((n—1)/2: odd)
Figure 5: The direction of increase of ¥(X) on C around L
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Figure 6: The curve C and the positions of the branch points of py,
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Figure 7: The path %gl) along the curve C'

S
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S0

Figure 8: The path v starting point sg such that go around s,(fl)
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Figure 9: The path 7 starting point Sy such that go around Sj;.

O Sk S,

Figure 10: The path ¢ starting point Sy to Si.
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Figure 11: The movement of the branch points
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X0

Figure 12: The path ( surrouding the trace

J

A O\
Skl 0 So
Figure 13:

Q1

Q

OF

Qi ¢

@s

Figure 14: Q1,Qa, ..., Q,_1 are the solutions of ¥(X) = 0 in the case that n = 6.
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Figure 15:

C
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Figure 16: The movement of S and X
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Xk+1

Figure 17: (I) The movement of the branch points: The bold arrow lines are
homotopically rearranged.
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Figure 18: (II), (III) The movement of the branch points
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Figure 19: (IV) The movement of the branch points
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Figure 20: (V) The movement of the branch points: Q) and Q1 are the solutions
of ¥(X)=0.
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Figure 21:

Qr+1
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Figure 22:
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