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Linking number

Linking number
I L( ~K, ~L) = n if ~L = n · C ∈ H1(S3 \K;Z) = Z〈C〉.

I Projection of K =⇒ K̃: L(K, K̃) invariant of the projection.
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Algebraic curves

Regular neighbourhood

I C =
n⋃
i=1
Ci ⊂ P2 plane algebraic curve, deg Ci = di.

I Minimal sequence of blow-ups σ : X → P2 such that σ−1(C) is
normal crossing divisor (smooth components).

I σ−1(C) =

strict transforms︷ ︸︸ ︷
r⋃
j=1
Ĉi ∪

exceptional components︷ ︸︸ ︷
s⋃

k=1
Ek =

r+s⋃
j=1

Aj ; Γ dual graph

weighted by (gj , ej) = (g(Aj), A2
j ).

I T (C) regular neighbourhood of σ−1(C) ⊂ X, plumbed union of
tubular neighbourhoods πj : T (Aj)→ Aj (Euler number A2

j ).
I σ(T (C)) = R(C) ⊂ P2, ∂T (C) ≡ ∂R(C)
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Ĉi ∪

exceptional components︷ ︸︸ ︷
s⋃

k=1
Ek =

r+s⋃
j=1

Aj ; Γ dual graph

weighted by (gj , ej) = (g(Aj), A2
j ).

I T (C) regular neighbourhood of σ−1(C) ⊂ X, plumbed union of
tubular neighbourhoods πj : T (Aj)→ Aj (Euler number A2

j ).
I σ(T (C)) = R(C) ⊂ P2, ∂T (C) ≡ ∂R(C)



Combinatorics

I Combinatorics of C ≡ Γ + marked components at Ĉj

I ∂R(C) is a combinatorial invariant.
I Study j : ∂R(C) ↪→ P2 \ C.
I Line arrangements and homotopy level: Florens-Guerville-Marco

(generalizing E. Hironaka).
I j∗ : H1(∂R(C);Z) −→ H1(P2 \ C;Z).

I H1(P2 \ C;Z) = Zµ1 ⊕ · · · ⊕ Zµr
〈d1µ1 + · · ·+ drµr〉

∼= Zr−1 ⊕ Z/ gcd(d1, . . . , dr).

I H1(∂R(C);Z) ∼=
r⊕
j=1

H1(Ĉj ;Z)
Z2gj

⊕ AΓ
Zr−1⊕Z/ gcd(d1,...,dr)2

⊕H1(Γ;Z)

I Goal: Define a linking number for cycles in Γ (see also
Guerville-Meilhan).
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I ∂R(C) is a combinatorial invariant.

I Study j : ∂R(C) ↪→ P2 \ C.
I Line arrangements and homotopy level: Florens-Guerville-Marco

(generalizing E. Hironaka).
I j∗ : H1(∂R(C);Z) −→ H1(P2 \ C;Z).

I H1(P2 \ C;Z) = Zµ1 ⊕ · · · ⊕ Zµr
〈d1µ1 + · · ·+ drµr〉

∼= Zr−1 ⊕ Z/ gcd(d1, . . . , dr).

I H1(∂R(C);Z) ∼=
r⊕
j=1
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Liftings and characters

I γ simplicial cycle in Γ =⇒ γ̃ lifted 1-cycle in P2 \ C

I Aj vertex of γ: γ̃ + µj also a lifted 1-cycle.
I [Aj , Ak] edge of γ: γ̃ − µk also a lifted 1-cycle.
I Fix a character ξ : H1(P2 \ C;Z)→ C∗.
I C1

ξ =
⋃

ξ(µj)=1

Aj , C 6=1
ξ =

⋃
ξ(µj)6=1

Aj and Cξ =
⋃

Aj∩C 6=1
ξ

=∅

Aj .

I Γξ dual graph of Cξ ⇒ H1(Cξ;Z) ∼= H1(Cνξ ;Z)⊕AΓξ ⊕H1(Γξ;Z).

Definition
The linking number of (ξ, γ), γ ∈ H1(Γξ;Z) is ξ(γ̃).

Theorem (AFG)
The linking number of (ξ, γ) is a topological invariant of (P2, C, ξ) (in the
case of line arrangements).
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Nodal cubic and inflexion tangent lines

I C = {

C1︷ ︸︸ ︷
(xyz + x3 − y3)

C2∪C3︷ ︸︸ ︷
(z2 − 3(x− y)z + 9(x2 − xy + y2)) = 0}:

nodal cubic and two tangent lines at inflexion points.

I ξ(µ1) = 1, ξ(µ2) = exp( 2iπ
3 ) =: ζ, ξ(µ3) = ζ

I ξ(γ̃) = ζ.
I ρ : Y → P2 branched covering associated to ξ

[x : y : z] 7→ [3xyz−(ζ−1)(ζx3−y3) : −3xyz+(ζ−1)(ζx3−y3) : 9xyz]

The preimage of C1: three lines.



Nodal cubic and inflexion tangent lines

I C = {

C1︷ ︸︸ ︷
(xyz + x3 − y3)

C2∪C3︷ ︸︸ ︷
(z2 − 3(x− y)z + 9(x2 − xy + y2)) = 0}:

nodal cubic and two tangent lines at inflexion points.
I ξ(µ1) = 1, ξ(µ2) = exp( 2iπ

3 ) =: ζ, ξ(µ3) = ζ

I ξ(γ̃) = ζ.
I ρ : Y → P2 branched covering associated to ξ

[x : y : z] 7→ [3xyz−(ζ−1)(ζx3−y3) : −3xyz+(ζ−1)(ζx3−y3) : 9xyz]

The preimage of C1: three lines.

C1

C2 C3

C1C2 C3

−1

−3 −3
−2 −2

−2 −2
−1 −1−1

−1



Nodal cubic and inflexion tangent lines

I C = {

C1︷ ︸︸ ︷
(xyz + x3 − y3)

C2∪C3︷ ︸︸ ︷
(z2 − 3(x− y)z + 9(x2 − xy + y2)) = 0}:

nodal cubic and two tangent lines at inflexion points.
I ξ(µ1) = 1, ξ(µ2) = exp( 2iπ

3 ) =: ζ, ξ(µ3) = ζ

I ξ(γ̃) = ζ.
I ρ : Y → P2 branched covering associated to ξ

[x : y : z] 7→ [3xyz−(ζ−1)(ζx3−y3) : −3xyz+(ζ−1)(ζx3−y3) : 9xyz]

The preimage of C1: three lines.

C1

γ̃



Nodal cubic and inflexion tangent lines

I C = {

C1︷ ︸︸ ︷
(xyz + x3 − y3)

C2∪C3︷ ︸︸ ︷
(z2 − 3(x− y)z + 9(x2 − xy + y2)) = 0}:

nodal cubic and two tangent lines at inflexion points.
I ξ(µ1) = 1, ξ(µ2) = exp( 2iπ

3 ) =: ζ, ξ(µ3) = ζ

I ξ(γ̃) = ζ.
I ρ : Y → P2 branched covering associated to ξ

[x : y : z] 7→ [3xyz−(ζ−1)(ζx3−y3) : −3xyz+(ζ−1)(ζx3−y3) : 9xyz]

The preimage of C1: three lines.

C1

γ̃



Nodal cubic and inflexion tangent lines

I C = {

C1︷ ︸︸ ︷
(xyz + x3 − y3)

C2∪C3︷ ︸︸ ︷
(z2 − 3(x− y)z + 9(x2 − xy + y2)) = 0}:

nodal cubic and two tangent lines at inflexion points.
I ξ(µ1) = 1, ξ(µ2) = exp( 2iπ

3 ) =: ζ, ξ(µ3) = ζ

I ξ(γ̃) = ζ.
I ρ : Y → P2 branched covering associated to ξ

[x : y : z] 7→ [3xyz−(ζ−1)(ζx3−y3) : −3xyz+(ζ−1)(ζx3−y3) : 9xyz]

The preimage of C1: three lines.

C1

γ̃



Nodal cubic and inflexion tangent lines

I C = {

C1︷ ︸︸ ︷
(xyz + x3 − y3)

C2∪C3︷ ︸︸ ︷
(z2 − 3(x− y)z + 9(x2 − xy + y2)) = 0}:

nodal cubic and two tangent lines at inflexion points.
I ξ(µ1) = 1, ξ(µ2) = exp( 2iπ

3 ) =: ζ, ξ(µ3) = ζ

I ξ(γ̃) = ζ.

I ρ : Y → P2 branched covering associated to ξ

[x : y : z] 7→ [3xyz−(ζ−1)(ζx3−y3) : −3xyz+(ζ−1)(ζx3−y3) : 9xyz]

The preimage of C1: three lines.



Nodal cubic and inflexion tangent lines

I C = {

C1︷ ︸︸ ︷
(xyz + x3 − y3)

C2∪C3︷ ︸︸ ︷
(z2 − 3(x− y)z + 9(x2 − xy + y2)) = 0}:

nodal cubic and two tangent lines at inflexion points.
I ξ(µ1) = 1, ξ(µ2) = exp( 2iπ
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I ρ : Y → P2 branched covering associated to ξ

[x : y : z] 7→ [3xyz−(ζ−1)(ζx3−y3) : −3xyz+(ζ−1)(ζx3−y3) : 9xyz]

The preimage of C1: three lines.
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Extended Ceva arrangement

L4

L3
L1

L2

L5

L6

L7

L1, −2
L2, −2
L3, −2
L4, −2
L5, −1
L6, −1
L7, −1

P14, −1
P24, −1
P13, −1
P23, −1
P12, −1
P34, −1

P14 P24

P13 P23

P12

P34



Extended Ceva arrangement

P13

P24

P12

P34

P14

P23

L6

L′6

L7

L′7

L1

L3

L2 L4

L5

L′5

[xy2:x(y−z)2:y(y−z)(x−z)]



Zariski pairs of arrangements via linking numbers

Extended McLane arrangements

6 5

2 1 3

4 7 8
0

ξ : (µ0, . . . , µ8) 7→ (1, ζ, ζ, ζ, ζ, 1, 1, ζ, ζ), cycle L0, L5, L6.

Guerville’s arrangement
Linking number oriented Zariski 4-tuple with equations in Q(exp( 2iπ

5 )).
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Characteristic Varieties from Alexander Invariant
I Z topological space (homotopy equivalent to a finite CW -complex)
π1(Z) =: G.

I G is a finitely presented group, H := G/G′ ∼= Zr ⊕
#=h

Tor(H).
I Λ := C[H] group algebra (h = 1⇒ ring of Laurent polynomials).
I TZ = Spec(H) complex abelian Lie group diffeomorphic to h

disjoint copies of tori (C∗)r.

Alexander Invariant

I ρ : ZH → Z the universal abelian unramified covering associated to
G� H.

I C∗(ZH ;C) cellular Λ-complex of ZH (finitely generated).
I MG ≡MZ := H1(C∗(ZH ;C)) = H1(ZH ;C) = G′/G′′ ⊗ C

Λ-module.
I Jk(Z) ≡ Jk(G) ⊂ Λ be the Fitting ideals of MG.

Definition
The characteristic variety V ′k(G) ≡ V ′k(Z) ⊂ TZ is the zero locus of
Jk(G).
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Characteristic Varieties from Twisted Homology

Twisted cohomology

I TZ ≡ H1(Y ;C∗) = Hom(G,C∗).
I For ξ ∈ TZ , Cξ is the Λ-module structure of C defined by ξ.
I Cξ∗(ZH ;C) := C∗(ZH ;C)⊗Λ Cξ cellular C-complex twisted by ξ.
I H1(Z;Cξ) ≡ H1(G;Cξ) := H1(Cξ∗(ZH ;C))

Definition

V ′′k (Z) ≡ V ′′k (G) := {ξ ∈ TZ | dimH1(Y ;Cξ) ≥ k}

Remark
These two definitions may differ only in 1 ∈ TZ .
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Sakuma’s Formula

Finite covers
I ξ ∈ TZ of finite order N .

I ρξ : Zξ → Z unbranched N -fold covering defined by ξ.

Theorem (Sakuma)
Hξ

1 (Z;C) ξ-eigenspace of H1(Zξ;C)

Theorem (Arapura, Budur, Dimca, Libgober, A-Cogolludo-Matei)
Z quasi-projective, Σ 6= Σ′ irreducible components of Vk(Z), V`(Z)

Corollary
Torsion points are dense in Vk(Z).
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Branched and unbranched coverings

Fix ξ of finite order N , Z quasi-projective
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Sakuma’s Formula
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Hξ1 (X̄ξ;C)

= QPξ

Hodge Theory
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Hypersurface complement. Projective part.

Line arrangements

I C = L0 ∪ · · · ∪ Lr
I P = {points P of multiplicity mP ≥ 3}
I ξ ∈ TP2\C of finite order ⇐⇒ {tj ≡ tLj}rj=0 roots of unity such that∏r

j=0 tj = 1⇐⇒ {qj ≡ qLj}rj=0 rational numbers in [0, 1) such that
`ξ = q0 + · · ·+ qr ∈ Z.

Theorem (Libgober)

Let σξ : H0(P2;O(`ξ − 3)) −→
⊕
P∈P

OP2,P

/
M

⌊∑
P∈Lj

qj

⌋
−1

P

. Then,

dimCH
ξ
1 (X̄ξ;C) = dimC cokerσξ + dimC cokerσξ̄.

Geometric interpretation
kerσξ: equations of curves of degree `ξ − 3 passing through the points
P ∈ P with multiplicity at least

⌊∑
P∈Lj qj

⌋
− 1.
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More Libgober’s results

Theorem (Libgober)
There is a finite polytope stratification of the hypercube [0, 1)r+1 such
that the maps σξ are constant on each strata.

Definition
A character ξ is non-resonant if tj 6= 1, ∀j = 0, 1, . . . , r.

Theorem (Libgober)
If a character ξ is non-resonant then Hξ

1 (X̄ξ;C) = Hξ
1 (Xξ;C), i.e.,

QPξ = 0.

Problem
Compute dimCQPξ for resonant torsion characters.
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Quasi-projective part

Theorem
S smooth projective surface, D ⊂ S normal crossing divisor,
D = D1 ∪ · · · ∪Ds. Then,

dimCH1(S\D;C)−dimCH1(S;C)=dimCker

 s⊕
j=1

H2(Dj ;C)→H2(S;C)

.

I P2 \ C ≡ X \

 r⋃
j=0

L̂j ∪
⋃
P∈P

EP

 = X \

 t⋃
j=0

Aj


I Smooth model ρξ : X̄ξ → X, such that X̄ξ \Xξ = Dξ normal

crossing divisor.

I Dξ =
t⋃

j=0
ρ̂∗ξ(Aj)︸ ︷︷ ︸

strict transform

∪
t′⋃
k=1

Bj︸︷︷︸
collapsed by ρξ

.
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Computing QPξ

t′⊕
j=0

H2(Bj ;C)

ξ

⊕
t⊕

j=0
H2(ρ̂∗ξ(Aj);C)

ξ

−→ H2(X̄ξ;C)

ξ

I Aj ⊂ Cξ, Ãj irreducible component of ρ̂∗ξ(Aj), ζ = exp 2iπ
N ,

H2(ρ̂∗ξ(Aj);C)ξ = C〈Âj〉,

Âj = 1√
N

(
Ãj + ζ̄ · ξ(Aj) + ζ̄2 · ξ2(Aj) + · · ·+ ζ̄N−1ξN−1(Aj)

)
I Iξ =

(
Âj · Âk

)
Aj ,Ak⊂Cξ

ξ-twisted intersection form.

Theorem
dimCQPξ = corank Iξ (Hodge index theorem).
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Computing Iξ

I Fix spanning forest Tξ ⊂ Γξ.

I Gives a way of choosing Ãj .
I An oriented edge e induces a cycle γe (trivial if e ⊂ Tξ)
I e ≡ (P,Aj , Ak) such that P ∈ Aj ∩Ak.
I (Âξj)2 = (Âj)2

I If Aj ∩Ak = {P1, . . . , Pm} → {e1, . . . , em},

Âξj · Â
ξ
k = ξ(γ̃e1) + · · ·+ ξ(γ̃em).
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Âξj · Â
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Âξj · Â
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