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A New Look at an Old Example

Three Approaches to One Problem

C c P?

X::PZ\C
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A New Look at an Old Example

Three Approaches to One Problem

C c P?

X =P2\C
Three approaches:

@ Topological: Braid Monodromy, Fundamental Group, Alexander
Polynomial.
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Three Approaches to One Problem

C c P?

X =P2\C
Three approaches:

@ Topological: Braid Monodromy, Fundamental Group, Alexander
Polynomial.

@ Geometric: Morphisms onto curves (De Franchis).
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Settings and Motivations Three Approaches to One Problem

A New Look at an Old Example

Three Approaches to One Problem

C c P?

X =P2\C
Three approaches:

@ Topological: Braid Monodromy, Fundamental Group, Alexander
Polynomial.

@ Geometric: Morphisms onto curves (De Franchis).
@ Algebraic: Existence of pencils containing C.
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A New Look at an Old Example

A New Look at a Classical Example

Consider C := {F := h5 + h3 = 0} C P? a sextic.
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A New Look at a Classical Example

Consider C := {F := h5 + h3 = 0} C P? a sextic.

@ (X)) =ZoxZzand Ac(t) = 2 — t + 1.
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A New Look at a Classical Example

Consider C := {F := h5 + h3 = 0} C P? a sextic.

@ (X)) =ZoxZzand Ac(t) = 2 — t + 1.
@ X =Py \{[1:—1]}, givenby [x:y: 2] — [h3, H3].
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Orbifold Surfaces

Morphisms onto surfaces (after De Franchis) A Factorization Theorem

Orbifolds and Orbifold Fundamental Groups

Definition (Orbifold)

An orbifold curve Sz is a Riemann surface S with a function
m: S — N whose value is 1 outside a finite number of points. A point
P € S for which m(P) > 1 is called an orbifold point.
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Orbifold Surfaces

Morphisms onto surfaces (after De Franchis) A Factorization Theorem

Orbifolds and Orbifold Fundamental Groups

Definition (Orbifold)

An orbifold curve Sz is a Riemann surface S with a function
m: S — N whose value is 1 outside a finite number of points. A point
P € S for which m(P) > 1 is called an orbifold point.

Definition (Orbifold Fundamental Group)

For an orbifold Sz, let Py, ..., P, be the orbifold points,
m; == m(P;) > 1. Then, the orbifold fundamental group of Sz is

7 (Sm) 1= m(S\{P1,..., Pa})/{u] = 1),

where ; is a meridian of P;. We will denote Sz simply by Sp,....m,.
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Orbifold Surfaces

Morphisms onto surfaces (after De Franchis) A B TEaa

Orbifold Morphisms

Definition

A dominant algebraic morphism ¢ : X — S defines an orbifold
morphism X — Sg, if for all P € S, the divisor ©*(P) is a
m(P)-multiple.
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Orbifold Surfaces

Morphisms onto surfaces (after De Franchis) A B TEaa

Orbifold Morphisms

Definition

A dominant algebraic morphism ¢ : X — S defines an orbifold
morphism X — Sg, if for all P € S, the divisor ©*(P) is a
m(P)-multiple.

Proposition ([1, Proposition 1.5])

Letp: X — S define an orbifold morphism X — Sz. Then ¢ induces
a morphism o, : m(X) — 7°(Sp).

Moreover, if the generic fiber is connected, then . is surjective.

J.I. Cogolludo-Agustin Torus Type Curves and Quasi-Toric Relations



Orbifold Surfaces
A Factorization Theorem

Morphisms onto surfaces (after De Franchis)

Applications

Consider F equation of Cg g in Zariski's Example. Since F fits in a
functional equation of type

h+h3+F =0, (1)
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Morphisms onto surfaces (after De Franchis) gyggs!Sriizzzﬁeﬁheorem

Applications

Example
Consider F equation of Cg g in Zariski's Example. Since F fits in a
functional equation of type

h+h3+F =0, (1)

Then (1) induces a rational map

Q: P2 = P!
x:y:2) — [h3:H
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Orbifold Surfaces

Morphisms onto surfaces (after De Franchis) A B TEaa

Applications

Example

Consider F equation of Cg g in Zariski's Example. Since F fits in a
functional equation of type

W+ h+F=0, (1)
Then (1) induces a morphism
QP P2 - p!

such that p = poe.
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Js and Motivations Orbifold Surfaces

A Factorization Theorem

Applications

Consider F equation of Cg g in Zariski's Example. Since F fits in a
functional equation of type

W+ h+F=0, (1)
@ Qlpe\¢ has two multiple fibers (over [0 : 1], [1 : 0]).
@ m([0:1])=2,m([1:0]) =3

@ One has an orbifold morphism @23 : P2\ € — P34\ {[1 : —1]}.
@ Since the pencil is primitive, there is an epimorphism

P23 m(P2\ C) — ™ (P \ {[1: —1]}) = Zz * Zs.
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Orbifold Surfaces

Morphisms onto A Factorization Theorem

Pen

Applications

In general, suppose F fits in a functional equation of type

Fih} + Fahi + Fshy =0, (2

@ Then (2) induces a morphism & : P2 — P given by

o([x 1y : 2]) = [FH): Rh].
@ Qlp2\¢ has three multiple fibers (over [0 : 1], [1 : 0], and [1 : —1]).
@ m([0:1])=p, m([1:0]) =g, and m([1 : =1]) =r.
@ One has an orbifold morphism

Pp,q.r - P2 \C— IP);),q,r \ @({F1F2F3 = 0}).
@ If the pencil is primitive, there is an epimorphism

alp * g

Gp.ar i m(PP\C) = my°(Ph . \ $({F1F2F3 = 0})) = By
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Orbifold Surfaces

Morphisms onto surfaces (after De Franchis) A B TEaa

Another Application

The number of multiple members in a (primitive) pencil of plane
curves (with no base components) is at most two.
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Functional Relation F1h} + Foh] + F3hl =0

Definition
A curve C := {F = 0} satisfies a quasi-toric relation of type (p, q, r) if
there exist homogeneous polynomials hy, ho, hs € C [x, y, z] such that

Fih} + Fahi + Fshy =0,

where Fq, F», F3 are homogeneous polynomials and
{F1F2F3 =0} =C.
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Main Theorem

Theorem (—, Libgober [3])

LetC = {F = 0} be a (possibly non-reduced) curve with simple
singularities.
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Main Theorem

Theorem (—, Libgober [3])

LetC = {F = 0} be a (possibly non-reduced) curve with simple
singularities.

Then the following statements are equivalent:

@ The Alexander polynomial Ac .(t) has a primitive root & of order
3 (resp. 4, 6) as a zero.
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Main Theorem

Theorem (—, Libgober [3])

LetC = {F = 0} be a (possibly non-reduced) curve with simple
singularities.

Then the following statements are equivalent:

@ The Alexander polynomial A¢ .(t) has a primitive root ¢ of order
3 (resp. 4, 6) as a zero.

Q There exists an orbifold morphism ¢ : X — P} 5 5 (resp.
p: X — [P’;AA o X — P;,S,e)-
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Main Theorem

Theorem (—, Libgober [3])

LetC = {F = 0} be a (possibly non-reduced) curve with simple
singularities.
Then the following statements are equivalent:

@ The Alexander polynomial A¢ .(t) has a primitive root ¢ of order
3 (resp. 4, 6) as a zero.

© There exists an orbifold morphism ¢ : X — IP;7373 (resp.
p: X— IE";A’4 p: X — P;,s,e)'

© The polynomial F fits in a quasi-toric relation of type (3, 3, 3)
(resp. (2,4,4), (2,3,6)).
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Main Theorem

Theorem (—, Libgober [3])

LetC = {F = 0} be a (possibly non-reduced) curve with simple
singularities.
Then the following statements are equivalent:

@ The Alexander polynomial A¢ .(t) has a primitive root ¢ of order
3 (resp. 4, 6) as a zero.

© There exists an orbifold morphism ¢ : X — IP;7373 (resp.
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Main Theorem

Theorem (—, Libgober [3])

LetC = {F = 0} be a (possibly non-reduced) curve with simple
singularities.
Then the following statements are equivalent:

@ The Alexander polynomial A¢ .(t) has a primitive root ¢ of order
3 (resp. 4, 6) as a zero.

© There exists an orbifold morphism ¢ : X — IP;7373 (resp.
p: X— P;AA p: X — P;,s,e)'

© The polynomial F fits in a quasi-toric relation of type (3, 3, 3)
(resp. (2,4,4), (2,3,6)).

Moreover, the set of quasi-toric relations of type (3, 3,3) (resp.
(2,4,4), (2,3,6)) has a group structure, whose rank is twice the
multiplicity of £ as a root of A¢ ().
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Examples

Since the 6-cuspidal sextic Cs g is such that: Ac, () = (2 — t + 1),
the decomposition F = f2 + £3 the only primitive one.
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Examples

Since the 6-cuspidal sextic Cs g is such that: Ac, () = (2 — t + 1),
the decomposition F = f2 + £3 the only primitive one.
o Note that there is an infinite number of decompositions of F !!!
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Examples

Example

Since the 6-cuspidal sextic Cs g is such that: Ac, () = (2 — t + 1),
the decomposition F = f2 + £3 the only primitive one.
e For example, consider

hy=x34+y%+28
ho = zx — y?
F = —(x®+2x3y3 + 3x32% — 3x2y222 + 3xzy* + 28 + 2)37%)

one can check that
W+ h+F=0.
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Examples

Since the 6-cuspidal sextic Cs g is such that: Ac, () = (2 — t + 1),
the decomposition F = f2 + 3 the only primitive one.
e But also, if one considers

hy = 25x°2% —27x%y22% 4+ 27xzy* — y® + 8x% + 16x%y° + 16y°2% + 82°

hy = —(8x"—y'?4+82'2+297x%y%2% — 108x2y22° — 108x%y? 2>
+621x4y*z* + 12x8y8 + 147x°2% 4+ 12825 + 68x°2° — 40)°x®
—40y°2% + 682°x% + 168x°y%Z® — 216x°y° 22 — 378x°y?7°
—216x2y°2° — 480y°x%Z® + 1682°x%y°® + 32x°y° 4 322°%)°
—54xzy'0 + 108x” zy* + 216x*zy” + 216xz*y” + 108xz y*)

hs = 2 +y3+2%

then _ y y
P2+ h3+ Fh§ =0.
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Main Theorem
Examples

Pencils and Quasi-toric relations The Group Law on Quasi-Toric Relations of Type (2, 3, 6)
A Bound on the Degree of the Alexander Polynomial

@ Consider the tricuspical quartic:
Caz:={Ca3 = x2y? + y222 + 22x% — 2xyz(x + y + z) = 0},

Fghg =0
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Functional Relation F; hﬁ) + thg + Fghf =0
Main Theorem
Examples

Pencils and Quasi-toric relations The Group Law on Quasi-Toric Relations of Type (2, 3, 6)
A Bound on the Degree of the Alexander Polynomial

@ Consider the tricuspical quartic:
Cag = {Caz = X2y% + Y222 + 22X% — 2xyz(x + y + 2) = O},
@ and its bitangent: ¢y := {Lo = x + y + z = 0}.
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Functional Relation F; hﬁ) + thg + Fghf =0
Main Theorem
Examples

Pencils and Quasi-toric relations The Group Law on Quasi-Toric Relations of Type (2, 3, 6)
A Bound on the Degree of the Alexander Polynomial

@ Consider the tricuspical quartic:

Cag = {Cas = X2y2 + y222 + 22X2 — 2xyz(x + y + 2) = O},
@ and its bitangent: ¢y := {Lo = x + y + z = 0}.
@ The bitangent points: P :=[1 : w3 : wi] and Q := [1 : w5 : wg],
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Functional Relation F; hﬁ) + thg + Fghf =0
Main Theorem
Examples

Pencils and Quasi-toric relations The Group Law on Quasi-Toric Relations of Type (2, 3, 6)
A Bound on the Degree of the Alexander Polynomial

@ Consider the tricuspical quartic:
Cag = {Caz = X2y% + Y222 + 22X% — 2xyz(x + y + 2) = O},
@ and its bitangent: ¢y := {Lo = x + y + z = 0}.
@ The bitangent points: P :=[1 : w3 : wi] and Q := [1 : w5 : wg],
@ andthecusps: Ry =[1:0:0],R2=[0:1:0], R3=[0:0:1].
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Functional Relation F; hﬁ) + thg + Fghf =0
Main Theorem
Examples

Pencils and Quasi-toric relations The Group Law on Quasi-Toric Relations of Type (2, 3, 6)
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@ Consider the tricuspical quartic:

Cag = {Cas = X2y2 + y222 + 22X2 — 2xyz(x + y + 2) = O},
@ and its bitangent: ¢y := {Lo = x + y + z = 0}.
@ The bitangent points: P :=[1 : w3 : wi] and Q := [1 : w5 : wg],
@ andthecusps: Ry =[1:0:0],R2=[0:1:0], R3=[0:0:1].
@ Take F := Cs3l3, then Ap = (2 — t +1)2.
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Functional Relation F; hﬁ) + thg + Fghf =0
Main Theorem
Examples
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@ Consider the tricuspical quartic:

Cag = {Cas = X2y2 + y222 + 22X2 — 2xyz(x + y + 2) = O},
@ and its bitangent: ¢y := {Lo = x + y + z = 0}.
@ The bitangent points: P :=[1 : w3 : wi] and Q := [1 : w5 : wg],
@ andthecusps: Ry =[1:0:0],R2=[0:1:0], R3=[0:0:1].
© Take F := Cs3l3, then Ap = (12 — t +1)2.
@ {quasi-toric relations of F} = (Z @ weZ)?,
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@ Consider the tricuspical quartic:
Cag = {Cas = X2y2 + y222 + 22X2 — 2xyz(x + y + 2) = O},
@ and its bitangent: ¢y := {Lo = x + y + z = 0}.
@ The bitangent points: P :=[1 : w3 : wi] and Q := [1 : w5 : wg],
@ andthecusps: Ry =[1:0:0],R2=[0:1:0], R3=[0:0:1].
© Take F := Cs3l3, then Ap = (12 — t +1)2.
@ {quasi-toric relations of F} = (Z @ weZ)?,
@ generated by:

01 = C473L2 = 4CS T Cg
O = C4,3[_2 = 402 I C%

where C, := zxX + wzyz — (1 + w3)Xy,
Cs == (X®y — X2z — y2x — 3(1 + 2w3)xyz + y?z + 22x — yZ?),
Co(x,y,z) = Ca(x,2,y),and Cz(x,y, z) := C3(x, 2, y).

v
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Examples

F=(y®—2%)(28 — x®)(x® — y3), C := {F = 0}, then
Ac(t) = (2 +t+1)2(t—1)8.
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Examples

Example

F=(y®—2%)(28 — x®)(x® — y3), C := {F = 0}, then

Ac(t) = (2 +t+1)2(t—1)8.

By the Main Theorem, F fits in a quasi-toric relation of elliptic type
(3,8,3):
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Examples

Example

F=(y®—2%)(28 — x®)(x® — y3), C := {F = 0}, then

Ac(t) = (2 +t+1)2(t—1)8.

By the Main Theorem, F fits in a quasi-toric relation of elliptic type
(3,8,3):

PP -2+ 3 (B -+ PP -y =0. (3)
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Example

F=(y®—2%)(28 — x®)(x® — y3), C := {F = 0}, then

Ac(t) = (2 +t+1)2(t—1)8.

By the Main Theorem, F fits in a quasi-toric relation of elliptic type
(3,8,3):

PP -2+ 3 (B -+ PP -y =0. (3)

However, there should exist another relation independent from (3) of
type

Fi03 4+ Fol3 + F33 = 0. (4)

v
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...and sure enough, one can check that if:

Fi=(y —wiz)(z — wit ' x)(x — wit?y), i=1,2,3,
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Examples

...and sure enough, one can check that if:

Fi=(y —wiz)(z — wit ' x)(x — wit?y), i=1,2,3,

and
6 = (w3 — W)X + (w3 — W)y + (W5 — 1)z,
by = (w3 — w5)Z + (w3 — W)X + (w5 — 1)y,
3 = (w3 — i)Yy + (w3 — wh)Z + (w5 — 1)x.

J.I. Cogolludo-Agustin Torus Type Curves and Quasi-Toric Relations



Functional Relation F; /77 + thg + Fghf =0
Main Theorem
Examples
Pencils and Quasi-toric relations The Group Law on Quasi-Toric Relations of Type (2, 3, 6)
A Bound on the Degree of the Alexander Polynomial

Examples

...and sure enough, one can check that if:

Fi=(y —wiz)(z — wit ' x)(x — wit?y), i=1,2,3,

and
ly = (w3 — wg)X + (w3 — wg)y—f— (w§ —1)z,
by = (w3 — w5)Z + (w3 — wi)X + (w5 — 1)y,
l3 = (w3 — w§)y + (ws — w§)Z + (W — 1)x.
then

Fi63 + Fol3 + F363 = 0. )
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Fore = (2,1) one has Ac (1) = (t — 1)(£? + 1).
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Fore = (2,1) one has Ac .(t) = (t — 1)(t? + 1). There exists an
elliptic relation of type (2,4, 4).

B+Ca+04=0
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Fore = (2,1) one has Ac .(t) = (t — 1)(t? + 1). There exists an
elliptic relation of type (2,4, 4).

€$+C4+€24 =0
1(X)

Vo1,V o (=1,v=T)
V=1 - (=1,—v=1)
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The Group Law on Quasi-Toric Relations

Consider the relation

Fih2 + Foh3 + FahS = 0. J
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The Group Law on Quasi-Toric Relations

For simplicity we assume F; = F, = 1
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The Group Law on Quasi-Toric Relations

For simplicity we assume F; = F, = 1

P2 4 13+ Fyh§ =0, )
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The Group Law on Quasi-Toric Relations

Which is equivalent to
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The Group Law on Quasi-Toric Relations

wC+vi=F J
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The Group Law on Quasi-Toric Relations

wC+vi=F J

@ Consider Ey := {(u,v) € C(x,y) | t? + v® = F(x,y)} as an
elliptic curve over C(x, y).
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The Group Law on Quasi-Toric Relations

wC+vi=F J

@ Consider Ey := {(u,v) € C(x,y) | t? + v® = F(x,y)} as an
elliptic curve over C(x, y).
@ Note that j(Ep) = 0.

J.I. Cogolludo-Agustin Torus Type Curves and Quasi-Toric Relations



Functional Relation F; /77 + thg + Fghf =0
Main Theorem

Examples
Pencils and Quasi-toric relations The Group Law on Quasi-Toric Relations of Type (2, 3, 6)

A Bound on the Degree of the Alexander Polynomial
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wC+vi=F J

@ Consider Ey := {(u,v) € C(x,y) | t? + v® = F(x,y)} as an
elliptic curve over C(x, y).

@ Note that j(Ep) = 0.

@ E; is the only elliptic curve with an order 6 action we.
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The Group Law on Quasi-Toric Relations

wC+vi=F J

@ Consider Ey := {(u,v) € C(x,y) | t? + v® = F(x,y)} as an
elliptic curve over C(x, y).

@ Note that j(Ep) = 0.

@ E; is the only elliptic curve with an order 6 action we.

@ Given P = (u, V) € Ey, then wgP = (—u,wsV).
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wC+vi=F J

@ Consider Ey := {(u,v) € C(x,y) | t? + v® = F(x,y)} as an
elliptic curve over C(x, y).

@ Note that j(Ep) = 0.

@ E; is the only elliptic curve with an order 6 action we.

@ Given P = (u, V) € Ey, then wgP = (—u,wsV).

@ Also

op — _ 8u* 4 27v8 + 36128 7u8u2 +9v®
B 8us ’ 4u?
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The Group Law on Quasi-Toric Relations

wC+vi=F J

@ Consider Ey := {(u,v) € C(x,y) | t? + v® = F(x,y)} as an
elliptic curve over C(x, y).

@ Note that j(Ep) = 0.

@ E; is the only elliptic curve with an order 6 action we.

@ Given P = (u, V) € Ey, then wgP = (—u,wsV).

@ Also

op — _ 8u* 4 27v8 + 36128 7u8u2 +9v®
B 8us ’ 4u?

Given two points Py = (uy, v1), P> = (U2, Vo) € Ep, then

Bviva(ugvp — upvy) + (ug — Up)(uyup — 3F) VEvp + vy V5 + 2uqup — 2’:)

Py+Py= ,
( (vy — w)8 (v — vp)?
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A Bound on the Degree of the Alexander Polynomial

Theorem (-,Libgober)

The degree of the Alexander polynomial of an irreducible curve C of
degree d, whose singularities are only nodes and cusps satisfies:

deg Ac(t) < %d —4.
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