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Examples
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Alexander-Oka Polynomials

Settings

C=CiU..UC CP?

G:=m(P?\CUC).

e: Hi(P2\CuC) —— Z
i G

Definition (Oka, —, Libgober)

The Alexander polynomial A¢ (t) of C with respect to ¢ is the order of
K./K! as a Q[t*']-module.
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Properties

@ Oka, Randell. A¢ .(t) coincides with the characteristic
polynomial of the monodromy of the Milnor fiber of F := MF;".
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Properties

@ Oka, Randell. A¢ .(t) coincides with the characteristic
polynomial of the monodromy of the Milnor fiber of F := NF;".

@ —, Libgober.

Acet)] [ Acen®]]E - 1),

PeSing(C) i

Dce(t) | Acieco(t)-
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Alexander-Oka Polynomials
Twisted Alexander Polynomials

Properties

@ Oka, Randell. A¢ .(t) coincides with the characteristic
polynomial of the monodromy of the Milnor fiber of F := NF;".

@ —, Libgober.
Ac(t) [] Acer t)H (t5 — 1)k,

PeSing(C)
Ac (1) | Aceco(t).

@ Artal, —, Tokunaga. Consider the evaluation morphism

Q... '] 5 Qt*]
ti —

then Ac .(t) is the generator of G.(F(C)).




Alexander-Oka Polynomials il e DS
Examples

Remarks and Open Problems

Alexander Polynomials of a curve

Theorem (Libgober,-)

The Alexander polynomial of C w.r.t. € is the first invariant of the

colored Burau representation matrix of the braid monodromy of C
w.r.t. e divided by (1 — t2=<)/(1 — t).
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Alexander Polynomials of a curve

Theorem (Libgober,-)

The Alexander polynomial of C w.r.t. € is the first invariant of the
colored Burau representation matrix of the braid monodromy of C
w.r.t. e divided by (1 — t2=<)/(1 — t).

Colored Burau Representation:

-t 1 0 ... 0

0 1 0 .. 0

01— 0 0 1 0
0O 0 O 1
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Alexander Polynomials of a curve

Theorem (Libgober,-)

The Alexander polynomial of C w.r.t. € is the first invariant of the
colored Burau representation matrix of the braid monodromy of C
w.r.t. e divided by (1 — t2=<)/(1 — t).

Colored Burau Representation:

1 0
0 0
0 1
1 0O O
i > 0 e —tei 1 0
0 0o 1
1 0
0 0
0 1
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Examples

Consider example from Part I:
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Alexander-Oka Polynomials

Examples

Consider example from Part I:

Be,(t) = (t-1).

Bcy(t) = (t-1).
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Alexander-Oka Polynomials

Examples

However, if € := (1, 2), then

AC1,6(t) (t_1)'

ACQ,E(t) = (t2 - 1)'
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Alexander-Oka Polynomials

Examples

Moreover, if e := (2,1), then

AC1,6(t) (t_1)'

Acy,e(t) = (t = 1)(£2 +1).
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Alexander-Oka Polynomials

Remarks and Open Problems

@ From @ only some A .(t) can be determined by geometrical
conditions on the singular points of C.
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@ From @D only some Ac¢ (t) can be determined by geometrical
conditions on the singular points of C.
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Remarks and Open Problems

@ From @D only some Ac¢ (t) can be determined by geometrical
conditions on the singular points of C. Are there geometrical
conditions for each A¢ o(t)?
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Remarks and Open Problems

@ From @D only some Ac¢ (t) can be determined by geometrical
conditions on the singular points of C. Are there geometrical
conditions for each A¢ .(t)?

@ Find a (maybe universal) bound on A .(f) in terms of degC.
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Remarks and Open Problems

@ From @D only some Ac¢ (t) can be determined by geometrical
conditions on the singular points of C. Are there geometrical
conditions for each A¢ .(t)?

@ Find a (maybe universal) bound on A¢ (1) in terms of degC.

@ The roots of A¢ () are d-th roots of unity (d := deg F).
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Examples
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Alexander-Oka Polynomials

Remarks and Open Problems

@ From @D only some Ac¢ (t) can be determined by geometrical
conditions on the singular points of C. Are there geometrical
conditions for each A¢ .(t)?

@ Find a (maybe universal) bound on A¢ (1) in terms of degC.
@ The roots of A¢ () are d-th roots of unity (d := deg F).

@ Find a better (maybe universal) bound on the multiplicities of the
roots of Ac ().
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Franz-Reidemeister Torsion of a Complex

@ C. afinite chain complex:

o

Co=Cr 2 2y,
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Franz-Reidemeister Torsion of a Complex

@ C. afinite chain complex:
c.=C % ... % 0,

@ C; finite dimensional F-vector spaces, and 9 o & = 0.
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Franz-Reidemeister Torsion of a Complex

@ C. afinite chain complex:
c.=C % ... % 0,

@ C, finite dimensional F-vector spaces, and 9o 9 = 0.
@ Choose a basis ¢; for C;,
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Franz-Reidemeister Torsion of a Complex

@ C. afinite chain complex:
c.=C % ... % 0,

@ C, finite dimensional F-vector spaces, and 9o 9 = 0.
@ Choose a basis ¢; for C;,
@ Choose h; a basis for the homology H;(C.),
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Franz-Reidemeister Torsion of a Complex

@ C. afinite chain complex:
c.=C % ... % 0,

@ C, finite dimensional F-vector spaces, and 9o 9 = 0.
@ Choose a basis ¢; for C;,

@ Choose h; a basis for the homology H;(C.),

@ Choose h; a lift of h; in C;.
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Franz-Reidemeister Torsion of a Complex

@ C. afinite chain complex:
c.=C % ... % 0,

@ C, finite dimensional F-vector spaces, and 9o 9 = 0.
© Choose a basis ¢; for C;,

@ Choose h; a basis for the homology Hi(C.),

© Choose h; a lift of h; in C;.

©@ Choose b; a basis of the image of 9 : C;,1 — C; and
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Franz-Reidemeister Torsion of a Complex

@ C. afinite chain complex:
c.=C % ... % 0,

@ C, finite dimensional F-vector spaces, and 9o 9 = 0.
© Choose a basis ¢; for C;,

@ Choose h; a basis for the homology Hi(C.),

© Choose h; a lift of h; in C;.

@ Choose b; a basis of the image of 9 : C;,1 — C; and
@ Choose b; a lift of b; in Ciy1.
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Franz-Reidemeister Torsion of a Complex

@ C. afinite chain complex:
c.=C % ... % 0,

@ C, finite dimensional F-vector spaces, and 9o 9 = 0.
© Choose a basis ¢; for C;,

@ Choose h; a basis for the homology Hi(C.),

© Choose h; a lift of h; in C;.

@ Choose b; a basis of the image of 9 : C;,1 — C; and
@ Choose b; a lift of b; in Ciy1.

@ b;hb;_1 is a basis of C;.
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Definition
The Franz-Reidemeister torsion of (Cy; c, h) is

n .
7(Cyi ¢, h) = [[bitibi—1la] V" € F*/{%1}.
i=0
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Consider a finitely presented group G = ( X1,...,Xm | f1,..., I ).
p: G — GL(F[t*"]) a representation of G.
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Consider a finitely presented group G = ( X1,...,Xm | f1,..., I ).
p: G — GL(F[t*"]) a representation of G.
e : Hi(G) — Z a surjective homomorphism.
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meister Torsion of a Complex

Twisted Alexander Polynomials

Consider a finitely presented group G = ( X1,...,Xm | f1,..., I ).
p: G — GL(F[t*"]) a representation of G.

e : Hi(G) — Z a surjective homomorphism.

There is a ring homomorphism

ZIG] — GL/(F[t*'])
v o tEWp(y).
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Franz-Reidemeister Torsion of a Complex
Fox calculus

Twisted Alexander Polynomials Exam|
Remarks, Questions and Open Problems

Consider a finitely presented group G = ( X1,...,Xm | f1,..., I ).
p: G — GL(F[t*"]) a representation of G.

e : Hi(G) — Z a surjective homomorphism.

There is a ring homomorphism

ZIG] — GL/(F[t*'])
v o tEWp(y).

Let F, be the free group generated by Xy, ..., xp,. Set

& : Z[Fn] — Z[G] =28 GL(F[tX"]).
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Consider a finitely presented group G = ( X1,...,Xm | f1,..., I ).
p: G — GL(F[t*"]) a representation of G.

e : Hi(G) — Z a surjective homomorphism.

There is a ring homomorphism

Z[G] — GL(F[tt"])
7 E(y)

Let F, be the free group generated by Xy, ..., xp,. Set

¢ : Z[Frm] — Z[G] 228 GL(F[t="]).

There exists some i such that ®(x; — 1) has a non-zero determinant.
Let p; : (\")™ — (A")™" be the projection in the direction of the i-th
copy of \'.
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Consider the (nr x mr)-matrix
. 6/'/(
U |: (8X/)}

Q= { ?cd{( (m—1) x r(m—1))-minors of (p;T)} gtﬁezrwq;e
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Consider the (nr x mr)-matrix
o
= { (a)m
Q - { ged{(r(m — 1) x r(m — 1))-minors of (p;7)} ifn>m

1 otherwise
One can define the twisted Alexander polynomial of (; e, p) as

AX75)p(t) = Q,/ det(¢(x,- = 1))
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Consider the (nr x mr)-matrix
6/'/(
U |: (aX/)}

Q= { ?cd{( (m—1) x r(m—1))-minors of (p;T)} gtﬁezrwq;e

One can define the twisted Alexander polynomial of (; e, p) as

AX75)p(t) = Q,/ det(¢(x,- = 1))

Theorem (Kirk, Livingston, Wada)

Let X be a finite CW-complex. If H;?(X; F[t*]) is torsion, then

Te,p(X) = Dx e p(1).
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Example

o G1 = B3 = < X1, Xo ' 1 = X1X2X1(X2X1X2)71 >
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Remarks, Questions and Open Problems

Example

Q G = Bs = < X1,Xo 1 [ = X1 XoXq (X2X1X2)_1 >

Q p(x) = [11 ﬂ plxe) = [S ”
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Example

Q G = Bs = < X1,Xo 1 [ = X1 XoXq (X2X1X2)_1 >

Q o(x1) = {_11 ﬂ p(x2) = [(1) 1]
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Example

Q G = Bs = < X1,Xo 1 [ = X1 XoXq (X2X1X2)_1 >

Q o(x1) = {_11 ﬂ p(x2) = [(1) 1]

. 8X2X1 (X2X1X2)71 .
6X1 a 0Xq +p(X1)t 8X1 -
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Example

Q G = Bs = < X1,Xo 1 [ = X1 XoXq (X2X1X2)_1 >

Q o(x1) = {_11 ﬂ p(x2) = [(1) 1]

e €(X1) = E(Xz) =1.

o
on . 0Xq O0Xo X1 (X2X1 Xg)f1
6X1 a 0Xq +p(X1)t 8X1 -
1 0 1 0 0Xo 0Xq (X2X1 X2)_1 .
[o 1} u [1 1] t<ax1+p(’(2)tax1 -
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Example

Q G = Bs = < X1,Xo 1 [ = X1 XoXq (X2X1X2)_1 >

Q o(x1) = {_11 ﬂ p(x2) = [(1) 1]

e €(X1) = E(Xz) =1.

o
on . 0Xq O0Xo X1 (X2X1X2)71 .
6X1 a 0Xq +p(X1)t 8X1 -
1 0 1 0 0Xo 0Xq (X2X1 X2)_1 .
[o 1} u [1 1] t<ax1+p(’(2)tax1 -

2—t+1 t(t—1)
—ir 1t
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

on 2—t4+1 tt—1) t-—1 —2

¢(8x, —i 1—t -t —P+t-1
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

(an 2—t+1 t(t—1) t—1 —t?
X —2 =5 #=p =FLi="

Since ®(xp — 1) = [(1) ” t— B ﬂ = [t:t1 ti)d
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Franz-Reidemeister Torsion of a Complex
Fox calculus

Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

¢(8r1 2—t4+1 tt—1) t-—1 —2
0X; —t? 1—-t -t —£P+t-1
Since ¢(x2 — 1) = [(1) ” ff= B ﬂ = [t:t1 t?d and

detd(xz — 1) = (t —1)?
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

¢(8r1 2—t4+1 tt—1) t-—1 —2
0X; —t? 1—-t -t —£P+t-1
. 11 10 t—1 0
S|nced>(x21)—[0 1}1‘{0 1}—[_1‘ t—J and
detd(xp — 1) = (t—1)2
one obtains
2—t+1 t(t1)‘
—t? 1t 5
Ag e p(t) = (t—1)2 =(t"+1).
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Franz-Reidemeister Torsion of a Complex
Fox calculus

Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

¢(8r1 2—t+1 t(t—1) t—1 —t?
OX; —i 1—t £P—t —f+t-1
. 1 1 10 t—1 0
S|nced>(x21)—[0 1}1‘{0 1}—[_1‘ t—J and
detd(xp — 1) = (t—1)2
one obtains
2—t+1 t(t1)‘
—t? 1t 5
AG175’p(t) = (t—1)2 —(t +1).

Note that Ag, (t) = t2 — t + 1 for the classical Alexander polynomial.
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Franz-Reidemeister Torsion of a Complex
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Example

[~ Gg =By = < X1,X0,X3 1 1 = X1X2X1(X2X1X2)71, =
X1 XoX1 (XoX1X2) 7', r3 = X1 X3(X3X1) ')
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eidemeister Torsion of a Complex
Fox calculus
Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Example

@ Go =Bs = < X1,X0,X3 : [{ = X1XoXq (X2X1X2)_17 =
X1 X2 X1 (XeX1X2) 7', 13 = X1 X3(X3xq) ")

o ptx) =)= | !y ] )= g ]
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eidemeister Torsion of a Complex
Fox calculus
Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Example

@ Go =Bs = < X1,X0,X3 : [{ = X1XoXq (X2X1X2)_17 =
X1 X2 X1 (XeX1X2) 7', 13 = X1 X3(X3xq) ")

o ptx) =)= | !y ] )= g ]|

o 5(X1) = E(Xg) = €(X3) =1.
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Example

@ Go =Bs = < X1,X0,X3 : [{ = X1XoXq (X2X1X2)_17 ra
X1 X2X1 (X2X1X2)_17 R = X1X3(X3X1)_1 )
1 0 1 1
o ptx) =) i= | 1y §] o) = |5 1]

(] €(X1) = E(Xz) = €(X3) = 1.

o
i — i (=) t—1 — 0 0
—t~ 1—t P=i =Fdei=1 0 0
1—t 0 0 0 t—1 0
t 1—t 0 0 —t t—1
0 0 1 =7 £ —P+t—-1 -£
0 0 —tH(t—1) —t+1 t t—1
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

Example

@ Go =Bs = < X1,X0,X3 : [{ = X1XoXq (X2X1X2)_17 =
X1 X2X1 (X2X1X2)_17 R = X1X3(X3X1)_1 )
1 0 1 1
o ptx) =) i= | 1y §] o) = |5 1]

(] E(X1) = E(Xz) = €(X3) = 1.

o
P—t+1 t(t—1) t—1 —i 0 0
—f 1—t -t —P+t—1 0 0
1—t 0 0 0 t—1 0
t i — 0 0 —t t—1
0 0 1—t £ —P4t—1 t—¢
0 0 —Ht—1) £—t+1 t t—1

@ detd(xz —1)=(t—1)2
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Twisted Alexander Polynomials Example
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Example

@ Go =Bs = < X1,X0,X3 : [{ = X1XoXq (X2X1X2)_17 =
X1 X2X1 (X2X1X2)_17 R = X1X3(X3X1)_1 )
1 0 1 1
o ptx) =) i= | 1y §] o) = |5 1]

(] E(X1) = E(Xz) = €(X3) = 1.

o
P—t+1 t(t—1) t—1 —i 0 0
—f 1—t -t —P+t—1 0 0
1—t 0 0 0 t—1 0
t i — 0 0 —t t—1
0 0 1—t £ —P4t—1 t—¢
0 0 —Ht—1) £—t+1 t t—1

@ detd(x; —1) = (t—1)?
o AGgf.p(t) - (t - 1)(t2 -+ 1)
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@ There exist divisibility conditions on the twisted Alexander
polynomials with respect to the local ones.
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@ There exist divisibility conditions on the twisted Alexander
polynomials with respect to the local ones.

@ Are the roots of the twisted Alexander polynomial roots of unity in
some sense”?
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@ There exist divisibility conditions on the twisted Alexander
polynomials with respect to the local ones.

@ Are the roots of the twisted Alexander polynomial roots of unity in
some sense”?

@ Obtain geometric conditions for the existence of certain roots of
the twisted Alexander polynomial.
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Twisted Alexander Polynomials Example
Remarks, Questions and Open Problems

@ There exist divisibility conditions on the twisted Alexander
polynomials with respect to the local ones.

@ Are the roots of the twisted Alexander polynomial roots of unity in
some sense”?

@ Obtain geometric conditions for the existence of certain roots of
the twisted Alexander polynomial.

@ Find a connection between twisted Alexander polynomials and
(maybe non-abelian) coverings.
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