Invo\rian'f' orclering of groups and

low= dimensional Topo'ogy L

orc\erin3 ot groups ard exdmples

Te'l'suyq Ito (RIMS)

Bronched Coverings, Degenerations, and Reloted Topies 201¢



$T-1 ®

De'ﬂni"'ior\ \ |
A binary relu'hon < on a set X s o l;ayT;a\ on\ey;hj
* ( mﬂexivify) A= QO for aoll aeX

* (Anﬂsymme'l'ry) O0<b od bSO © a=h
* (Tmns‘\‘hvﬁy) s b and bgc D Q< C

< is o Tolal ordering (smply ordering)
if O<b o bfa  hilds for ol a.beX

(ie.  every Pqir of elemenTs a.b eXx.



NoTion of on:le.rins IS %ui-re ubi%u""'ous ancl 'Fur\tlomen'\'al @

+ order on L,R.R LR
(ihe%uah‘t)r in dhcl)vSis)

!
¢« Zorns |lemma

. AsrmPoTics (suff'\cienﬂy lovge /small _ et )

[Object of the series of olks |

ToTal orclerinj on &  group G

relafed o

A%

@ Low“dimensionol Toeoloaz

. One'dimens}onul clynamics
o Combinu‘foria, /G'eome'l'ric, group Theor) and more ..



definition ®

G‘ : group , <Cr . total orc\erin3 on (r

<g is a le'l:‘l“orclering (resF. righT'orclerinJ)

def
< Q<Crb = 9a<cr3‘> for oll 9.0,.beG

(. O<eb = 09 <, by 3 )

If < is both left-and right- orcleriqg ’
<G is a bi - ordering .
def

G‘ K L_O <le'H"orc]e.rGHe) g (J' admits o leﬁ‘ordering

G IS BO (bi‘orc'eralz»le) fdi? G‘ odm\Ts o bi 'orderins



- L0 /Ro growp has various properties,

Lemmo\

DG is LO = G is Torsion-Tree

(ii) CJ‘ is LO = G'roup r'mg ZICT hos no zero'divisor,
Gi) G is BO = G hos the unique roct property
9"=h" =D J=h VYoheq

SR L
e <63 <G l <'Gr3 <68 <G‘ 9 <G| e

i) X WM

(Z CL 9»)(2 0(5 hJ) = Z(C*O(J) (31\ hJ) IOo'< ot <&~ mimmum Term
ameng {95 h_ﬁ .

(i) 3<G'h > 92<&3h <Grh2
. Y <gh'



$T-2 Emmple of orcle,rin3 (1)

2
orcle I"lm ohn Z

View an C RZ)

1 ?
for re S <R , consider the line
Lr Connec'l'inj O ad I

Lr- orﬂ\gonql Projec'hon

def
-4, 1) <, 4,1) A<rb & L) <K



o If ' is anirratienal point @
<r def\nes BO of 'Z2 (m’lllz Is injecTive.)

. I‘F \’ is o raTional Poin"‘
<\’ is not o To't'o.l orclering.

L Or\ Q,\'\TQC'. (Wg hQVQ '
,-—I" ; orThgoml [ine Two  choices )

Then mocl‘-fy the definition of < o

A <r b
def ICr (Q) < T[\'(b)
@ |

oYy

L (Q) = TCe(h)
TELr (0) < 7[;-'- (ID)

(4)‘ ’) <\" (_\; 4-)



Conclusion

'Zz hos uncoun'roblz many b]‘orderings

1
r € S irraTiona

I

quome'l‘HZecl byr {
F o1t} € $'x {2} rafonal
( "’ b)’ ih'\'rocluc,ina a nhoTion of “SPO\CQ O'F Ol'del’iF\3S !
we can Soy thaT  the modul; = Space of orderin 9s
1S horneomorphic Yo the CanTor sej',

"[FO«CT:\ (Linnell “11) W

The Cordinql of the set of ,e.'ﬁ'orclerings 13
_ either  Finite  or  uncounTable y




_o_rderinlof Fr\

Fos (X Xn)  Tree growp of rank

Sion
MO«&I’MS expansi Non = commutaTive

@ .. Fr\ c__ Z((X\)...,Xn» Tormal Power series

v ) we, KX # XJXA
X, - 1 + XA'
',‘1 \ S - . 2 _ 3 = 1
X5 - L= Xt X0=Xit o E9i)
Write
1 Z CA; 9) XMXAz XAk
Ny

L

coef'f'.den'\' of the Mognus expansson



def'me. The Magm»\s oche,ring <M l:y @
def
‘F <M 3 @ { C}\l,"',i\k(f)} < {CAL."‘AK (3)}'

with respec‘l' o the ’Qx'ncogmphkul orclen‘n3

degr;e
example.

-F'-' Iu‘Xz ) 3:13114

:‘--- - -mee,

@H:): ' "'X\ "' X'z';"' X|X:
®©) = | + X 0k VXX, * XXk

- W W e

same, sSame.

> f<u 9



§

. 3

Le.‘H‘ B ordering and Dyrnmics

- heo remW‘

Gr . countable group
G is Lo = GC HomecT (R) |

I

e, G‘ 'F'oiuThfuny ocls on IR as

orientotion- preserving Pbmeomorphim.

‘\\Q\

ConsTruction of orclel'ing of G

Construction

1[,\ e%ui\)a\enT

of oction on IIR



[Fr‘oof] @
(& Foithful oction to ordering)

Ta\(e an env\mem'l'ion {io,"wzm"'} of @CfR
Given G ﬂ lR , c,e‘fine

9<h & | 3(%elh(Es), +, I(%n) = h($n-)
| 79(8) < h(%)

X3 ComPQre the ima 9es of {8(%)&)} G“J {h(%*)}

or some M

+ orienTation preserving = < s a left - invariant relotion

@CR is dense

action is homeomorphism

= < s o Tolal ordering.



@

(=> ordering To 'FO\\-‘."\'FV\I O\C.-hon)

Take an  envmeralion {9",“‘ \f of G
We construct orcler‘Preservinj in Jection (as o S@T,nﬁ G\’Oup)

1 (G',<er) (R <)

By (%1) 1(%) = ©
i is defined on 190,90}

\ 1(9,0) - 1 if Smin‘mini%,---ﬁhq} % b
1(9n) = 1 (9Mo«) + 1 i 8MN="W{90,---,SN-\}<&3|1

-.2l_ (1(3"\)*1(9?’\)) if 9m< 9“<9M
on i sofisties  Im 9,\ 9
Then GG exTend s (ond ro 3 sifis o M)

(%2)

m .
6\' () |R s orienTaTion'PrCSGW\V\j homeo.



(S
chemaTic Pid‘u
re)
G,

)
G N
IR
:.LQ,I <a
. p 1P 0 S
) N 9
(% —— *——0- t‘) ——
Gn<& "<
EQX o."-o,,_a_ 1<G 9 <%
G‘i Tord .- o ,<°' i
m fl'i' Do 9
....-,...>
‘ N
iy 1 1 3
109) - - - )
| -
(IR
, <)



There are VArious l’e'a\'l'ions be‘l‘ween @

algebr‘qic Pm’JerT7 of orclevinjs and Cl)ﬂamica' Pkopevl} o‘F oc-Tion.

AAAARAAANNAS NN

on\mpl e

——-ﬁ_heorem (Holder's fheoremﬂ
G odmits an Archimedian orderi hy

(1<9.9" > NeZ 9<g")
& G odmts o Toithful, free action on R
& G cR o as group D




Tdea- Sketth of Roof |

We anstimet order- preserving  injection 1. G R
so that it s a komeomorph'sm

"l'qke Iaﬂ e G‘ : wWe wuse ‘Z\ <3> C IR a5 a “measure '
* define © 1(9") -
. observe - %R %ﬂmsmwh&M4uwk4

o define f(h)e'z o thet 3 < h. 3J°G\)*1
PCh) = " opprovimatin” of {
n
T(h): fim D

N-o N is  well-defined "lOI'homorPhism.




$I-4 Example of orderin3 (2)

s

/S\\:(‘ZJ"R) C_ Homeo*(st) < Hom:t; (,R)
universal - ; Iift & §=|R

cover

Y Vi 1
SL(2:R) < Homeo (S)
( SL@2:R) N {line in R passing 0} 2= §% )
L  Lie group ?I:QJIR) is LO

(No“e.'. Most  algebraic group A Homeo+(31))
(lattice of )



XS, - OEED
=~

Homeo
MCG(Zg,4) = “::23";’23»‘ '-F,'az - }J’}/isﬁopy

viewinj 2 Qas l'lyPerbo’ic, surfa(e,

N

2! C H-'l2 - isomeTric

% C H—| U Sw CDMPac.tficoTion
2,

$:2—T ity $:.3—F
ond extends




kz FQC."', = .i.‘: ¢/\/ ‘YA
: ' az_ch Y'gZ"C homo'foP'at

\omeo(9§ ) Hom:o(R)
LO

- P _
\‘-..' MCG aotion on 92

— |

T acTion on

9erms of 9eode5ics.




Def
A left-ordering from  MCG (L 92 -C =R is called
(Nielsen')ThursTon 1'7?9. Ordeving.

example (Dehorno7 orc\erirm

dQ.'F R | +\ <+
O(<p$ — O(‘F is wntten as o wonl over{dx,o.im,“;dl;"}

with ot least one Oi , Tor some A

* (Dehorno); 'q‘f) <p is a ,eff‘orc’ering (highly nor Trivial '.)

Fenn- Grreene™ Rowkee.
. ( ~Rofsen- Wiest 49| <y is o special one of ThursTon Type ordering,
Short - Wiest ‘00



$I-5 Alsebraic method fo construct orderings @
D Quotient

XCG' 1S conve x W'lﬂ'\ resPec'l' ™ an or'clel'ina <G,

def ,
@ 3(56.356'1 x.x‘e X = Sex

J €G
X
x'o Q\x'
- QO PQ -----—=-rm== D
N (&.<e)
X

For o comvex normal subgroup NcG

% o left ordering <%



def @
QuoTient orderinj <%

(Q,b €G:
aN <% bN fl? 0<s b representotive of aoseT)

oN

N

A s well- defined and (ltﬁ; 0""'!2’5’3 i'F SO s <Gr



@ Extension

1 SN Kc___) G _75_» |-\_.. ]. 3rov«‘> extension
Ker ¢

2-1 Cons'f'ru\c'l'ion o'f /e_f‘t orclering

<k ! le.\c'l"ordering of k
<|..| . IQ'F"' 'orcler‘mg 0'F l—\

De\c‘me / ¢( << ’
J<czd & 3 or P(9)

?(9) = ¢(9)

-1_.7

[ <« 39
Then <& is o left 'orclering on O



2-2| Construction of Ei"orclering . | ®
<k |~ ordering of K
<u: bi"orclerina of H
Assume That <k s G“conjugacy invariont !
k < k' > 3|<3-'<k 9|<,3" for all 3e(¢,l<,l<'ek_
Then <g is o bi-ordering on &

[ri ht 'invariomce] e pem———y ¢(3 3") < ' q*
] , L HA<A) H¢<3 J°)

d <a. J .y o Ll

. dEsew  (99) (9'9)

i, - 7]
"""" > 9 (979)9 >, 1



3T-6 Burus-Hole Theorem

A Theorem |
Gr © 9roup
F for every finiTe'y 3e.nem'|'ed subgroup Heg

admils a Surjecf’uon SZ,S_‘: —» LH
o o LO group G, G s [_0 }

L

exqmple Corollary

dof
CJ’ 1S IOCC\Hy 'f“l‘CGHQ & HCG‘ fin. gen. sul:group

H—>
Local\y indicable = LLO



@9
(idea- sketch of Pr'oof)

ASS\AI'DQ. G' is hot LO
‘ hon™ LO ‘F‘m'\Te|7 SeneraTeJ su':groul; H S(:[

Toke  minimum
By hypothesis 3¢H: H —-»LH (LH . Lo)

Ay
Ker A
“minim«h‘fy" o\ssumFT'.on of H = K is LO
group exfension consTruction =5 H i« LO

V2
Controdiction



lCoro“O\l"l_

G+*H is LO < Both Gad H are L0

[ Remark
Ama ‘Samm'\'ecl Pl’oduc't Cose

| Boﬁ\ G‘ ancl H are LO

G"X‘A H 1S LO @ +
additional (pr'icc\"'ed)

compa: bl'if), condition g



