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Notation
In this poster, all varieties are defined over the field of complex
numbers C.
Y . a smooth projective surface.
X . a normal projective surface.
m: X —Y : adfold cover (i.e. a finite surjective morphism with degm = 4).

A(r) - the branch locus of . (A(7w) # (0, in general.)
C(X), C(Y) : the rational function fields of X and Y, respectively.
Ky, G(Y)

S, . the symmetric group of degree 1.

4-fold covers and S,-covers
C(X) is a finite extension of C(Y') with |[C(X) : C(Y)] = 4.
Hence there is z € C(X) such that its minimal polynomial over
C(Y) is
f = 2 + 912’2 + g92 + g3.
Based on Lagrange’s method of solving f = 0, we canonically

obtain the following diagram:
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K1 L= C(Y)((gl), KQ L= Kl((9271) — Kl((ggjg),

K = Ky(031,052) = Ko(032,053) = Ko(033,05.1),

where 01, 69 ; and 03 ; are elements such that
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9%2 = (301 + (S0s0, 9%3 = (36021 + (3055

Here hy, hg € C(Y) and (3 = exp (27“/7)
We define four distinct algebraic subsets of A(7) as follows:
A={PeY [f(P) =1, §(tothy) Y(P) =3, g7 (P) = 12},

07 = oy,

(9%,1 = 021 + 0,

. a canonical divisor, topologically Euler number of Y, respectively.

B:={PeY | (P)=1, f(¢proth) (P)=3, taY(P)=6, P ¢ A},
C:={PecY |t (P)=2, (10 Y(P) =2, tn~1(P) =28},
D= {PeY |4 (P) =2, t(thoun)(P) =6, tr1(P) = 12}
Note that A(r) = A+ B+C+ D.
(Generic 4-fold covers
.

- X — Y be a 4-fold cover.
=A (ie. B=C=D =0)

-
Def. Let 7

T . generic YLGN A(T)

-
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Let m: X — Y be a generic 4-fold cover, which A(7) C Y is a
reduced curve with at worst simple singularities. Let

Y4 — Xy

Wy Zy — 7y

% 7 — 2

. the minimal resolution of X7,
the Ko-normalization of £,

the K-normalization of Z.

We put
01 : the number of connected components of A(zﬂg) C /47,
55 : the number of connected components of ¢o(A(13)) C Z.

Then our main theorem is the following:

~ ™
Main Thm. Let m: X — Y be a generic 4-fold cover as

above, and X the minimal resolution of X. Then

1
sz — 4K)2/ + 2A. Ky + 5142 — 01 — 09,

6(?) =4e(Y)+ A Ky + A? — 301 — 209.
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Resolution of 4-fold covers

We summatise resolution of any 4-fold covers, which is used in
our proof of Main Theorem.

For any integer 7 > 0, let o)yl 5 yi=1 he o blowing-up
of Y=1) (Y(0) .= ¥). Then we obtain the following diagram

by normalizing y (9); p (0 50
/ o X2<i) |
x (0 U S
(2)
W\ —l A1

Let A(i), B (i), O and D be the reduced divisors as A B, C
and D.

"Thm. Let7: X — Y be a 4-fold cover. Then there 1s a
resolution X" of X such that it is constructed by the fol-

lowing diagram: o
, X/ X//
¢3 ¢3
¢(T) \ g2 / / /!
wé” - X"
T @ X(T)
\ 4) 1
o 1
Y Yy (r)
where o = oW o ... 0 gl s blowing-ups, and (") is a

certain 4-fold cover. If m 1s generic, then

1 —La,(a; — 4 r—13b:(3b; — 8
Kgf,,:4K§+2A.Ky+§A2 za< ; ) 3 (4 )
1=0 i=0

_ Tz:l 4CZ(CZ - 3) Tz:; dz(dz o 4)

r—1
e( X" =4e(Y)+ A Ky + A=Y ai(a; — 1)
i=0

r—1

— Z dz(az -+ sz) — 47“,
1=0
r—1

— > 3bi(b; — 1)
1=0

r—1 r—1 r—1
— > 2¢i(¢; — 1) = > 2d;(d; — 1) — Y _ d;(2a; + 3b;) + 4r — 3s,
i=0 i=0 =0

where a;, b;, c;, d; and s are as follows:

For any reduced divisor H and P €Y, we denote the mul-
tiplicity of H at P by up(H). Let P be the center of the
blowing-up olitl) for 1 > 0.

Then we put a;, b;, c; and d; as follows;

Vo MP(i—l)(A(i_l)) -1 (fEYCAY)
] ppen (A6 (otherwise)
- < iy (BUY) — (if EY c BY)
o iy (BU=D) (otherwise)
. < (C(Z 1)) (if EW) (j(i))
. i (CU=D) (otherwise)

o < (D(Z 1)) 1 (if E) D(i))
o (D) (otherwise)

Let s be the number of singular points of D).
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