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ABSTRACT. In 1970, Keller and Segel proposed a parabolic system describing the
chemotactic feature of cellular slime molds and recently, several mathematical works
have been devoted to it. In the present paper, we study its blowup mechamism and
prove the following. First, chemotactic collapse occurs at each isolated blowup
point. Next, any blowup point is isolated, provided that the Lyapunov function is
bounded from below. Finally, only the origin can be a blowup point of radially
symmetric solutions.

1. Introduction

A system of parabolic partial differential equations of mathematical bi-
ology is attracting interest. It was proposed by Nanjundiah [22] in 1973, as a
simplified model of the Keller and Segel system [16] describing a chemotactic
feature, the aggregation of some organisms (cellular slime molds) sensitive to
gradient of a chemical substance. Precisely, with u(x,7) and v(x,f) standing
for the density of the organism and the concentration of the chemical substance
at the position x € Q and the time 7€ (0, T), respectively, it is given as

%:\7 (Vi — yuVv) in Qx(0,7)

@—A — v+ in Qx(0,7)
(KS) T = Av—yv+ou ;

ou v

%7%,0 on 02 x (0,T)

u( 70) = Uo, U(',O) =Uo on £,

where

(Al) 7, o, y and y are positive constants

(A2) Q is a bounded domain in R? with smooth boundary 0Q
(A3) n denotes the unit outer normal vector
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(A4) uy and vy are smooth, nonnegative, and nontrivial initial values on Q.
The first equation describes the conservation of mass. Flux of u is given by

F = —Vu+ yuVv

so that the effect of diffusion V -Vu and that of chemotaxis V - yuVv are
competing for u to vary. The second equation is linear, and v is produced
proportionarily to u, diffuses, and is destroyed by a certain rate.

The phenomenon of the blowup in a finite time of the solution is im-
portant from both mathematical and biological points of view. There are
conjectures by Nanjundiah [22], Childress [5], and Childress and Percus [6];
¢ =c¢"=c¢=28n/(ay) is the threshold number in the following sense: if
l[uol[11@) < ¢« then the solution exists globally in time and if [[uo|[;1(q) > ¢*
then u(x,?) can form a delta function singularity in a finite time. The latter
case is referred to as the chemotactic collapse. The arguments were heuristic,
making use of numerical computations for the stationary problem, while recent
studies are supporting their validity rigorously ([12], [14], [19], [20] and [21]).

First, the existence of such numbers ¢, and ¢* was proven by Jdger and
Luckhaus [14] for a simplified system. Later, Nagai [19] treated another
system, (KS) with =0, referred to as N model in the present paper; as [6]
conjectured, 87/(xy) is actually the threshold number in the above sense for
radially symmetric solutions. Then, several works were devoted to the full
system, (KS) with 7 > 0. Particularly, Herrero and Veldzquez [12] constructed
a radially symmetric solution with u collapsing at the origin in a finite time,
having the concentrated mass equal to 87z/(ay). Its counter part was shown by
Nagai, Senba, and Yoshida [21]; radial solutions exist globally in time with
uniformly bounded, provided that |juo||;1q) < 87/(2x). In this way, conjecture
[5] has been almost settled down in the affirmative for radially symmetric
solutions.

As for the general case, contrarily to the conjecture, [21] gave only

[uoll 1) < 4m/ (o)

as a criterion for the existence of global solutions. (The same result is
obtained by Biler [3] and Gajewski and Zacharias [7] independently.) But this
number 47/(ay) is also realized to be best possible and the reason for the
discrepancy between radial and non-radial cases has been clarified by Nagai,
Senba and Suzuki [20] and Senba and Suzuki [23]. Namely, the former
studied N model and showed, among others, that if 47/(oy) < [[uoll;1(o) <
87n/(ox) and the solution blows up in a finite time then the concentration
toward 0Q occurs to u. (This phenomenon is proven also for the full system
recently by Senba and Suzuki [25] and Harada, Nagai, Senba, and Suzuki
[10].) On the other hand the latter studied the stationary problem in details;
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the underlying variational structure and its effects to the dynamics. In par-

ticular, it asserts that many non-radial stationary solutions, missed by [6], exist

and take roles in non-stationary problems even in the case that Q is a disc.
Through those studies we are led to the following conjecture:

Component u forms a delta function singularity at each blowup point xy € Q
with the concentrated mass equal to 8n/(oy) and 4n/(oy) according to xy € Q
and xg € 02, respectively.

Actually Senba and Suzuki [24] studied N model and proved the above
phenomenon with the mass greater than or equal to the expected values. The
present paper studies the full system and proves the following; if the solution
(u,v) blows-up in a finite time, then « forms a delta function singularity at each
isolated blowup point, and any blowup point is isolated, provided that the
Lyapunov function described below is bounded. Finally, only the origin can
be a blowup point of radially symmetric solutions.

2. Summary
Let us put that

for simplicity. The following facts are known.

1. ([27], [3]) Given smooth nonnegative initial data uy # 0 and vy, we have a
unique classical solution (u(-,t),v(-,1)) to (KS) defined on the maximal time
interval [0, Tmax). The solution is smooth and positive on Q x (0, Tyay). If
Tmax < +00, then it holds that

limsup [[u(-, )| ;- (o) = + 0.

1T L max

2. ([21], [3], [7]) Putting

W(t) = {ulogu —uv+ % (IVo]* + 1)2)}dx,
Q

we have

4 W(t) + U,zdx+J ulV - (logu — v)|*dx = 0.
dt Q Q

In particular, W (t) is a Lyapunov function. It is monotone decreasing, so
that either

inf  W(t) > -0 (1)

0<t<Tmax
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or
lim W(f) = -0
ITTI'NLIX
holds.

We prepare several notations and definitions.

(1)

(ii)

(iii)

Notation

B(xo,R) = {x e R?||x — x9| < R}, where xo € R* and R > 0

A(xo,r, R) = B(xo, R)\B(xo,r)

M (&) = {Radon measures on ¥}, where % denotes a compact
Hausdorff space

w* —lim = weak star limit in ./Z (%)

d(-) = Dirac’s delta function concentrated at x=0 in R? and
9y, () =d(- — xo) for xo e R?

|Q| = the Lebegue measure of Q  R?
DEFINITION
In the case of Tmax < 400, we say that xo € Q is a blowup point of u if

there exist {#}{_, = [0, Tmax) and {xx};2, = Q satisfying u(xy, ) —
400, tx — Tmax, and x;z — xo as k — co. The set of blowup points of u
is denoted by 4.
We say that xp € 4 is isolated if there exists R > 0 such that
sup [u(, Ol e (axy,r, RNQ) < T

0 <t<Tmax
for any re (0,R). The set of isolated blowup points of u is denoted by
B
System (KS) is called radially symmetric if Q = {x e R*||x| <1} and
ug = uo(|x]), vo = vo(|x]).
Our results are stated as follows.

THEOREM 1. Given xy € #;, we have 0 < R« 1, m > m,, and

f e LY(B(x0, R) N Q)N C(B(xo, R) N Q2\{x0}),

satisfying f > 0 and

w* — lim u(-,#)dx = moy,(dx) + f dx (2)

11 Tmax

in M(B(xo, R)NQ), where

[ 8=n (x0 € Q)
S P (xo € 0Q)
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THEOREM 2. If (1) occurs, then % = %;.

THEOREM 3. If (KS) is radially symmetric and Tpn,x < +00, then = {0}.

In our notation, the delta function Jy,(dx) € .#(Q2) acts as

11,05, (dx) ) = n(xo)

for xp € Q and e C(Q). It is easy to see that L' norm of u(-,?) is preserved
(see section 3). Therefore, Theorem 1 implies that the number of isolated
blowup points is finite. More precisely,

2 X ﬁ(,@] ﬂ.Q) —+ ﬁ(e%] ﬂ a.Q) < HHOHLI(Q)/A"H

Condition (1) actually holds for the blowup solution constructed by [12].
However, except for this example any criteria for (1) have not been known. In
this connection, it may be worth mentioning about the semilinear heat equation

w=Au+u”'u  in Qx(0,T)  with ul,, =0 (3)
. n . n+2 . .
on a bounded domain 2 < R"”. For the subcritical case 1 < p < pa—1 it is
known that blowup occurs if and only if lim,7,, J(u(f)) = —oo, where
1 2 1 +1
T(w) = 5 Va2

stands for the Lyapunov function ([8], [13], e.g.). To our knowledge, it has not
been clarified whether lim,z,, J(u(f)) > —c0 and Tmax < 40 can occur for
the other cases of (3). But those relations between Lyapunov functions and
blowup mechanisms may suggest that (KS) with two space dimension obeys
some features of (3); in the former case the boundedness of the Lyapunov
function implies the finiteness of blowup points.

Our theorems are proven through localized energy estimates, particularly
the localized Lyapunov function. Concluding the section, we describe it in
short.

The localized Lyapunov function is defined by

1
W,(1) = Jg{ulogu —uv + §(|Vv|2 + Uz)}godx,

where ¢ is a nonnegative C* function. If ¢ =1, W,(¢) is equal to W(z), but
usually ¢ is a cut-off function satisfying

9 _

0<p<l in R?
<p< n , on

0 on 0Q. 4)

Actually it is taken in the following way.
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Given xp € Q, we have 0 < R’ < R with B(xp,2R) = Q. Then we take ¢
satisfying

o(x) = { 1 (x € B(xo, R")) )

0 (x € R\ B(xo, R)).
Given xo € 0Q, we first prepare { € Cg°(R?) satisfying { ={(|y]), 0<{ <1 in
R?, and
_J 1 (yeB(0,1/2))
={o Geanson

Next, we take a smooth conformal mapping X : B(xy,2R) — O < R? satisfying
xo — 0 and

X (B(xo, R)NQ2) = {(x1,x2)|x2 > 0}

X (B(x0,R)NIQ) = {(x1,x2)|x2 = 0}

X(B(xo,R)) = B(0,1/2)
X(R*\B(xo, R)) = R*\B(0, 1)

for 0 < R" < R« 1. Then we set ¢p(x) ={(X(x)). It holds that
1.4

A
on

%goxz -(V{oX)=0 on 02

because (0X)/(dn) is proportional to (0,—1) on 02, and such ¢ satisfies (4)
and (5).
We have the following.

LEmMA 2.1. It holds that

d d
— W,(t) + J vipdx + J ulV(logu — v)|*pdx = —J updx + Ry (u,v,¢), (6)
where
Ri(u,v,p) = J [(1=v)Vu— (ulogu —uv+v,)Vv] - Vpdx + J (ulogu) Agdx.
Q Q

Proor. Multiplying (logu — v)p by the first equation of (KS) and using
Green’s formula, we have

J u,(logu — v)p dx
Q
= J V. (Vu—uVv)(logu — v)pdx
Q

= —J ulV(logu — v)|*p dx — J (logu — v)(Vu — uVv) -Vodx. (7)
e Q
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Here, it holds that

J u,(logu — v)pdx = ﬁj (ulogu — uv)pdx — EJ up dx + J uvpdx  (8)

and

J (logu)Vu -Vpdx = —J uV - (loguVe)dx + J (ulogu) 6_(odx
Q Q el on

= - JQ{(u logu) Ap +Vu-Ve}dx. 9)

In use of the second equation of (KS), we have

J uvp dx :J (v, — Av+v)vpdx
Q Q

= { 5 (|Vv| +v)}¢dx+J v Vv-Vodx,

which, together with (7), (8) and (9), leads to

ot
nd
d
dW—|— I(pdx—i—J 10gu—v|(pdx
d
:jj u¢dx+J (ulogu) Agdx

J (1 =v)Vu— (ulogu — uv+ v,)Vv] - Vpdx.

The proof is complete. ]

We sometimes write ¢ = ¢, g

Now we describe the way of proof and some technical difficulties.
Theorem 1 is proven by the method of [20], localizing estimates of [21]. The
crucial point for the proof of Theorem 2 is showing finiteness of blowup
points. As is described in [24], it follows if local L' norms of u have bounded
variations in time, and this actually holds if the Lyapunov function is
bounded. (In N model, it can be shown that the local L' norms have always
bounded variation in time thanks to remarkable properties of the Green’s
function. See [24].) Finally, Theorem 3 is a consequence of those arguments.

3. Preliminaries

Regard —A + 1 as a closed operator in L?(Q) (1 < p < o), denoted by
Apa by
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) ov
D(A4,) =3ve W>'(Q) %:O on 09 ;.

It is sectorial so that —A, generates an analytic semigroup denoted by {7,(¢)}
(see [15]). The spectrum o(A4,) is independent of p and satisfies g(4,)
{zeC|Re(z) = 1}. We have the following because 2 = R? is bounded and
0Q is smooth (see [26]):

T,(t) is an operator of integration with the symmetric kernel G(x,y,t)
independent of p, satisfying

C =% s
xnp . N ot
\DXD},G(x,y,t)\ < pEEEPE Y exp( Cr e (10)
Jor o] <2, |p| <2, and (x,p,1) € 2 x Q2 x (0,4+00), where C >0 is a constant
and 0 <J < 1.

An immediate consequence is

l Ty(1) Hg(LP(Q),L”(Q)) <G,

where C, >0 is a constant determined by p € (1, o).

For p€0,1] the fractional powers Ag of A, is defined, and the domain
Xpﬁ' = D(A['f) is a Banach space under the norm ||u\|Xpﬁ = ||A£u||L,,(Q>. We have
the following ([11]):

_ 2 2
Xpﬁ c Wka(Q) and Xpﬂ < C*(Q), provided that k =7 < 2/)’75, q =p and
2 .
0<u<2p ~ respectively.

Making use of those estimates instead of the elliptic estimate for the
second equation, we get the following similarly to N model (see [20]). We
have v(ty) € D(4,) for 0 <ty < Tmax and henceforth suppose that vy € D(4,).

ProposITION 3.1.  The following relations hold for the solution (u,v) to
(KS), where C,, >0 is a constant determined by q e (1,2) and ¢ € (0,1/2):

luC s 10y = lluoll L1 (11)

loC, Dllwr@) < CoallAy* 00l Lag) + luoll 1 @) (12)

Proor. Integrating the equations of (KS) over £, we have

%JQ u(x,t)dt =0 (13)
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and

ij v(x, t)dt = —J v(x, t)dt+J u(x, t)dt. (14)
dt )o Q o
Equality (13) implies (11) because u > 0. Then,

o DIy = € llvoll Loy + (1= e luoll g

follows from (14) and v > 0.
Poincaré-Wirtinger’s inequality assures the equivalence

”v”Wl-‘/(Q) ~ HVU”LU(Q) + ||U||L'(9)7
so that (12) is reduced to

IVo(-, 0]

@) < Coalll4) 00l ooy + ol 21 o) (15)
Rewrite the second equation of (KS) as

v(-, 1) = Ty(t)vo + Jo T,(t — s)u(-,s)ds.

Inequality (15) will follow from

ijt T, (t — s)u(-, 0)ds

= CqHUOHLl(Q)

0 whe(Q)
and
1T4(0)voll w102y < CaellAg* “vollr.0()-
In fact, we have
t q t q
HVJ T,(t—s)u(-,t)ds :J J J V.G(x,py,t — s)u(y,s)dyds| dx
0 L1(Q) Q1JoJe
< J 1) (x, t)dx
Q
with
-] | [, (1= 9o 00122y
0Je
and

t '
I = J J (t— s)(5q76)/4|VxG(x,y, t— S)|qu(y,s)eb‘1(f—5)/2 dyds.
0Je
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If ge(1,2) then (6 —5¢)/(4g —4) > —1, so that we have
1(1) < Cylluoll 11g)-

On the other hand, inequality (10) gives that

JQ I (x,t)dx < CJ

elo C(t—s)
o o
= CJ DR dt|uol @) = Cylluoll 1 (q)-
0
Therefore, we get

< Gl g
Li(Q)

Finally,
[Ty (D)voll 1) < Cq,e||A;/2+&Tq(’)00”u(g)
= q,eHTq(t)A;/eraUO”Lq(g) = C;,;;HA;/HEUOHU(Q)
and (15) follows. The proof is complete.
We note that inequality (122) with 1 < ¢ < 2 implies
lo(-,0ll, = G

for 1 <p < o0.
Lemma 5.10 of Adams [1] reads;

2 2 2
wllz20) < Kz(Hw”Ll(.Q) +IVwlizie)

t — 2 N
J J (1— ) T 4 exp <_7q|x ) >u(y,s)e’)”(s_t)/2 dxdsdy
R2

(16)

(17)

for we W1(Q), where K > 0 is a constant determined by Q. Inequality (17)

implies some estimates on u.

Recall the cut-off function ¢, g p intoduced at the end of section 2.

Then, ¢ = ((pr’R,,R)6 satisfies
1 (x € B(xo, R"))
W9={o o eRbaon R)
oy
on
V| <4y Ayl < By in R?,

0<y <1 inR? =0 on 0Q

where 4 >0 and B > 0 are constants determined by 0 < R’ < R« 1.
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LemMaA 3.2 The following inequalities hold for any s > 1, where C > 0 is a
constant:

2
J uzt//dx§2sz udx~J u1|Vu|21pdx+K2<A—+l)|u||i|<9> (18)
Q B(xo, RN Q 2

2
J u?y dx < 4K J (ulogu+e*1)dx-J u” |Vu)*y dx
Q logs B(x0, R)NQ Q
+ Cllull71g) + 35712 (19)
2
J Wy dx < 72K J (ulogu—f—e*l)dx-J \Vu|* dx
Q logs Jp(x,, RN Q
+ CH”H;,‘(B():O,R)OQ) +10/Q[s’ (20)

12

PrOOF. Putting w = wy'/<, we have

2 2 2
{J Vw|dx} < 2{ |Vu|lﬁ1/2dx} +2{ u|Vlﬁ1/2|dx}
Q

A2

2
o R S

I/\

IA

ZJ udx J 1vul? 1//dx—|——||u||L1
‘C() R Q

Hence (18) follows from (17) and [[w(|;i o) < [[ull11(q)
We turn to (19). Take w = (u— s)+lpl/2 with a; = max{a,0}. We have

Wl = | =9 was
{u>s}

ZJ <1u —s>lﬂdx
{u>s} 2

:J 1uzx//dx—J 1uzlpdx—J s*y dx
.(22 {us‘v}z Q

1 2 32
> = — = .
> 2Lzu W dx 33 |2]

On the other hand we have Hw||i1(9) < ||u||il(9) and
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2
HVWHil(Q) < {L }(\Vqu/Z + (u— s)+|V¢l/2|)dx}
u>s

2 2
2“ Va2 dx} +2{J u|V1p1/2|dx}
{u>s} Q

2
12 A
{u>s) 2

IA

Here,

2
{J \Vuly'/? dx}
{u>s}

IA

J udx~J u” \Vul*y dx
B(xo, R)N{u>s} {u>s}

1

< —J (ulogu+e_1)dx~J u™ |VulPy dx
log s B(xo, R)NQ Q

because slogs > —e~! for any s > 0. This implies (19).
Finally, take w = (4 — S)i/zllll/z. We have

1l122(0 =j (u— )2 dx

{u>s}

13 3)
—u’> — s | Yydx
J{u>s}<4

1 5
> ZJQ u3l,bdx—ZSS|Q|.
Because
3 12 12 IA 32,173
Vvl < 5 (= 9) VIVl 43 A= 5)
we have

2 2
9 A?
Vw7 < E{J <u—s>”2|\7u|w”2dx} +7{J (u— )2y dx} :
{u>s} {u>s}

Here, it holds that
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2
{J (u—s)1/2|Vu|lpl/2dx} < {J u1/2|Vu|x//l/2dx}
{u>s} {u>s}

< J udx-J \Vu|*y dx
B(xo, R)N{u>s} {u>s}

1 J _1 J 2
< — ulogu—+e dx- | |Vu|"ydx
logs ) p(x, R)OQ( ) Q| |

2
J (u _3)3/2 134 m/jl/3u1/z dx
{u>s} {u>v}

2/3
1/3
{ wx} el e e 21

2

and

IA

< gL Wy dx+ Gl s mney (21

where C, > 0 is a constant determined by ¢ > 0. Therefore,

9
V| o) < ulogu+e”! dx-J Vul*y dx
IVwiIZio) 210gsd3<x0,R>ng( ) Q| |
A? A?
+78 . 3l/ldX+ G| 2| ||”||L1 (B(xo, R)NQ)*

Since y!/? <!, it follows from (21) that

2 3
Wiz <¢ o iy dx + Cl2lull 21 (8(xy, )NGQ)-
We get

2
(%—K2<Az + 1) )L}Lﬁl[/dX

< 9—K2J (ulogu+e‘1)dx-J \Vu|*y dx
= logs Jpix, RN o

2
KGR (T4 ) sy + 551

by (17). Taking ¢ > 0 as
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1 (A 1

we obtain (20). O

4. Finiteness of blowup points

This section is devoted to the proof of Therems 2 and 3. First, a
technical estimate is derived for local norms of the solution (u,v) to (KS).
Henceforth, we always asume T7p,x < +o0 and a generic positive constant
(possibly changing from line to line) is denoted by C.

LEmMA 4.1. It holds that

1
iJ (ulogu)lpdx—l——J u_]|Vu|2¢dx+J uvys dx
dt)o 2)a Q

+1J vflpdx#ﬂj (|Vv|2+vz)npdxs2J wyde+C. (22)
2o 2dt)o o

Proor. We show the following equality first:

ij (ulogu)¢dx+J u*1|vu|2lpdx+J uu¢dx+lij (Vol? + 02 dx

:J uzxpdx—J vidx — I — I — I — IV, (23)
Q Q

where

I=1 vVv-Viydx
Q

=1 (1+logu)Vu-Vidx
Q

o1 = | o(l +logu)Vu - Vi dx
Q

IV = | (uvlogu) Ay dx.
Q

This can be derived by (6), but here we prove it directly by (KS).
In fact, multiplying (logu)y by the first equation of (KS), we get that

d
EJQ(ulog u)ydx = JQ u,(logu)y dx + JQ u dx

= J {V-(Vu—uVv)}(1 +logu)y dx
Q
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= —J Vu-V{(1 +10gu)lp}dx+J uVo - V{(1 + logu)y }dx
Q Q

=-V+ VI
Here,

VI = J uVo - (u"YWVu + (1 + logu)Viy)dx
Q

:J (VU~Vu)lﬁdX+J u(l +logu)Vv - Viy dx
Q Q

=—| uv. (1//Vv)dx+J u(l +logu)Vu - Viy dx
Q Q

=— uzﬁAvdx—i—J (ulogu)Vv-Viydx
Q Q

=—| u(v,+v-— u)lpderJ (ulogu)Vo - Viydx
Q Q

=— u(v,+v—u)lpdx—J v(ulogu)Alpdx—J o(1 + logu)Vu - Vi dx
o Q o

by the second equation of (KS). On the other hand,

V= J Vi {u"YyVu+ (1 + logu)Vy }dx
Q

= J u! |Vu|21p dx + J (1 +logu)Vu - Vi dx.
Q Q
Therefore, it holds that

gj (ulogu)tpdx—}—J u’1|Vu\2gbdx—|—J uvy dx
dt Jo Q Q

(1 +logu)Vu-Viydx + J (ulogu)Vuv - Vi dx
Q

= L(u2 — vy dx — J

Q

= J (u® — vu)dx —IT — IIT — IV,
Q

On the other hand we have

1d

f—J (Vo> + o¥)dx = | (Vv - Vo + o) dx
2dt)g

Q

= Ut(—Av—i—U)zpdx—J v,Vv-Vidx
Q Q

=| (v +vu)pdx—1.
Q

Equality (23) has been proven.
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Now we proceed to the proof of (22). First, in use of (18), we get that

11| < CJ /S w1+ loguly! P - w2 Vuly ' dx
Q

1/3 1/2
<l { [ i+ iogarwasy {| wwrvar)
Q Q
Recall the elementary inequality: Let 1 <o <2 and f>0. Then
w'(1+ [logu)) < Cw®+1)  (u>0).

We obtain

1/3 12
1| £C|u0||ll_/,?9){J uzwdx—s—l} {J u_1|Vu|2¢dx}
Q Q

1 1
< ,J u*1|Vu|2wdx+fJ wdx + C
4)a 4)a

by (11). Similarly, we have

[1I| < CJ u Pl w21+ loguly!' P - vdx
Q

1/2 1/3
< C{J u1|Vu|2¢dx} {J u3/2|1 +10gu|3lpdx} ||v||L6(Q>
Q Q

< J u’1|Vu|2lpdx+lJ udx + C
Q 4)a

Bl

and

|uvloguly?? dx
Q

v <

—

32 23
Lz lulogul® lﬁdx} o)l 230

IA
Bl—_

IA

J wtdx + C.
Q

by (16). Finally,

7] < AJ oV ol dx
Q

-

< J u?¢dx+A2j Vol*y*? dx.
Q Q
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Here,

J Vo223 dx = —J W - (WPVo)dx
Q Q

J { 2/321//1/3UV¢~Vv}dx

o 3

J o( v,+ufv)lp2/3dxf§J VBV Vodx
Q o

<J w0 uxpl/zdx—f—U vV o0 dx
Q Q

+%J Vol - o8 dx
3 )a

! 2 21012 1 2
< WJQM wdx—i— 164 ||U||L2(.Q) +mjgv,l//dx

1 242
+ 3247 el 5 [ VPP et S ol
Q
Therefore, it holds that

1 1
212/3 2 2
JQ\VU| Yl dx < 4A2J 1//dx+4A2J Ydx + C,

which implies
1 2 1 2
< = | viydx+-| wuydx+C.
2)o 4o

Inequality (22) has been proven. O
We show a key fact for the proof of Theorems.
PROPOSITION 4.2.  Suppose Tyax < +00 and let xgeQ and 0 < R« 1.

Then, if a solution (u,v) to (KS) satisfies

sup ulogudx < +w (24)

0< 1< Tmax JB(xO,R)ﬂQ
it holds that

sup lu(-, Ol o (g, o) < +© (25)

0 <t<Tmax

for any re (0, R).
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Proor. We divide the argument in five steps. Take R’ € (0,R) and let

Y= ((pr‘R’,R)6'
Step 1 We show that (24) with Ty, < +oo implies

Tmax
J J v? dxdt < +co.
0 JB(x,R)NQ

Therefore, taking R > 0 smaller, we can assume that

Tn]'dX
J J U,z dxdt < +00.
0 B(xo, R)NQ

In fact, inequality (19) with

M= sup J (ulogu + e )dx < +oo
0<t<Tmax J B(xp, R)NQ
gives that
4K>M
J uP dx < J u VP dx + C + 35%|Q).
Q logs Ja

Therefore, taking s > 1 as 8K2M/(logs) < 1/2, we have (26) by (22).
Step 2 Multiplying uyy by the first equation of (KS), we have

lij uzlpdx+J |Vu|2¢dx+J uVu - Vi dx

:J uzﬁVv~Vudx—|—J u?Vo - Vi dx.
e Q

From the second equation of (KS) follows that

J ulﬂVv-Vudx:lJ YVo - Vitdx
Q 2)o

:—lj uzprvdx—lJ HZVU'V‘PdX
2 Q 2 Q

:lj u3¢dx—lj u? (v, + o) d —lj u?Vo - Vi dx
2o 2)e 2o
1 3 1 2 1 2
< | wydx—=| vopdx—=| uVo-Viydx.
2)o 2)a 2)a

Therefore, in use of

wWu? - Vi dx — J w?v A dx
Q

JQMZVU-ledx: —J

Q

(26)
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and
J uVu~Vlﬁdx:—lJ u® A dx,
Q 2)a
we obtain
1d 2 2 1 3 1 2
ZdIJQu I/de—i—Lz [Vu|“y dx < 2Jgu W dx 2Jgu v dx

+1J vVuz-Vlﬁdx—&-lJ W+ 1) Aydx. (30)
2, 2],

Here, last three terms of the right-hand side are dominated as follows.
First, inequality (16) gives that

lj u?(v+ Ay dx| < EJ (+1) - u?y?3dx
2], 2,
B U 2/3
< 5 Uellogy + 127 [y}
Q
L s
<-| wyaxr+c
g

Similarly,

IJ wWu? Vi dx
2])a

< 3AJ v- w3 |Vuly'? dx
Q

1/3 , 2
< 3alblo{ | wwasf {[ e

Slj |Vu|21pdx+lj wWdx + C.
8Ja 3)a

Finally, Gagliardo-Nirenberg’s inequality

1/2
L@

1/2

Il 10y < KAWL 01220 + 1] 12(0)

to w= ulpl/ 2 implies that

1/2 12
{J vtz dx} {J uty? dx}
B(xo, R)NQ Q
1/2
C{J vtz dx}
B(xo, R)NQ

X (||V(”W1/2)||L2(Q)||”W1/2||L2(9) + ||”Wl/2||22(g))

1 2
5 JQ u-vp dx

<

SN

IA
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1
e L R E el IR A A 8
Q B(xo, R)NQ

12
"‘C{J Uzzdx} H“‘Pl/zniqg)
B(xo, R)N2

1
< EJ_Q |V(ulﬁ1/2>|2dx—|— C(JB(XOAR)HQ sz dx + 1) ||u[pl/2||iz(9)
Here, we have
A2
J IV(uw”z)Fdxng |Vu|21pdx+_J 20
Q o 2 Jo
2 16 3
<2| VulPydx+— | wipdx+C,
Q 3 Jo

so that

1
J ulvp dx
Q

1 1
< —J |Vu|21pdx+—J wy dx
8Jo 3o

+C<J ufdx+1>-J wpdx + C.
B(Xu,R)ﬂQ Q

In this way, inequality (30) has been reduced to

1d

3
raytp » 3 2
3 d[JQu lpdx+4JQ |Vu| "y dx

gzj u3lpdx+C<J ufdx+1>J wdx + C
Q B(xo, R)NQ Q

s3J Wy dx + C(J U,zdx-J uzlpdx+1>. (31)
Q B(X(),R)Q.Q Q

We can make use of (20) for the first term of the right-hand side. It holds
that

T2K*M

J W dx < J Vul*y dx + C + 10]Q|5?,
Q Q

where M > 0 is the constant defined in (28). Making s > 1 large, this term is
absorbed into the left-hand side of (31). We obtain
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ij uzl//dx+J Vul*ydx < C J U,zdx-J wdx +1|.
dt)o Q B(xo, R)NQ Q

In particular, g(7) = [, u?y dx solves

Y hgrC (0<t< To)
dt
with a continuous function 4(f) > 0 satisfying IOT'““ h(t)dt < +oo0. This implies
sup ¢(f) = sup J i dx < 400. (32)
Q

0 <71<Tmax 0<t<Tax

Setp 3 We take R” € (0, R’) and set ; = ((DXOSRN’R,)Q Multiplying vy,
by the first equation of (KS), we have

1d

——J u3lp1dx—|—ZJ u|Vu|2¢1dx+J u?Vu -V, dx
3dt)q o o

= 2J u?y, Vo - Vudx—i—J Vo - Vi, dx.
Q Q

This means that

1 d 8 2
3 %JQ w, dx + §L2 \Vw|*y, dx + ng wVw - Vi, dx
4
= —J wyn Vo -Vwdx + J w2Vo - Vi, dx (33)
3o Q

for w=u*?. From (32) and
wlogw < 3w*? = 342

we have

sup

J (wlogw)dx < +oc0.
0<1<Tmax J B(xo, R)NQ

Relation (33) is similar to (29). Inequality (20) holds with u replaced by
w, and [|W[| 11(g(x, r1ng) < C follows from (32).  Finally, if we make use of the
second equation of (KS), we obtain

1 1 1
J wy Vo -Vwdx < EJ w3y, dx — EJ wloay dx — EJ w2Vo - Vi, dx
Q Q Q Q

1 1
SJ w3t//1dx—§J wzvtlﬁldx—zj w2Vo -V, dx + C
Q Q Q
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similarly to (30). Under those circumstances we can repeat the arguments in
Step 2 and get

sup J udx = sup J w?dx < +o0. (34)
0<1< Tax J B(x0, R")NQ 0<1< Tmax J B(x0, R")NQ
If we repeat the arguments once more, we get
sup |[u(, )l La(pixg, ey < +0- (35)

0<1<Tmax

for any re (0, R).

Step 4 Put u; = Uy p( u, = u —uy, and let vy, v, be the solutions for

X0,7)?

v,=Av—v+f in 2 x (0, Thax),

% =0 on 00 x (07 Tmax)a
v(-,0) =0 in Q.

with f = uy, up, respectively. It holds that
t
Uy = J J G(X,y, r— S)u(yv S)dde>
0 JQ\B(xo,r)

so that

sup  [[o2 (5 D)l 2= (Bxy, )0y < +0
0<1<Timax

for ' € (0,r) by (10) and (11).
To handle with v;(x,7), we recall the operator 4, in Section 3. Let
5/6 <p <1 and p=3. Then we have

sup or(-,D)llyp = sup [ AT01( Dl o)
<

0<1<Tmax 0 <t<Tmax
t
< sup J||A£Tp(l—s)u1(~,S)||L,7<Q)ds
0§l‘<Tmax 0

IA

t
C sup J (t— s)7ﬂ||u1(~ ,s)||U(Q>ds <+

0<t<Tmax J0O

by (34). Inclusion X/ = C'(Q) holds and hence

sup  [v(, )l 1 (Bxy, ) <+ (36)

0 <t<Tmax
for any r e (0, R).
Step 5 Take r' € (0,r) and put y, = (¢XO_,.,7,)6. We multiply upnp{’“ by
the first equation of (KS) and get



Chemotactic collapse in a parabolic system 485

——J (ul//l)erldx:—J V(u”lplp+])~Vudx+J uV Py - Vodx
Q Q Q

=—-I+1I

Here,

I = J (pu"’lwaVqu u"Vx//fH) Vudx
Q

4 1
o pmJ |Vu(p+l)/2|2¢f+ldx+p_+_1J VYTVt dx
p+ Q Q

p+ Q

N 4 J lpi[?+l)/zvu(p+l)/2_u(p+l)/2Vl/j(1p+l)/2dx
r+1la

4 2
) {ﬁ‘ m}] LR
P Q

2 2
(p+1)/242 N p+1 (p+1)/2,2
+p—1 J |V (wpy) |“dx p_l L} uP TV, |“dx

1 ,
> 7). |V(uw1>“’“>/2|2dx—’%jg uP Vg P

2 A(p+1
> —JQ |V(mp1)(l7+l)/2|2dx_%Jﬁ(uwl)zwﬁﬂ 1/3 dx

2/3

J IV () P2 2l (P+1)|| 0”1/3 {J (ulpl)”(3/2>"dx}
Q Q

Furthermore, (36) implies

< cJ ¥ (YY) dx
Q

IA
a

L2 Wy s 0 | utivwfa)

2p
p+1
1

—J IV () PV 2 4 Cp + 1)[ ()" dx
p+1)g Q

5/6
+ CA(p + 1)|u0||;{§9){J () O }

<C

J () POV ) 7D e+ CA(p + 1>j (1 )"
Q Q

IA
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It holds that

d
J uldx < fJ VP2 2ax + C(p+1)2J ul ' dx
Q Q

dt)g
2/3 5/6
L C(p+ 1)2 ({J u11+(3/2)17 dx} _|_{J u11+(6/5)17 dx} )7 (37)
Q Q

where u; = wu,. Here, C > 0 is independent of p > 1 and we can apply an
iteration scheme of Moser’s type (see Alikakos [2]). To this end we make use
of Gagliardo-Nirenberg’s inequality in the form of

2 2 1 2 1
1l ooy < KUVWI720) + w7200 "~ w0l g, (38)

where K > 0 independent of ¢ € [1,¢o] for given ¢y > 1.
_3p+2

First, apply (38) for w = u!"""? and ¢
pply (38) i e

2/3
CXP‘+1)2{J 1+(3/2)p . }
Q
(2p+1)/(3p+3) 2/3
<C(p+ 1)2{J |Vu<1p+1>/2|2dx+J ul™! dx} {J ul P2 dx} .
Q Q Q

2p+1
3p+3

2/3 2/3
C(p—f—l)z{J (|\7u§”“)/2|2+uf“)dx+1} {J uﬁf’“)/zdx}
Q Q

€ B,3>. We have

< %, the right-hand side is dominated by

Because 3

2
< é” (VP22 L x4+ 1} +Cp+ 1)6” ul P x4 1} .
Q Q
12p+10 [22 12
1 f _ (p+1)/2 _pT v = 12\ h
Second, apply (38) for w = u,; and ¢ 5513 10°3 We have

5/6
Clp+ 1)2“ u 6/5de}
Q

(Tp+5)/(12p+12) 5/6
< C(p+l)2{J |Vu$p+l>/2\2dx+J u{ﬂrl dx} {J ugp+l)/2 dx}
Q Q 0

7/12 5/6
< C(p+1)2{J (Vi /2|2+uf“)dx+1} {J u(lf””/zdx}
Q Q
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2
< é“ (Ve VPP dx + 1} +C(p+ 1)2“/5{J u§”+1>/2dx}
Q Q

1

Finally, apply (38) for w = u(l‘”l)/2 and ¢ =2. We have

C(p+ 1>2J p+1 dx
Q

IA

1/2
C(p—l—l)z{J (|Vu(1p+1)/2|2+uf+1)dx} {J u§p+1)/2dx}
Ie) o)

IA

Inequality (37) has been reduced to
EJ‘ +1 dx+ J |V p+l /2|2dx
dt

1 2
< —J ul x4+ C(p+1) {J u§1’+1>/2dx+1} .
2 Q Q

However, again (38) for ¢ =2 implies

2
w1220y < K>UVWwlZaa) + IWlZ20) W1 )

5<HVW||L L+ IWli7a) + Cllwl7ig)
and hence
1)/2 1)/2,,2 1)/2,,2
let” 21 720) < MV R ) + Cllut™ 70 )

We obtain

| 2
%J uf“dx—i—ZJ ullax < C(p+1)° {J u(l‘”l)/zdx—i—l}
Q Q Q

and hence

sup {J ”+1dx+1}
0<1<Timax \LJQ

2
gCrnax{(p%—l)6 sup {J u(1p+1)/2dx+1} ||ug||erl |Q+1}.
Q

0<t<Tmax

2
< E{J (|Vu(1p+1>/2|2+uf+l)dx+1} +C(p+1)6{J up+1 /2dx—|— 1}
Q Q

2
é{J (|Vu§p+l)/2|2+u‘f+l)dx+1}+C(p+1)4{J ui“l)/zdx} )
o) Iy

487
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Therefore,
2k
@, = sup uy dx+1
0<1<Tmax 4 Q
satisfies
k+1
@1 < Cmax{2°FVag, (121 4+ 1)(Jluoll i)+ D}
2k+1
< C250) max{ @, (fuoll - gy + 1> ) (39

for k=1,2,....

Let d = |lug||;»(q) + 1. Then, (39) is reduced to

_ k k=t k-1 K+l
Oy < Cc2* 3.22/:26(/+1)2 ~max{¢§ ,d2 + )

for k=2,3,.... We have
1/2k+]
21(+1 1/2/c+1
sup {J uj dx} <®/;
0 <1< Tmax Q

< Ck=3)kt S0 2 -max{®)/* d},
and letting kK — +o0,

1/4
sw|mumm@s0mx<swwmmm@+Q d

0 <1<Tmax 0<t<Tmax

follows. In use of (35), we obtain

sup  ur (-, D)l o) = sup  ([u(, DYoo) < +o0.
0<1<Tax 0 <7< Tax

Since ' € (0,7) and re (0, R) are arbitrary, we have (25).
The proof is complete. ]

Theorems 2 and 3 are immediate consequences of the following.

PROPOSITION 4.3.  Let (u,v) be a solution to (KS) and Thax < +00. Then,
any xo € # and 0 < R« 1 admit

1
u(x, t)dx >

lim sup > 6K

| (40)
1 Tinax B(X(],R)ﬁ.Q

Proor. Take re (0,R) and ¢ = (¢x0,r,R)6' If (40) does not hold, then
(18) implies
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J uzlpdx£2K2J udx-J u_l|Vu|2¢dx+C|\u||il<Q>
Q B(xo, R)NQ Q

< lj u \Vul*ydx + C
8o

for 0 < Thmax —t < 1. Then (22) gives
lim supj (ulogu)y dx < +o0,
1T JQ
and hence

tim sup (- ).

) < 400
ITTlﬂaX

B(xo,r’)ﬂs?

follows from Lemma 4.2, where r’' € (0,r). We get xo ¢ # and the proof is
complete. O

Proor of THEOREM 3. In this case it holds that
u=u(|x|,1). (41)

If xo € #\{0}, we have & = {x||x| = |x|} = 4.

Given a positive integer m, we take 0 < R« 1 and xi,...,x,, € 9 sat-
isfying B(x;, R)NB(x;,R) = & for i#j. Relation (40) admits a sequence
tr T Thax satisfying

1
u(x, ty)dx > ——
JB(xj,R)ﬂQ( 2 18K2

for j =1 and hence for j =2,...,m by (41). Therefore,

- )l sz by >

follows, which contradicts (11) if m > 18K ||uy|| 1i(@)- The proof is complete.
O

PrOOF of THEOREM 2. If the solution satisfies (1), then

Tmax
J J (02 + u|V (logu — v)|*)dxdt < +oo
0 Q

follows.
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Take xoe 4, 0 < R« 1 and let ¢ = ¢, g g. We have

d
’dl JQ ug dx JQ up dx

< CJ ulV(logu — v)|dx
A(x0, R/2,R)

J (Vu—uVv) -Vodx
Q

< C{||u||L1<Q) +J ulV(logu — v)|2dx} (42)
Q

JTmLix d
0

7 JQ ug dx

This assures the existence of lim,r,, [,updx. In use of (40) we have

and hence

dt < +0.

lim inf J u> lim J up dx
11 Tmax B(XO,R)HQ 11 Timax Q

> limsup udx

tTTmax JB(X()A, R/2)ﬂ9

1
= T6K2°

Since xp € # and 0 < R« 1 is arbitrary, this implies that
1 < 16K||uo| 1) < +o0

by (11), and in particular, any blow-up point is isolated. O

5. Isolated blowup points

In this section we study the behavior of u around the isolated blowup
points more precisely and prove Theorem 1.
We first note the following.

LemMA 5.1.  Let (u,v) be a solution to (KS) and xo € #;. Then there exist
0<R«1 and 0€(0,1/2) such that

Hu”C”Z”J*”((A(xo,n RINQ)X[0, Tonax)) T HUHCZ+20~1+”((A(x0,r, RINQ)X[0, Tona)) < T 0 (43)
for any re (0, R).

Proor. Because xy € 4;, there exists Ry > 0 such that

sup (||”('»[)HLx(A(xo,ro,Ro)nQ) + [Jo(-, t)HL*(A(xo,rO‘RO)ﬂQ)) < 400
0 << Tmax
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for any ry € (0,Ry). Then the parabolic estimate for the second equation of
(KS) (see [26]) gives that

sup  [[Vo(+, Ol = (g, r, RN0) < +0
0< 1< Thna

for R and r in ry < r < R < Ry and the standard theory for the first equation
(see Theorem 10.1 of Chapter IV of [17]) applies; R’ and ¥ inr <r' < R’ < R
admit 6 € (0,1/2) such that
Hu”Cz’)‘(}((A(,‘Co,l",R’)ﬂg)x[o, Tmax)) < +(D
Now Theorem 10.1 in Section IV of [17] is available for the second and the
first equation in turn, and, given R” and r” in ¥ <r” < R" < R’ we have
0" € (0,1/2) such that
HU||C2+2”/~H”’((A(X().r”,R”)ﬁQ)X[O, Tnax)) <+

and
Hu||cz+20’.l+l)'((A(x‘hrrrer/)mQ)X[o, Tmax)) < +OO
Since r” is arbitrary, proof is complete. O
An immediate consequence is the following.

LEMMA 5.2. Let xo € #; and ¢ = ¢, pi g for 0 < R' < R« 1. Then we
have

sup  W,(t) <+ (44)
0 << Tnax
and
lim supJ Vol*pdx = 0. (45)
ITTmax Q

Proor. Recall (6) and put
t
F(t) = W,(¢) —J Ry (u,v,p)ds —J up dx.
0 Q
Relations (11) and (43) imply

< ||u0||L1(.Q) and 0<Su1; |R1(H,U,§0)‘ <+,
—t< max

U up dx
Q

respectively. By Lemma 2.1, F is monotone decreasing in [0, T,x) and (44)
follows. Then we have
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J (ulogu)pdx < C —|—J uvg dx,
Q Q

and

lim supJ uvp dx = +o0o
N Tmax JQ

follows from Proposition 4.2. In use of Young’s inequality we have

1
aJ uvp dx < J (ulogu)wdx—&——J e“pdx
Q Q €¢Jo

1
<W,+ JQ uvp dx + EJQ e“pdx

<c+]

1
uvp dx + —J e“opdx,
Q €Jo

and hence
1
(a— I)J uvp dx < —J e“pdx+ C.
Q €Jo
If @ > 1, we have

lim sup J e“pdx = +o0,
IT Tmax Q

which implies (45) by the following Lemma. O

LemmA 5.3. Let a>0, xoe %, and ¢ =9, p g for 0<R <R«
Then, the inequality

a2
J “Podx < Cexp( J Vv (pdx> (46)
Q
holds on [0, Tax)- If X0 € Q, then
a2
J Podx < Cexp( J |V godx) (47)
o 167

ProOE. We recall the following inequalities due to Moser [18] and Chang
and Yang [4]: There exists a constant K determined by Q such that

log(J e”"dx) <
o 2

for we X, where

)
o T a7 wdx + K
12|
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e [4n i X =H'(Q)
18 if X =Hl(Q).

Because xp € 47, we have

sup  [[o(-, Dl L= (a (o, &7, R)NGQ) < O
0 <t<Tmax

Therefore, we get

J e“pdx < J e"dx + J e“opdx
Q B(xp, R")NQ A(xo, R, R)NQ

a2
< Cexp (Q HVU||22<B(xo.,R'>ﬂ9> + C) +C

a2
<Cexp< J Vo wdx)

by (43). This shows (46). A similar calculation gives (47) if xo € Q. The
proof is complete. ]

The following lemma is a modification of [21].

LemmA 5.4. We have
J uvp dx < J (ulogu)pdx + M, log<J ev(pdx) — M,logM,, (48)
o Q o

where M, = [, updx.

Proor. Since —logs is convex, Jensen’s inequality applies as

el e )
L)
bl o)

This means (48). O
This implies the following.

LEMMA 5.5. Suppose Tmax < +00 and take xo € %y, and 0 < R’ < R« 1.
Then the relation
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lim J up dx = m
11 Timax Q
Jollows, where m, is the constant in Theorem 1 and ¢ = ¢, g/ g

ProOF. In use of (43), we have

d
EJQ up dx

similarly to (42), so that limyz,, [[ug||,1q) exists. Suppose

<C

tTliT%x M, (1) = tTliTIEX lupll 1 (q) < m..

In the case that xp € 2 we have (47). Inequality (48) implies

1
—J (IVo]* + v*)pdx = W(,,—J (ulogu — uv)p dx
2)a Q

IA

W, + M, log (J e'p dx) — M,log M,
Q

IA

M, C
C+—2 20dx + M,log—
+ 1671' J_Q |VU| (p X + [ OgM¢

by (44). It follows that
1 M, s C
— _ < _
2(1 8n>L|VU| (pdx_C—kM(,,loqu)
Therefore, (49) with m, = 8z gives
lim sup Vo*dx < lim supJ Vol2pdx < +oo.
Q

11 Tmax JB(xo,R/2)ﬁQ 1T Tmax

This contradicts (45) with R replaced by R/2.

The case xp € 02 can be treated similarly and the proof is complete. ]

We are able to give the following.

Proor of THeorReM 1. Let xoe%; and ¢ =g, gy From above

lemma, the value

m(xp, R) = lim J u(x, t)pgr(x)dx = m,
[TTmux Q
exists for any xgp € %4; and 0 < R« 1. Moreover,

m(xo, R) —m(xo, R/2) = lim L u(x, 1)(pr(x) = pprsa(x))dx = 0

1] Tinax
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and there exists

m(xo) = ](ILHC}O m(xo,R/Zk) > M.

Inequality (43) implies

sup |uy| < +o0
A(x0,r, R)NQX[0, Timax)

for 0 <r < R. Therefore,
Tmax

f(x) = u(x,0) + J u,(x, t)dt

0

= lim u(x,7) >0 (50)

1] Tinax

exists for x € B(xp, R)NQ\{xo}. In use of (43) again, convergence (50) holds
in the sense C(A4(xp,r, R)NQ), where r € (0,R). Also f € L'(Q) follows from
(11).

For simplicity we set E = B(xo, R)N Q. Given ¢ e C(E), we have

|| weax—msyeen) - | reas
= &(xo0) (JE UPgax dx — m(x0)> + L(f — &(x0))upp or dx

- j Fondst | Eu=1)(1 = pp)ds

for k=1,2,3,.... It follows that

|| wzax—mn)een) - | reas

< 1€l L gy + lluoll L1 (o) [1€ = E(x0) | 1o (B(xo, R /20 )002)

JE Upp ok dx — m(xo)

+ €l ok (Lf(ﬂR/zk dx + ||u —f||Lf(A(xo,R/2k+l,R/zk)m9)>

and hence

lim sup
IT Tmax

< €]l o () lm(x0, R/2F) = m(xo)|

|| weax = msoyeteo - | reas

ol 1 = EG0) sy + Wil | ompe
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Making k — +o0, we get

lim JE ué dx = m(xo)&(xo) + JEfé dx

11 Tmax
by f e L'(E). This means (2) and proof is complete. ]
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