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AsstrRACT. This paper treats the second order quasilinear elliptic system of the form
Apu = H(|x|)v*, 4,0 = K(]x[)u? in RY with nonnegative functions H, K. Sufficient
conditions will be given to have positive radial entire solutions and to have no
nonnegative nontrivial radial entire solutions under some restriction on p,q,o and f.
When H and K behave like positive constant multiples of |x|", v € R, we can completely
characterize the existence property of positive radial entire solutions.

1. Introduction and statement of results

This paper is concerned with second order quasilinear elliptic system of the
form

Apu = diV(|Du|p_2Du) = H(|x[)v* ; N

M Agv = div(|Do|? > Dv) = K(|x|)u”

where N>1, p>1, ¢g>1, o and f are positive constants satisfying
afp > (p—1)(g—1), and H,K :[0,00) — [0, 00) are continuous. An entire
solution of (1) is defined to be a function (u,v) € C'(R"Y) x C'(R") such that
|Du|?Du, |Dv|**Dv e C'(RY) and satisfies (1) at every xeR™. Such a
solution of (1) is said to be radial if it depends only on |x]|.

The problem of existence and nonexistence of positive radial entire so-
lutions of scalar equations has been investigated by many authors under various
situations. To illustrate some of typical known results let us consider the
equation

(2) Apu = H(x)u® in RY,

where p > 1, o >p—1, and H is a nonnegative continuous function in R".
The existence and nonexistence results of positive (radial) entire solutions of (2)
may be described roughly as follows:
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THEOREM A ([8, Theorems 2.1, 3.1 and 3.2|). If H has radial symmetry
and

C
H(X)S|x|p+g7 |x|2r0>07 p<N7
C
N — S W=l - N
Y= gy 7
C
&) = v Mze>0p> N,

for some constants C > 0 and ¢ > 0, then (2) has positive radial entire solutions.

THEOREM B ([15, Theorems 1, 2 and 3]). If

C
H(x)z—mp, |x| = ry >0, p <N;
C
X) 2 ———, |x| =19 > 1, p=N;
|x|” (log|x])”
C
02 v M Ee>0 2> N,

for some constants C > 0, then (2) does not possess any positive entire solution.

In [8], actually existence results are proved under weaker assumptions than
above.

When H is a radial function and behaves like ¢x|', /e R and ¢ > 0, as
|x| — oo, Theorems A and B characterize the decaying order of H for (2) to
admit positive entire solutions. Related results are found in [11, 12, 16].

The aim of this paper is to extend such results to elliptic system (1). As
far as the author is aware, there are no results dealing with this subject except
for the case p =g =2 ([5, 20]).

Our results are as follows:

THEOREM 1. Suppose that H and K satisfy

L

1 L,
A,

K(IXI)SW, x| =19 >0,

(3) H(|x]) <
[x]

where Ly >0, Ly >0, Aand u are constants. Then, under one of the next four
conditions, system (1) has infinitely many positive radial entire solutions:
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(i) p<N, q<N and

(i) p>N, g>N and

u> +N
p—1 (p—Dlg—-1
(i) p<N, ¢> N and
E>Mq—m+p
q—1
Bp—7%)  aplg—N)
> + N
=T T -0
(iv) p>N, g<N and
g —p) , uf(p—N)
A> +N
g—1 (p—1)(q-1)
ﬂ>ﬂp—0+q
p—1
THEOREM 2. Suppose that H and K satisfy
Ly Ly
(4) H(|x]) = o K(|x]) = " X[ =19 >0,

where Ly >0, Ly >0, Aand u are constants. Then, under one of the next four
conditions, system (1) does not possess any nonnegative nontrivial radial entire
solutions:

(i) p<N,q<N and

i_w_’_p or
qg—1
— A
u<PP=4
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(i) p>N, g> N and

wg—n)  _oBlp—N)
g—1 (p—D(g-1)

Blp—4) «plg—N)
p—1 " (p—1)(g-1)

A< + N or

+N

p<

(iii) p<N, g>N and

(iv) p>N, g<N and

s Ma—m  aflp—N)
g—1 (p—D(g—1)
Blp—4)
p—1
We note that, for the case where p=¢=2 (and N # 2), Theorem 1
reduces to Theorems 3.1 and 3.3 in [20], and Theorem 2 to Theorems 2.1 and
2.3 in [20].
We give an illustrative example to show the sharpness of our results.
Let us consider the elliptic system

+ N or

i<

APU:%UL‘I
(5) ( + |X|) in RN,
A U—Luﬁ
(L x])”

where N>2 N>p>1, N>g>1, 08> (p—1)(g—1), L,ueR, and Cis a
positive constant. We can completely characterize the existence of positive
radial entire solutions of this system in terms of p,q,o,f,4 and u. In fact, the
inequalities

i%s——g—jgfé, x| >1
e (L) [

and



Positive radial entire solutions 441

hold, where L;, i =1,...,4, are some positive constants. From Theorem 2, if
- — A . ...
A< %4’ p or u< ﬁLl)+q, then (5) does not admit any positive
_ p—
radial entire solutions. Conversely, from Theorem 1 if 4 > w+ p and
Blp—2) o .. . . .
> ﬁ+ ¢, then (5) has infinitely many positive radial entire solutions.

See the figure below.

’/////%///////

For another case that H and K are nonpositive functions, there have been
a great number of works on qualitative theory for solutions in the last three
decades. We can find necessary and/or sufficient conditions to have positive
entire solutions in this case with (or without) prescribed asymptotic forms near
oo; see [4, 9, 18]. For the scalar equation, we moreover know how oscillatory
radial entire solutions behave near oo.

As far as the author knows, the study for equation (2) was initiated
essentially by J. B. Keller [10], who considered, for example, equation
Au=u”, o> 1,in R", and showed that this equation admits no positive entire
solutions. In [17], equation (2) with p = 2 have been considered. It is known
that there are some applications of qualitative theory for (2) to Riemannian
geometry; see [17] and the references therein.

Equations of the type (2) have been investigated deeply not only in the
entire space R" but also in bounded domains. For example, the singular
boundary value problem

Au = u* in D,
©) {

u— oo as x — 0D,
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where D is a bounded domain, has been treated by several authors. Problems
of this type (in fact, (6) with u* replaced by e*) were firstly considered by
Bieberbach [3]. In this case the problem plays an important role in the theory
of Riemannian surfaces and in the theory of automorphic functions. Fur-
thermore, according to [19] this problem arises in the study of the electric
potential in a glowing hollow metal body. Related results on this topic are
found in [2, 6, 13, 14, 21]. From these observations we do believe that
considering system (1) is of practical interest as well as of theoretical interest.

Since for positive solutions (u,v) of (1), the functions maxj_, u(x) and
max|—, v(x), r>0, are nondecreasing, it seems that the usual variational
method does not always work effectively. Some of difficulties appearing in the
analysis of (1) come from this fact. For non-symmetric solutions we refer to
1, 7.

The organization of the paper is as follows. The proofs of Theorems 1
and 2 are given in §2 and §3, respectively. In §4 we give existence and
nonexistence theorems for the particular case p = ¢ = N which give stronger
results than Theorems 1 and 2.

2. Proof of Theorem 1

In this section Theorem 1 is proved. We first observe that (u,v) is a
positive radial entire solution of (1) if and only if the function (y(r),z(r)) =
(u(x),v(x)), r=x|, satisfies the system of second order ordinary differential
equations
) AN = Hz, >0, /(0) =0,

PN N = K(nyf, e >0, 2/(0) =0,

where ' = d/dr. Furthermore, integrating (7) twice, we obtain the following
system of integral equations equivalent to (7):

r s 1/(p-1)
y(r)=a+ J (sl‘NJ zN‘lH(t)z(t)“dz) ds, =0,
0 0

(8)

r s 1/(g-1)
z(r) =b+ j (slNJ erK(z)y(z)ﬁdz) ds, >0,
0 0

where a = y(0), b = z(0).

Proor oF THEOREM 1. Without loss of generality, we may assume that
ro=11n (3). It suffices to solve (8). Choose constants « >0 and b > 0 so
that
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((2b)aJ1 H(z)dt)l/(pl) < g

0

1 L 1/(p—1) a
Ml(N,p) <(2b) max{JO H(f)dl7m}> < E,
and
1 1/(g-1) b
((Za)ﬁj K(t)dt) <,
(10) '
Mz(N, q) ((261) maX{JO K(I)dl,m}) < 5,
where
(q—1D)(A—p) —alg—p)
k= > 0,
of —(p—1(g—1)
(P—Du—-q - P-4
| = >0,
of —(p—1(qg—1)
p—1
Py for p <N,
Ml (N7 ) = 1
;)——N fOr p > N,
and
q—1
_— for g <N,
—u+ pk
qq——N for q > N

The inequalities M (N,p) > 1 and M>(N,q) > 1 hold from the condition of 4
and u when p < N and ¢ < N, respectively. They are trivial when p > N and
g > N respectively. It is possible to choose such ¢ and b by our assumption
aff > (p—1)(¢—1). Define functions 4 and B by

2a for 0<r<l1
A(r) = -
") {Zark for r > 1,

and
B(r) = 2b for 0<r<l,
26t for r>1,
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respectively. Put R, =[0,00). We regard the space C(R;)x C(R;) as a
Fréchet space equipped with the topology of uniform convergence of functions
on each compact subinterval in R,. Let Y = C(R;) x C(R,) denotes the
subset defined by

Y ={(y.2) e CR.) x C(R.) :a < y(r) < A(r).b < 2(r) < B(r).r = 0}.

Obviously, Y is a non-empty closed convex subset of C(R;)x C(R,).
Consider the mapping Z : Y — C(R,) x C(R,) defined by Z(y,z) = (¥,2),
where

r s 1/(p=1)
() =a +J (SI_NJ ZN_IH(Z)Z(Z)“dt> ds, r>0,
0 0

and

r s 1/(g-1)
2(r) :b+J <s1-NJ tN-lK(z)y(t)ﬂdz) ds, r>0.
0 0

In order to apply the Schauder-Tychonoff fixed point theorem, we will show
that # is a continuous mapping from Y into itself such that # (Y) is relatively
compact.

() & maps Y into itself. Let (y,z)eY. Clearly, p(r) >a and
Z(r) =b. For 0 <r <1, we have

) <a+ J (J H(t)z(l)“dt>1/<pl)ds

0 \JO

When p < N, for r > 1, we have

pmer ([ o mora)

r 1
a+§+J s<1N>/<P1><(2b)“J H(t)dt+(2b)“L1J
1 0

S

IA

1/(p-1)
tNl/.Jrozldt) ds
1

IA

3 , L p—stal)/(p—1))—
4+ ((Zb) maX{L H(I)dl’N—/H—ocl}) Jls “
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IA

; 1 L e ey
3 " e p*/\, Ol ]7*
Sa+ Mi(N.p) ((Eb) maX{L H(‘)d”N—AJracl}) '

3 a P
< za+=-r< .
< 2a—|—2r < 2ar
When p > N, for r > 1, we have

F(r) =a+ <Ll +J:) <S1N J; INIH([)Z(I)“dz)I/(PUdS

a r r 1/(p=1)
<a+5+ (J S(1N>/<P1>dS> <J tNlH(z)z(t)“dt>
1 0

3
Ea + M, (N’p)r(P*N)/(Pfl)

! r , 1(p-1)
x ((217)1 J H(1)dt + L1(2b)“J [N1A+y.ldt>
0 1

IA

3 1 L 1/(1’*1)( .
2a+ M 2h)* H()dt,——= pita)/(p=
Sat Mi(Np) (( b) max{L (z)dz,N_}eral}) '

3 a g k
< — — < .
< 2a + 2r < 2ar
Thus we obtain

a<i(r) <A@F),  r>0.
A similar computation shows that
b < z(r) < B(r), r=0.

Therefore 7 (Y) < Y.
() & is continuous. Let {(y,,,zm)} be a sequence in Y which con-
verges to (y,z) € Y uniformly on each compact subinterval of R,. Put

hulr) = | 9,007
0
Then we have

r

(11) |6 (r) = $(r)| < J H(s)|zm(s)" — z(s)"|ds,

0
and

(12) (1) = p(r)] < JO ()7 — )V s
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Let R > 0 be an arbitrary constant. Since {z,,} converges to z uniformly
on [0, R], it follows from (11) that {¢,,} converges to ¢ uniformly on [0, R]; and
hence {qﬁ,i/ (=D} converges to ¢~V uniformly on [0,R]. From this fact
and (12), we see that {y,,} converges to y uniformly on [0, R]. Similarly, {Z,}
converges to Z uniformly on each compact subinterval of [0, c0). These imply
the continuity of %.

(II1) Z(Y) is relatively compact. To see this, it suffices to verify the
local equicontinuity of #(Y), since & (Y) is locally uniformly bounded by the
fact that #(Y) < Y. Let (y,z)eY and R>0. Then we have

1/(p=1) p

T (L (§>N1H<S)Z(s)xds> <(], H(s)B(s)“dsy/(p_l)
2(r) = <

Obviously, these imply the local boundedness of the set {(3’,Z')|(y,z) € Y}.
Hence the relative compactness of Z(Y) is shown by the Ascoli-Arzela
theorem.

Therefore, there exists (y,z)€ Y such that (y,z) =% (y,z) by the
Schauder-Tychonoff fixed point theorem, that is, (y,z) satisfies the integral
equation (8). The function (u(x),v(x)) = (¥(|x|),z(|x])) then gives a solution
of (1). Since infinitely many (a,b) satisfy (9) and (10), we can construct an
infinitude of positive radial entire solutions of (1). This completes the proof.

and

Jr (S)NIK(s)y(s)ﬂds>l/(q_l) - (J~R K(S)A(s)ﬂds>l/(q_]),

0N 0

3. Proof of Theorem 2

In this section, we prove Theorem 2. We give a preparatory observation
as a first step.

Let (u,v) be a nonnegative nontrivial radial entire solution of (1). Then
(u,v) satisfies the system of ordinary differential equation

(13) { (rV-! \u’(r)|1’_2u’(r))/ =N H(r)o(r)?, r>0, u'(0)=0,
N () () = VUK Eur), r>0, 0'(0) =0,

where r = |x| and ' =d/dr. Integrating (13) over [0,r], we have

! ()72 (r) = Nj SUH()o(s)ds, 1> 0.
0

Hence, we see that u'(r) >0 for r>0. Similarly we have v'(r) >0 for
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r>0. Integrating (13) twice over [R,r],R >0, we have

u(r) = u(R) + L; <J; (g) NlH(l)v(t)“dt>l/<pl)ds, r=R,

o(r) = o(R) + J (J (f) NlK(t)u(t)ﬁdz>l/(q_l)ds, r>R.

R\JR\S

Since the functions u# and v are nondecreasing on [0, o), there is an r, > 0 such
that u(r,) >0 or v(r,) > 0. We see from (14) with R =r, that u(r) > 0 and
v(r) >0 for r>r,.. Let us fix r; > max{ro,r.}.

Let R>r;. Using (4) and inequality

AN 1\ V-1
(15) (E) > <§> for R<r<s<3R

in (14), we have

and
rosos 1/(g—1)
(r) > CzR*”/“””J (J u(l)ﬁdt> ds, R<r<3R,
R\JR

where C; and C, are some positive constants independent of r and R. Now,
we fix R > r; arbitrary for a moment, and put

ro/rs 1/(p—1)
(16)  f(r;R) = C;R#r=Y ( v(t)“dt) ds, R<r<3R
R

)

and

v 1/(g-1)
(17)  g(rR) =GR ( u(t)”dz> ds, R<r<3R
R

For simplicity of notation, we sometimes write f(r; R) = f(r) and g(r; R) = g(r)
if there is no ambiguity. Then
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r 1/(p=1)
f’(l’) _ ClR*i/(P*I) (J v(s)“ds) >0, R <r < 3R,

R

r

1/(g—1)
g'(r) = GR M= (J u(s)ﬁds> >0, R <r<3R,

R

f"(r)>0,  ¢"()>0, R<r<3R,

(18) (f'()P N = GGR0(r)* > CsR g(r)?, R <r<3R,
and
(19) @' ()Y = GRMu(r) > R (1,  R<r<3R,

where C; = CY 1 and Cy = CZ‘FI. From now on, we use C to denote various
positive constants independent of r and R, as we will have no confusion.

Multiplying (18) by ¢’ > 0 and integrating by parts the resulting inequality
on [R+¢,r], ¢>0, we see that

C
SO0 2 R0 —g(R+9™), Rie<r<3R

Letting ¢ — 0, we obtain
f'(g' ()Y > CRH N g(ry /P R < r < 3R,
Multiplying this inequality by ¢’ and integrating by parts, we see that
f()g' ()P = RN g(n /= R < r < 3R
From (19), we have
(gf(r)q—l)'g/(r)pﬁ/(p—l) > CR*(iﬂJrﬂ(pfl))/(pfl)g(r)ﬁ(c&p)/(/)—1)’ R<r<3R.

Multiplying this relation by g’ and integrating by parts, we obtain

g'(r) = CRf(lﬂJr,u([lf1))/(ﬂ[l+q(p71))g(r)(ﬂ(“""ﬁ)""l’_l)/(/fp"'Q(F_l))’ R<r<3R.
Since w > 1, we can set M =01+ 1,6, >0. Thus
pP+alp—1) pP+alp—1)
g’(r)g(r)fé‘fl > CR-W+ulp=1)/(fp+a(p=1)) R<r<3R.
Integrating over [2R,3R], we see that
(20) g2R;R)™ > CR™,  R>ry.

Repeating similar argument as above by replacing g(r) by f(r), we obtain

(21) f(2R;R)™ > CR™, R>r.
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Here the constants J;,#,,d2, and 7, are given, respectively, by

5= -(p=1g-1 Blp =4+ (= 1)g—n

Brap-1 0 M= pB+alp—1) ’
_af—(p—1(g—1) g+ (g-Dp—-4)
2= mpg-n 00 = g +plg—1) '

Inequalities (20) and (21) play important role to prove Theorem 2.
On the other hand, from (17) and the monotonicity of u, we have

2R /s 1/(g-1)
(22) g(2R: R) = CzR_Mq_l)J (J u(t)ﬂdt> s
R R

2R
> CZR—#/@—UM(R)M@*I)J (s— RV gy
R

= CR(qfﬂ)/(qfl)M(R)/f/(qfl).

Similarly, from (16) and the monotonicity of v, we have
(23) F(2R; R) = CR=P/(r=1)y(gy*/ (1),

PrOOF OF THEOREM 2. Suppose to the contrary that system (1) has a
nonnegative nontrivial radial entire solution (u,v). From preceding obser-
vation, we see that u(r),v(r) > 0, r > r; for some r; > ry, and inequalities (20)—
(23) hold for r > r;. If ; =0 or n, > 0, then we show that g(2R; R) — oo or
f(2R;R) — o0 as R— oo to get a contradiction. Otherwise, we show that
R"g(2R; R)*" — o0 or R™f(2R;R)® — v as R — oo. Through this proof,
the letter C will be used to denote various positive constants independent of r
and R.

(i) Let p< N and ¢ < N. We may consider only the case that 1 <p
Blp—4) o(g — w)
p—1 qg—1
treated similarly. We easily see that #; > 0 in (20). So it suffices to show that

g(2R;R) — o0 as R — 0.
We first show that, for r > r, > rq,

and u < +¢. The other case that u < ¢ and 4 < + p can be

ér(pfj')/(p*l), /’L <p S ]V7
(24) u(r) > { Clogr, A=p <N,
C(log r)p/(p*l), A=p=N.

Let r > r;. Integrating (13) twice over [r,r], we have
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r s 1/(p=1)
u(r) = u(r) + J sU=M/(p=1) (J ZNIH(I)U(Z)“dZ) ds, r=x=>ry,
r r

(25)
r s 1/(g-1)
v(r) = v(r) +J s<1N>/(’11)(J tNlK(t)u(t)'Bdt> ds, r>r.

r r

Then from (4) and (25) we observe that, for A <p <N

r s O\ /-1
u(r) > (le(rl)x)l/(P—l)J J1=NM)/(p=1) (J ZN1Adt) ds

r+1 2l

\%

@J S ge s 41
ri+1

for A=p< N

r s . 1/(p-1)
u(r) > (le(}"l)x)l/@il) J S(lfN)/(P*I) <J ZN717A dt) ds
ri+1

r

r
ZCJ s~ ds, r>r +1,
ri+1

and for A=p=N

r s 1/(p—1)
u(r) > (le(rl)x)l/(Pfl)J 5! (J ! dl) ds

ri+1 r

Y

.
CJ s (logs) P~V s, r>r + 1L

r+l1

Thus we obtain (24).
Let us fix R > r, arbitrarily. From (22) and (24), we obtain

CR", A<p,
g(2R; R) = { CR4-m/(a=D(jog R)/11~1), i=p<N,
éR(q—,u)/(q—l)(log R)ﬁP/((P*U(’I*l))’ A =p=N,

1 —2 .
where 7 = ‘F—l (q —u +%) For A =p, we see that u < ¢, which
shows that g(2R; R) — o« as R — . For 1 < p, we observe that g(2R; R) —

. -2
oo if u< M +q.
p—1
, . _Blp—4)
It remains only to discuss the case where 4 < p and u = R +¢. In

this case we will show that R™f(2R; R)* — o as R — co. To this end, we
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prove that, for r>r3 >r +1,

(26) o(r) = 4 Cloer: o ¢<N,
C(logr)?/4=", g=N.

Let > r,+1. Then from (24) and (25) we observe that, for ¢ < N

N

o(r) = (LGP J S1-M)/(g1) (J
r+l I;

2

(T s 1/(g=1)
CJ S<1N>/(q1><J ,qud,> s

1/(g-1)
N1t (Bp=2) [ (p=1) d,) ds

1 r
~ r
> CJ sl ds,
r+1
and for g =N

. r s 1/(g=1)
o(r) > (L, CPHV=D J 5! (J ! dt) ds

r+1 r

\Y

éJ s~ (logs) /4 Vs,
rm+1
Thus we obtain (26).

We fix R > r; arbitrarily. Then from (23) and (26), we have

C*R(p*i)/(pfl)(1OgR)d/(p—1), g <N,

JQ2R;R) = { S
CR(P=2/(r=D(log R)ﬂi/((ﬂ—l)(q—l))7 g=N.

Hence, we see that

. 5 CRTZ (IOgR) W;z/([’*l)’ qg< N,
REFQRRR)™ = 102/ ((p~1)(g-1)) _
CR"(logR) ) q=N,

A .
where 7, =7, +§—152. An easy computation shows that 7, = 0, and hence

R™f (2R; R)(S2 — oo as R — oo. Thus the proof of (i) is complete.
(ii) Let p>N and ¢> N. It suffices to treat the case that
a(q — N) Blp—4) aplg—N)
——— =+ N and u< +

q—1 p—1 (p—Dg-1)
RMg(2R; R)*" — oo or R™f(2R;R)* — oo as R — oo. The proof is divided
further into three cases.

A< + N. We show that
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a(q — N) Blp—4) aplg—N)
I) The case A< ——=+ N and u< + + N.
M q—1 P51 T -1
First we show that
(27) u(r) > CAla=D(p=2)+ag=N)/((p=)lg=1)) > > 1.

From (25) we observe that, for r > r; + 1

r ri+1 1/(g-1)
v(r)zU(r1)+J s<1N>/<ql><J leK(z)u(t)ﬁdt> ds

ri+1 r

ri+1 1/(g=1) .r
> (J tNlK(t)u(t)ﬂdz) J sU=M/a=1) g
ri+1

r
Thus, we obtain
(28) v(r) > Crla=N/la=b), r>7>r+L

From this estimate and (25), we have for r > 7 + 1

r ‘ 1/(p=1)
u(r) > (CL )1/(1)—1)J S(l—N)/(p—l)(J tN-1=7+((g—=N)/(g-1)) dl) ds
1+l 71
zéjr /(=D (alg=N) =1} g
Fl1+1

Thus we obtain (27).
Let us fix R > r, arbitrarily. From (22) and (27), we obtain

g(2R;R) > CR’,

where y = - ! 1{q ,u+ﬁ(pp 4) + 2pla _N)l)}. From this estimate, we

L (p=Dle-

have

R"g(2R; R)* > CR™

where
T =1 + 0
_Pp=AH+(p-Dlg—pn
pB+q(p—1)
of—(p—1)(g—1) B —=2), aplg—N)
(a— D{pB+alp— 1>}{q T +<p—1><q—1>}

_ op _ Plp—4) af(g—N)
_(q—l){pﬁ+q(p—1)}{N R +(p—1)(q—1)}'
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From the condition of u we see that 7; >0, which shows that
R"g(2R; R)*" — o0 as R — .

a(¢ — N) Blp—14) aplg—N)
II) The case . < —~+ N and u= + + N.
(1) q—1 =T T D1
Let r >+ 1. Then from (25) and (27), we have

(29)  o(r) > (CLy)"/4™V J S1=N)/(a=1)

r+1

. 1(g-1)
" < J Nt (Bp—2)/ (p~1)+(3B(a~N)/((p-1)(g-1) dt) s

r

\%
n

Jr sU=M/a=D) (1og )1/ g

r+1

\%

CraM/@D(1og )V p =y > 41

Here, the final inequality is given by integration by parts.
Let R > r3 be large enough. From (23) and (29), we obtain

f(2R; R) > CR(P=Ala=D+ag=N)/((p=D4=1)) (]og R)a/((ﬁfl)(qfl)).
Hence, by this estimate we see that

R’72f(2R;R)‘SZ > C*Rﬂﬁ(((pfl)(qfl)+0<(qu))/<(pr)(qfl)))ffz(logR)ﬁz/«P*l)(q*l)).

(P=Dg-Dtalg=N)s o e

-1
By an easy computation we have 7, +
A ; (P=Dla—1)

shows that R™f(2R; R)(s2 — o0 as R — oo.

_g=N) Blp—4)  _aBlg—N)
(II1)  The case i—ﬁ‘FN and p < p—1 +(p—1)(q—1)+N
_Blp—=N)

1 +N. Let r>7 +1. Then from (25) and (28), we have

1/(p—1)
tN—l—2+(a<q—N)/(q—1)>dt) ds

I

(30) u(r) = (CL)YPY J =M/ (p-1) (J
F1+1

\Y

(;Jr SN (=1) (10g )71 g

P+l
> ér(pfi\/)/(pfl)(log,,)1/(11—1)7 F>r >+
Let R > r4 be sufficiently large. From (22) and (30), we see that
g(2R;R) > C RUa=m)(p=D)+B(p—N))/((p=1)( (log R)/f/ (p=1)(¢=1))
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By this estimate, we obtain
R"g(2R; R){Sl > CR™ (logR)/"fsl/((P*I)(‘I*l))’ R > 14,

op ﬂ@—N?
N —u+—— =7 >0. Hence, we sce
(q—Uﬂ$+q@—1H{ T
that RMg(2R; R)> — o as R — oo. Thus the proof of (ii) is completed.

< 7(1_1

where 1, =

(iii) Let p <N and ¢ > N. We consider the case (I)

L BB apa-N)
p=1 (p=Dlg—-1)
(g — 1)
q—1
(ii) and (i), respectively. So we leave the proof to the readers.
The proof of (iv) is essentially the same as that of (iii). Thus we may
conclude the proof of Theorem 2.

+p,

+ N first, and then the case (II) u< N, 1<

+p. The proofs of (I) and (II) are almost the same as those of

4. A further study for the case of p=g¢=N
To begin with, we give an example for which we cannot apply Theorems 1
and 2 for the case p =¢= N. Let us consider the elliptic system
1 o
N v
(Ix| +2)" log(|x| +2)
1 p
u

ANl/l:

(31) xeRY,

Avv =
T (w2 og(x] + 2)

where N >2,0>0,f>0 and off > (N — 1)2. We can easily find that

C1 1 CZ

< < , x| > 2,
™ (x] +2) Y log(x| +2) T x|

where ¢ > 0, C; = Ci(¢) > 0 and C, > 0 are constants. We see therefore that
neither the condition of (i) of Theorem 1 nor that of (i) of Theorem 2
holds. But, according to [20, Theorem 2.2], it is found that (31) has no
positive radial entire solution when N = 2.
So, we will improve Theorems 1 and 2 for the case p = ¢ = N so that we
can determine whether such systems have positive radial entire solutions or not.
Our results are as follows:

THEOREM 3. Let p=qg = N. Suppose that H and K satisfy

#
x| ¥ (log|x])*

L

H(|x]) < _—
() = ™ (logl])”

, K(|x]) < , |x| >ro > 1,
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where Ly and L, are positive constants and

g MBEN 1)

o]
”>[w+l'

Then (1) has infinitely many positive radial entire solutions.
THEOREM 4. Let p=¢qg= N. Suppose that H and K satisfy

L] LZ

(32) H(le)zm’ K 2 ¥ togipy

|x| =ro > 1,

where Ly and L, are positive constants and

w(f+N—pu
N -1

plo+ N — 1)
N -1

A< +1 or

u< + 1.

Then (1) does not possess any nonnegative nontrivial radial entire solutions.

ReEMARk. From Theorem 4, we find that (31) has no nonnegative
nontrivial radial entire solutions even when N > 3.

Proor oF THEOREM 3. Without loss of generality, we may assume that
ro=-e. As in the proof of Theorem 1, it suffices to solve (8). Choose
constants ¢ > 0 and » > 0 so that

e<(zb)°‘rH(z)dz)l/(N_l) <3

0

(2b)*max{ eV ! r H(1)dt _L e <4
0 7O(l — l + 1 - 2’

and
e YN-1)
B
(o [ k) <3,
s _ ¢ Lz 1/(N-1) b
((Za) max{eN IJO K(ﬁdﬂm}) < 3
where k = (N-D@A=N) N —p) >0,1= (N -=1)(ug—N)-pWN - 2) > 0.

af — (N - 1)° of — (N — 1)
It is possible to choose such ¢ and » by the assumption af > (N — 1)2. Put
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AP = 2a, 0<r<e
(r) = 2a(logr)*,  r>e,
and
2b, 0<r<e
(") 2b(logr)!, r>e

Consider the set

Y ={(3,2) € CRy) x C(Ry) @ < y(r) < A(1), b < () < B(r),r = 0},
(

y
which is a closed convex subset of C(R,)x C(R;). Define the mapping
F .Y — C(Ry) x C(Ry) by Z#(y,z) = (%), where

1/(N-1)

J(r)=a +J (s“"’ . tN‘lH(z)z(t)“dz> ds, r>0,

and

r s 1/(N-1)
Z(r)=b+ (slN tNlK(t)y(t)ﬁdt) ds, r>0.
0

First we show that Z#(Y)c Y. Let (y,z)eY. Clearly, y(r) >a and
Z(r) = b. For 0 <r<e, we have

() =a+ Jrs’l <Js lNlH(Z)Z(l)“dl>l/(N1)ds

0 0

<a+t J (J H(t)z(t)“dt)l/(N_l)ds

0 0

<a+e ((2]))“ Je H(t)dt)]/(N_l)

0
a

3 < 2a.

<a+

For r > e, we have

e ([ Yoo frmosors)

a r r 1/(N-1)
<a+s+ (J 5! ds) (J tNlH(t)z(t)“dt>
e 0



Positive radial entire solutions 457

IA

3a+ (2b)” max eNfer(l)dt Li 1/(Nil)(lo p) (N =4t/ (N=1)
2 0 "ol — i+ 1 g

3 :
< Ea(log nk+ g (logr)* = 2a(logr)*.

Thus we obtain

a<y(r) < A(r), r=0.
A similar computation shows that

b < z(r) < B(r), r>0.

Therefore # (y,z) € Y. The continuity of # and the relative compactness of
Z (Y) can be verified in a routine manner, and so by the Schauder-Tychonoff
fixed point theorem there exists an element (y,z) e Y such that (y,z)=
F (y,z). Itis clear that this (y,z) gives rise to a positive radial entire solution
(u,v) = (¥(]x]),z(]x])) of (1). The proof is completed.

Proor oF THEOREM 4. It suffices to treat the case that 1 <o+ 1 and
- Plo+ N — 1)
N -1
Suppose to the contrary that system (1) admits a nonnegative nontrivial radial
entire solution (u,v).

Step 1. As in the proof of Theorem 2, we may suppose that u(r), v(r) > 0,
r>r for some r; >ry. Let R>r; be sufficiently large. As in the proof of
Theorem 2, integrating (13) on [R,r] and using (32) and inequality (15), we
have

+ 1. The proof is carried out by contradiction as before.

3 )= GRS ogry | | ;v(t)“dl)l/w”ds,
R<r<3R,

and

34 )= RV Dogry [ (] u(t)ﬁdf)l/(Nl)ds,
R<r<3R

where C; and C, are some positive constants independent of r and R. Let us
define the functions f(r; R) and g(r; R) for R < r < 3R by the right hand sides
of (33) and (34), respectively. Then using similar arguments as in the proof of
Theorem 2, we see that

(35) C; > (logR)"g(2R; R)*,  R>r,
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and
(36) Cy > (logR)”f(2R;R)*,  R>r,
where Cs, Cy, 01 and J, are positive constants and #, and #, are constants
. PA+u(N —1) op+ AN —1)
by gy=—2o " and gy =~ ) To get -
given by 7, NFENIN=1) and 7, Not NON=1) 0 get a con

tradiction to (35) or (36), we will show that (logR)"g(2R; R — oo or
(log R)™f(2R; R)” — o0 as R — . Note that, as before, we can get

(37) f(2R; R) > Cs(log R) M WNV="Vyp(R)* V=D " R>p,
and
(38) g(2R; R) = Co(log R) ™V Vu(R)PIN-D - R >y,

where Cs and Cg are some positive constants independent of r and R.

Step 2. First we will obtain the estimates of u and v from below. Using
the same letter C to denote various positive constants depending on
Ly, Ly,N,o,f,A and p. From (25) we observe that, for r > r; + 1,

u(r) = o(r) + J 57! (J”H tNlK(t)u(t)ﬂdz)l/(Nl)ds

ri+1 r

ritl 1(N-1) ,,
2(J INIK(l)u(t)ﬂdt> J s Lds.

11 r1+1
Then, we obtain
v(r) > Clogr, r=ry>r + 1.

From this estimate and (25), we have

s

r 1/(N-1)
u(r) > (C*Ly)"/N-D J 5! (J t(log t)““dt) ds
ra+1 rn

r ;
> CJ s~ (log s) @+ (V=D g

rn+1

> C(logr) N =A/WN=1) r>ry>r+ 1.

Again from this estimate and (25), we have

r

r s 1/(N-1)
v(r) > CJ sl(J zl(logt)”“ﬁ(“w*)/w“)dt> ds
3+1

r3

> CJF s (log 5) /DR (BEAN =2/ (N=D)+1} 4o
r3+1

> C(logr)l/(N—l){—/t-&-(/)’(d-&-N—)v)/(N—1))+l}+1’ F> > 1.
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By repeating this procedure, we can get inductively two positive sequences
{Cy} and {r,} satistfying

<< <y < e

(39) u(r) = Cp(log )" /=00 sy
and
(40) U(l") Z Cm(lOg r)(i/(N—l))‘E”H—l, r Z rmv
where
+N-2
:a]vi_l>0, C:—,u+ﬁy+1>0,
m—1
M N A S N S
(N-1) (N-1)

Since af>(N—1)> by our fundamental assumption, we see that
lim,,,—, o0 T = 0.
From (37), (38), (39) and (40) we obtain

f(2R:R) > (Cm)“/w_l)(log R)((O(—i)/(N—l))+(0t5/(N—1)2)fm, R> 1y,
and
g(2R: R) > (Cm)ﬂ/(N_l)(log R)((ﬂy—ﬂ)/(N—1))+(%ﬂé/(N—1)z)1m, R>r,.

Therefore, we have

(log R)"g(2R; R)*" > (C,))*/ V"V (log R)M Mt R >,
and
log R)"f(2R: R) > (C,))"/ V-1 (1og R)MtMstn R >
(logR) g ;
where M;, i =1,...,4 are constants and M, > 0, M, > 0. Since lim,,_, 7,, =

o0, there exist m’ and m” such that M) + Mat,y >0 and M3 + Myt > 0.
These imply that (logR)"g(2R; R)*" — oo or (logR)"f(2R; R)** as R — oo,
which contradicts (35) or (36). Thus the proof is completed.

ReEMARK. Considering some results in [20], we conjecture that Theorem 4
is still true even though the condition for (4,u) is weakened to

uf+N—w
A< N1 +1 or
Pt N=4

H=""N11
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