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Realization space I

M 2d
3(d,d+1)

Set of projective plane curves in P2 := CP2 of degree d with three
singular types of topological type as vd − ud+1 = 0.

C ∈M 2d
3(d,d+1)

I Sing(C) = {P,Q,R}, L line P,Q ∈ L.
I C irreducible: all its singular points locally irreducible.

I C · L = 2d, (C · L)P , (C · L)Q ≥ d

=⇒
{

(C · L)P = (C · L)Q = d

C ∩ L = {P,Q}.

Special form

I ∃Φ ∈ PGL(3;C) 3 Φ(Sing(C)) = {[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1]}.
I Replace C by Φ(C): Sing(C) = {[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1]}.
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Realization Space II
Diagonal automorphisms
Φ(Sing(C)) = {[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1]} ⇐⇒ Φ diagonal

Finding equations
C = {F2d(X,Y, Z) = 0}, Z = 0 not tangent line for (C, [0 : 1 : 0]) =⇒
coefficient of (XY )d is 6= 0 (⇒ is 1)

0 2 . . . d . . . 2d
0
2

...

d

...

2d

• Newton polygon of F (X,Y, 1).
• One tangent line 6= X,Y

• Apply to F (X, 1, Z), F (1, Y, Z)

• Y d(X + αZ)d Φ17→ Y d(X + Z)d

• Xd(Y + αZ)d Φ27→ Xd(Y + Z)d

• Zd(Y + ωZ)d, ωd = 1.
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Realization Space III

Apply Φ1 and Φ2

• C has the previous Newton polygon.
• F restricted to the boundary:

Xd(Y + Z)d, Y d(X + Z)d, Zd(Y + ωX)d, ωd = 1.

• If Φ(C) is as above:

I Φ = 1P2 , ω 7→ ω.
I Φ([X : Y : Z]) = [Y : X : Z], ω 7→ ω−1.
I ω = 1 and Φ permutation.

Decomposition via roots of unity
M 2d

3(d,d+1) decomposes in
⌊
d
2
⌋

+ 1 subsets M 2d
3(d,d+1)(ω) parametrized

by the sets {ω, ω−1}, when ωd = 1.
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Small degrees

d = 2

0 2 4
0

2

4

ω = 1 (Y Z +XZ +XY )2, @C
ω = −1 C tricuspidal quartic

Zariski: π1(P2 \ C) non-abelian

d = 3

0 3 6
0

3

6

ω = 1 ∃ conic tangent to C1
ω = ζ3 Cζ3 , @ such a conic

A-Carmona: π1(P2 \ C1) = Z2 ∗ Z3

A-Carmona: π1(P2 \ Cζ3) = Z2 × Z3
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Realization space
Theorem
If d ≥ 3, M 2d

3(d,d+1) has
⌊
d
2
⌋

+ 1 connected components parametrized by
the sets {ω, ω−1}, when ωd = 1.

Proof.
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Fundamental group

Examples
• C1 ∈M 4

3A2
, the triscuspidal quartic:

π1(P2 \ C) non-abelian of order 12 (Zariski)

• C1 ∈M 4
3A2

, sextic with three E6 points tangent to a conic: π1(P2 \
C) ∼= Z/2 ∗ Z/3 (A-Carmona)

• Cζ ∈M 4
3A2

, sextic with three E6 points non-tangent to a conic:
π1(P2 \ C) ∼= Z/2× Z/3 (A-Carmona)

Question
How many such groups are abelian?

Strategy
Study a curve with plenty of extremal flexes: Fermat curves
Xd + Y d + Zd = 0.

Tangent lines: (Xd + Y d)(Y d + Zd)(Zd +Xd) = 0
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An arrangement of lines

Z = 0

Y = 0

X = 0

X + Y = 0X + Z = 0

Y + Z = 0

X + Y + Z = 0

1 = [µxz, µxy] = [µxz, µxyz, µy] = [µxz, µyz]

1 = [µx, µy, µxy] = [µx, µyz, µxyz] = [µ−1
y µxyµy, µyz]

1 = µyzµxyzµyµxyµxzµxµz = µdx = µdy = µdz



An arrangement of lines

Z = 0

Y = 0

X = 0

X + Y = 0X + Z = 0

Y + Z = 0

X + Y + Z = 0

1 = [µxz, µxy] = [µxz, µxyz, µy] = [µxz, µyz]
1 = [µx, µy, µxy] = [µx, µyz, µxyz] = [µ−1

y µxyµy, µyz]

1 = µyzµxyzµyµxyµxzµxµz = µdx = µdy = µdz



An arrangement of lines

Z = 0

Y = 0

X = 0

X + Y = 0X + Z = 0

Y + Z = 0

X + Y + Z = 0

1 = [µxz, µxy] = [µxz, µxyz, µy] = [µxz, µyz]
1 = [µx, µy, µxy] = [µx, µyz, µxyz] = [µ−1

y µxyµy, µyz]
1 = µyzµxyzµyµxyµxzµxµz = µdx = µdy = µdz



Fundamental group of triangular curves

Theorem
Let Tω ∈M((d),(d),(d)). If either d > 3 or (d, ω) = (3, ζ), then
π1(P2 \ Tω) is abelian.

Proof.

• Consider the orbifold fundamental group

π1(P2 \ {(X + Y + Z)(X + Y )(Y + Z)(Z +X)XY Z = 0})
〈µdx, µdy, µdz〉

• Kummer cover πd : P2 → P2, [X : Y : Z] 7→ [Xd : Y d : Zd]
• π−1

d ({(X + Y + Z)(X + Y )(Y + Z)(Z +X)XY Z = 0}) =
{(Xd + Y d + Zd)(Xd + Y d)(Y d + Zd)(Zd +Xd)XY Z = 0}

• Monodromy of πd: µx 7→ (1, 0), µy 7→ (0, 1), µz 7→ (−1,−1)
• π1(P2 \ {(Xd + Y d + Zd)(Xd + Y d)(Y d + Zd)(Zd +Xd) = 0} via
Reidemeister-Schreier

Kill meridians to obtain the result
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Fundamental group of Shirane curves
Theorem (Classic)
X projective surface, A,B ⊂ X with no common irreducible
components, B =

⋃
j Bj. Then, π1(X \A) ∼= π1(X \ (A ∪B))/〈µBj 〉,

µBj meridians.

Corollary
Let Dω ∈M 2d+3

3〈uv((u+v)d+vd+1)〉. If either d > 3 or (d, ω) = (3, ζ), then
π1(P2 \ Dω) is abelian.

Corollary
Let Cω ∈M 2d

3(d,d+1). If either d > 3 or (d, ω) = (3, ζ), then π1(P2 \ Cω)
is abelian.

Theorem (Zariski,Dimca)
{Ct}t∈[0,1] family of projective plane curves, equisingular for t ∈ (0, 1])
with C1 reduced. Then ∃π1(P2 \ C0)� π1(P2 \ C1).

Corollary (Degeneration of ((d), (d), (d)) curves)
All Shirane curves have abelian fundamental group except from
((2), (2), (2)) and ((3), (3), (3)) (with aligned intersection points).



Fundamental group of Shirane curves
Theorem (Classic)
X projective surface, A,B ⊂ X with no common irreducible
components, B =

⋃
j Bj. Then, π1(X \A) ∼= π1(X \ (A ∪B))/〈µBj 〉,

µBj meridians.

Corollary
Let Dω ∈M 2d+3

3〈uv((u+v)d+vd+1)〉. If either d > 3 or (d, ω) = (3, ζ), then
π1(P2 \ Dω) is abelian.

Corollary
Let Cω ∈M 2d

3(d,d+1). If either d > 3 or (d, ω) = (3, ζ), then π1(P2 \ Cω)
is abelian.

Theorem (Zariski,Dimca)
{Ct}t∈[0,1] family of projective plane curves, equisingular for t ∈ (0, 1])
with C1 reduced. Then ∃π1(P2 \ C0)� π1(P2 \ C1).

Corollary (Degeneration of ((d), (d), (d)) curves)
All Shirane curves have abelian fundamental group except from
((2), (2), (2)) and ((3), (3), (3)) (with aligned intersection points).



Fundamental group of Shirane curves
Theorem (Classic)
X projective surface, A,B ⊂ X with no common irreducible
components, B =

⋃
j Bj. Then, π1(X \A) ∼= π1(X \ (A ∪B))/〈µBj 〉,

µBj meridians.

Corollary
Let Dω ∈M 2d+3

3〈uv((u+v)d+vd+1)〉. If either d > 3 or (d, ω) = (3, ζ), then
π1(P2 \ Dω) is abelian.

Corollary
Let Cω ∈M 2d

3(d,d+1). If either d > 3 or (d, ω) = (3, ζ), then π1(P2 \ Cω)
is abelian.

Theorem (Zariski,Dimca)
{Ct}t∈[0,1] family of projective plane curves, equisingular for t ∈ (0, 1])
with C1 reduced. Then ∃π1(P2 \ C0)� π1(P2 \ C1).

Corollary (Degeneration of ((d), (d), (d)) curves)
All Shirane curves have abelian fundamental group except from
((2), (2), (2)) and ((3), (3), (3)) (with aligned intersection points).



Fundamental group of Shirane curves
Theorem (Classic)
X projective surface, A,B ⊂ X with no common irreducible
components, B =

⋃
j Bj. Then, π1(X \A) ∼= π1(X \ (A ∪B))/〈µBj 〉,

µBj meridians.

Corollary
Let Dω ∈M 2d+3

3〈uv((u+v)d+vd+1)〉. If either d > 3 or (d, ω) = (3, ζ), then
π1(P2 \ Dω) is abelian.

Corollary
Let Cω ∈M 2d

3(d,d+1). If either d > 3 or (d, ω) = (3, ζ), then π1(P2 \ Cω)
is abelian.

Theorem (Zariski,Dimca)
{Ct}t∈[0,1] family of projective plane curves, equisingular for t ∈ (0, 1])
with C1 reduced. Then ∃π1(P2 \ C0)� π1(P2 \ C1).

Corollary (Degeneration of ((d), (d), (d)) curves)
All Shirane curves have abelian fundamental group except from
((2), (2), (2)) and ((3), (3), (3)) (with aligned intersection points).



Fundamental group of Shirane curves
Theorem (Classic)
X projective surface, A,B ⊂ X with no common irreducible
components, B =

⋃
j Bj. Then, π1(X \A) ∼= π1(X \ (A ∪B))/〈µBj 〉,

µBj meridians.

Corollary
Let Dω ∈M 2d+3

3〈uv((u+v)d+vd+1)〉. If either d > 3 or (d, ω) = (3, ζ), then
π1(P2 \ Dω) is abelian.

Corollary
Let Cω ∈M 2d

3(d,d+1). If either d > 3 or (d, ω) = (3, ζ), then π1(P2 \ Cω)
is abelian.

Theorem (Zariski,Dimca)
{Ct}t∈[0,1] family of projective plane curves, equisingular for t ∈ (0, 1])
with C1 reduced. Then ∃π1(P2 \ C0)� π1(P2 \ C1).

Corollary (Degeneration of ((d), (d), (d)) curves)
All Shirane curves have abelian fundamental group except from
((2), (2), (2)) and ((3), (3), (3)) (with aligned intersection points).



Homeomorphisms of complements
Theorem
SH((a1,...,ar),(b1,...,bs),(c1,...,ct)) has m or

⌊
m
2
⌋

+ 1 components having
pairwise distinct topological complements in P2, m = gcd(ai, bj , ck).



Homeomorphisms of complements
Theorem
SH((a1,...,ar),(b1,...,bs),(c1,...,ct)) has m or

⌊
m
2
⌋

+ 1 components having
pairwise distinct topological complements in P2, m = gcd(ai, bj , ck).

Proof of Case ((d), (d), (d)).

. Wω := P2 \ Tω
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Conclusions

I Homeomorphism of complements instead of pairs:

• Replace boundary by π∞1
• Replace Waldhausen graph manifold theory by Waldhausen

sufficiently large manifold theory.
I Easier in the non-conjugate case.

Curves in M 2d
3(d,d+1)

If ω2 6= ω±1
1 , are (P2, Cω1) and (P2, Cω2) homeomorphic? (d > 3)

I M 2d
3(d,d+1) disconnected =⇒ Zariski tuple candidates

I Lines essential to distinguish components in M 2d+3
3〈uv((u+v)d+vd+1)〉
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