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Alexander polynomial

Definition for a group and a morphism |

@ G a group (finitely presented) and e : G — Z.
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Alexander polynomial

Definition for a group and a morphism |

@ G a group (finitely presented) and e : G — Z.

@ Let X a space such that 71(X) = G. Unless otherwise stated, we
consider the CW-complex of dimension 2 associated to a presentation.
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Alexander polynomial

Definition for a group and a morphism |

@ G a group (finitely presented) and e : G — Z.

@ Let X a space such that 71(X) = G. Unless otherwise stated, we
consider the CW-complex of dimension 2 associated to a presentation.

@ Let A, be the set of (oriented) i-cells and let C.(X; C) the complex of

C-chains:
0 — Cx(X;C) — C1(X;C) — Go(X;C)— 0
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Alexander polynomial

Definition for a group and a morphism |

@ G a group (finitely presented) and e : G — Z.
@ Let X a space such that 71(X) = G. Unless otherwise stated, we
consider the CW-complex of dimension 2 associated to a presentation.
@ Let A, be the set of (oriented) i-cells and let C..(X; C) the complex of
C-chains:
0 — Cx(X;C) — C1(X;C) — Go(X;C)— 0

@ Consider the covering p : X — X associated toe. Let t : X — X be a
generator of the automorphism group of p; X has a natural structure of
CW-complex.
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Alexander polynomial

Definition for a group and a morphism |

@ G a group (finitely presented) and e : G — Z.
@ Let X a space such that 71(X) = G. Unless otherwise stated, we
consider the CW-complex of dimension 2 associated to a presentation.
@ Let A, be the set of (oriented) i-cells and let C..(X; C) the complex of
C-chains:
0 — Cx(X;C) — C1(X;C) — Go(X;C)— 0

@ Consider the covering p : X — X associated to e. Let t : X — X be a
generator of the automorphism group of p; X has a natural structure of
CW-complex.

@ Let AJ be the set of i-cells of X. For each o € A;, we choose (arbitrarily)
& € Aisuch that p(8) = o. Then, A; := {t*6 | k € Z,0 € A}}.
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Alexander polynomial

Definition for a group and a morphism |

@ G a group (finitely presented) and e : G — Z.
@ Let X a space such that 71(X) = G. Unless otherwise stated, we
consider the CW-complex of dimension 2 associated to a presentation.
@ Let A, be the set of (oriented) i-cells and let C..(X; C) the complex of
C-chains:
0 — Cx(X;C) — C1(X;C) — Go(X;C)— 0

@ Consider the covering p : X — X associated to e. Let t : X — X be a
generator of the automorphism group of p; X has a natural structure of
CW-complex.

o Let AJ be the set of i-cells of X. For each o € A;, we choose (arbitrarily)
& € Aisuch that p(5) = o. Then, A := {6 | k € Z,0 € A}.

@ A := C[Z] the group algebra of Z identified as C[t*"]. The complex
C.(X;C) is a free A-module such that rankx C;(X; C) = dimc Ci(X;C)
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Alexander polynomial

Definition for a group and a morphism Il

@ Let us denote p the only O-cell. Let X € Ay; Then 9(%) = (£®) — 1)p
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Alexander polynomial

Definition for a group and a morphism Il

@ Let us denote p the only O-cell. Let X € A;; Then 9(%) = (£ — 1)p

@ If 5 € Ay is associated to a relation o = w(x, . .., x;), then 8(5) is
computed using Fox derivation 0;:

Xi — )?,', X,-_1 = —l‘_a(xf)ii7 Wi Wo — 8{(W1) + tg(w1)8t(W2)
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Alexander polynomial

Definition for a group and a morphism Il

@ Let us denote p the only O-cell. Let X € Aq; Then 9(%) = (£*) — 1)p

@ If 5 € Ay is associated to a relation o = w(x, ..., x;), then 9(5) is
computed using Fox derivation 0;:

Xi — )?,', X-_1 = —l‘_a(xf)ii7 Wi Wo — 8{ wy) + tg('”‘)é); Wo
i

@ Since C.(X;C) is a complex of A-modules, then H; (X; C) is a A-module.
If G is finitely presented then H; (X; C) is finitely generated.
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Alexander polynomial

Definition for a group and a morphism Il

@ Let us denote p the only O-cell. Let X € Aq; Then 9(%) = (£*) — 1)p
@ If 5 € Ay is associated to a relation o = w(x, ..., x;), then 9(5) is
computed using Fox derivation 0;:

Xi — )?,', X-_1 = —l‘_a(xf)ii7 Wi Wo — 8{ wy) + tg('”‘)é); Wo
i

@ Since C.(X;C) is a complex of A-modules, then Hj (X; C) is a A-module.
If G is finitely presented then H; (X; C) is finitely generated.

@ The Alexander polynomial Ag,. of G with respect to ¢ is the order of
H;(X;C) as A-module (A is a PID).
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Alexander polynomial

Definition of Alexander Polynomial

Definition

Let C*™ be an affine curve defined by f(x,y) = 0 and let ¢ : 71 (C?\ ¢*") — Z
the epimorphism determined by f : C2 \ ¢* — C*. The Alexander polynomial

Of Caff iS Aﬂ.1 (C2\C“ff),s'
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Alexander polynomial

Definition of Alexander Polynomial

Definition
Let C*™ be an affine curve defined by f(x,y) = 0 and let ¢ : 71 (C?\ ¢*") — Z

the epimorphism determined by f : C2 \ ¢* — C*. The Alexander polynomial
of Caﬂ is A (C2\Caft)

v

Definition (Libgober)

The Alexander polynomial Ac of a projective curve C is the one of its generic
associated affine curve C*".
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Alexander polynomial

Definition of Alexander Polynomial

Let C*™ be an affine curve defined by f(x,y) = 0 and let ¢ : 71 (C?\ ¢*") — Z

the epimorphism determined by f : €2\ ¢ — C*. The Alexander polynomial
Of Caﬂ iS Aﬂ.1 (C2\C“ff),s'

Definition (Libgober)

The Alexander polynomial Ac of a projective curve C is the one of its generic
associated affine curve C*".

Further properties of this invariant will be sketched in the following lecture. A
main feature (or weakness) compared with knot theory is the following: all
roots of the Alexander polynomial are d-roots of unity.
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Alexander polynomial

Definition of Alexander Polynomial

Let C*™ be an affine curve defined by f(x,y) = 0 and let ¢ : 71 (C?\ ¢*") — Z
the epimorphism determined by f : €2\ ¢ — C*. The Alexander polynomial
Of Caﬂ |S Aﬂ.1 (C2\C“ff),£'

Definition (Libgober)

The Alexander polynomial Ac of a projective curve C is the one of its generic
associated affine curve C*".

Further properties of this invariant will be sketched in the following lecture. A
main feature (or weakness) compared with knot theory is the following: all
roots of the Alexander polynomial are d-roots of unity.

In the same way one can define the Alexander polynomial for a non reduced
curve: these polynomials are called Alexander-Oka polynomials.
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Alexander polynomial

Alexander polynomial of a curve whose group is unknown

Cyclic version of Sakuma’s formula

Let eq : G — Z/dZ be the natural composition mapping, let pg : Xo — X be
the associated cyclic covering and let t; : Xy — Xy the standard generator of
the automorphism group of pg.

For ¢ # 1 a d-root of unity, let m. be the dimension of the (-eigenspace of
H'(X4; C) by the action of ty. Then m¢ is the multiplicity of ¢ as root of Ag_..
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Alexander polynomial

Alexander polynomial of a curve whose group is unknown

Cyclic version of Sakuma’s formula

Let eq : G — Z/dZ be the natural composition mapping, let pg : Xo — X be
the associated cyclic covering and let t; : Xy — Xy the standard generator of
the automorphism group of pg.

For ¢ # 1 a d-root of unity, let m. be the dimension of the (-eigenspace of
H! (Xa; C) by the action of {y. Then mc is the multiplicity of ¢ as root of Ag ..

Consequence
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Alexander polynomial

Alexander polynomial of a curve whose group is unknown

Cyclic version of Sakuma’s formula

Let eq : G — Z/dZ be the natural composition mapping, let pg : Xo — X be
the associated cyclic covering and let t; : Xy — Xy the standard generator of
the automorphism group of pg.

For ¢ # 1 a d-root of unity, let m. be the dimension of the (-eigenspace of
H! (Xa; C) by the action of {y. Then mc is the multiplicity of ¢ as root of Ag ..

Consequence

@ Let C be a projective curve defined by F(x,y,z) = 0. Let
Xa:={(x,y,2) € C*| F(x,y,z) =1} and let py : X4 — P?\ C be the
standard projection.

e ———
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Alexander polynomial

Alexander polynomial of a curve whose group is unknown

Cyclic version of Sakuma’s formula

Let eq : G — Z/dZ be the natural composition mapping, let pg : Xo — X be
the associated cyclic covering and let t; : Xy — Xy the standard generator of
the automorphism group of pg.

For ¢ # 1 a d-root of unity, let m. be the dimension of the (-eigenspace of
H! (Xa; C) by the action of {y. Then mc is the multiplicity of ¢ as root of Ag ..

Consequence

@ Let C be a projective curve defined by F(x,y,z) = 0. Let
Xg:={(x,y,2) € C® | F(x,y,z) =1} and let pg : Xy — P2\ C be the
standard projection.

@ Then pq is a d-cyclic unramified covering whose monodromy is
generated by (x, y, 2) = Ca(X, ¥, 2), Ca := exp(ZF).

e ———
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Alexander polynomial

Alexander polynomial of a curve whose group is unknown

Cyclic version of Sakuma’s formula

Let eq : G — Z/dZ be the natural composition mapping, let pg : Xo — X be
the associated cyclic covering and let t; : Xy — Xy the standard generator of
the automorphism group of pg.

For ¢ # 1 a d-root of unity, let m. be the dimension of the (-eigenspace of
H! (Xa; C) by the action of {y. Then mc is the multiplicity of ¢ as root of Ag ..

Consequence

@ Let C be a projective curve defined by F(x,y,z) = 0. Let
Xo:={(x,y,2) € C*| F(x,y,z) =1} and let py : X4 — P?\ C be the
standard projection.

@ Then pq is a d-cyclic unramified covering whose monodromy is
generated by (x, y, 2) = Ca(x. ¥, 2), Ca := exp(EF).

@ Then, the Alexander polynomial A¢ is determined by the action on
cohomology H'(Xy; C) of the above multiplication.
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Alexander polynomial

Alexander polynomial of a curve whose group is unknown

Cyclic version of Sakuma’s formula

Let eq : G — Z/dZ be the natural composition mapping, let pg : Xo — X be
the associated cyclic covering and let t; : Xy — Xy the standard generator of
the automorphism group of pg.

For ¢ # 1 a d-root of unity, let m. be the dimension of the (-eigenspace of
H! (Xa; C) by the action of {y. Then mc is the multiplicity of ¢ as root of Ag ..

Consequence

@ Let C be a projective curve defined by F(x,y,z) = 0. Let
Xg:={(x,y,2) € C® | F(x,y,z) =1} and let pg : Xy — P2\ C be the
standard projection.

@ Then pq is a d-cyclic unramified covering whose monodromy is
generated by (X, y, 2) — Ca(X, ¥, 2), Ca == exp(Z]).

@ Then, the Alexander polynomial Ac is determined by the action on
cohomology H'(Xy; C) of the above multiplication.

@ Moreover, if Xy is @ smooth projective completion of Xy, all the
computations can be done on Xy and Hodge structure can be used.
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Algebraic computations

Quasi-adjunction ideals
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Algebraic computations

Quasi-adjunction ideals

@ Let (C,P) C (Y, P) be a germ of curve singularity on a smooth complex
surface. Let Op := Oy p the fiber at P of the structure sheaf.
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Algebraic computations

Quasi-adjunction ideals

@ Let (C,P) C (Y, P) be a germ of curve singularity on a smooth complex
surface. Let Op := Oy p the fiber at P of the structure sheaf.

@ Leto: Z — (Y, P) be the minimal embedded resolution of C and let
a*(C) = C+ > i, miEi.
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Algebraic computations

Quasi-adjunction ideals

@ Let (C,P) C (Y, P) be a germ of curve singularity on a smooth complex
surface. Let Op := Oy p the fiber at P of the structure sheaf.

@ Leto: Z — (Y, P) be the minimal embedded resolution of C and let
o*(C)=C+ > icr MiEi.

@ Let w be a holomorphic 2-form on Y not vanishing at P. Let
(o"w) =2 ic wiEi
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Algebraic computations

Quasi-adjunction ideals

@ Let (C,P) C (Y, P) be a germ of curve singularity on a smooth complex
surface. Let Op := Oy p the fiber at P of the structure sheaf.

@ Leto: Z — (Y, P) be the minimal embedded resolution of C and let
o*(C)=C+ > icr MiEi.

@ Let w be a holomorphic 2-form on Y not vanishing at P. Let
(O'*UJ) = Zie/ K,'E,'.

@ Let g € QN (0, 1). We define the quasiadjunction ideal J¢, p,q as the set
of h € Op such that the order of o*(h) at E; is at least |gm;| — «i.
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Algebraic computations

Quasi-adjunction ideals

@ Let (C,P) C (Y, P) be a germ of curve singularity on a smooth complex
surface. Let Op := Oy p the fiber at P of the structure sheaf.

@ Leto: Z — (Y, P) be the minimal embedded resolution of C and let
o*(C)=C+ > icr MiEi.

@ Let w be a holomorphic 2-form on Y not vanishing at P. Let
(O'*UJ) = Zie/ K,’E,’.

@ Let g € QN (0, 1). We define the quasiadjunction ideal J¢ p q as the set
of h € Op such that the order of o*(h) at E; is at least |gm;| — &i.

Theorem (Zariski,Libgober,Esnault,Loeser-Vaquié,—)

Let C be a projective curve of degree d and letk € {1,...,d}. Let

ok : H(P?,0(k — 3)) = @pesingc Or/ T p,x be the natural map. We set
ay := dim coker o.

Then, the multiplicity of & as root of Ac equals ax + aq .
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Algebraic computations

Examples

@ (C,P)=A1, Jcpq=0Op
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Algebraic computations

Examples

@ (C,P)=A1,Jcpq= 0P
o (C7 P) = Ag, jC,P,% = ./\/lp.
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Algebraic computations

Examples

(C,P)= Ay, Jcpqg=Op
(C,P)= Ag,Jcps—MP

@ (C,P)= A7 ={u®P—v'® =0}, Top.s = (U) + Mp = (u, v8).
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Algebraic computations

Examples

@ (C,P)=A1,Jcpq=0p
(4] (C7 P) = Ao, jC,P,% = Mp.

@ (C,P)= A7 ={u?P—v'® =0}, Teps = (U)+Mp=(u, v).

@ C a sextic with six cusps: A¢ = 2 — t + 1 (resp. 1) if the six cusps (resp.
do not) lie on a conic (Zariski).
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Algebraic computations

Examples

@ (C,P)= A4, Jcpq=Okp
@ (C,P)= Ay, jC,P,% = Mp.
@ (C,P)= A7 ={u?P—v'® =0}, Teps = (U)+Mp=(u, ve).

@ C a sextic with six cusps: Ac = 2 — t + 1 (resp. 1) if the six cusps (resp.
do not) lie on a conic (Zariski).

@ C an irreducible sextic with A17: Ac = 12 — t+ 1 (resp. 1) if there is (resp.
not) a conic with intersection number 12 at A+7.
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Characteristic varieties

Settings for characteristic varieties

@ G a group (finitely presented) with the same notation as before. Let
H:=G/G andlete: G — H.
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Characteristic varieties

Settings for characteristic varieties

@ G a group (finitely presented) with the same notation as before. Let
H:=G/G andlete: G — H.

@ Consider the covering p : X - X associated to . Each t € H defines an
automorphism t : X — X of p; X has a natural structure of CW-complex.
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Characteristic varieties

Settings for characteristic varieties

@ G a group (finitely presented) with the same notation as before. Let
H:=G/G andlete: G — H.

@ Consider the covering p : X - X associated to . Each t € H defines an
automorphism t : X — X of p; X has a natural structure of CW-complex.

@ Let A be the set of i-cells of X. For each o € A;, we choose (arbitrarily)
& € Aisuch that p(6) = o. Then, Ai:={té | t € H,o € Ai}.
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Characteristic varieties

Settings for characteristic varieties

@ G a group (finitely presented) with the same notation as before. Let
H:=G/G andlete: G — H.

@ Consider the covering p : X - X associated to . Each t € H defines an
automorphism t : X — X of p; X has a natural structure of CW-complex.

o Let AJ- be the set of i-cells of X. For each o € A;, we choose (arbitrarily)
& € Ajsuch that p(6) = 0. Then, A;:={t5 | t € H,o € Aj}.

@ A := C[H] the group algebra of H. If H = 7'~ ¢ 7/ eZ (with multiplicative
notation), then A is identified with C[t£, ..., ££']/(tf — 1). The complex
C.(X;C) is a free A-module such that ranka Ci(X; C) = dimc Ci(X; C)
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Characteristic varieties

Settings for characteristic varieties

@ G a group (finitely presented) with the same notation as before. Let
H:=G/G andlete: G — H.

@ Consider the covering p : X - X associated to . Each t € H defines an
automorphism t : X — X of p; X has a natural structure of CW-complex.

o Let AJ- be the set of i-cells of X. For each o € A;, we choose (arbitrarily)
& € Ajsuch that p(6) = 0. Then, A;:={t5 | t € H,o € Aj}.

@ A := C[H] the group algebra of H. If H = 7'~ ¢ 7./ eZ (with multiplicative
notation), then A is identified with C[t:"", ..., t5']/(tf — 1). The complex
C.(X;C) is a free A-module such that rank, Ci(X; C) = dimc Ci(X; C)

@ For X € A 8(X) = (¢(x) — 1)p. The boundary for A, is defined using Fox
derivation On:

Xj — XN,'7 Xi_1 — —E(X,')_1)?,‘7 Wy Wo +— aH(W1) + €(W1 )aH(Wg)
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Characteristic varieties

Settings for characteristic varieties

@ G a group (finitely presented) with the same notation as before. Let
H:=G/G andlete: G — H.

@ Consider the covering p : X - X associated to . Each t € H defines an
automorphism t : X — X of p; X has a natural structure of CW-complex.

o Let AJ- be the set of i-cells of X. For each o € A;, we choose (arbitrarily)
& € Ajsuch that p(6) = 0. Then, A;:={t5 | t € H,o € Aj}.

@ A := C[H] the group algebra of H. If H = 7'~ ¢ 7./ eZ (with multiplicative
notation), then A is identified with C[t:"", ..., t5']/(tf — 1). The complex
C.(X;C) is a free A-module such that rank, Ci(X; C) = dimc Ci(X; C)

@ For X € A; 9(X) = (¢(x) — 1)p. The boundary for A, is defined using Fox
derivation On:

Xj — XN,'7 Xi_1 — —E(X,')_1)?,‘7 Wy Wo +— aH(W1) + €(W1 )aH(Wg)

@ Since C.(X;C) is a complex of A-modules, then H (X; C) is a A-module.
If G is finitely presented then the A-module H; (X; C) = G'/G" is finitely
generated.
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Characteristic varieties

Definitions of characteristic varieties

Definition

Let M be a finitely presented A-module and let A € Mat(n x m; A) be a
presentation matrix, i.e., A is the matrix of a morphism ¢ : A” — A”. Then,
the k-Fitting ideal Ju,x of M is the ideal of H generated by the (n — k)-minors
of A (it does not depend on A).
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Characteristic varieties

Definitions of characteristic varieties

Definition

Let M be a finitely presented A-module and let A € Mat(n x m; A) be a
presentation matrix, i.e., A is the matrix of a morphism ¢ : A” — A”. Then,
the k-Fitting ideal Ju,x of M is the ideal of H generated by the (n — k)-minors
of A (it does not depend on A).

| \

Remark

The maximal spectrum Ty of H is a disjoint union of e (r — 1)-dimensional
tori, identified with the subvariety of T" defined by t° = 1. In particular, it is a
complex Lie group.
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Characteristic varieties

Definitions of characteristic varieties

Let M be a finitely presented A-module and let A € Mat(n x m; A) be a
presentation matrix, i.e., A is the matrix of a morphism ¢ : A” — A”. Then,
the k-Fitting ideal Ju,x of M is the ideal of H generated by the (n — k)-minors
of A (it does not depend on A).

The maximal spectrum Ty of H is a disjoint union of e (r — 1)-dimensional
tori, identified with the subvariety of T" defined by t° = 1. In particular, it is a
complex Lie group.

The k-characteristic variety ¥¢ x of a complex projective curve C is the zero
locus of Jy; %«
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Characteristic varieties

Alternative definition

@ Let ¢ : G — C* be a character. For the space of characters we have

Hom(G; C*) = Hom(H, C*) = Hom(H;(X;Z); C*) = H'(X; C*) = Ty.
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Characteristic varieties

Alternative definition

@ Let ¢ : G — C* be a character. For the space of characters we have

Hom(G; C*) = Hom(H, C*) = Hom(H;(X;Z); C*) = H'(X; C*) = Ty.

@ We denote by C, the A-module structure of C defined by &: if t € H and
zeC, thent-z:=¢(t)z

E. Artal Fundamental Group and Braid Monodromy



Characteristic varieties

Alternative definition

@ Let ¢ : G — C* be a character. For the space of characters we have

Hom(G; C*) = Hom(H, C*) = Hom(H;(X;Z); C*) = H'(X; C*) = Ty.

@ We denote by C, the A-module structure of C defined by ¢: if t € H and
zeC,thent z:=¢(t)z

@ Let us consider the local system of coefficients C, defined on X by £ and
consider its conomology H*(X; C,); in degree 1 it depends only on G.
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Characteristic varieties

Alternative definition

@ Let ¢ : G — C* be a character. For the space of characters we have

Hom(G; C*) = Hom(H, C*) = Hom(H;(X;Z); C*) = H'(X; C*) = Ty.

@ We denote by C, the A-module structure of C defined by ¢: if t € H and
zeC,thent z:=¢(t)z

@ Let us consider the local system of coefficients C, defined on X by § and
consider its cohomology H*(X; C,); in degree 1 it depends only on G.

@ This cohomology can be computed as follows. Consider the complex of
C-vector spaces defined by C.(X; C¢) := Ci(X; C¢) ®a Ce. ltis
isomorphic as (graded) C-vector space with C.(X; C) but the differential
is twisted by £. The cohomology of this complex is H*(X; C,).
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Characteristic varieties

Alternative definition

@ Let ¢ : G — C* be a character. For the space of characters we have

Hom(G; C*) = Hom(H, C*) = Hom(H;(X;Z); C*) = H'(X; C*) = Ty.

@ We denote by C, the A-module structure of C defined by ¢: if t € H and
zeC,thent z:=¢(t)z

@ Let us consider the local system of coefficients C, defined on X by £ and
consider its cohomology H*(X; C,); in degree 1 it depends only on G.

@ This cohomology can be computed as follows. Consider the complex of
C-vector spaces defined by C.(X;C¢) := C.(X;C¢) ®a Ce. ltis
isomorphic as (graded) C-vector space with C.(X; C) but the differential
is twisted by . The cohomology of this complex is H*(X; C,).

@ Set gy :={¢ € Ty | dime H'(X; C,) > k}.
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Characteristic varieties

Alternative definition

@ Let ¢ : G — C* be a character. For the space of characters we have

Hom(G; C*) = Hom(H, C*) = Hom(H;(X;Z); C*) = H'(X; C*) = Ty.

We denote by C, the A-module structure of C defined by &: if { € H and
zeC,thent z:=¢(t)z

@ Let us consider the local system of coefficients C, defined on X by £ and
consider its cohomology H*(X; C,); in degree 1 it depends only on G.

@ This cohomology can be computed as follows. Consider the complex of
C-vector spaces defined by C.(X;C¢) := C.(X;C¢) ®a Ce. ltis
isomorphic as (graded) C-vector space with C.(X; C) but the differential
is twisted by . The cohomology of this complex is H*(X; C,).

@ SetYgy = {¢ € Ty | dimc H' (X;C¢) > Kk}

@ With this definition X, x and X¢ x coincide outside 1 € Tx. This is due
to the commutation of the operations cohomology and ®aCe.
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Quasi-adjunction ideals and characteristic varieties

@ There is a similar notion of quasi-adjunction ideals adapted to
characteristic varieties. One possible definition uses the former
quasi-adjunction ideals for non-reduced germs of curves.
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Quasi-adjunction ideals and characteristic varieties

@ There is a similar notion of quasi-adjunction ideals adapted to
characteristic varieties. One possible definition uses the former
quasi-adjunction ideals for non-reduced germs of curves.

@ The Theorem for the computation of the Alexander polynomial without
computing the fundamental group also works in this setting with one
exception. In that case the space which was computed was H' (Xy; C).
which turned out to be equal to H'(Xy; C)c.
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Characteristic varieties

Quasi-adjunction ideals and characteristic varieties

@ There is a similar notion of quasi-adjunction ideals adapted to
characteristic varieties. One possible definition uses the former
quasi-adjunction ideals for non-reduced germs of curves.

@ The Theorem for the computation of the Alexander polynomial without
computing the fundamental group also works in this setting with one
exception. In that case the space which was computed was H' (Xy; C).
which turned out to be equal to H' (Xy; C)c.

@ It is no more the case for characters & which do not ramify at some
irreducible component of C.
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Characteristic varieties

Quasi-adjunction ideals and characteristic varieties

@ There is a similar notion of quasi-adjunction ideals adapted to
characteristic varieties. One possible definition uses the former
quasi-adjunction ideals for non-reduced germs of curves.

@ The Theorem for the computation of the Alexander polynomial without
computing the fundamental group also works in this setting with one
exception. In that case the space which was computed was H'(Xy; C)¢
which turned out to be equal to H' (Xy; C)c.

@ It is no more the case for characters & which do not ramify at some
irreducible component of C.

@ Combining Sakuma’s formula and further properties of characteristic
varieties it is possible to obtain all irreducible components of
characteristic varieties whose generic elements ramify along all the
irreducible components of C.
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Characteristic varieties

Quasi-adjunction ideals and characteristic varieties

@ There is a similar notion of quasi-adjunction ideals adapted to
characteristic varieties. One possible definition uses the former
quasi-adjunction ideals for non-reduced germs of curves.

@ The Theorem for the computation of the Alexander polynomial without
computing the fundamental group also works in this setting with one
exception. In that case the space which was computed was H' (Xy; C).
which turned out to be equal to H' (Xy; C)c.

@ It is no more the case for characters & which do not ramify at some
irreducible component of C.

@ Combining Sakuma’s formula and further properties of characteristic
varieties it is possible to obtain all irreducible components of
characteristic varieties whose generic elements ramify along all the
irreducible components of C.

@ The resonance varieties are subspaces R C H'(X; C); the irreducible
components of the characteristic varieties passing through 1 are
obtained as exp(2imR).
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More computations

oup quartic+conic |
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More computations

Group quartic+conic |

o Gec=(ab|b? = (ab)*)
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Characteristic varieties

More computations

Group quartic+conic |

@ Gc = (a,b| b* = (ab)*)
01#4¢:Ge—Cramt,b—s t's® =1,(t,s) #(1,1)
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More computations

Group quartic+conic |

@ Gc = (a,b| b* = (ab)*)
01+4¢:Ge—Cramt,b—s, t's® =1,(t,s) #(1,1)
©0:C—Cp:(t—1 s—1)=dimkero=1.
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Characteristic varieties

More computations

Group quartic+conic |

@ Gc = (a,b| b* = (ab)*)
01+4¢:Ge—Cramt,b—s, t's® =1,(t,s) #(1,1)
©0:C— Cp:(t—1 s—1)=dimkero=1.

4 4
06:02—>C1:f(% t%—(s—ﬂ)).
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Characteristic varieties

More computations

Group quartic+conic |

@ Gc = (a,b| b* = (ab)*)
01+4¢:Ge—Cramt,b—s, t's® =1,(t,s) #(1,1)
©0:C — Cp:(t—1 s—1)=dimkero=1.

@ 0:C — Cy: (7&2 tuﬁ (S+1))

@ |f we want to have non trivial homology the matrix must vanish: s = —1
and t* = 1. The case (1, —1) cannot be obtained using quasi-adjunction
ideals.

E. Artal Fundamental Group and Braid Monodromy



Characteristic varieties

E. Artal Fu

ental Group and Braid M



Characteristic varieties

Group quartic+conic Il

® Gc = (ab|a(ab)? =[a,b’] =1)
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Group quartic+conic Il

@ Gec = (a,b| &(ab)? =[a b’ =1)
01#4£¢6:Ge—Cramt,b—s, t*'s® =1,(t,s) #(1,1)
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Group quartic+conic Il

@ Gec = (a,b| &(ab)? =[a b’ =1)
01#4£¢:Ge—Cramt,b—s, t*'s® =1,(t,s) £ (1,1)
©0:C—Cp:(t—1 s—1)=dimkero=1.
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Group quartic+conic Il

@ Gec = (a,b| &(ab)? =[a b’ =1)
01#4£¢:Ge—Cramt,b—s, t*'s® =1,(t,s) £ (1,1)
©0:C— Cp:(t—1 s—1)=dimkero=1.

@ 0:C,— Cy:

14k 4 2 4 P 1—¢°
21+ ts) (t—1)(1 +5s)
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Group quartic+conic Il

@ Gc = (a,b| &(ab)® =[a,b*] =1)
01#4£¢:Ge—Cramt,b—s, t*'s® =1,(t,s) £ (1,1)
©0:C— Cp:(t—1 s—1)=dimkero=1.

@ 0: Cz—>C1:

14k 4 2 4 P 1—¢°
21+ ts) (t—1)(1 +5s)

@ |f we want to have non trivial homology the matrix must vanish and this is
not possible.

v
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