Invowian'l' orc\ering o‘F 9murs and

IOW' Cl't mensiona ' 'i'opo ,03}'

Ex PecTec, connection of

orden nys and S,emwy/ 'I‘ol’o log
/4




SM-1° L‘Spoce con jecture

Def

A m""\onq\ homo|037 3‘Sphere M is an L"S’che

ef
25 Heegard Fler homology AR W) it

A\
vank HF(M) = lH\(M:E)l

* TIngenenl,  yank Q(M) 2 |[H(MT)
$0 L'Space is o 3mamTold with the \\s‘gmples'r" ﬁ?: .

° {Lens sPch} _,C,:_{L‘s'me}
| -spue is a generalization of Lens spoce .



T)'I"\cql Construction q_"d__ Smp lg___of L - Spoce “

M: QRS KCM : kno"‘ Cobordism
For ne'ZL Mr\ = R‘Slbpe De.hn surgery o\lons K —

IL- slope Dehn swgery = attaching 2-handle

3y * :
Ly Ty,omale of cobordusm atlach 2-handle along K
i X Mn (with Troming n

N

Mn+s

On the other hand,  cobordism M'_,;—)Mn induces
A
Fx - AF(M) — ﬁ\F(Mn)




] Theorem ( Surgery exact trianyle , Ozsvath-Szabo 04|

Cobordisms M X5 Mn
v\ / T 'W\A\MGS an exad’ Se?uen(g
M

o
oo — AEM) B AR M) BE (M) T TR =

In ‘nr'tc.u\ur, ~ ~
rank AT (Maw) = rank HE(M) + rank  AF(Me)
Sice | Hi (M) = [HMD)] + | H(Ma; DI

Corollar
- )

re®. .
If M ad M) are L-spoces,
_ Mk () is an L- space for all sar D,




exomple j
(-2,3.1) pretzel ket K @f 7

o 9
Mc(ig) = L (I3, 5) L s
) Kk

So  For S218
Mk(si) IS an L's,mce

(K is hyPerboltc so
MK(S) is in 3eneml, hyPerbo,ic,

X l_-sro(e can be wed to s'l'v\cly Lens Sursery Problem




Another construction of L=spaces
(ano‘l‘her a”:licou'hon of Surgery exact TPiang'e)

L,Lo,L, €8  :link velokd by Skein relation

/
N o0 AL

(L), 7\ (Le), Z (L) . Pouble branched Covering
(By Montesinos Trick) (L), 22 (Lo), Z(L)  are reloted by infegral surgeries

>0 7 (L) — Zo(L1)

\ / Triangle of cobordism

(L)
S - AHEL) > AR (EL) > AF(EWL) > end



Thus , iF ®
» Both Z(Lo) and Z(L) are L'Spoces
[H(ZWRZ)] = | H G D)+ HEW:D)]
Then 2, (L) s an L‘S[Jace

Note that
T RELD] = det(D (= 140D

This motTivate To define :

| Definition | B
The set of guosi - alfernating link G is o set chanctuizd b,

@1 Unknet € &
(Q2) [o,L, e& and JeT(Lo)"' clefﬂ..)=Je'r (L)

= Lef j




’[ quol lm:g ]

If Lis a zum'\'al'l‘erna’l'ing, Z(L) 1S an L'Space

ot

( Remark)
(A\‘\'ernol‘l';nj “m\(s) g‘_ @ S { %uo\sz'ol'ferm'l'inj lihh}

X Fo\' o %uasi’ol"'emﬂing knot

H/\=T< , Kh (kno‘\' Floer homolog)r , Khovanev h"""“’\°97) is Thin

ie, SuPPorTed N Qa Sma” dia30m| hﬁjhboovheod.

L, %ms'\'al'\'emo\'hng krots  are  intoresTing
in  knot  homologies



L‘ SPQCe Conjec.Ture (pr'ici'fl stoled in Eoyer"Gordow Watson 'B)h

M

L (M) is NOT LO

M

irreducible  vational homology 3-sphere

g

is an L = SPGce

X There

A\
no Jivec‘f relotion hefween TC(M) and HF(M)

is m

X L-sPace, i iMPbrTomT both for theories and a,)P/.‘ cotions

More

l
direct  characteri zotion (W"'"\O“"' Us iy ﬁ})

1S desired :



In mony Cases L"SFoce cor\jec'l‘ure is verified

(some?)
AN
by checking (hon-) LO propert and HF ind;viduaﬂz

e Seifert Tibered gPace (Baw ‘I13)
e Jolve 3-manifold C» ®

»  Double branched covering ( » | Greene, I. 13)
of a/‘!‘emo'hnﬂ links

G‘ml;h monite Ids ( Bo: leau.'Boyer- )
whic h are Z H S Clmy - Ludmh" WU\TSOh
Clowy=WoTson
Sev :\\;:l D:.ol'::Q Sugt?; Hakamate - Terogaito, Tran
? MoTegi - Teragaity

and More .. .



3

IR?.F'med version of conjecture
M : irreduncible QRS
/ M 1S an L"quce

-’t\(M) is NOT LO
\ M CIoes not thg a co-oriented
Taut 'FoliqTion

"ﬁheorem ( Ozsvoth- Szabe '0‘\-) W

An L‘SPQQQ does nst have o co- oriented

tauT Toliotion

2 WI’\7 L“SPO\(e wnjecture  would be True ?




\ G'roup\ F'm'nTeCaTbrsion d;- Non"LO C‘: E.(@HS)

AR I T

| 3-Manifld \y geometiy d:: L-spoce C RHS

mwst
have

7[\ (L'SFGCe) = infermediale between
ﬂmTe (a'l'orsior\) and ﬂ;(@ HS) .

X QuesTion

]

What properT7 ‘choracterize. T (RRS) ameng IL\ ( 3-man.f\d)
( M) hos propert, %% => M i« ®HS )



Importont (ond possible For non- Heegaard Floer homology speciakist)

L&M esTion / Phoblem

B@

* Consider trangle’ of abordism  (in surgery exacT thiangle )

\'e,lo\Te/s‘l‘udy LO om(] non~LO ProPerT e
among (M), &, (Mo), ml(Ml)

. Morq_agngrq“), S'rudr o reloTion Sl'ﬁP beTween

cobordism M—-‘-‘-—)N and L()Xm Lo of (M), T(N)



. One. 0{' The most weTul TQ:“\V\'\%“Q o cmshwt Tau'l' 'Fo,;q‘hon 18 @
smTweA W\e\n'n'Fold ﬂ'\eory L(.U\'\"ané'pask o‘f Tqu't ‘Fo'ia'hm)
extend  TolioTion

Q | = | kel(lT\ons LQTWQQV\ SUTMVE(’ Jecom ros'.‘r\‘:)
| and léﬁ" orclekinj




3IL. 3 Appl\cod’ion To Topo'ogy/geomh?

F@MﬁT:on
Con we use ordering (NoT  orderabili%y)

L To sTudY '\"oPol<>97 and 3e0lnefr7 ? )

- Topology of manifold

in  cerfain Longe

F(MOCM examples from Riemannian 3eome‘|’r7)
(R‘\cci‘, Sec'hml,w) P::"Wc 1{ m&d“'e , * Moamitold
Corvature It W nlc: f;\e )r/smq" —> has PWPQF’); AN

-



KnoTS , 3"mn‘.f0\ds are expressul |>7 bmiCl 9roup / maﬂ?hna c(qss gvoup @
(by cuT'qml'PasTe)

[Closed breid  Gn S
t 44
P

[ ] ]

,Open book clecompos‘.'hon




(€
Motvoted fiom Riemannian geomelry cose, O

"J EXPQCTQT]o "\} ~
/N
BeBn o PeMia(@ N F'oo Mgy
) sitive /) negotive h(ls ropert
> scof{:}c_ienﬂy large /oval) Proper i
| n CerTq‘.r\ mﬂg - 41
This is indeed Time. .
Meto~ (T) [ A
LR Theoren : -BP °'°97/ G‘eom‘\'v7 of F ov M(S¢)
With respec.‘l' To T}lws"'on‘fwe OVJQH\\S ‘ |
can be durecﬂy read from
FéBn o Pe MCa(Z2) = F, ¢ |
is su‘ff\ciehﬂy largeémn ’ ' |
_J




Def
£ix ﬂlurS'l‘on‘Type orderins of Bn (& MCGE))

( ie.  ordering Tiom MCG{(\ a_g (c HUSY) )
T = T’BZ (Dehn twist alorg 32)
(Br wse T=4c (6626n) )
[¢] ‘F—_f inTeger ‘|'£¢]_<_ ¢ < T[¢J+1

C(¢) - ':m _@ GR

N—-»00 N

(* Remork: Recdll H‘o'lder:s theorem and its onof.)



c MCG\' S ,:R s ho ,orger l’lomofnorphism,

buT ¢ a fgms'u'morphism :

| e(dV) - -e(W)]| =1
c(8") = n e

rl Proposn'l':on (I'kﬂwm“m-) ]

C. MCG— R s equal To fFactional Dehn, Twict coefficient
(infroduced by Hondo- Kozez~ Mat;c o%)

— "amownT of Tw\s;'l‘ing near boumclo\r)r

c(g)= '23"‘

~




Actnally
C. MCx ——"@CIR and it is  numerical approximalion

of the ordering

( Theorem (I"kawamuro)ll ‘\
Assume B EMCG(S) safisfies [c(® ] >1
Then r ()e,riodic rSélf&T‘fibgreJ
@ is {reducible & Mg is { Torvidal
.  psesdo- Anosov [ Hyperbolic y
[ Theoren (T-Kawamer \

It IC(.¢)| >1 Mgy is rreduci ble
_ J




"“\Theorem (I ‘ﬂ

BeBn 3@) > B -1

e c() <(p) .. sufficiently lovge
/N A

. 'C(P)\ > 2. F'.s PSeuc\o‘Anosw

_ % /F TS Y hyPerLohc knoT,

= A =P ifod onif A and B are conjugate

If ovdering is /avg%m““
l)m'.d group Theory ~ kt\oT The_or7 !

Y

~

J




A?yl\cﬂion To QMN’\TMM invariant

V . todule of zuan‘l‘um group 'U%(ﬂ)

¢ @n
%  Bnh — GL(V ) quantum represenTaion

Quantum invariant of o knet k’?
QY (K) = (qeartun) face of R,(F)

Bi 9 open ProHem

Does Q' detect the unknot ?
(ex, Does the Jones Fol)momial detect the unknol * |

—



Obserw'hon . CPV(F)= 1 > Q (P/G-\O-h-n) Q (6' Gm @

| - Q@ (unknet)

Conyecture (Bizlow)
CPv is not fathful =2 Qv cannet  defect the un kmfj

"rTheorem (T. I%) - ~

’ 7 N 4 B'\ . hen tivial N)Y‘Mal Sukglrou[:
# {c(P) | PeNY=00 e, Nis unbounded wart Thwshonlpe ovJerw:’.
S— J'

"{COYO”GVZ -
&B ige.iow's conjec'l'ure is True :)




ACTV\Q“Y ~ we hove a stronger  vesult
— Covsllary
. \
h
It (PV ' Bhn— G'L(v®) i« hot ‘Fm’.‘l’h‘FMI)
v Rr any N>0 3 K: hyl)eybolic knot

AK >N @ (K)=Q (unknst)
e Movre 3enerd\|\7 Tor any knet K
2 ih‘fin‘uTely many \mo‘ts K\, kz, e

v QU(k)= (K




STL.4  Comments for other relokd Topics

. B; ‘orde\ro\b’.lﬂ'_L

For BO PrOI»erTy , Bum‘l‘\ule ﬂ\eorem (B’R‘W n\tovem) fal ls

[coun'\‘er e\mnrle]

L(S-tefl)={ %3 | %) 1 ot BO becowse 402 &6
g<6|.67 l6\62°\= 626;02> (6162) =(626.)3

but it i Iocauy ndicable
v H C 7[‘( Sg- '\‘yefo',\) . £ n'\'\'dy SenemTeJ SM\’SVM\?

3H-—-—»'Z (T is BO group ')

Ls Tn most cose, one prove G s BO
l>7 somewhorl O.xplic‘.‘ﬂ7 consTrucling b\ -orderi ny



Fibered knot cace
1— Ry 2 L(SSK) > Z— 1

= 7[\ (Sg' k) is BO | s Li'ordwng on F:a PWS&D’V&J ‘7 MOnoJro»')v

‘Theonm ( C'ay = ROH:SQV\ N Pemn" Ro"Fsen) ]

(i) TC(S-K) i« BO = A(t) has ot leost one positive real roof,
GO Al vostsof 4e(t) ore positive ral = JL(S$-k) is BO

T4 "V VS VN

ot by NV

() + A knet kCS‘ admils  onm L—srug swrgery > Kis i bered

Plzbvo“ary |
FOPQ (nst m(osmlly Fdaed knt ) kK . i‘F I\(Sg‘k> v BO

_

-

=2 MK (Y‘) (s ol an L"rﬂu for re @ j




+ Spoce of orclevinﬂs
Lo(G)= {<a-l ,eﬁ'on\eyinas on G‘}

LoG) VG by
9 (<e0) h & 9Ja < ha

B), equi ppny certain notuval Topology, o) OG isa Cov\'hmf\ous action .

‘_Quefhon . DeTem’me TorO\og‘scal sFa(e LO( &-).
\ . Study on ochon  LO(@O Gr.g
LO@O G i« wefal .

—

Theovem _(Witte-Monis ‘I0)
G’ i$ ame,no\\>\e and LO = 6‘ s 'ocally ivxc\'\co«\:\e]




