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"1. MOTivo«T’ur\a @uesT‘.ons

Geometrization Theorem (Ferelman)

\

The TOPOIOS?' O'F 3'man\fo|d M s
('m mosT coses) de'\'erminecl 197 7[1(M)

(Geometiic)  Group  Theory (of T.(M)

Active

recent| y

(Cluss‘.cql)

( Mlgebraic /Geometric) Topolog y (of M)



. ®
example (& s eosy . bl = is hon""r’\v‘\al)

* LM = LIN)*LIN) & M=N#N’

(kneser)

3
Z‘Pq m;(M) S M s Seifert T bered
( Normal cyelic Subgroup)

(Se‘nfer‘? fiberd space conjectiare )

[E\(M), I\(M)} IS & M s a S(é\rf&(e bW\c“e
i n\'\'el Y swem'l'e.cl over S |
(Case HM) 27, ) ( Stallnge)

and  wmore . .



\/"Mo‘l'wo.'l'.‘na guesTion
WI’\O\T P\’OPerTy of M s reflected

,)7 orderab | uTy /O - dering of TL (M) ?

e, (¢
orcler‘mg > FI'OPQFTy
of 7\'.'.\ (M) N - o‘f M
?

Gn-ovx‘; Theor7 Side %Po|037 side

\



$T-2 Boyer‘Ro'Fsen"Wies'l‘ Theorem ®

Theorem (Boyer ~Rolfsen Wiest ‘05)
M : comPac'l', irreducible 3-monifold

7[.(M) ie 10 & asurjec.'hon ¢TL(M)__»G_
Tor some LO group G- |

S

This is @ refinemen‘r of

r~—‘ Theorem ( Burns - Ho«le)

for_every finifely generofed sobarmw H
A G"'WF G LO & ElSmr‘]ec‘l‘um ¢H: H———))LH

| 'FO\" some LO growp LH .




c.t.

.

Theorem ( Howie '82ﬂ

M compod, irreducib

e 3 monifold

[\(M) is ,ocaﬂy inclico\|>

2B H—>»7,

e é-'—'} aSwjecTion E(M)—»Z

(i.e. “VHe (M, f'm'.Tely 3enemTed)

In C‘)'f\ﬂr".'cs "'“3"‘“33, B-R-W Theorem soys ,
LIMAR < TMAR

'FO\\T"\'EV\ Il 7 Non

- TﬂV‘m"y




[ Proot of B-R-W Theorem) ®
H c TL(M) ‘Fin'|1‘e|7 generofed subgrowp

LO. non trivial
CoseIL| [Mm(M):H]: o
T g — M Covering associoted o H
[[.(M)ZH] RN S p\ is  not comlmc.'l‘ H

SCOTTW \
-  XcM

compw.'\' submanifold TL\)()Q‘]L(?U



M s irredacble
$

Filled M
X hO\s non" e.mp‘fy bounclo\ry.

. N 3
M is irreducible ~ M s irreducible

So SFhe.re Lowncm? can be Tilled l>7 balls
(without changing TL(X) . )

— X is comrncT 3-manifold with V\on'srhere |>ounc|o\7
— bzl —  WN—> T

s



{@rollgzzl
If Mis net QHS K T(M) is LO.

RCMG\"( .

* B-R-W Theorem (Bums=Hale Theorem) on'y Tells
abstroct existence of ,ef'l"orc,ering‘

. expl‘\c.’d' ( more concrefely defined , easy To coleulate - +)
examples of lewc'l"orderings on 3 manifold growp

are less known .
(except several simple cases eq. Tibered case )



§_U_ - 3 Ol’(‘e\’ab\ H‘7 Criterion

By B-R-W Theorem N -T'
TM:G « Lo & 9 G — Homes (R) ™" tivial

HOW\Q:(R) T3 Vel'y blj cma "\ord To 'h*eq"’ algebfmim”x
ﬁ(ZJR) . much familar , easier To Treot Glgebm\cn”y‘
L

SL(ZR) cSL(2:C) : well- studied in 3-dim 13(90'037

"ﬁeﬂne& Question. |-

( Culles~ Shalen theay, Lylmhhc Jeometry )

——

3
IL, (M) E— /S\L/(ZIR ) nowtrivial f




(Rev\ew'o‘F Dehn Surgery)

Kc 53 . knot
JQ. ﬁong'u'l‘ude of k

M. meridion of k

For . P
o r:=lgeQu {oo - %_}
Slo,)e r Dehn Surgery alonj K

Mk(r) = (53" N(K))U (Sohd Torus)
3luec| S%H-curve ﬁngcaN(k) bounds o C’iSC.



exam R'e ( Boyer = Govdon~ Wotson 13)

K = (93 (Figure eight knot) G= (S\ K)
3 1- por mefer Tami ly of representalion
R: G — SL(ZR) defined Sé[ﬁi‘ﬁ. oo}

Consider Dehn surgery Mk(k) .
nl(MkU‘)) = %"i"gl

S0 G —— T(Mn)
Al P e R
L‘
SL@R) : Algebraic oF S

equ afions



By CoumTmT.on /05' TG ( Mk(r)) —> SL(Z2:R) exists @
& relo4)
3 /7 /S\[ (2R) < Home.: (R)

Iift 2 univ.
It cover
0 (M) — SL(ZR) < Homeo' (sh
s' o~
By compulhon £l hety = P TL(M) —SL (ZR)
lConclus'eon LO Jrovt

=
(M) is LO f reflo.4)



[Sv«mmwy for  SL(2;R) - representalion method ]

Step 1 Find /mmmm representation

R: m($-K)—> s (2R)
( This s clo\ne |>7 So,v\‘hs algebmic egmhons)

STeE'Z. Br%-re@ _ Pind and  check
2S : paramefer R (MP,Q") =1
(This also done 57 solving  alyebraic eguaTions)
SMep3.  Check R’ T(Mk(W)> SL(ZR)
adm‘fts QA hff F):: 7[|(Mk("'))——) 5\]_/(2,*)

(Th;s Feguire some addi Hional orgument /compu'\'ﬂwhs D)
Hokowoto: Teroga'-‘l'o, Tan . (and wove) . ..



§ 4‘ Cons'l‘md'ion of P\c'\"\on on [R
— Relotion To Toliahon

'TE‘:Y ideo - Wbl Tol\ahon ":
We wont non~ Trivial action T (M) ®) IR
We hove ’ T(MNAM

v
In many cages, M= R?

EE(M)'Q%M'IVQV'lQNT SPI‘.‘I‘I‘.ng p\l = fRS = fR X

Decom‘)ose M ( ‘f3dim) 0s (1‘d'mﬂ x (Q'J‘m\)
(Codim 1) Fol'm'\"\:n ‘\S'\ould ! appear .

universal COVeJ

R* 7



exam Ple . @

Fol‘\ofr‘.on f is ’R‘Coverecl

def A ~
& FRrolift & ( Bhation on the universal covering M)
[eot spoce P[/? H%;QofR

@X. M is o surfoe bundle over Stl . I M'—_) Si ,'Qaf‘ﬁbe»—




so

T[\(M) () ﬁ .‘“AV\CQS ":\(M) n ﬁ/?’
L} B‘R‘W n\eol"em

Tl'\eorem

G

M admits « co-oriented R- covered foliation

= m\(M) s LO

More generally

r‘

E"\eorem ( Forrell 76 (cf. Avel-Cloy 12) ) |

M ° closed (not r\ecessmi|7 3-dim) manito

3 R'covere(\ FoluaTion cﬁ on M x /R sl
M pr.L— M s covering %or eoch leaf
X

E\(M) is L0 &

Gi) ale.o\f ofF § =

\d

(s M <MxR)




(Q)!.) 3
ﬁi/ Res?
M 5] S
717 <
(Sketeh of) M= s O
[ Proof]

= ) TM Lo = TMNR
combine TLMAR ond T (MM alfogether

> . M xR e
M % R 4’:)'\'( Ix,9t) MXR

orbit of T(M) action = leaf |



Def
Codim 1 'Po,'\a'rion ﬁ of M T Tqu\'\'
& Foide Y M which  infersects every | eof

Non- example  (Reeb TolioTion) y Faliation on s

A~

@_.

Taul Fohalin isauseful stwctwe n stuadying  S-manifolds.

—— Transverse arc cannot
90 outside.

(Rech comPonenf)

o Thurston norm
. Contoct  strucTuve

. Dehn swrgery



Wf'meorem ((hlg_ggri - Dmfu@.lcllB) |

(A‘\'oro'\c\a\) ZHS Madm\Ts QA CO‘OI']GﬂTGd TauT FoloTion
= ¥ (M) IS LO

[Sketch of preet]
. Q%Mir Q me‘l'r‘.c on pi so ﬂ’loﬂ' ’eaf Of ? ’—_E H-‘Q

isometvi ¢
3 : .
San  (universal circle)
A which “contains” all ideal bour\tlm';
umv S;lo()\) for all /\C?

1
. -y T[,(M) m Sumv
Taut folinhon Ms ZHS —  mM N Sum, R



. ordemb‘o'ﬂy (ond Their generalization) serves as an obstinction
to “900d” codim 1 decomposition (foliotion, LamineTion)

example.

(Roberts , Shareshian, Stein ‘03)
exam?le of hyperbolic 3-manitolds

without Reebless Toliation
(tout)

(Fenley ‘OM)
exam ple of hy(:erbolic 3-manifolds

without essential  Lamination |



§ 'S NOY\" orderqb'.\i'r), criterion

To  prove G=ML(M) « not LO,
we 1‘ry o find  Torbidden relo\"'tons" in G‘.

lb {31,---,9n} < G‘ — Zn- Poss'. b‘\lify of orcleyim],
(< o | >¢ 9

FO\’ th Po;;; |>.|,17 of orde_n'ngs we "\ONQ.

| <o 9, e eltl}

€, €
—  word over {91,“',3th' 76 1
A

1 . En)
so i we fid o word W ovRr {9'/"/9“} with
‘l'h‘\s POSS'.|>?":17 Cuhno'l' occur |



ex.) n=1

iNe & ‘

(<§ N >  word over {33 1 = 3:’#1 :l’t N Tor,-;:h
| ¢ =  word over {19371 > 9 #) h ree
ex.) N=2

la.bYy ¢ &

W oLb Soﬂ‘\sf)y relotions . like
ablaba® = 1

b'osbab'=s 1 then & cannet be | O
L b o' b atptat = 1

A

__ A I
R




Sys‘\'emaTic emmplei non-LO Proper'fy ot dou“e bmnd\ecl cover @

S“Y‘fotcg




From The groph  we 9et a Presen'\'ﬂ'\oh ot
T (Z2(K)) = I, ( Dowble branched covering of k) (Brumner 'am)

generator
A' B‘ C comp\emh'\'alv regions
W\.Wz,"‘,WQ . edso_
reloTion
Win . W
g A,
"‘.7 \\ ~ Wan F w i S 'l
Sl jll e
- (’a(festw) =1 )
3z
X -1
o__—p——‘:o ~ W= Q( T)
W



r‘Theorem ( Boye.r‘&ordoh -Wotson . I, G’reeneﬂ*

| K IS alTQ\’f\mTina =2 T (22(\()) i« not LO

[ proef]
K is alternaTing =9 all labels of the graph are PposiTive.

Assume TL(Z2(K)) admits a left-ordeving <
Take Complemen'rar)' reg'.on M which is moximal wrt, <.

Fos‘.‘hve nwmber

4
W, = ( (Some region) X) > 1
h WV\WV\-V'" W\ P
1

contvadiction .



Remark

* US‘mg PYQ%TO\T\on ot TEl(Z(K)) and switable 9€'\ZVO|§MTWh
we can cowstmd many knols  with " (22(K)) Non LO,

Deduc'mg a contradicTion (‘)7 assuwing G i Lo)
often Wt a chain of inegwalﬂy ., like

0\¢< az <‘“ <QV\ < Q‘
|

someimes We e umfied orguwent  To prove
?W”"Q‘“'.‘u“ 'FW“"\\/ of gros ond thew I)YQSQn'\'ostm i )i ke

st | NI

(6 emm‘:\e xi=% (A>0) >
Y <2 > |<X 3



