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What is a Tutte polynomial ?

It is a polynomial invariant for a finite graph .

ExamPlL
•

G : •¥• ,

Then The Tutte polynomial is

•

Tq ( x. g) = X3Y+X2y4xy3+y4t 2×24+3 ](y2

+ 2y3+ xy + y
'

.



What is a Tutte polynomial ?

It is a polynomial invariant for a finite graph .

ExamPlL
•

G : •¥• ,

Then The Tutte polynomial is

•

Tq ( x. g) = X3Y+X2y2+xy3

#
2×24+3 ,(y2

+ 2y3+ xy + y
'

.

Te
,

Hit ) carries lots of information
.

e. g .
b. (G) = deg in Y

.
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1. Definition and basic properties of Tal x. y )
.

2
. Specializations of Tel > i. Y )

.

3
.

Generalizations and recent works
.

• Arithmetic Tutte by L
.

Moci
,

• log - concavity of chromaticpoly
.

after June Huh
.

4
.

G - Tutte polynomial .

( j .w1 Ye Liu & Tan What Tran )
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1. Definition of  The Tutte polynomial .

- .

eoopsEE.co#te.E.Irid8es*f..Iaei.etdfnte.I
Gle : contraction

Def
.

Let G = IV. E) be a finite graph .

Define Tq ( x. y ) C- Z[x -7 ] by
• If E=$ ,

T€( x. f) = 1

• If e EE is a loop
,

TGK .
7) =L . Tenelx .

Y )

• If EEE is a bridge ,
Talk .Y)= x. T.ae IX. y )

• If eeE is neither loop nor bridge ,

T⇐= Tate + Tone
.



1. Definition of  The Tutte polynomial .

Def
.

Let G=w
, E) be a finite graph .

• E=$ ⇒ Tel x. f) =1

• EEE : loop ⇒ Tak .T)=YT€,elx .
is )

• eeE : bridge ⇒ Talk.Y)=kT⇐,elx.y )
• EEE : not loop ,

not bridge .

⇒ T⇐= Tate + The
.

Thm
. Tebay ) t Z[x . y ] is well - defined

.

( explained later )
.

(
"

Tutte poly .

" )



1. Definition of  The Tutte polynomial .

Def
.

Let G = IV. E) be a finite graph .

• E=$ ⇒ Tel x. f) = 1

• e EE : loop ⇒ Tak .
7) =L . Tenelx .

is )

• EEE : bridge ⇒ Talk .Y)= x. T.ae IX. y )
• EEE : not loop ,

not bridge .

⇒ T⇐= Tate + The
.

Examples ( Notation T⇐= :[ G ] )

@ [db]=y3 a [ •-kokq]=x3y4
a [•-oE••→]=x5



1. Definition of  The Tutte polynomial .

Def
.

Let G = IV. E) be a finite graph .

• E=$ ⇒ Tel x. f) =1

• e EE : loop ⇒ Tak .
7) =L . Tenelx .

is )

• eeE : bridge ⇒ Talk .Y)= x. T.ae IX. y )
• EEE : not loop ,

not bridge .

⇒ T⇐= Tate + The
.

Examples ( Notation T⇐= :[ G ] )

[ •9l÷]=[ C.) ]+[•M•]
=[@]t[ ! ] -1×2

= ytxtx '
.



1. Definition of  The Tutte polynomial .

Def
.

Let G = 1 v. E) be a finite graph .

• E=$ ⇒ Tel x. f) = 1

• e EE : loop ⇒ Tak .
7) =L . Tenelx .

3 )

• EEE : bridge ⇒ Talk .Y)= x. T.ae IX. y )
• EEE : not loop ,

not bridge .

⇒ T⇐= Tate + Tone
.

fees]=y[ go.EE
, ]=y[•Idd+s[ EH . ...

= X3y+x2y2+xy3+y4t2x2y+3xy2
+ 2y3t xy + y

'

.



1. Definition of  The Tutte polynomial .

Towards another expression of Tak ,
Y )

,

Det
.

G- 1 v. E)
.

For SEE
,

define

ts := / v 1 - tonne # of Conn
. comp .

of

G '= ( v
,

S )
.

Other interpretations are sub module of

7L#= @ 2. v

rs = rank (( v
,

- vz / I vi. k ) c- Shot vev

Z

= # ot edges of spanning forest
of G 's ( v. s ?



1. Definition of  The Tutte polynomial .

Det
.

G- 1 v. E)
.

For SEE
,

rs := lvl - bols )

= rank (( v
,

- vz / In .k)tS} )
= # of edges  of spanning footed

'=( v. s )
.

Thm
'  

T⇐lx.y)= £ ( x . i5⇐
'

B. ( y . , #
' rs

.

(proof:)



1. Definition of  The Tutte polynomial .

Det
.

G- 1 v. E)
.

For SEE
,

rs := lvl - bols )

= rank (( v
,

- vz / In .k)tS} )
= # of edges  of spanning forest

of G '=( v. s ?

Thm
'  

T⇐lx.y)= £ ( x . i5⇐
'

B. ( y . , #
' rs

.

( )
• E =p ⇒ T€( x. it )=1PT[tck

the |•eeE: loop ⇒ Takes )=YT←ek .
is )

• EEE : bridge ⇒ Talk.Y)=kT⇐,eK.y )
recursive

• eef : not loop ,
not bridge .

relations
. ⇒ T⇐=T⇐ @

+ The
. 11

.



1. Definition of  The Tutte polynomial .

Prop .
Write Telx . D= € ( x . pre

-

B. ( y . , #
' rs

as [ tijxiyd
'

.
Then tij 20

.

( Proof )



1. Definition of  The Tutte polynomial .

Prop .
Write Teilx . D= £ ( x . ,5⇐

-

B. ( y . , #
' rs

as [ tijxiyd
'

.
Then tij 20

.

( Proof ) Use induction with
• E=$ ⇒ Tel x. f) = 1

• e EE : loop ⇒ Tak .
7) =L . Tenelx .

is )

• EEEt.ee?noId::.EnIE.bIEit*emnTc=TGie+Toei

( a. f. 0
.

)
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2. Specializations of Tel > c. Y )
.

�1� Chromatic polynomial Cult ) of G
.

�2� Poincare poly . of  the graph configuration sp .

�3� Expectation of chromatic poly .

ot

random sub

graphs
.

�4� Bracket poly . of an alternating link
.

�5� Partition function of Ising model
.

Ref D. J
.

A
. Welsh

.

Complexity : Knots
, Colourings and Counting .

( 1993 )
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2. Specializations of Tg( X. Y )
.

�1� Chromatic polynomial Celt ) ttlt ? ✓

•_••_•Let G- ( v. E) be a finite Graph . •*•_•
[ n]={ 1.2 ,

-  .

a. n }
.

Def .
f :v→[n] is a N - Coloring if for each

E= ( vi. vz ) E £
,

we have far , )tf( K )
.

Col
⇐

( nl := { f :V→[n]| N - coloring }
.

Rem
.

If G has a loop ,
Col ⇐ In )=¢ forth >.|

.

Thm - Def 7 Cattle Zft ] sit .
1 Cole

,
In )I=C⇐ln )

(
"

Chromatic poly .

" ) ( nzi )
.



2. Specializations of Tel > c. Y )
.

�1� Chromatic polynomial C ⇐ It ) Colt ?

Col
⇐

( nl := { f : V→[n]| N - coloring }
.

Thm - Def 7 Cattle KA ] sit .
I Cole

,
In )I - Gln )

_g=p
Example I i ) If E = 10

,
Celt )=tm

.•n•n•nIii ) If G is a connected Tree
, nano.to#on

. ,

Catt ) = t.lt - i )
' " ' '

.

( Iii ) If G = Ke ( complete graph with l vertices )
,

G. ltktlt - I ) .  . . It - en )
. n•\>•n -2

•

N - 1



2. Specializations of TGK . Y )
.

�1� Chromatic polynomial C ⇐ It ) ttlt ?

Col
⇐

( nl := { f : V→[n] I N - coloring }
.

Thm - Def 7 Cattle Zft ] sit .
1 Cole

,
In )I=C⇐ln )

Thm
. ( Deletion - Contraction formula ) Let etF

.

Then Celt ) - Cenelt ) - Cevelt )
.

( Proof ) Cola ,eln ) = Cdcdn )u Coleen )
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2. Specializations of Tel > c. Y )
.

�1� Chromatic polynomial C ⇐ It ) Colt ?

Col
⇐

( nl := { f : V→[n] I N - coloring }
.

Thm - Def 7 Cattle Zft ] sit .
I Cole

,
In )I=C⇐ln )

Thm
. ( Deletion - Contraction formula ) C ⇐ ( t ) = Cenelt ) - Cenelt )

Thm Let G=( v. E)
.

Then

Celt )=tD¥ . t
' " . ¥

.T⇐C tt
,

ol
.

( Proof ) Induction on IEI
.

11
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2. Specializations of Tel > c. Y )
.

�2� Graph configuration space .

$ loops ,

multi edges
.

( For simplicity ,
assume G is a gimps .)

Def
.

Col
⇐ ( Ci ) := { f : V → e flviltflv . ) it In .v . HE !

( "

G- Valued points
"

of Colorings )
.



2. Specializations of TGK , Y )
.

�2� Graph configuration space .

Def
.

Col
⇐ ( Ci ) := { f : V → e f ( v. ltflvz ) it In .v . HE !

Another description of Col ⇐ I Ci ) :

Let V= I 1.2
,

...

, l }
.

For an edge e=lij)tE
,

He :={ ( xii . .

,
> (e) eel / xi=Xj I C ¢?Then

q ↳ (e) =

eel
e¥He .



2. Specializations of Tel > c. Y )
.

�2� Graph configuration space .

Def
.

Col
⇐ ( Ci ) := { f : V → e f ( v. ltflv . ) it In .v . HE !

V= { 1.2
,

...

, l }
.

He :={ ( xii . .

,
> (e) eel /xi=Xjl

Col
⇐

(e) = ¢
'

\ ¥
.

He
. translation

Det
.

( Projective graph config . sp .

)
l ' ' ' iii. " e) ' → kittiixettl

Pedde ) :=P( eolcdekcctii
.
:o)



2. Specializations of Tel > c. Y )
.

�2� Graph configuration space .

Def
.

Col
⇐ ( Ci ) := { f : V → e f ( v. ltflvz ) it I vi. v. HE }

V= { 1.2
,

i. .

, l }
.

He :={ ( xii . .

,
> (e) eel / xi=xj I

Eolaleke
'

\ ¥
.

He
.

Pede .( e) =P ( Cole.la/e.Ci.ii :c))

¥IYYoE•# then .at/#*



2. Specializations of TGK , Y )
.

�2� Graph configuration space .

Def
.

Col
⇐ ( Ci ) := { f : V → e f ( v. ltflvz ) it I vi. v. HE !

V= { 1.2
,

...

, l }
.

He :={ ( xii . .

,
> (e) eel / xi=xj I

Eolaleke
'

\ ¥
.

He
.

Pede .( e) =P ( Cole.la/e.Ci.ii :c))

Thm
.

The Poincare poly of Col ⇐ (

CI
) is

Roinleokktt )= ( +5 "

.cat - t )
.
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2. Specializations of Tel > c. Y )
.

�3� Expectation of Gilt ) of random G-
'

EG

Let G= I V
, E)

.

Fix Ocpc I
.

Denote by Gp the random sub graph of G
constructed by choose each EEE independently

with probability p

¢⇒
delete e←E with prob . tp

.
)

Thm
.

G : connected
.

Then The expectation of Gpa ) is

E- [ Cult ) ]=fpj"t.t.to ( I - F ,
I - p)
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2. Specializations of TGK . Y )
.

�4� Bracket polynomial for alternating link
.

Def
.

- Than
. ( Kauffman bracket polynomial )

For any link diagram L
,

7 [ L ] C- 2[A± ' ] sit
.

• [ =] = A. [ =] + A :[JC ]
• [ LUO ] =

- ( At + A
'

) . [ L ]

Rem
.

[ L ] is invariant
• [ Q§)=1

under Reideweisteriitt
.

unknot . Jones poly ÷ modified [ L ]
.



2. Specializations of Tel > c. Y )
.

�4� Bracket polynomial for alternating link
.

Obtaining a graph from an alternating link
.

:E¥?#o⇐¥oCheckerboard Adjacency
Coloring graph

GL



2. Specializations of TGK , Y )
.

�4� Bracket polynomial for alternating link
.

• [ it ] = A [ = ]+AtDC] fff €¥f§•• [ LUO ]= - ( ATA '

) . [ L ]
• [ 0 ] = 1

Thin
.

[ L ]= A
" " " " - ¥4 " ?T⇐( - A' 4

,

- At)
,

G- th

( proof )
.



2. Specializations of TGK , Y )
.

�4� Bracket polynomial for alternating link
.

• [ it ] = A [ = ]+AtDC] fff €¥f§•• [ LUO ]= - ( At + A
'

) . [ L ]
• [ D ] = 1

Thin
.

[ L ]= A
" " " " - ¥4 " ?T⇐( - A' 4

,

- At)
,

G- th

( proof )
. Compare The recursions

.

[ X ] [ =] [ ) C ]
§•-•= F••t §•←

"
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�5� Partition function of Ising model



2. Specializations of TGK . Y )
.

�5� Partition function of Ising model

Let G- =( V. E) be a simple graph .

For each
"

States
"

T ( C ¥ a map r :V→}±H )
,

The "

energy
" of T is measured by The

"

Hamiltonian
"

H ( r ) - §a⇐J . ocilrljl
,

where

where J is The
"

interaction energy
" ( i.e. JEB > o )

.

The
"

Partition function " Z=z( G. B. J ) is defined by

z  = § e- AHN
, where B is •  .  •



2. Specializations of TGK . Y )
.

�5� Partition function of Ising model

Let G- =( V. E) be a simple graph .

For each
"

States
"

r :V→s±il

the "

energy
" of T is measured by The

"

Hamiltonian
"

H ( r ) = §a⇐J . Tciltljl
,

where JER > o is The
"

interaction energy
"

The
"

Partition function " Z=z( G. B. J ) is defined by Z = § e- At " "

Thm
. z = KEBT )

" "

"÷l4sinhpJ)¥ . T€( cothf
,

e2BT) .



3. Recent works
(1) log - Concavity of Calt )

.

Examples • G=•[•l ⇒ cattktlt - c) It -2 )
=t3 - 3+2+2 t

• G= 9.7 ⇒ C ⇐ ltktlt - 1) ( t
'

- 3++3 )
=t4 - 4t3+6t2 - 3t

Conjectures Let Cal tktl - C , .tt '
+ G- tl± .  . + c- Dlce

.

(a) ( Read 1968 ) { Cit is unimodal
,

i.e. CEGE .  ' e Ch 2-  . zce
.

( b ) ( Hoggar 1974 ) / Cil is log - Concave
,

i. e.cc?ZCi.iCi+ ,

Rem
.

( b ) is stronger Than la )
.

Thm
. ( Huh

.

2012 ) ( b ) is true
.



3. Recent works
(1) log - Concavity of Catt )

.

Conjectures Let C⇐ ( tktl - c , .tt '
+ G- tl± .  . + t Dlce

.

(a) ( Read 1968 ) { Cit is unimodal
,

i.e. CEGE .  ' e 4 2- . 2 Ce
.

1 b ) ( Hoggar 1974 ) |Cil is log - Concave
,

i.  e.cc?ZCi.iCi+ ,

Thm
. ( Huh

.

2012 ) ( b ) is true
.

Huh 's proof used Hodge Theory ( Lefschettdec
.)

of some compactification of Bcok
,
( Ci )

.

The
"

Wonderful compaetitication
"

( De Concini - Procesi )

Recall : Pedalak Pm'T e¥tTe .



3. Recent works
(1) log - Concavity of Catt )

.

Conjectures Let Cal tktl - c , .tt '
+ G- tl± . . + t Dlce

.

(a) ( Read 1968 ) { Cit is unimodal
,

i.e. CEGE .  ' e Ch 2- . 2 Ce
.

1 b ) ( Hoggar 1974 ) |Cil is log - concave
,

i. e.cc?ZCi.iCi+ , no -1hm
. ( Huh

.

2012 )

Recall : Peolalak B' " ' '

\ e¥tTe .

11.539

:G
sketch of  The proof .

I Step 1 Poincare poly .

of Betak ) is
: Pcoletc )

mate .  . + Cete
#

= : Huitt . + µe
.

.tt !"

¥ www.m.Y.ge#ntafiyYiicit'



Plan of This Talk

Relations of several
"

Tutte polynomials
"

ftp.
)

T
.

P
. for

lari@atgd7y.p. (G=¢y ⇐ . i. p
.

for

TP
.

for

=listi§#~
u

Arithmetic Tufte )

aqctee.ttye.ae#EnkYdgEbEED
t Poincare '

poly .

chromatic POIY .

characteristic poly . ottoric arr .( log . concavity ) of hyp . arr .bracket poly . Ehrhart poly .

partition function Poincare poly .

of Zonotopes
a  •  •

Qa•
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Relations of several
"

Tutte polynomials
"

ftp.
)

T
.

P
. for

§@

lari€atgd7 , .p
. (G=¢y G- i. p

.

for

TP
.

for

TlistitT@asrapDgiii.tto.re.IgthTtintfeIEkDdgrtobfDchromtaticpoly3charoaftD.starpr.P0inofarIorPiYtiarr.b

racket poly . ( log - concavity ) Ehrhart poly .

partition function Poincare Poly . ofzonotopes
A  a  co &ato
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Let V be a vector space 1k

.

A ={ vi. vz
,

. .  -

,
Vn } : a list of vectors

.

( vi. 0
, Vi=vj allowed )

.

Question How to define Tutte polynomial

Ts ( x. y ) E Z[ x. y ] ?
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3 List of vectors and log - concavity
Let V be a vector space 1k

.

A ={ vi. vz
,

. .  -

,
Vn } : a list of vectors

.

( vi. 0
, Vi=vj allowed )

.

Question How to define Tutte polynomial

Ts ( x. y ) E Z[ x. y ] ?
Recall graph case . .  .

Def
.

Let G = IV. E) be  a finite graph .

• to ⇒ t⇐( x. g) = 1

Te
,

IX. g) = £ ( x . i5⇐
-

B. ( y . , #
' K

.

•  e  EE : loop  ⇒ Tak .
7) =L . Tenelx .

is )

• e e E : bridge  ⇒ Talk .Y)=  x. T.ae IX. y )
• EEE :  not loop ,

not bridge .

⇒ T⇐= Tate + The
.



3 List of vectors and log - concavity
Let V be a vector space 1k

.

A ={ vi. vz
,

. .  -

,
Vn } : a list of vectors

.

( vi. 0
, Vi=vj allowed )

.

Question How to define Tutte polynomial

Ts ( x. y ) E Z[ x. y ] ?
Recall graph case . .  .

Def
.

Let G = I v. E) be  a finite graph .

• to ⇒ t⇐( x. g) = 1

Te
,

IX. g) = £ ( x . i5⇐
-

B. ( y . , #
' K

.

•  e  EE : loop  ⇒ Tak .
7) =L . Tenelx .

is )-•eeE: bridge  ⇒ Taxis )=  x. T.ae His )
(

This Works ! !
• EEE :  not loop ,

not bridge .

⇒ T⇐= Tate + Tone
.



3 List of vectors and log - concavity
A={ vi. vz

,

. . -

,
Vn } CV subspace of V

.

Def .

For a subset SCA
, rs :=dim( SY

.

Define The Tutte polynomial of A by

Tslx . F) = §g ( x . Db
- rs

. , y.is#sts .

To settle basic properties ( recursive

relations )
, we need to formulate

"

loop
"

,

"

bridge
"

,

"

deletion
"

,

"

Contraction
"

.
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The deletion Air is

• Define The contraction Alv by



3 List of vectors and log - concavity
A={ vi. vz

,

. .  -

,
Vn } CV For SCA

, rs := dim ( S )
.

Tslx . Y ) = Eg ( x - Db
-

rs.ly.is#sts .

Def
.

• vt A is a loop it
• VEA is a bridge if

• Let were
,

The deletion Air is just delete v
.

• Define The contraction Alv by



3 List of vectors and log - concavity
A={ vi. vz

,

. .  -

,
Vn } CV For SCA

, rs :=dim( 5 )
.

Tslx . Y ) = Eg ( x - Db
-

rs.ly.is#sts .

Def
.

• VEA is a loop it V=0

• VEA is a bridge if

• Let vet
,

The deletion Air is just delete v
.

• Define The contraction Alv by



3 List of vectors and log - concavity
A={ vi. vz

,

. .  -

,
Vn } CV For SCA

, rs := dim ( S )
.

Tslx . Y ) = Eg ( x - Db
-

rs.ly . ifsts
.

This plays
Def

. role later
.

• vi. A is a loop it v=o(⇒ Into.X
• VEA is a bridge if

• Let were
,

The deletion Air is just delete v
.

• Define The contraction Alv by



3 List of vectors and log - concavity
A ={ vi. vz

,

. .  -

,
Vn } CV For SCA

, rs := dim ( S )
.

Tslx . Y ) = Eg ( x - Db
-

rs.ly . ifsts
.

This plays
Def

. role later
.

• vi. A is a loop it to

#Index• VEA is a bridge if

• Let were
,

The deletion Air is just delete v
.

• Define The contraction Alv by
AN := AT in Vku > .



3 List of vectors and log - concavity
A ={ vi. vz

,

. .  -

,
Vn } CV For SCA

, rs := dim ( S )
.

Tslx . Y ) = Eg ( x - Db
-

rs.ly . ifsts
.

This plays
Def

. role later
.

• vi. A is a loop it to

#Index• VEA is a bridge if he = tsw + I

• Let were
,

The deletion Air is just delete v
.

• Define The contraction Alv by
AN := AT in Vku > .



3 List of vectors and log - concavity
A ={ vi. vz

,

. .  -

,
Vn } CV For SCA

, rs := dim ( S )
.

Tslx . Y ) = Eg ( x - Db
-

rs.ly . ifsts
.

• Vt A is a loop it

V=0(
⇒ V{v}=0 . )

• VEA is a bridge if ts = tsw + I

• Let vet
,

The deletion Air is just delete v
.

• Define The contraction Alv by AN := AT in Vku > .

Thm
.

• A to ⇒ Ta ( x. Y ) = I

• ve A : loop ⇒ TA I x. Y ) =L .

Tavlx
. Y )

• V E A : bridge ⇒ Tslx . 7) = x. Tsivlx .
Y )

• Vet : neither loop nor bridge .
Then

Tse = Tswt Tstv .



3 List of vectors and log - concavity
Tslx . Y ) = Eg ( x - Db

-

rs.ly . ifsts
.

Thm
.

• A to ⇒ Ta 1 x. Y ) = 1

• ve A : loop ⇒ TA 1 x. Y ) =L .

Tavlx
. Y )

• V E A : bridge ⇒ Tslx . 7) = x. Tsar IX. Y )

• VEA : neither loop nor bridge .
Then Ts = Taut Tsar .

Example Let G=( V. E) be a graph .

Define A
⇐

'

= { v.v
' ( or u

'
- v ) 1 1 v.v

'

) tF| CKV
.

t List of vectors in KV
.

Then Tc
,

lx
. Y ) = Tse

,

1 > 1. Y )
.



3 List of vectors and log - concavity
Example Let G=( V. E) be a graph .

A
⇐

'

= { v.v
' ( orv

'
- v )| lviv

'

) TEICKV
.

Then 1-
⇐

lx
. Y ) = Tse

,

I > i. Y )
. vector space

¢

Det
.

( characteristic poly . ) Let ACV .

X alt ) :-( - 1) b. tdiw
'

b. Ta ( ht
,

o )
,

which is characterized by
• X¢ I t ) = tdimu

.{
• xalt ) = xawlt ) - Xanlt )

,
KTH

.

Example Xs⇐lt ) = Catt ) ( chromatic poly . )



3 List of vectors and log . concavity
ACV . Xalt ) :  = 1- 1) b. tdiw

'

b. Tacit ,
o )

,

which is characterized by • X¢ It )= tdiw
.{

• xak ) = xawlttxanlt )

Now we consider V=el
,

A=Hi ,

' " ,dn{cV*
.

M := MIA ) :=¢l\f⇐f(kerd )
.

Example For a graph G
,

Mtdckcolcdc )
.



3 List of Vectors and log . concavity
ACV . Xalt ) :  = l - 1) b. tdiw

'

b. Tacit ,
o )

,

which is characterized by • X¢ It )= tdiw
.{

• xak ) = xawlttxanlt )

Now we consider Vice
,

A=Hi ,

" ' ,dn{ CV ? M÷

MIAH
¢l\ # ( kerd )

Set Xalt )=te - bite . '
+ bzte 't

- .  + thebe
.

.

Thm
.

( Orlik - Solomon ) bi = bi ( MIA ) )
.

Thm
.

( J
.

Huh 2012 ) bi
'

Zbiibiu
.

We sketch The proof following The strategy
of Adiprasito - Huh - Katz ( arxiv : 1511.02888 )



3 List of vectors and log . concavity
Xalt ) is characterized by • X¢ It )= tdiw

.{
• xak ) = xawlttxanlt )

Now we consider Vice
,

A=Hi ,

" ' ,dn{cV*
.

M÷

MIAH
¢l\ ¥ ( kerd )

Thm
.

( J
.

Huh 2012 ) Xalt ) = te - bite . '
+ bztl 't

- .  + thebe
.

Then

bi2> biibiti
.

.

Step 1 ( elementary )

Set ¥1YI=tt
'

- µ ,
test - . - + tyttue

. ,
.

ME z µ :-,
. µ , Hi ) ⇒ be z bit bit , lti )

.

The goal is To prove hizmi . init ,



3 List of vectors and log . concavity
Xalt ) is characterized by • X¢ It )= tdiw

.{
• xak ) = xawlttxanlt )

Now we consider Vice
,

A=Hi ,

" ' ,dn{cV*
.

M÷MlAK¢l\
¥ ( kerd )

f1YI=tt
'

- µ ,
test - . - + tyttueu

.

Goal : µi2> Min - Miti
.

Step 2 ( long Construction )

Express Mi as intersection numbers
.

( 2-1) BMCA ) - MCA )1e×↳Ya
"

Wonderful -

( 2-2) d. BE Hy ya
,

z ) Compactification
"

( 2-3) µq=Lt ' - k
. Bh

.



3 List of vectors and log . concavity
Now we consider Vice

,

A=Hi ,

" ' ,dn{cV*
.

M÷MlAK¢l\f⇐f(

kerd )

Goal :µi2> Min . Mit ,

Step 2 ( long Construction )

Express Mi as intersection numbers
.

( 2-1) BMIA ) - MCA )1E×↳Ya
"

Wonderful - Compactification
"

( 2-2) d. BEHYYA
,

2)
(2-3) µes=&t ' - h

. Bh
.

YA
.

.

ape - 1
10 ) blowupato - dim strata

( i ) - strict trot 1- dine -

psma)↳¢Ii=⇐÷aE¢#
Complement to

TL
.

hyper planes H£=KerT



3 List of vectors and log . concavity
Now we consider Vice

,

A=Hi ,

" ' ,dn{cV*
.

M÷MlAK¢l\f⇐f(

kerd )

Goal :µi2> Min . Mit ,

Step 2 ( long Construction )

Express Mi as intersection numbers
.

( 2-1) BMIA ) - MCA )1E×↳Ya
"

Wonderful - Compaetification
"

( 2-2) d. BEHYYA
,

2)
(2-3) µq=&t ' - k.ph

.

YA
. .

are . ' Tpft'I¥!Yo#¥#st D= TE H
H : hyperplane

class



3 List of vectors and log . concavity
Xalt ) is characterized by • X¢ It )= tdiw

.

FAYE'=tt
'

- µ ,tt2+ . .  . + eye
.iµ§•Xalt ) = Xawlt ) - Xanrlt )

Goal : µi2> Min . Mit ,

Step 2 ( long Construction )

Express Mi as intersection numbers
.

.

( 2 - l ) BMIA ) - MCA )1E× ↳ Ya
' '

Wonderful - Compactification
"

( 2-2) d. BE HY Ya
,

2)
( 2-3) µq=&t ' - k.ph

.

.

Induction using 1¥ =

T⇒fi
-

Xskit - 1
.

Geometric idea is to compare YA
,

YAKI
,

Yski
.



←

33
,

k¥2.0,±
.

Hors
and lose concavity

t0÷⇐Y¥OIE¥t .

E. Q# En

'

i

"

i

,



3 List of vectors and log - concavity
Goal : µi2> Min . Mit , Step 2 ( 2 - i ) BMCA ) : = Ml A) 1 ex ↳ Ya

(2-2) d. BE HY Ya
,

2)
( 2-3) µq= Lt ' ' k

. Bh
.

Step } ( Positivity arguments :( probably) routine for experts)
(3-1) d. B are net

.

13 - 2) Fix a Kahler class WEHYYS
,

R )
.

dtitdttw
i

is Kahler for t > 0
. Apply Lefschetz decomp .

and Hodge - Riemann iheq . to get Me?zzµe→.µe
. ,

.

( 3- 3) For other icl -2
,

Use Lefschetzhyperplanethn
.

( See Adiprasito . Huh - Katz § 9.2 for details of 13-21
. )



4 Arithmetic / G - Tutte polynomial



4 Arithmetic 1 G - Tutte polynomial

Let 17 be a finitely generated abelian group .

A={ di
,

... in } c T
.

( ⇐24 to # )
torsion

For SCA
,

ts := rank ( ST subgroup
Part .

of T generated by 5
.

Def
.

( Moci 's Arithmetic Tuttepdy .
)

Tsarith ( x. g) = E ml s ) ( x-D
" - ts

( y . is
" ' . rs

.

Det . ( G - Tutte poly .
) Let G be an abelian Lie group .

Tsctlxis )=§gm( s : at 1 x . 1)
rats ( y . , )

's ' '

?



4 Arithmetic 1 G - Tutte polynomial

Let 17 be a finitely generated abelian group .

A={ di
,

... in } c T
.

( ⇐24 to # )
torsion

For SCA
,

ts := rank ( ST subgroup
Part .

of T generated by 5
.

Def
.

( Moci 's Arithmetic Tuttepdy .
)

Tsarith ( x. g) = E ml s ) ( x-D
" - ts

( y . is
" ' . rs

.

Det . ( G - Tutte poly .
) Let G be an abelian Lie group .

Tsctlxis )=§gm( s : at 1 x . 1)
rats ( y . , )

's ' '

?



4 Arithmetic / G - Tutte polynomial
A={ di

,

n . ,dn } C T
.

Tsarith ( x. g) = I mc s ) ( x-p
" . rs

( y . ijstrs
.

Tsctlxis )=§gm( s : at lx - 1)
rats ( y . ,j

's ' '

?

Def
.

The multiplicities Mls ) and Mls : G) are

mls ) := # (MCs>)+or

Mls :G ) :=#Hom( 1 Tks > ltor
,

G)
.

Rem
.

MCS ) = MCS
,

ex ) =m( S
,

s ' ) because if

F is finite abelian
,

FZ Hom( F. S ' ) I How ( F
,

Ex )
as ( abstract ) abelian groups .



4 Arithmetic / G - Tutte polynomial
A={ d. n . in } CT

.

Mls ) :-# Hes>)+or Tsarith ( x. g) = E m( s ) ( x . ijrtts ( y . ijstrs
.

Mls :G ) :=#Hom( ltks > )+or
,

G)
.

Tsetcx .y)=§gm( s :# Ix - ii. → ( y . I )
" '

?

Results on Tiflx
. y )

° Recursion holds ( need a modification
. )

° In particular ,
X£lt ) := ftp.tkktatytt.y

satisfies

Halt )=XIuH - X !aH
.



4 Arithmetic / G - Tutte polynomial
A={ di i. . in } CT

.

Mls ) :-# Hes>)+or Tsarith ( x. g) = I m( s ) ( x - ijrtts ( y . ijstrs
.

Mls :G ) :=#Hom( ltks > )+or
,

G)
.

Tsetcx .y)=§gm( s :# Ix - IF → ( y . I )
" '

?

X£lt ) := ftp.tkktatltt.d

Specializations ° Tss '=TIETi" th

,
Tah'

- Ts
.

° Ehrhart polynomial of Zonotopes is a specialization

of arithmetic Tuttepdy
.

( D
'

Addario ' Moci )
° The constituent of characteristic quasi . Poly

( ÷ mod fs Counting ,
defined

is Xs%£ ( t )
. by Kamiya - Takemura '

Terao )



4 Arithmetic / G - Tutte polynomial
A={ di ,n . ,dn } c T

.

mls :G ) :-# Homlltks > ltor
,

G)
.

X£lt ) :=

ftp.tkktaty#pTsecx.y)=sqmCs:at1x-iMtsly.iIst?
Specializations

For dtt
,

Ha - { 4t Honk
,
G) / 4kKo{ C Houk

.
G)

.

Define M : = Hon ( T
, G) \ ,yaHa←

a generalization
of MCA )

,
Col

⇐ K )
.

Euler char
.

e( M ) and Poincare poly Putt )

can be expressed by Xatlt )
.



4 Arithmetic / G - Tutte polynomial
A={ di

,

n . in } c T
.

mls :G ) :-# Homlltks > ltor
,

G)
.

X£lt ) := fljktkiktatytt ,p Tsetcxis )=§gm( s :# Ix - ii. ( y . i )
's ' '

?

Ha - { 4 t Honk
,
G) / 414=01 C Honk .tt

.

M := Honk
, G) Yalta

Thm ( Liu . Tran - Y
. ) Let G= ( S ' )PxB8xF

,
where

F is a finite abelian group .

Let g=pt8=dinG
.

(1) I Euler char
.

) elmktittik .X( c- ii. e (GD
.

(2) (Poincare poly )
.

If 8>0 , Putt
)=ft£'

jkxatf teats)
Rem

.

when 8=0 ( G : compact )
,

this
does not hold

.



4 Arithmetic / G - Tutte polynomial
Thm ( Liu . Tran - Y

. ) Let G- = ( S ' )PxB8x F
,

where

F is a finite abelian group .

Let g=pt8=dinG
.

(1) I Euler char
.

) elmktittk .X( c- ii. e (GD
.

(2) (Poincare poly )
.

If 8>0 , Putt
)=ft£'

jkxatf EYED

Rem
.

when 8=0 ( G : compact )
,

this
does not hold

.

Question Let G- = ( V. E) be a graph ,

M : a d- dim .

manifold
.

Col a ( M ) i={ f : v→ nlfcv ) # to ' )
.

for ( v.v
' ) EE }

When Ieuan ,
ltl =L . tat 'T ! Cat PIE' ) holds ?



4 Arithmetic 1 G - Tutte polynomial
( Meta - ) Problem If one learnes something on

classical Tutte polynomial , Try to generalize +0

Example ( expectation of # of homes )
G- Tutte

.

T : fin
. yen .

Abelian
.

ACT
.

I ra=rp )
.

G : finite abelian group .

Let 0<P< I
.

Choose each de A independently with probability P

to have a random subset SPEA , and a group tptkspy
.Then

E[# Homtsp ,G ) ]= Philip # ← K Tilt # a. ¥ . ,÷pl
.
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