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Abstract. We consider the asymptotic behavior of solutions to the initial value

problem for a certain class of hyperbolic-elliptic coupled systems. It will be proved that

the solution is time asymptotically approximated by the superposition of di¤usion waves

constructed in terms of the self-similar solutions of generalized Burgers equations. We

will give space-time decay estimates for the residual term through a pointwise estimate

for the Green’s function of the linearized system.

1. Introduction

We are concerned with large-time behavior of solutions to the initial value

problem for a certain class of hyperbolic-elliptic coupled systems in one space

variable. The system is written in the form

wt þ F ðw; qÞx ¼ 0;

�qxx þ Rq þ nðw; qÞGðw; qÞx ¼ 0:

�
ð1:1Þ

Here w ¼ wðx; tÞ and q ¼ qðx; tÞ are unknown functions taking values in a

domain WJRm and Rn, respectively, where x A R1 and t b 0, while F ¼
F ðw; qÞ, G ¼ Gðw; qÞ and n ¼ nðw; qÞ are given smooth mappings from W� Rn

into Rm, Rn and R1
þ ¼ fx A R1; x > 0g, respectively, and R is a positive definite

n � n matrix of real constant entries. We impose the initial condition at t ¼ 0

in the form

wðx; 0Þ ¼ w0ðxÞ:ð1:2Þ

We shall assume that the eigenvalues of the Jacobian DwFðw; qÞ are all real.

Therefore, the first system of equations in (1.1) is a hyperbolic system of
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conservation laws for w, while the second one is a elliptic system for q. Hence,

we can call (1.1) a hyperbolic-elliptic coupled system.

This type of hyperbolic-elliptic coupled system was first studied by S.

Kawashima, Y. Nikkuni & S. Nishibata [4]. They considered large-time

behavior of solutions to the initial value problem in the case where the

mappings F and G have forms F ðw; qÞ ¼ f ðwÞ þ LT q and Gðw; qÞ ¼ gðwÞ with

smooth mappings f and g and n � m matrix L of real constant entries. LT

denotes the transpose of L. Under suitable assumptions on f and g, it was

proved that a unique smooth solution of the initial value problem exists for all

t b 0 and converges to a given constant state ðw; 0Þ A W� Rn as t ! y if the

initial datum w0 ¼ w0ðxÞ is su‰ciently close to w in a Sobolev space. They

also obtained decay rates of the convergence in a Sobolev space, then in Lp

for 2a p ay by interpolation. The solution approaches the constant state at

the rate t�ð1=2Þð1�1=pÞ as t ! y in Lp for 2a p ay. Moreover, it was shown

that the solution is well approximated by a solution of a hyperbolic-parabolic

coupled system at the rate t�ð1=2Þð2�1=pÞþe as t ! y in Lp for 2a p ay, where

e is an arbitrary positive constant.

On the other hand, T.-P. Liu & Y. Zeng [6] considered large-time behavior

of solutions to the initial value problem for general hyperbolic-parabolic

coupled systems and showed that the solution is time asymptotically approxi-

mated by the superposition of di¤usion waves constructed in terms of the self-

similar solutions of generalized Burgers equations. They proved that the solu-

tion approaches the superposition at the rate t�ð1=2Þð1�1=pÞ�1=4 as t ! y in Lp for

1 < p ay by integrating a space-time pointwise estimate. Such an estimate

was obtained through a pointwise estimate for the Green’s function of the

linearized system around a constant state and the analysis of coupling of

nonlinear di¤usion waves. Since the rate t�ð1=2Þð1�1=pÞ�1=4 is faster than that

of the superposition, they got the optimal decay rate of the solution itself in

Lp for 1 < p ay, and t�ð1=2Þð1�1=pÞ is the rate.

The main purpose of this paper is to extend the results of Liu and Zeng

to the initial value problem for the hyperbolic-elliptic coupled system (1.1) and

(1.2) with extension of their results. One of our main tasks is to make a

space-time pointwise estimate for the Green’s function of the linearized sys-

tem. The di‰culty of this lies in the fact that the Fourier transform of the

Green’s function has essential singularities. Such singularities do not appear

for hyperbolic-parabolic coupled systems and make our estimate for the Green’s

function to be weaker than that of Liu and Zeng’s. Nevertheless, such an

estimate is su‰cient for the analysis of pointwise behavior of the solutions to

the nonlinear systems and our estimates for the solutions are also valid for

those to hyperbolic-parabolic coupled systems.

Another purpose is to weaken the hypothesis concerning the regularity of
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the initial data. To this end, we shall adopt the weighted energy method due

to A. Matsumura [7]. He showed the existence of unique smooth solution

globally in time to the initial value problem for a system of equations govern-

ing the motion of compressible, viscous and heat-conductive Newtonian fluid in

three space dimensions and obtained the decay rate of the solution as t ! y.

However, we can not directly apply his technique to our problem because the

decay rate of the solution is not enough compared with the case of three space

dimensions. Making use of the Lp estimate of the Green’s function obtained

by integrating the pointwise estimate, we shall evaluate the Lp norms of the

solution and it’s spatial derivatives in terms of the weighted energy norm.

Combining the estimates for the weighted energy and Lp norms, we shall obtain

decay estimates of the solution, which are valid for less regular initial data.

The contents of this paper are as follows. In section 2 we give structural

conditions (existence of entropy function and stability condition) which are

imposed on the hyperbolic-elliptic coupled system (1.1), preliminary proposi-

tions and statements of our results. In section 3 we prove the existence of

solution locally in time to the initial value problem (1.1) and (1.2) under the

assumption that the system admits an entropy function. We explain how to

reduce it to the initial value problem for a symmetric hyperbolic system. In

section 4, following Matsumura we evaluate the weighted energy norm by

assuming the stability condition. At the same time, we obtain a priori estimate

for the energy norm and then the existence of solution globally in time. In

section 5 we give pointwise estimates for the Green’s function and its spatial

derivatives by making use of the Fourier transform technique due to Zeng [9].

The Green’s function contains the Dirac d-function because of the hyperbolicity

of the system. In section 6, following Liu and Zeng we study the coupling of

nonlinear di¤usion waves. Although our calculation bears a resemblance to

theirs, our estimates do not directly follow from theirs. In section 7 we first

evaluate the Lp norm of the solution in terms of the weighted energy norm by

using the Lp estimate for the Green’s function. Then, combining the estimates

of Lp and weighted energy norms together, we obtain a priori estimates of their

norms. In section 8 we study the space-time pointwise behavior of the solution

by using the pointwise estimate of the Green’s function and Lp decay estimate

of the solution. Finally, in section 9 we show that the order of time decay in

our estimates is optimal in general by considering a particular system.

Notation. Let F ¼ F ðw; qÞ be a smooth mapping from W� Rn to Rk,

where W is a open set in Rm. We denote by DwFðw; qÞ and DqFðw; qÞ the

Jacobians of Fðw; qÞ with respect to w and q, respectively, so that DwFðw; qÞ
and DqF ðw; qÞ are k � m and k � n matrices, respectively. For a matrix L, we

denote by LT the transpose of L.
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For a non-negative integer l, we denote by q l
t and q l

x the derivatives ðq=qtÞ l

and ðq=qxÞ l , respectively. For simplicity, we write qt ¼ q1t and qx ¼ q1x. For

a non-negative integer s, we denote by H s the usual Sobolev space on R1

equipped with the norm kuks ¼ ð
Ps

l¼0

Ð
R1 jq l

xuðxÞj2dxÞ1=2. For 1a p ay, we

denote by j � jp the norm of the Lebesgue space Lp ¼ LpðR1Þ. We use the

abbreviation k � k ¼ k � k0 ¼ j � j2. For 1a p ay, a non-negative integer s

and a real number b, we denote by W
l; p
b the space of all functions u ¼ uðxÞ

on R1 such that ð1þ jxjÞbq l
xu A Lp for 0a l a s with the norm kuks; p;b ¼Ps

l¼0 jð1þ jxjÞbq l
xujp. For simplicity, we write W s; p ¼ W

s; p
0 , k � ks; p ¼ k � ks; p;0

and j � jðbÞ ¼ k � k0;y;b. Let j be a non-negative integer and I be an interval

contained in ½0;yÞ. We say that u A C jðI ;H sÞ if u is a function of C j-class

on I with values in H s.

For functions u ¼ uðxÞ and v ¼ vðxÞ on R1, we denote by u � v the con-

volution of u and v: ðu � vÞðxÞ ¼
Ð
R1 uðx � yÞvðyÞdy. The usual inner product

in Rm or Rn is denoted by h� ; �i. Throughout this paper, we denote inessential

constants by the same symbol C and C ¼ Cða; b; . . .Þ means that C depends

only on a; b; . . . :

2. Statement and results

First of all, we introduce a new dependent variable u by a di¤eomorphism

w ¼ wðuÞ from an open set Ou onto an open convex set Ow JW. Putting

w ¼ wðuÞ into system (1.1), we rewrite it as

A0ðuÞut þ Aðu; qÞux þ Mðu; qÞqx ¼ 0;

�qxx þ Rq þ nðwðuÞ; qÞðLðu; qÞux þ Jðu; qÞqxÞ ¼ 0;

�
ð2:1Þ

where

A0ðuÞ ¼ DuwðuÞ;
Aðu; qÞ ¼ DuðF ðwðuÞ; qÞÞ ¼ DwF ðwðuÞ; qÞDuwðuÞ;
Mðu; qÞ ¼ DqFðwðuÞ; qÞ;
Lðu; qÞ ¼ DuðGðwðuÞ; qÞÞ ¼ DwGðwðuÞ; qÞDuwðuÞ;
Jðu; qÞ ¼ DqGðwðuÞ; qÞ:

8>>>>><>>>>>:
ð2:2Þ

Definition 2.1. Let Ou and Ow be an open set in Rm and an open

convex set in W, respectively. We say that system (2.1) is symmetric on

Ou � Rn if the coe‰cient matrices verify the properties:

1. A0ðuÞ is positive definite for u A Ou;

2. Aðu; qÞ and Jðu; qÞ are symmetric and Mðu; qÞ ¼ Lðu; qÞT for ðu; qÞ A
Ou � Rn.
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We say that system (1.1) is symmetrizable on Ow � Rn if there exists a dif-

feomorphism w ¼ wðuÞ from Ou onto Ow such that the system is reduced to

a symmetric system (2.1).

The property that the system is symmetrizable can be characterized in

terms of an entropy function, which is defined as follows.

Definition 2.2. Let Ow be an open convex set in W and h ¼ hðwÞ be a

real-valued smooth function defined on Ow. We say that h is an entropy

function for system (1.1) if the following properties hold:

1. h is a strictly convex function defined on Ow in the sense that the

Hessian D2
whðwÞ is positive definite for w A Ow;

2. There exists a real-valued smooth function z ¼ zðw; qÞ defined on

Ow � Rn such that the relations

Dwzðw; qÞ ¼ DwhðwÞDwFðw; qÞ;
Dqzðw; qÞ ¼ DwhðwÞDqFðw; qÞ � Gðw; qÞT

�
ð2:3Þ

hold for ðw; qÞ A Ow � Rn. z is called an entropy flux corresponding to h.

Proposition 2.1 ([4]). Let Ow be an open convex set in W. Then, system

(1.1) is symmetrizable on Ow � Rn if and only if the system admits an entropy

function on Ow.

We now state an existence theorem of solutions locally in time to the

initial value problem (2.1) and

uðx; 0Þ ¼ u0ðxÞ:ð2:4Þ

Theorem 2.1. We assume that system (2.1) is symmetric on Ou � Rn.

Let u be a constant state in Ou. There exist positive constants c0 ¼ c0ðuÞ and

c1 ¼ c1ðuÞ such that if u0 � u A H s for an integer s b 2 and ku0 � uk1 a c0, then

the initial value problem (2.1) and (2.4) has a solution ðu; qÞ on some time

interval ½0;T � satisfying

u � u A C0ð½0;T �;H sÞVC 1ð½0;T �;H s�1Þ; q A C0ð½0;T �;H sþ1Þ;
kuðtÞ � uks þ kqðtÞksþ1 a Cku0 � uks for 0a t a T ;

�
where T ¼ Tðku0 � uk2Þ > 0 and C ¼ Cðku0 � uk2; sÞ > 0. Moreover, the solu-

tion is unique in the class

u � u A C0ð½0;T �;H 2ÞVC 1ð½0;T �;H 1Þ; q A C 0ð½0;T �;H 3Þ;
kuðtÞ � uk1 þ kqðtÞk1 a c1 for 0a t a T :

�
The proof of this theorem is carried out in the next section. This theorem

and Proposition 2.1 guarantee the existence of a solution locally in time to the
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initial value problem (1.1) and (1.2) under suitable conditions on the initial

datum w0 if the system admits an entropy function. If Lðu; qÞ and nðwðuÞ; qÞ
in (2.1) do not depend on q and Jðu; qÞ is identically zero, then we do not have

to impose the smallness condition on the initial data and the uniqueness of the

solution always holds.

We proceed to state the global behavior in time of solutions to the initial

value problem (1.1) and (1.2). To this end, we formulate the stability con-

dition.

Definition 2.3. Let u be a constant state in Ou. We say that the sym-

metric system (2.1) satisfies the stability condition at ðu; 0Þ if the coe‰cient

matrices verify the property:

For m A R1 and j A Rm, mA0ðuÞjþ Aðu; 0Þj ¼ 0 and Lj ¼ 0 imply that

j ¼ 0.

In order to characterize the stability condition, we consider the lineari-

zation of the symmetric system (2.1) around a constant state ðu; 0Þ:

A0ut þ Aux þ LTqx ¼ 0;

�qxx þ Rq þ nðLux þ JqxÞ ¼ 0;

�
ð2:5Þ

where

A0 ¼ A0ðuÞ; A ¼ Aðu; 0Þ; L ¼ Lðu; 0Þ; J ¼ Jðu; 0Þ; n ¼ nðwðuÞ; 0Þ;ð2:6Þ

and the eigenvalue problem associated with this system:

lA0jþ ixAjþ ixLTc ¼ 0;

ðx2I þ R þ ixnJÞcþ ixnLj ¼ 0;

�
ð2:7Þ

with a real parameter x, where l A C1, j A Cm and c A Cn. The admissible

value of l, which admits a non-trivial solution ðj;cÞ of (2.7), is denoted by

l ¼ lðixÞ. We note that system (2.7) is equivalent to the system

lA0jþ fixA þ x2nLTðx2I þ R þ ixnJÞ�1
Lgj ¼ 0;

c ¼ �ixnðx2I þ R þ ixnJÞ�1
Lj:

(
Therefore, the admissible values of l are the roots of the algebraic equation

detflA0 þ ixA þ x2nLTðx2I þ R þ ixnJÞ�1
Lg ¼ 0:

Definition 2.4. Let K be an m � m matrix of real constant entries. We

say that K is a compensating matrix for (2.5) if the following properties are

satisfied:

1. KA0 is a real skew-symmetric matrix;

2. ½KA� 0 þ LTL is positive definite, where ½X � 0 denotes the symmetric part

of X.
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Proposition 2.2 ([4]). Let u be a constant state in Ou, lðixÞ the value of l

corresponding to a non-trivial solution ðj;cÞ of (2.7) and ðu; qÞ A C0ð½0;yÞ;L2Þ
a solution to (2.5). Then the following five conditions are equivalent to each

other:

1. The symmetric system (2.1) satisfies the stability condition at ðu; 0Þ;
2. There exists a compensating matrix K for (2.5);

3. Re lðixÞ < 0 for x A R1;

4. There exists a positive constant d such that Re lðixÞa�dx2=ð1þ x2Þ
for x A R1;

5. kuðtÞk þ kqðtÞk ! 0 as t ! y.

The proof of this proposition is almost the same as that in [4], where the

case J ¼ 0 is investigated.

Theorem 2.2. Suppose that system (1.1) admits an entropy function so that

the system is put into the symmetric system (2.1). Let w be a constant state in

Ow and u the corresponding constant state in Ou ðw ¼ wðuÞÞ. We also suppose

that the symmetric system (2.1) satisfies the stability condition at ðu; 0Þ. Let

s b 2 be an integer. There exists a positive constant c2 ¼ c2ðw; sÞ such that if

w0 � w A H s and kw0 � wk2 a c2, then the initial value problem (1.1) and (1.2)

has a solution ðw; qÞ satisfying

w � w A C 0ð½0;yÞ;H sÞVC1ð½0;yÞ;H s�1Þ;
q A C0ð½0;yÞ;H sþ1Þ:

�
The solution verifies the uniform estimate

kwðtÞ � wk2s þ kqðtÞk2sþ1 þ
ð t

0

ðkwxðtÞk2s�1 þ kqðtÞk2sþ1Þdta Ckw0 � wk2s

for t b 0, where C ¼ Cðw; sÞ > 0.

This theorem is proved by standard continuation argument based on the

local existence of solution obtained in Theorem 2.1 and a priori estimates of

solutions given in section 4.

Theorem 2.3. Assume the same conditions in Theorem 2.2. Let s b 3 be

an integer. There exists a positive constant c3 ¼ c3ðw; sÞ such that if w0 � w A
H s VL1 and E3 1 kw0 � wk3 þ jw0 � wj1 a c3, then the solution ðw; qÞ obtained

in Theorem 2.2 verifies the decay estimates

kq l
xðwðtÞ � wÞks�l a C1Esð1þ tÞ�l=2

if 0a l a s;

kq l
xqðtÞks�lþ1 a C1Esð1þ tÞ�ð1=2Þðlþ1Þ

if 0a l a s � 1

(
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for t b 0, where C1 ¼ C1ðw; sÞ > 0 and Es ¼ kw0 � wks þ jw0 � wj1. Moreover,

for 1a p ay it holds that

jq l
xðwðtÞ � wÞjp a C2ðEs þ kw0 � wkl; pÞð1þ tÞ�ð1=2Þðlþ1�1=pÞ

if 0a l a s � 2;

jq l
xqðtÞjp a C2ðEs þ kw0 � wkmaxðl�1;0Þ; pÞð1þ tÞ�ð1=2Þðlþ2�1=pÞ

if 0a l a s � 3

(

for t b 0, where C2 ¼ C2ðw; s; pÞ > 0.

This theorem is proved in section 7.

Next, we consider the asymptotic profile of the solution to the initial value

problem (1.1) and (1.2). We fix w a constant state in Ow and introduce a new

dependent variable v by the relation

w � w ¼ DuwðuÞv; w ¼ wðuÞ;ð2:8Þ

where w ¼ wðuÞ is the di¤eomorphism used in the derivation of system (2.1)

from (1.1). Under the hypothesis that system (1.1) admits an entropy function,

the system can be rewritten as

A0ðuÞvt þ Aðu; 0Þvx þ Lðu; 0ÞT
qx ¼ H3x � Qðv; vÞx ¼ H1x;

�qxx þ Rq þ nðw; 0ÞðLðu; 0Þvx þ Jðu; 0ÞqxÞ ¼ H2;

(
ð2:9Þ

where the coe‰cient matrices are defined in (2.2) and

H1 ¼ �ðFðw; qÞ � F ðw; 0Þ � DwFðw; 0Þðw � wÞ � DqF ðw; 0ÞqÞ;

H2 ¼ �ðnðw; qÞDwGðw; qÞ � nðw; 0ÞDwGðw; 0ÞÞwx

� ðnðw; qÞDqGðw; qÞ � nðw; 0ÞDqGðw; 0ÞÞqx;

H3 ¼ �ðFðw; qÞ � F ðw; 0Þ � DwFðw; 0Þðw � wÞ

� DqF ðw; 0Þq � 1

2
D2

wF ðw; 0Þðw � w;w � wÞÞ;

Qðv; ~vvÞ ¼ 1

2
D2

wF ðw; 0ÞðDuwðuÞv;DuwðuÞ~vvÞ:

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

ð2:10Þ

Changing the variable v with ~vv by the formula ~vv ¼ ðA0ðuÞÞ1=2v, we can

reduce the problem to that in the case A0ðuÞ ¼ I . Therefore, we assume that

A0ðuÞ ¼ I in the following. Since Aðu; 0Þ is symmetric, the eigenvalues of

Aðu; 0Þ are all real. Let l1 < l2 < � � � < ls be the distinct eigenvalues of

Aðu; 0Þ with multiplicity m1;m2; . . . ;ms; m1 þ m2 þ � � � þ ms ¼ m. Let the left

and the right eigenvectors associated with li be lij and rij, j ¼ 1; . . . ;mi:

Aðu; 0Þrij ¼ lirij; lijAðu; 0Þ ¼ lilij ; lijri 0j 0 ¼ dii 0djj 0ð2:11Þ
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for i; i 0 ¼ 1; . . . ; s, j ¼ 1; . . . ;mi and j 0 ¼ 1; . . . ;mi 0 , where dij is Kronecker’s

delta. Put

li ¼

0BB@
li1

..

.

limi

1CCA; ri ¼ ðri1; . . . ; rimi
Þ; Pi ¼ rili for i ¼ 1; . . . ; s;

~LL ¼

0BB@
l1

..

.

ls

1CCA; ~RR ¼ ðr1; . . . ; rsÞ:

8>>>>>>>>>>>><>>>>>>>>>>>>:
ð2:12Þ

Then, Pi is the projection onto the eigenspace associated with li and it holds

that ~LL ~RR ¼ ~RR~LL ¼ I . Moreover, we have the spectral decomposition

Aðu; 0Þ ¼
Xs
j¼1

liPi:ð2:13Þ

Now, we derive an approximate system of equations to (2.9). Neglecting

higher order nonlinear terms and derivatives of q in the elliptic system for q, we

obtain

vt þ Avx þ Qðv; vÞx þ LT qx ¼ 0;

Rq þ nLvx ¼ 0;

�
which yields the hyperbolic-parabolic coupled system

vt þ Avx þ Qðv; vÞx ¼ nLTR�1Lvxx;ð2:14Þ

where we used the notation in (2.6). We decompose v in the directions of the

right eigenvectors as

v ¼
Xs
i¼1

rivi; vi ¼ liv for i ¼ 1; . . . ; s:

Then, (2.14) is equivalent to the system

vit þ livix þ
Xs
j;k¼1

liQðrjvj; rkvkÞx ¼
Xs
j¼1

nliL
TR�1Lrjvjxx

for i ¼ 1; . . . ; s. Neglecting the e¤ects of the other families than the i-field, we

finally obtain

vit þ livix þ liQðrivi; riviÞx ¼ nliL
TR�1Lrivixxð2:15Þ
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for i ¼ 1; . . . ; s. These are the desired approximate equations and called gen-

eralized Burgers equations. We seek a self-similar solution to (2.15) satisfying

the constraint ð
R1

viðx; tÞdx ¼ eddið2:16Þ

for i ¼ 1; . . . ; s, where eddi is a given constant vector in Rmi . Under the hy-

pothesis that the symmetric system (2.1) satisfies the stability condition at ðu; 0Þ,
we see that the hyperbolic-parabolic coupled system (2.14) satisfies the stability

condition at u in the sense of [2], that is, for l A R1 and j A Rm, ljþ Aj ¼ 0

and nLTR�1Lj ¼ 0 imply that j ¼ 0. Therefore, by Lemma 2.1 in [6] each

matrix nliL
T R�1Lri is positive definite and we obtain the existence theorem for

the self-similar solution.

Proposition 2.3 ([1, 6]). Assume the same conditions in Theorem 2.2.

There exists a positive constant c4 ¼ c4ðuÞ such that if eddi A Rmi satisfies the

condition jeddija c4, then (2.15) and (2.16) has a unique self-similar solution of

the form 1ffiffi
t

p wi
x�li tffiffi

t
p

� �
with the condition limy!�y ywiðyÞ ¼ limy!�y w 0

i ðyÞ ¼ 0.

Moreover, wi has the property

wiðyÞ ¼ e�y2=ð4miÞ~wwiðyÞ;ð2:17Þ

where mi is the maximum eigenvalue of nliL
TR�1Lri and ~wwi and all its derivatives

are uniformly bounded by Cjeddij with a positive constant C.

We choose eddi in (2.16) as

eddi ¼
ð
R1

viðx; 0Þdx ¼ liðDuwðuÞÞ�1

ð
R1
ðw0ðxÞ � wÞdx;

where w0 is the initial datum in (1.2). If jw0 � wj1 is su‰ciently small, then

Proposition 2.3 guarantees the existence of the self-similar solution. Using this

we define a function y by

yðx; tÞ ¼
Xs
i¼1

yiðx; tÞ;ð2:18Þ

yiðx; tÞ ¼
1ffiffiffiffiffiffiffiffiffiffi
1þ t

p wi

x � lið1þ tÞffiffiffiffiffiffiffiffiffiffi
1þ t

p
� �

for i ¼ 1; . . . ; s;

and a function o by

oðx; tÞ ¼ ðDuwðuÞÞ�1ðwðx; tÞ � w � DuwðuÞyðx; tÞÞ;ð2:19Þ
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where w is the solution to the initial value problem (1.1) and (1.2) obtained in

Theorem 2.2. We shall show that w þ DuwðuÞyðx; tÞ is an asymptotic profile

of the solution wðx; tÞ. To this end, we prove that oð� ; tÞ decays faster than

yð� ; tÞ as t ! y.

Theorem 2.4. Assume the same conditions in Theorem 2.2. Let s b 3 be

an integer and define a function W0 ¼ W0ðxÞ by

W0ðxÞ ¼

ðy
x

ðw0ðyÞ � wÞdy for x b 0;

ð x

�y
ðw0ðyÞ � wÞdy for x < 0:

8>>><>>>:ð2:20Þ

There exists a positive constant c5 ¼ c5ðw; sÞ such that if E3 a c5 and 0a l a

s � 3, then the function o defined by (2.19) verifies the decay estimates

jq l
xoðtÞjp a

C2ðð1þ EsÞjW0j2 þ EsÞð1þ tÞ�ð1=2Þðlþ1�1=pÞ�1=4
if 2a p ay;

C2ðð1þ EsÞjW0j1 þ Es þ jw0 � wjl; pÞ
�ð1þ tÞ�ð1=2Þðlþ1�1=pÞ�1=4

if 1a p ay

8><>:
for t b 0, where we used the notation in Theorem 2.3.

The decay rates in this theorem are optimal, which is explained in section

9. However, if we impose an additional condition for nonlinear terms, then

we can obtain faster decay rates than the above one.

Theorem 2.5. Assume the same conditions in Theorem 2.2 and the con-

dition

PjQðPiu;PiuÞ ¼ 0 for u A Rm; i; j ¼ 1; . . . ; s; i0 j;ð2:21Þ

where Q is the quadratic nonlinear term defined in (2.10) and Pi is the projection

defined in (2.12). Let s b 3 be an integer, g < 1=2 and W0 the function defined

in (2.20). There exists a positive constant c6 ¼ c6ðw; s; gÞ such that if E3 a c6,

0a l a s � 3 and 1a p ay, then the function o defined by (2.19) verifies the

decay estimates

jq l
xoðtÞjp a C3ðð1þ EsÞjW0j1 þ jw0 � wjl; p þ EsÞð1þ tÞ�ð1=2Þðlþ1�1=pÞ�g

for t b 0, where C3 ¼ C3ðw; s; p; gÞ > 0 and we used the notation in Theorem 2.3.

Theorems 2.4 and 2.5 are also proved in section 7.

We proceed to state space-time decay estimates for the solution

ðwðx; tÞ; qðx; tÞÞ and the residual term oðx; tÞ. Those are the main results in

the present paper. For a A R1 and b ¼ ðb1; b2Þ A R2 we define functions by
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jaðx; t; lÞ ¼ 1þ ðx � lð1þ tÞÞ2

1þ t

 !�a=2

;

caðx; t; lÞ ¼ 1þ jx � lð1þ tÞj
1þ t

� ��a

;

Fbðx; tÞ ¼
Xs
i¼1

ðjb1ðx; t; liÞ þ jiðx; t; liÞcb2
ðx; t; liÞÞ;

8>>>>>>>>>>><>>>>>>>>>>>:
ð2:22Þ

where l1; . . . ; ls are the eigenvalues of the matrix Aðu; 0Þ (cf. (2.11)).

Theorem 2.6. Assume the same conditions in Theorem 2.2. Let s b 3 be

an integer, b1 b 1, b2 b 0 and b ¼ ðb1; b2Þ. There exists a positive constant

c7 ¼ c7ðw; s; bÞ such that if E3 a c7, then the solution ðw; qÞ obtained in Theorem

2.2 verifies the pointwise estimates8>><>>:
jq l

xðwðx; tÞ � wÞj þ jq l
xqðx; tÞj

a C4ð1þ EsÞ l
El;b1ð1þ tÞ�ð1=2Þðlþ1Þ

Fbðx; tÞ if 0a l a s � 2;

jq l
xqðx; tÞja C4ð1þ EsÞ lþ1

Emaxðl;1Þ;b1ð1þ tÞ�ð1=2Þðlþ2Þ
Fbðx; tÞ if 0a l a s � 3

for x A R1 and t b 0, where C4 ¼ C4ðw; s; bÞ, El;b1 ¼ jw0 � wj1 þ kw0 � wkl;y;b1
and we used the notation in Theorem 2.3.

Theorem 2.7. Under the same conditions in Theorem 2.6, there exists a

positive constant c8 ¼ c8ðw; s; b1Þ such that if E3 a c8 and 0a l a s � 3, then the

function o defined by (2.19) verifies the pointwise estimate

jq l
xoðx; tÞja C4ð1þ EsÞ lþ1ðE3 þ ~EE

ð1Þ
l;b1

Þð1þ tÞ�ð1=2Þðlþ1Þ�1=4Fbðx; tÞ

for x A R1 and t b 0, where

~EE
ð1Þ
l;b1

¼
jW0j2 þ kW0k0;y;b1

þ kw0 � wkl;y;b1
when 1a b1 < 3=2,

jW0j2 þ kW0k0;y;1 þ kw0 � wkl;y;b1
when b1 b 3=2

(

with the function W0 defined by (2.20) and we used the notation in Theorems 2.3

and 2.6.

As we mentioned before, the decay rates in time are optimal. However,

by imposing a condition on the quadratic nonlinear term Q we can improve

them.

Theorem 2.8. Assume the same conditions in Theorem 2.6 and (2.21). Let

g < 1=2. There exists a positive constant c9 ¼ c9ðw; s; b; gÞ such that if E3 a c9
and 0a l a s � 3, then the function o defined by (2.19) verifies the pointwise

estimate
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jq l
xoðx; tÞja C5ð1þ EsÞ lþ1ðE3 þ ~EE

ð2Þ
l;b1

Þð1þ tÞ�ð1=2Þðlþ1Þ�gFbðx; tÞ

for x A R1 and t b 0, where C5 ¼ C5ðw; s; b; gÞ > 0,

~EE
ð2Þ
l;b1

¼
jW0j1 þ kW0k0;y;b1

þ kw0 � wkl;y;b1
when 1a b1 < 2,

jW0j1 þ kW0k0;y;1 þ kw0 � wkl;y;b1
when b1 b 2

(

with the function W0 defined by (2.20), and we used the notation in Theorem 2.3.

Theorems 2.6, 2.7 and 2.8 are proved in section 8.

Remark. If the matrix Aðu; 0Þ has only one eigenvalue l with multiplicity

m (in this case Aðu; 0Þ must be equal to lI and the condition (2.21) is au-

tomatically satisfied), we can replace the function Fbðx; tÞ in Theorems 2.6 and

2.8 by jb1ðx; t; lÞ.

3. Local existence

To begin with, we consider a linear elliptic system in the form

�qxx þ Rq þ Jqx ¼ f :ð3:1Þ

Taking the Fourier transform of this system, we obtain

ð�ðixÞ2I þ R þ ixJÞq̂qðxÞ ¼ f̂f ðxÞ;

where the hat ^ means the Fourier transform:

q̂qðxÞ ¼
ðy
�y

qðxÞe�ixx dx:

Lemma 3.1. Let R and J be symmetric n � n matrices of constant entries

and assume that R is positive definite. Then, there exists positive constants a

and C such that for any z A Da 1C1nfz A C1; jIm zj < a < jRe zj < a�1g the

matrix �z2I þ R þ zJ is invertible and verifies the estimate

jð�z2I þ R þ zJÞ�1ja Cð1þ jzj2Þ�1
for z A Da:

Proof. Suppose that

detð�z2I þ R þ zJÞ ¼ 0; z ¼ x þ iy; x; y A R1:

Then there exists q A Cn such that ð�z2I þ R þ zJÞq ¼ 0 and jqj ¼ 1. Taking

the inner product of this equation with q, we obtain

ðRq; qÞ þ nxðJq; qÞ þ ðy2 � x2Þjqj2 ¼ 0;

yðnðJq; qÞ � 2xjqj2Þ ¼ 0;

(
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where ð� ; �Þ denotes the inner product in Cn. If y0 0, then it follows from

these equations that ðRq; qÞ þ jzj2jqj2 ¼ 0, which contradicts the positivity of R.

Therefore, it holds that

detð�z2I þ R þ zJÞ0 0 for z A C1; Im z0 0:

On the other hand, it is easy to see that

detð�z2I þ R þ zJÞ ¼ z2n detð�I þ z�2R þ z�1JÞ for z A C1; z0 0:

Hence, if we take a su‰ciently small, then there exists a positive constant c

such that

jdetð�z2I þ R þ zJÞjb cð1þ jzj2Þn for z A Da;

which implies the results. r

This lemma gives directly the following one.

Lemma 3.2. Let s be a non-negative integer. Assume that R and J are

symmetric n � n matrices of constant entries and that R is positive definite.

Then, for any f A H s the linear elliptic system (3.1) has a unique solution

q A H sþ2, which verifies the estimate

kqksþ2 a Ck f ks;

where C ¼ Cðs;R; JÞ > 0.

Now, we consider the elliptic part in the symmetric system (2.1):

�qxx þ Rq þ nðwðuÞ; qÞðLðu; qÞux þ Jðu; qÞqxÞ ¼ 0:ð3:2Þ

Let u be a constant state in Ou. For c > 0, M > 0 and an integer s b 1, we

define a function space X s
c;M by

X s
c;M ¼ fu; u � u A H s; ku � uk1 a c; ku � uks a Mg:

Proposition 3.1. There exists a positive constant c ¼ cðuÞ such that for

any M > 0 and integer s b 1 we have a mapping Q from X s
c;M to H sþ1 which

verifies the properties:

1. If u A X s
c;M, then q ¼ QðuÞ solves the elliptic system (3.2);

2. If u A X s
c;M, q A H 2 solves (3.2) and kqk1 < c, then q ¼ QðuÞ;

3. For any u; v A X s
c;M, we have the estimates

kQðuÞk2 a C6ku � uk1; kQðuÞ � QðvÞk2 a C6ku � vk1,
kQðuÞksþ1 a C7ku � uks; kQðuÞ � QðvÞksþ1 a C7ku � vks,

�
where C6 ¼ C6ðuÞ > 0 and C7 ¼ C7ðu; s;MÞ > 0.
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Proof. We rewrite (3.2) as

�qxx þ Rq þ nJqx ¼ Cðu; qÞ;

where we used the notation in (2.6) and

Cðu; qÞ ¼ �nðwðuÞ; qÞLðu; qÞux � ðnðwðuÞ; qÞJðu; qÞ � nðwðuÞ; 0ÞJðu; 0ÞÞqx:

We take a positive constant c10 ¼ c10ðuÞ so small that ku � uk1 a c10 implies

that uðxÞ A Ou for x A R1. For fixed u satisfying the condition ku � uk1 a c10,

we define a mapping F ¼ FðqÞ by

FðqÞ ¼ ð�Iq2x þ R þ nJqxÞ�1Cðu; qÞ:

By Lemma 3.2, for q; ~qq A H 1 satisfying kqk1; k~qqk1 a c10, we have

kFðqÞk2 a C8ðku � uk1 þ kqk21Þ;
kFðqÞ �Fð~qqÞk2 a C8ðku � uk1 þ kqk1 þ k~qqk1Þkq � ~qqk1;

(

where C8 ¼ C8ðuÞb 1. Therefore, if u satisfies the additional conditions

10C 2
8 ku � uk1 a 1 and 2C8ku � uk1 a c10, then F becomes a contraction

mapping from

S ¼ q A H 2; kqk2 a
2C8ku � uk1

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4C 2

8 ku � uk1
q

8><>:
9>=>;

to itself. Hence, the mapping F has a unique fixed point in S.

Now, we define the mapping Q such that QðuÞ is the fixed point. Then

QðuÞ solves (3.2) and satisfies the estimate kQðuÞk2 a 2C8ku � uk1. Moreover,

if v satisfies the same conditions imposed on u, then

kQðuÞ � QðvÞk2 ¼ kð�Iq2x þ R þ nJqxÞ�1ðCðu;QðuÞÞ �Cðv;QðvÞÞÞk2
a C9ðku � vk1 þ ðku � uk1 þ kv � uk1ÞkQðuÞ � QðvÞk1Þ;

where C9 ¼ C9ðuÞ > 0. Therefore, if ku � uk1; kv � uk1 a ð4C9Þ�1, then we

have

kQðuÞ � QðvÞk2 a 2C9ku � vk1:

It is su‰cient to use the equation QðuÞxx ¼ RQðuÞ þ nJQðuÞx �Cðu;QðuÞÞ and

the induction on s to obtain higher order estimates. Finally, we define the

constant c by c ¼ minfð10C2
8 Þ

�1; ð2C8Þ�1
c10; ð4C9Þ�1g. Then we see that the

mapping Q satisfies all the properties stated in the proposition. r
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Remark. If Lðu; qÞ and nðwðuÞ; qÞ are independent of q and Jðu; qÞ
is identically zero, then we can directly define the mapping Q by QðuÞ ¼
�ð�Iq2x þ RÞ�1ðnðwðuÞÞLðuÞuxÞ. In this case we do not have to impose the

smallness condition ku � uk1 a c on u.

Thanks to Proposition 3.1, if we restrict our attention to small solutions

which satisfy the conditions kuðtÞ � uk1 a c and kqðtÞk1 a c for 0a t a T , then

the symmetric system (2.1) is equivalent to the system

A0ðuÞut þ Aðu;QðuÞÞux þ Lðu;QðuÞÞT
QðuÞx ¼ 0:ð3:3Þ

We can regard this as a symmetric hyperbolic system because the last term

behaves like lower order. Therefore, applying the standard iteration argu-

ments we can prove the local existence theorem to the initial value problem

(3.3) and (2.4), and then Theorem 2.1.

4. Estimates of weighted energy norms

We first prepare a fundamental lemma, which shall be used frequently in

the following of this paper without any comments.

Lemma 4.1. Assume that N b 2 is an integer, l1; l2; . . . ; lN are non-negative

integers, 1a p; q; r ay and 1=p ¼ 1=q þ 1=r. Put l ¼ l1 þ l2 þ � � � þ lN . Then

there exists a positive constant C ¼ CðN; p; q; r; lÞ such that the inequality

YN
j¼1

ðq lj
x ujÞ

�����
�����
p

a CjujN�2
y jujqjq l

xujr

holds for any u ¼ ðu1; u2; . . . ; uNÞ.

Proof. Define pj by

1

pj

¼ 1� lj

l

� �
1

ðN � 1Þq þ lj

l

1

r

for j ¼ 1; 2; . . . ;N. Then it holds that p a pj ay for j ¼ 1; 2; . . . ;N and

1=p ¼ 1=p1 þ 1=p2 þ � � � þ 1=pN . Therefore, by Hölder’s inequality we obtain

YN
j¼1

ðq lj
x ujÞ

�����
�����
p

a
YN
j¼1

jq lj
x ujj pj

:ð4:1Þ

Here Gagliardo-Nirenberg’s and interpolation inequalities imply that
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jq lj
x ujjpj

a Cjuj j1�lj=l

ðN�1Þqjq
l
xuj j lj=l

r

a Cðjuj j1�1=ðN�1Þ
y jujj1=ðN�1Þ

q Þ1�lj=l jq l
xujj lj=l

r

a Cjujð1�1=ðN�1ÞÞð1�lj=lÞ
y jujð1=ðN�1ÞÞð1�lj=lÞ

q jq l
xuj lj=l

r :

Putting this into (4.1) yields the desired inequality. r

Now, we assume the same conditions in Theorem 2.2. Let s b 2 be an

integer, ðw; qÞ a solution to (1.1) and (1.2) satisfying

w � w A C0ð½0;T �;H sÞVC1ð½0;T �;H s�1Þ;
q A C0ð½0;T �;H sþ1Þ

�
ð4:2Þ

for some T > 0 and ðu; qÞ the corresponding solution to the symmetric sys-

tem (2.1) and (2.4). We take a positive constant c12 ¼ c12ðwÞ so small that

jw � wja c12 implies that w A Ow and assume, throughout this section, that the

solution verifies

kwðtÞ � wk1 þ kqðtÞk2 a c12 for 0a t a T :ð4:3Þ

For non-negative integers l and k and 1a p ay, we put

ð4:4Þ

N
ð1Þ
l;k ðtÞ ¼

8>>>>>>>>>><>>>>>>>>>>:

sup
0atat

ðkwðtÞ � wkk þ kqðtÞkkþ1Þ þ
ð t

0

kqðtÞk2kþ1dt

� �1=2
for l ¼ 0;

sup
0atat

ð1þ tÞl=2ðkq l
xwðtÞkk þ kq l�1

x qðtÞkkþ2Þ

þ
ð t

0

ð1þ tÞ lkq l
xqðtÞk2kþ1dt

� �1=2
for l b 1;

N
ð2Þ
l;k ðtÞ ¼

ð t

0

ð1þ tÞ lkq lþ1
x wðtÞk2k�1dt

� �1=2
for k b 1;ð4:5Þ

NsðtÞ ¼
Xs

l¼0

N
ð1Þ
l; s�lðtÞ þ

Xs�1

l¼1

N
ð2Þ
l; s�lðtÞð4:6Þ

and

Ml; pðtÞ ¼ sup
0atat

ð1þ tÞð1=2Þðlþ1�1=pÞjq l
xðwðtÞ � wÞjp:ð4:7Þ

Proposition 4.1. Assume the same conditions in Theorem 2.2. Let s b 2

be an integer and ðw; qÞ a solution to the initial value problem (1.1) and (1.2)

satisfying (4.2) and (4.3). Then the solution verifies the estimates
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ðNð1Þ
0; sðtÞ þ N

ð2Þ
0; sðtÞÞ

2
a Cfkw0 � wk2s þ N

ð1Þ
0;2ðtÞðN

ð1Þ
0; sðtÞ þ N

ð2Þ
0; sðtÞÞ

2g;
NsðtÞ2 a Cfkw0 � wk2s þ ðM1;yðtÞ þ N2ðtÞÞNsðtÞ2g

(

for 0a t a T, where C ¼ Cðw; sÞ > 0.

Proof. To begin with, we derive the L2 estimate of the solution by

making use of an entropy function. Let h be an entropy function for system

(1.1) and z an entropy flux corresponding to h. Then it holds that (cf. (2.15)

in [4])

hðwÞt þ fzðw; qÞ þ hGðw; qÞ; qigx ¼ hq; qxi

nðw; qÞ

� �
x

�
~QQ

nðw; qÞ ;ð4:8Þ

where

~QQ ¼ hRq; qiþ jqxj2 �
nðw; qÞx

nðw; qÞ hq; qxi:

Noting that u ¼ ðDwhðwÞÞT , we introduce E½w; w� and Z½w; w; q� by

E½w; w� ¼ hðwÞ � hðwÞ � hu;w � wi;

Z½w; w; q� ¼ zðw; qÞ � zðw; 0Þ � hFðw; qÞ � F ðw; 0Þ; uiþ hGðw; qÞ; qi:

�
By the convexity of h and (2.3), there exists a constant C ¼ CðwÞ > 1 such

that

C�1jw � wj2 a E½w; w�a Cjw � wj2;
jZ½w; w; q�ja Cðjw � wj2 þ jqj2Þ

(

for jw � wj þ jqja c12. Moreover, by (4.8) we see that

E½w; w�t þ Z½w; w; q�x þ
~QQ

nðw; qÞ ¼
hq; qxi

nðw; qÞ

� �
x

:

Integrate this over R1 � ½0; t�, we obtain

kwðtÞ � wk2 þ
ð t

0

kqðtÞk21dtð4:9Þ

a Cfkw0 � wk2 þ N
ð1Þ
0;0ðtÞðN

ð1Þ
0;0ðtÞ þ N

ð2Þ
0;1ðtÞÞ

2g

for 0a t a T .

We proceed to drive the L2 estimate for the derivatives of the solution by

making use of the symmetric form (2.1). Let l and k be non-negative integers

such that 1a l þ k a s. Di¤erentiating (2.1) we obtain
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8>><>>:
A0ðuÞq lþk

x ut þAðu; qÞq lþk
x ux þLðu; qÞTq lþk

x qx ¼ flþk;

1

nðwðuÞ; qÞ ð�q lþk
x qxx þRq lþk

x qÞ þ ðLðu; qÞq lþk
x uÞx þ Jðu; qÞq lþk

x qx ¼ glþk;
ð4:10Þ

where8>>>>>><>>>>>>:

flþk ¼ �A0ðuÞf½q lþk
x ;A0ðuÞ�1

Aðu; qÞ�ux þ ½q lþk
x ;A0ðuÞ�1

Lðu; qÞT �qxg;

glþk ¼ ½qx;Lðu; qÞ�q lþk
x u

� 1

nðwðuÞ; qÞ f½q
lþk
x ; nðwðuÞ; qÞLðu; qÞ�ux þ ½q lþk

x ; nðwðuÞ; qÞJðu; qÞ�qxg

and ½� ; �� denotes the commutator. We take the inner product of the first and

the second equations in (4.10) with ð1þ tÞ lq lþk
x u and ð1þ tÞ lq lþk

x q, respectively,

and add the resulting two equations to obtain

1

2
hð1þ tÞ l

A0ðuÞq lþk
x u; q lþk

x uit þ
ð1þ tÞ l

nðwðuÞ; qÞ ðhq
lþk
x qx; q

lþk
x qxiþ hRq lþk

x q; q lþk
x qiÞ

þ ð1þ tÞ l

�
1

2
hAðu; qÞq lþk

x u; q lþk
x uiþ 1

2
hJðu; qÞq lþk

x q; q lþk
x qi

� 1

nðwðuÞ; qÞ hq
lþk
x qx; q

lþk
x qiþ hLðu; qÞq lþk

x u; q lþk
x qi

�
x

¼ l

2
ð1þ tÞ l�1hA0ðuÞq lþk

x u; q lþk
x ui

þ ð1þ tÞ l

�
1

2
hðA0ðuÞt þ Aðu; qÞxÞq

lþk
x u; q lþk

x ui

þ 1

2
hJðu; qÞxq

lþk
x q; q lþk

x qiþ h flþk; q
lþk
x uiþ hglþk; q

lþk
x qi

�
:

Integrating this over R1 � ½0; t�, we get

ð1þ tÞ lkq lþk
x uðtÞk2 þ

ð t

0

ð1þ tÞ lkq lþk
x qðtÞk21dtð4:11Þ

a C

�
kq lþk

x u0k2 þ l

ð t

0

ð1þ tÞ l�1kq lþk
x uðtÞk2dt

þ
ð t

0

ð1þ tÞ lðjuxðtÞjy þ jqxðtÞjyÞ

� ðkq lþk
x uðtÞk2 þ kq lþk

x qðtÞk21Þdt
�
:
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Note that kq l
xðwðtÞ � wÞk is equivalent to kq l

xðuðtÞ � uÞk for 0a l a s under

the hypothesis (4.3). In the case l ¼ 0, we add (4.11) for 1a k a s and (4.9)

together to obtain

kwðtÞ � wk2
s þ

ð t

0

kqðtÞk2sþ1dtð4:12Þ

a Cfkw0 � wks þ N
ð1Þ
0;2ðtÞðN

ð1Þ
0; sðtÞ þ N

ð2Þ
0; sðtÞÞ

2g

for 0a t a T . In the case 1a l a s, we add (4.11) for 0a k a s � l together

to obtain

ð1þ tÞ lkq l
xwðtÞk2s�l þ

ð t

0

ð1þ tÞ lkq l
xqðtÞk2s�lþ1dtð4:13Þ

a Cfkq l
xw0k2s�l þ ðNð2Þ

l�1; s�ðl�1ÞðtÞÞ
2

þ ðM1;yðtÞ þ N
ð2Þ
2;0ðtÞÞðN

ð1Þ
l�1; s�ðl�1ÞðtÞ þ N

ð2Þ
l�1; s�ðl�1ÞðtÞÞ

2g

for 0a t a T .

We continue to estimate the solution by making use of the elliptic system

in (2.1). Let k be an integer such that 0a k a s � 1. Di¤erentiating the

system yields that

Lqkþ1
x u ¼ qk

x

1

nðwðuÞ; qÞ ðqxx � RqÞ � Jðu; qÞqx � ðLðu; qÞ � Lðu; 0ÞÞux

� �
ð4:14Þ

and

�ðqk
x qÞxx þ Rqk

x q þ nJðqk
x qÞxð4:15Þ

¼ �qk
xfnðwðuÞ; qÞLðu; qÞux þ ðnðwðuÞ; qÞJðu; qÞ � nðwðuÞ; 0ÞJðu; 0ÞÞqxg;

where we used the notation in (2.6). We evaluate the right hand side of (4.14)

directly and apply the elliptic estimate in Lemma 3.2 to (4.15) to obtain

kLqkþ1
x uðtÞka Cfkqk

x qðtÞk2 þ kjqjykqk
x ðwðtÞ � wÞk

þ ðjwðtÞ � wjy þ jqðtÞjy þ jqxðtÞjyÞðkqkþ1
x wðtÞk þ kqk

x qðtÞk2Þg

and

kqk
x qðtÞk2 a Cfkqkþ1

x wðtÞk þ ðjwðtÞ � wjy þ jqðtÞjyÞkqkþ1
x qðtÞkg:

Therefore, by Sobolev’s inequality jqjy a
ffiffiffi
2

p
kqk1=2kqxk1=2 we obtain
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ð t

0

kLuxðtÞk2s�1dta C

ð t

0

kqðtÞk2sþ1dtþ N
ð1Þ
0;1ðtÞðN

ð1Þ
0; sðtÞ þ N

ð2Þ
0; sðtÞÞ

2

� �
;

ð t

0

ð1þ tÞ lkLq lþ1
x uðtÞks�l�1dta C

�ð t

0

ð1þ tÞ lkq l
xqðtÞk2s�lþ1dt

þ N
ð1Þ
2;0ðtÞðN

ð2Þ
l�1; s�ðl�1ÞðtÞÞ

2 þ N
ð1Þ
0;1ðtÞðN

ð1Þ
l; s�lðtÞ þ N

ð2Þ
l; s�lðtÞÞ

2

�

8>>>>>>>>><>>>>>>>>>:
ð4:16Þ

for 0a t a T and 1a l a s � 1 and

(4.17)

kqðtÞk2sþ1 a CfkwxðtÞk2s�1 þ N
ð1Þ
0;1ðtÞðN

ð1Þ
0; sðtÞÞ

2g;
ð1þ tÞ lkq l�1

x qðtÞk2s�lþ2 a Cfð1þ tÞ lkq l
xwðtÞk2s�l þ N

ð1Þ
0;1ðtÞðN

ð1Þ
l; s�lðtÞÞ

2g

8<:
for 0a t a T and 1a l a s.

Finally, we make use of a compensating matrix K for (2.5) whose existence

is guaranteed by the stability condition and Proposition 2.2. Let l and k

be non-negative integers such that 0a l þ k a s � 1. Di¤erentiating (2.1) we

obtain, in place of (4.10), that

A0q lþk
x ut þ Aq lþk

x ux þ LTq lþk
x qx ¼ q lþk

x h;ð4:18Þ

where we used the notation in (2.6) and

h ¼ �A0ðuÞfðA0ðuÞ�1
Aðu; qÞ � A0ðuÞ�1

Aðu; 0ÞÞux

þ ðA0ðuÞ�1
Lðu; qÞT � A0ðuÞ�1

Lðu; 0ÞTÞqxg:

We multiply (4.18) by K and take the inner product with q lþk
x ux to obtain

hKA0q lþk
x ut; q

lþk
x uxiþ hKAq lþk

x ux; q
lþk
x uxið4:19Þ

þ hKLTq lþk
x qx; q

lþk
x uxi ¼ hKq lþk

x h; q lþk
x uxi:

We compute each term in this equation as follows. Since KA0 is real skew-

symmetric, the first term can be written as

hKA0q lþk
x ut; q

lþk
x uxi

¼ 1

2
hKA0q lþk

x ðu � uÞ; q lþk
x uxi

� �
t

� 1

2
hKA0q lþk

x ðu � uÞ; q lþk
x uti

� �
x

:

Since ½KA� 0 þ LTL is positive definite, the second term is estimated as

hKAq lþk
x ux; q

lþk
x uxib cjq lþ1þk

x uj2 � jLq lþ1þk
x uj2;
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where c ¼ cðwÞ > 0 is the minimum eigenvalue of ½KA� 0 þ LTL. For the other

terms we have

jhKLTq lþk
x qx; q

lþk
x uxij þ jhKq lþk

x h; q lþk
x uxij

a
c

2
jq lþ1þk

x uj2 þ Cðjq lþ1þk
x qj þ jq lþk

x hjÞ:

Therefore, multiplying (4.19) by ð1þ tÞ l and integrating the resulting equation

over R1 � ½0; t�, we obtain

c

2

ð t

0

ð1þ tÞ lkq lþ1þk
x uðtÞk2dt

a
1

2
ðKA0q lþk

x ðu0 � uÞ; q lþ1þk
x u0Þ �

1

2
ð1þ tÞ lðKA0q lþk

x ðuðtÞ � uÞ; q lþ1þk
x uðtÞÞ

þ l

2

ð t

0

ð1þ tÞ l�1ðKA0q lþk
x ðuðtÞ � uÞ; q lþ1þk

x uðtÞÞdt

þ
ð t

0

ð1þ tÞ lkLq lþ1þk
x uðtÞk2dt

þ C

ð t

0

ð1þ tÞ lðkq lþ1þk
x qðtÞk2 þ kq lþk

x hðtÞk2Þdt;

where ð� ; �Þ denotes the usual L2 inner product. Adding this for 0a k a

s � l � 1 yields thatð t

0

ð1þ tÞ lkq lþ1
x wðtÞk2s�l�1dtð4:20Þ

a C

�
kq l

xðw0 � wÞk2s�l þ kq l
xðwðtÞ � wÞk2s�l

þ l

ð t

0

ð1þ tÞ l�1kq l
xðwðtÞ � wÞk2s�ldt

þ N
ð1Þ
0;1ðtÞðN

ð1Þ
0; sðtÞ þ N

ð2Þ
0; sðtÞÞ

2

þ
ð t

0

ð1þ tÞ lðkLq lþ1
x uðtÞk2s�l�1 þ kq lþ1

x qðtÞk2s�l�1Þdt
�

for 0a t a T and 0a l a s � 1. Combining (4.12), (4.13), (4.16), (4.17) and

(4.20), we get the desired estimates. r

As a consequence of Proposition 4.1, we obtain a priori estimate which is

stated as follows.
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Proposition 4.2. Assume the same conditions in Theorem 2.2. Let s b 2

be an integer and ðw; qÞ a solution to the initial value problem (1.1) and (1.2)

satisfying (4.2) and (4.3). There exist positive constants c13 ¼ c13ðw; sÞ and

C10 ¼ C10ðw; sÞ which are independent of T such that if N
ð1Þ
0;2ðTÞa c13, then the

solution verifies the estimates

kwðtÞ � wk2s þ kqðtÞk2sþ1 þ
ð t

0

ðkwxðtÞk2s�1 þ kqðtÞk2sþ1Þdta C10kw0 � wk2s

for 0a t a T .

Theorem 2.1 and Proposition 4.2 prove Theorem 2.2.

5. Estimates of Green’s functions

In view of (2.9) and noting that we have already reduced the problem to

that in the case A0ðuÞ ¼ I , we consider a linear hyperbolic-elliptic coupled

system of the form

vt þ Avx þ LTqx ¼ h1;

�qxx þ Rq þ nðLux þ JqxÞ ¼ h2;

�
ð5:1Þ

where A, R and J are symmetric matrices of constant entries, R is positive

definite and n is a positive constant. Taking the Fourier transform of this

system, we obtain

v̂vt þ ixAv̂v þ ixLTq̂q ¼ ĥh1;

ðx2I þ R þ ixnJÞq̂q þ ixnLv̂v ¼ ĥh2:

(

It follows from these ordinary di¤erential and algebraic equations that

v̂vðx; tÞ ¼ eFðxÞtv̂vðx; 0Þ þ
ð t

0

eFðxÞðt�tÞðĥh1ðx; tÞ þ ixLTCðxÞĥh2ðx; tÞÞdt;

q̂qðx; tÞ ¼ ixnCðxÞLv̂vðx; tÞ �CðxÞĥh2ðx; tÞ;

8>><>>:
where

FðxÞ ¼ �fixA þ nx2LTðx2I þ R þ ixnJÞ�1
Lg;

CðxÞ ¼ �ðx2L þ R þ ixnJÞ�1:

(
ð5:2Þ

Therefore, introducing Green’s functions G1ðx; tÞ and G2ðxÞ by

G1ðx; tÞ ¼ F�1½eFð�Þt�ðxÞ; G2ðxÞ ¼ F�1½Cð�Þ�ðxÞ;ð5:3Þ
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where F�1 denotes the inverse Fourier transform, we can represent the solu-

tions to (5.1) as

vðtÞ ¼ G1ðtÞ � vð0Þ þ
ð t

0

G1ðt � tÞ � ðh1ðtÞ þ LTG2x � h2ðtÞÞdt;

qðtÞ ¼ nG2x � ðLvðtÞÞ � G2 � h2ðtÞ:

8><>:ð5:4Þ

We remark that FðxÞ is not entire function. This is one of the main di¤erence

between the hyperbolic-elliptic and hyperbolic-parabolic coupled systems.

We now approximate the corresponding homogeneous system to (5.1).

To this end, we assume the stability condition for the homogeneous system and

use the notation in (2.11) and (2.12). As we mentioned in section 2, each

matrix nliL
TR�1Lri is positive definite for i ¼ 1; . . . ; s so that the matrix B

defined by

B ¼
Xs
i¼1

PiðnLTR�1LÞPið5:5Þ

is also positive definite because we have the relation

B ¼ ~RR diagðnl1LTR�1Lr1; . . . ; nlsLTR�1LrsÞ~LL:

The approximate system for v is of the form

vt þ Avx ¼ Bvxx;ð5:6Þ

which corresponds to the linearization of (2.15). We denote by G �
1 ðx; tÞ the

Green’s function for this uniformly parabolic system:

G �
1 ðx; tÞ ¼ F�1½eF �ð�Þt�ðxÞ; F�ðxÞ ¼ �ixA þ ðixÞ2B:ð5:7Þ

The aim in this section is to give pointwise behavior for these Green’s

functions G1, G2 and G �
1 , which are stated as follows.

Proposition 5.1. Suppose that A, R and J are symmetric matrices of

constant entries, R is positive definite, n is a positive constant and that the

corresponding homogeneous system to (5.1) satisfies the stability condition.

There exists a positive constant d1 such that the Green’s function G1 defined in

(5.3) has the properties

q l
xG1ðx; tÞ ¼

Xs 0

j¼1

Xl

k¼0

ecj; 1tdðl�kÞðx þ cj;0tÞQj;kðtÞ þ q l
xG �

1 ðx; tÞ þ R
ðlÞ
1 ðx; tÞð5:8Þ

¼
Xs 0

j¼1

Xl

k¼0

ecj; 1tdðl�kÞðx þ cj;0tÞQj;kðtÞ þ R
ðlÞ
0 ðx; tÞ
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for x A R1, t b 0 and l ¼ 0; 1; 2; . . . , where cj;1 and cj;0 are constants such that

cj;1 a�d1 for j ¼ 1; . . . ; s 0 and fcj;0; j ¼ 1; . . . ; s 0g ¼ f�li; i ¼ 1; . . . ; sg, li is

an eigenvalue of A, Qj;kðtÞ is an polynomial matrix in t with degree not more

than k, d is the Dirac d-function, G �
1 is the Green’s function defined in (5.7), and

R
ðlÞ
1 and R

ðlÞ
0 verify the pointwise estimates

jRðlÞ
1 ðx; tÞja Ct�ð1=2Þðlþ1Þð1þ tÞ�1=2

Xs
i¼1

e�d1jx�li tj=
ffiffi
t

p
þ Ce�t�d1jxj;

jRðlÞ
0 ðx; tÞja Cð1þ tÞ�ð1=2Þðlþ1ÞXs

i¼1

e�d1jx�li tj=
ffiffi
t

p
þ Ce�t�d1jxj

8>>>>><>>>>>:
ð5:9Þ

for x A R1 and t b 0 with a positive constant C. Particularly, we have the Lp

estimates

jRðlÞ
1 ðtÞjp a Cð1þ tÞ�1=2

t�ð1=2Þðlþ1�1=pÞ;

jRðlÞ
0 ðtÞjp a Cð1þ tÞ�ð1=2Þðlþ1�1=pÞ

(
ð5:10Þ

for t b 0 and 1a p ay.

Proposition 5.2. Suppose that J and R are symmetric matrices of con-

stant entries, R is positive definite and that n is a constant. There exists a

positive constant d1 such that the Green’s function G2 defined in (5.3) has the

properties

q l
xG2ðxÞ ¼

Xl�2

k¼0

dðl�2�kÞðxÞQk þ R
ðlÞ
2 ðxÞð5:11Þ

for x A R1 and l ¼ 2; 3; 4; . . . , where d is the Dirac d-function, Qk is an symmetric

matrix of constant entries and we have the pointwise estimate

jG2ðxÞj þ jG2xðxÞj þ jRðlÞ
2 ðxÞja Ce�d1jxjð5:12Þ

for x A R1 with a positive constant C. Particularly, we have the Lp bound

jG2jp þ jG2xjp þ jRðlÞ
2 jp a Cð5:13Þ

for 1a p ay.

We proceed to prove these propositions. Put

EðzÞ ¼ �A þ nzLTð�z2I þ R þ nzJÞ�1
L:ð5:14Þ

By Lemma 3.1, we see that there exists a positive constant a such that EðzÞ
is holomorphic in Da U fyg and that EðzÞ is real symmetric for z A Da VR1.
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Therefore, by similar arguments to those in [6] (see pages 66–69) there

exist a finite number of exceptional points z1; z2; . . . ; zk and a positive integer

s 0 such that for any z A Danfz1; z2; . . . ; zkg, EðzÞ has distinct eigenvalues
~ll1ðzÞ; ~ll2ðzÞ; . . . ; ~lls 0 ðzÞ. We denote by ~PPjðzÞ the eigenprojection for ~lljðzÞ, which
is given by

~PPjðzÞ ¼ � 1

2pi

ð
GjðzÞ

ðEðzÞ � zIÞ�1
dz;

where G jðzÞ is a closed positively-oriented curve enclosing ~lljðzÞ but excluding

all other ~llkðzÞ. Then it holds that

EðzÞ ¼
Xs 0

j¼1

~lljðzÞ ~PPjðzÞ;
Xs 0

j¼1

~PPjðzÞ ¼ I ; ~PPjðzÞ ~PPkðzÞ ¼ djk
~PPjðzÞ;ð5:15Þ

for z A Danfz1; z2; . . . ; zkg and j; k ¼ 1; 2; . . . ; s 0, where djk is Kronecker’s delta.

Moreover, ~lljðzÞ and ~PPjðzÞ are holomorphic at z ¼ 0 and z ¼ y.

Since FðxÞ ¼ ixEðixÞ, we have

ĜG1ðx; tÞ ¼
Xs 0

j¼1

e ix~lljðixÞt ~PPjðixÞ;ð5:16Þ

where ĜG1ðx; tÞ is the Fourier transform of the Green’s function G1ðx; tÞ with

respect to x. Taking the limit of (5.15) as z ! 0, we obtain

�A ¼
Xs 0

j¼1

~lljð0Þ ~PPjð0Þ;ð5:17Þ

which implies that �~lljð0Þ is an eigenvalue of A for j ¼ 1; . . . ; s 0. Considering

this fact, we classify ~lljðzÞ as ~lljkðzÞ such that

f~lljkðzÞ; k ¼ 1; . . . ; nj ; j ¼ 1; . . . ; sg ¼ f~lljðzÞ; j ¼ 1; . . . ; s 0g;
~lljkð0Þ ¼ �lj for k ¼ 1; . . . ; nj; j ¼ 1; . . . ; s;

n1 þ � � � þ ns ¼ s 0:

8><>:
Let ~PPjkðzÞ be the eigenprojection for ~lljkðzÞ. Then we have

Xnj

k¼1

~PPjkð0Þ ¼ Pj for j ¼ 1; . . . ; s:ð5:18Þ

It follows from (5.14) and (5.15) that
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Xnj

k¼1

~PPjkðzÞ
 !

ð�A þ nzLTð�z2I þ nzJ þ RÞ�1
LÞ

Xnj

k¼1

~PPjkðzÞ
 !

¼
Xnj

k¼1

~PPjkðzÞ
 ! Xnj

k¼1

~lljkðzÞ ~PPjkðzÞ
 !

:

Expanding this around z ¼ 0 and comparing the coe‰cients for z on both side,

we obtain

PjðnLT R�1LÞPj ¼
Xnj

k¼1

~ll 0
jkð0Þ ~PPjkð0Þ;

where we used the relations APj ¼ PjA ¼ ljPj and (5.18). Adding this for

1a j a s yields that

B ¼
Xs 0

j¼1

~ll 0
j ð0Þ ~PPjð0Þ;ð5:19Þ

which implies that ~ll 0
j ð0Þ is an eigenvalue of B and that it is positive for

j ¼ 1; . . . ; s 0. By (5.7), (5.17) and (5.19) we have

ĜG �
1 ðx; tÞ ¼

Xs 0

j¼1

eðix
~lljð0Þ�x2 ~ll 0

j ð0ÞÞt ~PPjð0Þ:ð5:20Þ

Particularly, we obtain the following proposition.

Proposition 5.3. Assume the same conditions in Proposition 5.1. Then

the Green’s function G �
1 defined in (5.7) can be written in the form

G �
1 ðx; tÞ ¼

Xs 0

j¼1

1

ð4p~ll 0
j ð0ÞtÞ

1=2
e�ðxþ~lljð0ÞtÞ2=ð4~ll 0

j ð0ÞtÞ ~PPjð0Þð5:21Þ

for x A R1 and t > 0, where ~lljð0Þ is an eigenvalue of �A and ~ll 0
j ð0Þ is a positive

constant for j ¼ 1; . . . ; s 0. Particularly, we have the pointwise estimate

jq l
xG �

1 ðx; tÞja Ct�ð1=2Þðlþ1Þ
Xs
i¼1

e�ðx�li tÞ2=ðmtÞð5:22Þ

for x A R1, t > 0 and l ¼ 0; 1; 2; . . . with a positive constant m and the Lp estimate

jq l
xG �

1 ðtÞjp a Ct�ð1=2Þðlþ1�1=pÞð5:23Þ

for t > 0 and l ¼ 0; 1; 2; . . . , where C ¼ CðlÞ > 0.
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Since ~lljðzÞ and ~PPjðzÞ are holomorphic at z ¼ 0, by expanding them around

z ¼ 0, we obtain the following lemma.

Lemma 5.1. Assume the same conditions in Proposition 5.1. There exist

positive constants d2 and C0 such that the estimate

je ix~lljðixÞt ~PPjðixÞ � eðix
~lljð0Þ�x2 ~ll 0

j ð0ÞÞt ~PPjð0Þja C0jeðix
~lljð0Þ�x2 ~ll 0

j ð0ÞÞtjðjxj þ jxj3teC0jxj3tÞ

holds for x A C1, jxja 2d2, t b 0 and j ¼ 1; . . . ; s 0.

Next, we consider the behavior of ĜG1ðx; tÞ as x ! y. Since ~lljðzÞ and
~PPjðzÞ are holomorphic at z ¼ y, we have the expansions

~lljðzÞ ¼
Xy
k¼0

cj;k
1

zk
; ~PPjðzÞ ¼

Xy
k¼0

Pj;k
1

zk
ð5:24Þ

as z ! y, where all the coe‰cients are real (matrices) and cj;0 is an eigen-

value of �A for j ¼ 1; . . . ; s 0 because EðyÞ ¼ �A. Noting that ix~lljðixÞ is an

eigenvalue of FðxÞ we apply Proposition 2.2 to obtain

Reðix~lljðixÞÞa�d
x2

1þ x2
for x A R1;

where d is a positive constant. This and (5.24) imply that cj;1 a�d for

j ¼ 1; . . . ; s 0. Using (5.24) we can show the following lemma.

Lemma 5.2. Assume the same conditions in Proposition 5.1. There exist

positive constants N and d3 such that the relation

ðixÞ le ix~lljðixÞt ~PPjðixÞ ¼ eðixcj; 0þcj; 1Þt
Xlþ1

k¼0

Qj;kðtÞðixÞ l�k þ Rj; lðx; tÞ
 !

holds for l ¼ 0; 1; 2; . . . and j ¼ 1; . . . ; s 0, where cj;0, cj;1 and Qj;kðtÞ have the

properties stated in Proposition 5.1 with d1 replaced by d3 and Rj; l verifies the

estimate

jRj; lðx; tÞja Cjxj�2ð1þ tÞ lþ2eð1=4Þd3t

for x A C1, jxjb N, t b 0, l ¼ 0; 1; 2; . . . and j ¼ 1; . . . ; s 0, where C ¼ CðlÞ > 0.

We proceed to investigate the behavior of ĜG1ðx; tÞ for x away from 0

and y by making use of a compensating matrix K for the corresponding

homogeneous system to (5.1).

Lemma 5.3. Assume the same conditions in Proposition 5.1. Let d2 be a

positive constant and FðxÞ the matrix defined in (5.2). There exists a positive

constant d4 such that the estimate
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jeFðxþihÞtja Ce�d4x
2ð1þx2Þ�1t

holds for x; h A R1, jxjb d2, jhja 2d4 and t b 0.

Proof. For z ¼ xþ ih, x; h A R1, and ĥh A Cm, we put

v̂vðz; tÞ ¼ eFðzÞtĥh;

q̂qðz; tÞ ¼ �iznðz2I þ R þ iznJÞ�1
Lv̂vðz; tÞ:

(
Then ðv̂v; q̂qÞ satisfy the system

v̂vt þ izAv̂v þ izLTq̂q ¼ 0;

ðz2I þ R þ iznJÞq̂q þ iznLv̂v ¼ 0:

�
ð5:25Þ

We take the inner product of the first and the second equations in (5.25) with

v̂v and 1
n
q̂q, respectively, and add the real parts of the resulting two equations to

obtain

1

2

d

dt
jv̂vj2 þ hð2 ReðLv̂v; q̂qÞ � ðAv̂v; v̂vÞ � ðJq̂q; q̂qÞÞ þ 1

n
ððx2 � h2Þjq̂qj2 þ ðRq̂q; q̂qÞÞ ¼ 0;

where ð� ; �Þ denotes the inner product in Cm or Cn. This implies that

d

dt
jv̂vj2 þ cð1þ x2Þjq̂qj2 a Cjhjðjv̂vj2 þ ð1þ jhjÞjq̂qj2Þ;ð5:26Þ

where c and C are positive constants. Let K be the compensating matrix. We

multiply the first equation in (5.25) by �ixK , take the inner product with v̂v

and take the real part of the resulting equation to obtain

� x

2

d

dt
ðiKv̂v; v̂vÞ þ x2 ReððKAv̂v; v̂vÞ þ ðKLT q̂q; v̂vÞÞ

� hx ImððKAv̂v; v̂vÞ þ ðKLTq̂q; v̂vÞÞ ¼ 0:

Since ½KA� 0 þ LTL is positive definite, it holds that

ReðKAv̂v; v̂vÞb cjv̂vj2 � jLv̂vj2:

By the second equation in (5.25), we have

jxj jLv̂vja Cðð1þ h2 þ x2Þjq̂qj þ jhj jv̂vjÞ:

Therefore, we obtain

�x
d

dt
ðiKv̂v; v̂vÞ þ cx2jv̂vj2 a Cðð1þ h2 þ x2Þ2jq̂qj2 þ h2jv̂vj2Þ:ð5:27Þ

Now, we put

Ebðz; tÞ ¼ jv̂vðz; tÞj2 � bx

1þ x2
ðiKv̂vðz; tÞ; v̂vðz; tÞÞ;
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which is equivalent to jv̂vðz; tÞj2 for small positive b. We add (5.26) to (5.27)

multiplied by bð1þ x2Þ�1 to obtain

d

dt
Ebðz; tÞ þ cb

x2

1þ x2
� Cjhj

 !
jv̂vðz; tÞj2

þ ðcð1þ x2Þ � Cðjhj þ bð1þ x2ÞÞÞjq̂qðz; tÞj2 a 0

if b and h is small. Therefore, for any d2 > 0 there exists a positive constant

d4 such that if jhj; jbja d4 and jxjb d2, then we have

d

dt
Ebðz; tÞ þ d4

x2

1þ x2
Ebðz; tÞa 0

for t b 0, which yields the desired estimate. r

Using the constants cj;0 and cj;1 and the polynomial matrix Qj;kðtÞ in

Lemma 5.2, we define R
ðlÞ
1 ðx; tÞ and R

ðlÞ
0 ðx; tÞ by the relation (5.8). Our task

is to show that these functions satisfy the pointwise estimate (5.9). Taking

the Fourier transform of (5.8), we obtain

R̂R
ðlÞ
0 ðx; tÞ ¼ ðixÞ leFðxÞt �

Xs 0

j¼1

Xl

k¼0

eðixcj; 0þcj; 1ÞtQj;kðtÞðixÞ l�k;

R̂R
ðlÞ
1 ðx; tÞ ¼ R̂R

ðlÞ
0 ðx; tÞ � ðixÞ leF

�ðxÞt:

8>>><>>>:ð5:28Þ

By Lemma 3.1, there exists a positive constant d5 such that R̂R
ðlÞ
1 ðx; tÞ and

R̂R
ðlÞ
0 ðx; tÞ are holomorphic in fx A C1; j Im xj < d5g. Let d2, C0, N and d4 be

the constants in Lemmas 5.1, 5.1, 5.2 and 5.3, respectively, and put

d1 ¼ min d2; d4; d5;
~ll 0
1ð0Þ
4C0

; . . . ;
~ll 0
s 0 ð0Þ
4C0

( )
:

Without loss of generality, we can assume that 0 < d1 < N. We first evaluate

R
ðlÞ
1 ðx; tÞ in the case t b 1. To this end, we consider the following three cases

according to ðx; tÞ.
Case 1. x � lit b 0 for all i ¼ 1; . . . ; s. By (5.16), (5.20), Lemma 5.2

and Cauchy’s integral theorem, we see that

2pR
ðlÞ
1 ðx; tÞ ¼

ðy
�y

R̂R
ðlÞ
1 ðx; tÞe ixx dx ¼

ðyþid1=
ffiffi
t

p

�yþid1=
ffiffi
t

p R̂R
ðlÞ
1 ðx; tÞe ixx dxð5:29Þ

¼ R
ðlÞ
1;1ðx; tÞ þ R

ðlÞ
1;2ðx; tÞ þ R

ðlÞ
1;3ðx; tÞ þ R

ðlÞ
1;4ðx; tÞ;
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where

R
ðlÞ
1;1ðx; tÞ ¼

Xs 0

j¼1

ð d1þid1=
ffiffi
t

p

�d1þid1=
ffiffi
t

p ðixÞ lðe ix~lljðixÞt ~PPjðixÞ � e ixð~lljð0Þþix~ll 0
j ð0ÞÞt ~PPjð0ÞÞe ixx dx;

R
ðlÞ
1;2ðx; tÞ ¼

Xs 0

j¼1

ð�Nþid1=
ffiffi
t

p

�yþid1=
ffiffi
t

p þ
ðyþid1=

ffiffi
t

p

Nþid1=
ffiffi
t

p

 !

ðixÞ le ix~lljðixÞt ~PPjðixÞ �
Xlþ1

k¼0

eðixcj; 0þcj; 1ÞtQj;kðtÞðixÞ l�k

 !
e ixx dx;

R
ðlÞ
1;3ðx; tÞ ¼

Xs 0

j¼1

ð�Nþid1=
ffiffi
t

p

�yþid1=
ffiffi
t

p þ
ðyþid1=

ffiffi
t

p

Nþid1=
ffiffi
t

p

 !
eðixcj; 0þcj; 1ÞtQj; lþ1ðtÞðixÞ�1e ixx dx

and

R
ðlÞ
1;4ðx; tÞ ¼ �

Xs 0

j¼1

ð�d1þid1=
ffiffi
t

p

�yþid1=
ffiffi
t

p þ
ðyþid1=

ffiffi
t

p

d1þi d1=
ffiffi
t

p

 !
ðixÞ le ixð~lljð0Þþix~ll 0

j ð0ÞÞt ~PPjð0Þe ixx dx

�
Xs 0

j¼1

Xl

k¼0

ðNþid1=
ffiffi
t

p

�Nþid1=
ffiffi
t

p eðixcj; 0þcj; 1ÞtQj;kðtÞðixÞ l�ke ixx dx

þ
ð�d1þid1=

ffiffi
t

p

�Nþi d1=
ffiffi
t

p þ
ðNþid1=

ffiffi
t

p

d1þid1=
ffiffi
t

p

 !
ðixÞ leFðxÞte ixx dx:

We compute each term in (5.29) as follows. By Lemma 5.1, R
ðlÞ
1;1ðx; tÞ is

estimated as

jRðlÞ
1;1ðx; tÞjð5:30Þ

a C0

Xs 0

j¼1

ð d1þid1=
ffiffi
t

p

�d1þid1=
ffiffi
t

p jxj l je ixðxþ~lljð0ÞtÞ�~ll 0
j ð0Þx2tjðjxj þ jxj3teC0jxj3tÞjdxj

a C
Xs 0

j¼1

e�d1ðxþ~lljð0ÞtÞ=
ffiffi
t

p ð d1
�d1

e�ð~ll 0
j ð0Þ�2C0jxjÞx2tðjxj þ 1=

ffiffi
t

p
Þ lþ1ð1þ jxj2tÞdx

a Ct�ð1=2Þðlþ1Þ
Xs
i¼1

e�d1jx�li tj=
ffiffi
t

p
:

By Lemma 5.2, R
ðlÞ
1;2ðx; tÞ is estimated as
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jRðlÞ
1;2ðx; tÞja

Xs 0

j¼1

ð�Nþid1=
ffiffi
t

p

�yþid1=
ffiffi
t

p þ
ðyþid1=

ffiffi
t

p

Nþid1=
ffiffi
t

p

 !
jecj; 1tþixðxþcj; 0tÞRj; lðx; tÞj jdxjð5:31Þ

a C
Xs 0

j¼1

ecj; 1t�d1ðxþcj; 0tÞ=
ffiffi
t

p ð
jxjbN

jxj�2
dxð1þ tÞ lþ2eð1=4Þd3t

a Ce�ð1=2Þd3t
Xs
i¼1

e�d1jx�li tj=
ffiffi
t

p
:

We can express R
ðlÞ
1;3ðx; tÞ as

R
ðlÞ
1;3ðx; tÞ ¼

Xs 0

j¼1

ecj; 1t�d1ðxþcj; 0tÞ=
ffiffi
t

p
Qj; lþ1ðtÞð5:32Þ

�
ðy
jxþcj; 0tjN

sin x

x
dxþ

ð�N

�y
þ
ðy

N

� �
d1=

ffiffi
t

p

ixðix� d1=
ffiffi
t

p
Þ
e iðxþcj; 0tÞx dx

( )
:

Therefore, we get

jRðlÞ
1;3ðx; tÞja Ce�ð1=2Þd3t

Xs
i¼1

e�d1jx�li tj=
ffiffi
t

p
:ð5:33Þ

By Lemma 5.3, R
ðlÞ
1;4ðx; tÞ is estimated as

jRðlÞ
1;4ðx; tÞja C

Xs 0

j¼1

e�d1ðxþ~lljð0ÞtÞ=
ffiffi
t

p ð
jxjbd1

ðjxj þ 1=
ffiffi
t

p
Þ le�ð1=2Þ~ll 0

j ð0Þx2t dxð5:34Þ

þ C
Xs 0

j¼1

Xl

k¼0

ð1þ tÞkecj; 1t�d1ðxþ~lljð0ÞtÞ=
ffiffi
t

p ð
jxjaN

ðjxj þ 1=
ffiffi
t

p
Þ l�k

dx

þ Ce�d1x=
ffiffi
t

p ð
d1ajxjaN

ðjxj þ 1=
ffiffi
t

p
Þ le�d4x

2ð1þx2Þ�1
t dx

a Ce�d6t
Xs
i¼1

e�d1jx�li tj=
ffiffi
t

p

with a positive constant d6. Collecting the above estimates, we obtain

jRðlÞ
1 ðx; tÞja Ct�ð1=2Þðlþ2Þ

Xs
i¼1

e�d1jx�li tj=
ffiffi
t

p
:ð5:35Þ

Case 2. x � lit a 0 for all i ¼ 1; . . . ; s. Instead of (5.29), we take the

integral pass as
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2pR
ðlÞ
1 ðx; tÞ ¼

ðy�id1=
ffiffi
t

p

�y�id1=
ffiffi
t

p R̂R
ðlÞ
1 ðx; tÞe ixx dx:

Similar calculation to that in Case 1 shows that the estimate (5.35) is valid in

this case, too.

Case 3. x � li1 t a 0a x � li2 t for some i1 and i2. By (5.16) and (5.20),

we decompose R
ðlÞ
1 ðx; tÞ as

2pR
ðlÞ
1 ðx; tÞ ¼

Xs 0

j¼1

ðRðlÞ
1;1; jðx; tÞ þ R

ðlÞ
1;2; jðx; tÞÞ þ R

ðlÞ
1;3ðx; tÞ;ð5:36Þ

where

R
ðlÞ
1;1; jðx; tÞ ¼

ð d1
�d1

ðixÞ lðe ix~lljðixÞt ~PPjðixÞ � e ixð~lljð0Þþix~ll 0
j ð0ÞÞt ~PPjð0ÞÞe ixx dx;

R
ðlÞ
1;2; jðx; tÞ ¼

ð�N

�y
þ
ðy

N

� �

� ðixÞ le ix~lljðixÞt ~PPjðixÞ �
Xl

k¼0

eðixcj; 0þcj; 1ÞtQj;kðtÞðixÞ l�k

 !
e ixx dx

and

R
ðlÞ
1;3ðx; tÞ ¼ �

Xs 0

j¼1

ð�d1

�y
þ
ðy
d1

� �
ðixÞ le ixð~lljð0Þþix~ll 0

j ð0ÞÞt ~PPjð0Þe ixx dx

�
Xs 0

j¼1

Xl

k¼0

ðN

�N

eðixcj; 0þcj; 1ÞtQj;kðtÞðixÞ l�ke ixx dx

þ
ð�d1

�N

þ
ðN

d1

� �
ðixÞ leFðxÞte ixx dx:

We compute each term in (5.36) as follows. By Cauchy’s integral theorem,

we further decompose R
ðlÞ
1;1; jðx; tÞ as

R
ðlÞ
1;1; jðx; tÞ ¼

ð d1Gid1=
ffiffi
t

p

�d1Gid1=
ffiffi
t

p þ
ð�d1Gid1=

ffiffi
t

p

�d1

þ
ð d1
d1Gid1=

ffiffi
t

p

 !

ðixÞ lðe ix~lljðixÞt ~PPjðixÞ � e ixð~lljð0Þþix~ll 0
j ð0ÞÞt ~PPjð0ÞÞe ixx dx

¼: I1; jðx; tÞ þ I2; jðx; tÞ þ I3; jðx; tÞ:
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We can evaluate I1; jðx; tÞ in the same way as in (5.30) to obtain

jI1; jðx; tÞja Ct�ð1=2Þðlþ2ÞeHd1ðxþ~lljð0ÞtÞ=
ffiffi
t

p
:ð5:37Þ

By Lemma 5.1, I2; jðx; tÞ is estimated as

jI2; jðx; tÞja C0

ð�d1Gid1=
ffiffi
t

p

�d1

jxj l je ixðxþ~lljð0ÞtÞ�~ll 0
j ð0Þx2tjðjxj þ jxj3teC0jxj3tÞjdxjð5:38Þ

a Cð1þ tÞe�d21 ð~ll
0
j ð0Þ�2C0d1Þt

ðGd1=
ffiffi
t

p

0

e�ðxþ~lljð0ÞtÞhþ~ll 0
j ð0Þh2tjdhj

a Cð1þ tÞe�d21 ð~ll
0
j ð0Þ�2C0d1Þted1jxþ

~lljð0Þtj=
ffiffi
t

p
:

Here, we have jxja ðjli1 j þ jli2 jÞt and 2a e�d1jx�li1
tj=
ffiffi
t

p
ed1li1

ffiffi
t

p
þ

e�d1jx�li2
tj=
ffiffi
t

p
e�d1li2

ffiffi
t

p
. Therefore, we obtain

jI2; jðx; tÞja Ce�d7tðe�d1jx�li1
tj=
ffiffi
t

p
þ e�d1jx�li2

tj=
ffiffi
t

p
Þð5:39Þ

with a positive constant d7. Similarly, we see that I3; jðx; tÞ also satisfies the

estimate (5.39). Hence, we get

jRðlÞ
1;1; jðx; tÞja Ct�ð1=2Þðlþ2Þðe�d1jxþ~lljð0Þtj=

ffiffi
t

p
þ e�d1jx�li1

tj=
ffiffi
t

p
þ e�d1jx�li2

tj=
ffiffi
t

p
Þ:

By Lemma 5.2 and Cauchy’s integral theorem again, we decompose R
ðlÞ
1;2; jðx; tÞ

as

R
ðlÞ
1;2; jðx; tÞ ¼

ð�NGid1=
ffiffi
t

p

�yGid1=
ffiffi
t

p þ
ðyGid1=

ffiffi
t

p

NGid1=
ffiffi
t

p

 !
þ

ð�N

�NGid1=
ffiffi
t

p þ
ðNGid1=

ffiffi
t

p

N

 ! !

ðixÞ le ix~lljðixÞt ~PPjðixÞ �
Xl

k¼0

eðixcj; 0þcj; 1ÞtQj;kðtÞðixÞ l�k

 !
e ixx dx

¼: J1; jðx; tÞ þ J2; jðx; tÞ:

Since J1; jðx; tÞ and J2; jðx; tÞ are estimated in the same way as in (5.31)–(5.33)

and (5.38), respectively, we obtain

jRðlÞ
1;2; jðx; tÞja Ce�d8tðe�d1jxþcj; 0tj=

ffiffi
t

p
þ e�d1jx�li1

tj=
ffiffi
t

p
þ e�d1jx�li2

tj=
ffiffi
t

p
Þ

with a positive constant d8. By Lemma 5.3, R
ðlÞ
1;3ðx; tÞ is estimated as
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jRðlÞ
1;3ðx; tÞja C

Xs 0

j¼1

ð
jxjbd1

jxj le�~ll 0
j ð0Þx2t dx

þ C
Xs 0

j¼1

Xl

k¼0

ð1þ tÞkecj; 1t

ð
jxjaN

jxj l�k
dx

þ C

ð
d1ajxjaN

jxj le�d4x
2ð1þx2Þ�1t dx

a Ce�d9t
a Ce�d10tðe�d1jx�li1

tj=
ffiffi
t

p
þ e�d1jx�li2

tj=
ffiffi
t

p
Þ;

where d9 and d10 are positive constants. By collecting the above estimates, we

see that the estimate (5.35) is valid in this case, too. Therefore, (5.35) holds

for x A R1 and t b 1.

We proceed to evaluate R
ðlÞ
0 ðx; tÞ in the case 0 < t a 1. By (5.16), Lemma

5.2 and Cauchy’s integral theorem, we see that

2pR
ðlÞ
0 ðx; tÞ ¼

ðy
�y

R̂R
ðlÞ
0 ðx; tÞe ixx dx ¼

ðyGid1

�yGid1

R̂R
ðlÞ
0 ðx; tÞe ixx dxð5:40Þ

¼ R
ðlÞ
0;1ðx; tÞ þ R

ðlÞ
0;2ðx; tÞ þ R

ðlÞ
0;3ðx; tÞ;

where

R
ðlÞ
0;1ðx; tÞ ¼

Xs 0

j¼1

ð�NGid1

�yGid1

þ
ðyGid1

NGid1

� �

ðixÞ le ix~lljðixÞt ~PPjðixÞ �
Xlþ1

k¼0

eðixcj; 0þcj; 1ÞtQj;kðtÞðixÞ l�k

 !
e ixx dx;

R
ðlÞ
0;2ðx; tÞ ¼

Xs 0

j¼1

ð�NGid1

�yGid1

þ
ðyGid1

NGid1

� �
eðixcj; 0þcj; 1ÞtQj; lþ1ðtÞðixÞ�1e ixx dx

and

R
ðlÞ
0;3ðx; tÞ ¼

ðNGid1

�NGid1

eFðxÞt �
Xs 0

j¼1

Xl

k¼0

eðixcj; 0þcj; 1ÞtQj;kðtÞðixÞ l�k

 !
e ixx dx:

We compute each term in (5.40) as follows. By Lemma 5.2, R
ðlÞ
0;1ðx; tÞ is

estimated as
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jRðlÞ
0;1ðx; tÞja

Xs 0

j¼1

ð�NGid1

�yGid1

þ
ðyGid1

NGid1

� �
jecj; 1tþixðxþcj; 1tÞRj; lðx; tÞj jdxj

a C
Xs 0

j¼1

ecj; 1tHd1ðxþcj; 1tÞ
ð
jxjbN

jxj�2
dxa CeHd1x:

In view of the identity

R
ðlÞ
0;2ðx; tÞ ¼

Xs 0

j¼1

ecj; 1tHd1ðxþcj; 0tÞQj; lþ1ðtÞ
�
sgnðxþ cj;0tÞ

ðy
jxþcj; 0tjN

sin x

x
dx

þ
ð�N

�y
þ
ðy

N

� �
d1

ixðixH d1Þ
e iðxþcj; 0tÞx dx

�
;

where sgn x is the sign function of x, we have

jRðlÞ
0;2ðx; tÞja CeHd1x:

Lemmas 5.1 and 5.3 imply that jeFðxÞtj is bounded in fx A C1; jIm xja d1g.
Therefore, we see that R

ðlÞ
0;3ðx; tÞ also satisfies the same estimate as above.

Hence, the estimate

jRðlÞ
0 ðx; tÞja Ce�d1jxjð5:41Þ

holds for x A R1 and 0 < t a 1.

To summarize, we obtain the estimates

jq l
xG �

1 ðx; tÞja Ct�ð1=2Þðlþ1Þ
Xs
i¼1

e�d1jx�li tj=
ffiffi
t

p
for x A R1; t > 0;

jRðlÞ
1 ðx; tÞja Ct�ð1=2Þðlþ2Þ

Xs
i¼1

e�d1jx�li tj=
ffiffi
t

p
for x A R1; t b 1;

jRðlÞ
0 ðx; tÞja Ce�d1jxj for x A R1; 0 < t a 1:

8>>>>>>>>><>>>>>>>>>:
These together with the relation

R
ðlÞ
0 ðx; tÞ ¼ R

ðlÞ
1 ðx; tÞ þ q l

xG �
1 ðx; tÞ

imply the desired estimate (5.9). We complete the proof of Proposition

5.1. r

We proceed to prove Proposition 5.2. Put

~EEðzÞ ¼ �ð�z2I þ R þ nzJÞ�1:
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By Lemma 3.1, there exists a positive constant d1 such that ~EEðzÞ is holomorphic

in D2d1 V fyg. Moreover, we have the expansion

~EEðzÞ ¼
Xy
k¼0

Qk

1

zkþ2

as z ! y, where Qk is a real symmetric matrix because so is ~EEðzÞ for

z A D2d1 VR1. Therefore, we obtain the following lemma.

Lemma 5.4. Assume the same conditions in Proposition 5.2. There exists

a positive constant N1 such that the estimate

ðixÞ lCðxÞ �
Xl�1

k¼0

ðixÞ l�2�k
Qk

�����
�����a Cjxj�2

holds for x A C, jxjb N1 and l ¼ 1; 2; 3; . . . with a positive constant C, where

CðxÞ is the matrix defined in (5.2) and Qk is a real symmetric matrix for

k ¼ 0; 1; 2; . . . :

Let l b 2 be an integer and Qk the matrix in Lemma 5.4, and define Rl
2ðxÞ

by the relation (5.11). We show that Rl
2ðxÞ verifies the pointwise estimate

(5.12). Taking the Fourier transform of (5.11), we obtain

R̂R
ðlÞ
2 ðxÞ ¼ ðixÞ lCðxÞ �

Xl�2

k¼0

ðixÞ l�2�k
Qk:

By Lemma 5.4 and Cauchy’s integral theorem, we see that

2pR
ðlÞ
2 ðxÞ ¼

ðy
�y

R̂R
ðlÞ
2 ðxÞe ixx dx ¼

ðyGid1

�yGid1

R̂R
ðlÞ
2 ðxÞe ixx dxð5:42Þ

¼ R
ðlÞ
2;1ðxÞ þ R

ðlÞ
2;2ðxÞ þ R

ðlÞ
2;3ðxÞ;

where

R
ðlÞ
2;1ðxÞ ¼

ð�N1Gid1

�yGid1

þ
ðyGid1

N1Gid1

� �
ðixÞ lCðxÞ �

Xl�1

k¼0

ðixÞ l�2�k
Qk

 !
e ixx dx;

R
ðlÞ
2;2ðxÞ ¼

ð�N1Gid1

�yGid1

þ
ðyGid1

N1Gid1

� �
ðixÞ�1e ixx dxQl�1

and

R
ðlÞ
2;3ðxÞ ¼

ðN1Gid1

�N1Gid1

ðixÞ l
CðxÞ �

Xl�2

k¼0

ðixÞ l�2�k
Qk

 !
e ixx dx:
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We compute each term in (5.42) as follows. By Lemma 5.4, R
ðlÞ
2;1ðxÞ is

estimated as

jRðlÞ
2;1ðxÞja C

ð�N1Gid1

�yGid1

þ
ðyGid1

N1Gid1

� �
jx�2e ixxj jdxj

a CeHd1x

ð
jxjbN1

jxj�2
dxa CeHd1x:

In view of the identity

R
ðlÞ
2;2ðxÞ ¼ eHd1x sgn x

ðy
jxjN1

sin x

x
dxþ

ð�N1

�y
þ
ðy

N1

� �
d1

ixðixH d1Þ
e ixx dx

( )
;

we obtain

jRðlÞ
2;2ðxÞja CeHd1x:

Since CðxÞ is bounded in fx A C1; jIm xja d1g, R
ðlÞ
2;3ðxÞ also satisfies the above

estimate. Therefore, the estimate

jRðlÞ
2 ðxÞja Ce�d1jxj

holds for x A R1. Similarly, we can show that G2ðxÞ and G2xðxÞ verify the

above estimate. We complete the proof of Proposition 5.2. r

6. Estimates of coupling of di¤usion waves

The aim in this section is to show the following propositions. Although

the proofs given below are essentially due to [6], our results do not directly

follow from theirs.

Proposition 6.1. Let l b 0 be an integer, G �
1 ðx; tÞ the Green’s function

defined in (5.7), Qðu; vÞ the quadratic form defined in (2.10) and yiðx; tÞ the self-

similar solution defined in (2.18) for i ¼ 1; . . . ; s. We put

I
ðlÞ
i ðx; tÞ ¼

ð t

0

ð
R1

q lþ1
x G �

1 ðx � y; t � tÞðI � PiÞQðriyiðy; tÞ; riyiðy; tÞÞdydt:ð6:1Þ

Here and in what follows, we use the notation in (2.11), (2.12) and (2.22). There

exists a positive constant m0 such that I
ðlÞ
i ðx; tÞ verifies the pointwise estimate

jI ðlÞi ðx; tÞja Cjeddij2ð1þ tÞ�ð1=2Þðlþ1Þ�1=4ð6:2Þ

�
Xs
k¼1

ðe�ðx�lkð1þtÞÞ2=ðm0ð1þtÞÞ þ j3=2ðx; t; lkÞe�jx�lkð1þtÞj=ð1þtÞÞ
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for x A R1, t > 0 and i ¼ 1; . . . ; s. Particularly, we have the Lp estimate

jI ðlÞi ðtÞjp a Cjeddij2ð1þ tÞ�ð1=2Þðlþ1�1=pÞ�1=4ð6:3Þ

for t > 0, 1a p ay and i ¼ 1; . . . ; s, where C is a positive constant.

Proposition 6.2. Using the notation in Proposition 6.1, we put

I
ðlÞ
i; j ðx; tÞ ¼

ð t

0

ð
R1

q lþ1
x G �

1 ðx � y; t � tÞQðriyiðy; tÞ; rjyjðy; tÞÞdydt:ð6:4Þ

There exists a positive constant m0 such that I
ðlÞ
i; j ðx; tÞ verifies the pointwise

estimate

jI ðlÞi; j ðx; tÞja Cjeddij j~ddj jð1þ tÞ�ð1=2Þðlþ2ÞXs
k¼1

e�ðx�lkð1þtÞÞ2=ðm0ð1þtÞÞð6:5Þ

for x A R1, t > 0, i; j ¼ 1; . . . ; s and i0 j. Particularly, we have the Lp estimate

jI ðlÞi; j ðtÞjp a Cjeddij j~ddjjð1þ tÞ�ð1=2Þðlþ2�1=pÞð6:6Þ

for t > 0, 1a p ay, i; j ¼ 1; . . . ; s and i0 j, where C is a positive constant.

In order to prove these propositions, we first prepare fundamental lemmas,

which shall be used frequently in the following of this paper without any

comments.

Lemma 6.1. Suppose that a1 < 1 and a2 A R1. Then we haveð t

0

t�a1ð1þ tÞ�a2dta Ct1�a1ð1þ tÞ�minða2;1�a1Þð1þ da1þa2;1 logð1þ tÞÞ

for t > 0, where d is Kronecker’s delta and C ¼ Cða1; a2Þ > 0.

Proof. Since a1 < 1, it holds that

lim
t!0

1

t1�a1

ð t

0

t�a1ð1þ tÞ�a2dt ¼ 1

1� a1
:

For t > 1, we see thatð t

0

t�a1ð1þ tÞ�a2dt ¼ C þ
ð t

1

t�a1ð1þ tÞ�a2dt

a C þ Cð1þ tÞ1�a1�minða2;1�a1Þð1þ da1þa2;1 logð1þ tÞÞ:

These imply the desired inequality. r

This lemma and standard technique yield the following one.
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Lemma 6.2. Suppose that a1 < 1, b1 < 1 and a2; b2 A R1. Then we haveð t

0

ðt � tÞ�a1ð1þ t � tÞ�a2t�b1ð1þ tÞ�b2dt

a Ct1�ða1þb1Þfð1þ tÞ�ða2þminðb2;1�b1ÞÞð1þ db1þb2;1 logð1þ tÞÞ

þ ð1þ tÞ�ðb2þminða2;1�a1ÞÞð1þ da1þa2;1 logð1þ tÞÞg

for t > 0, where d is Kronecker’s delta and C ¼ Cða1; a2; b1; b2Þ > 0.

Lemma 6.3. Suppose that a1 > 0, a2 < 1 and a3 A R1. Then we haveð t

0

e�a1ðt�tÞt�a2ð1þ tÞ�a3dta Ct1�a2ð1þ tÞ�ða3þ1Þ

for t > 0, where C ¼ Cða1; a2; a3Þ > 0.

We proceed to prove Proposition 6.1. In view of (5.18) and (5.21), we

can express I
ðlÞ
i ðx; tÞ in the form

I
ðlÞ
i ðx; tÞ ¼

X
j0i

Xnj

k¼1

ð t

0

ð
R1

1

ð4p~ll 0
jkð0Þðt � tÞÞ1=2

e�ðx�y�ljðt�tÞÞ2=ð4~ll 0
jkð0Þðt�tÞÞð6:7Þ

~PPjkð0Þq lþ1
y Qðriyiðy; tÞ; riyiðy; tÞÞdydt:

Moreover, by (2.18) and Proposition 2.3 we have

jq l1
y ðqt þ liqyÞ l2Qðriyiðy; tÞ; riyiðy; tÞÞj

a Cj~ddij2ð1þ tÞ�ð1=2Þðl1þ2l2þ2Þe�ðy�lið1þtÞÞ2=ð4mið1þtÞÞ

for y A R1, tb 0 and l1; l2 ¼ 0; 1; 2; . . . : Therefore, Proposition 6.1 follows

from the following lemma.

Lemma 6.4. Let l be non-negative integer, m and e positive constants, and l

and l 0 real constants such that l0 l 0. Suppose that a function hðy; tÞ satisfies

the estimates

jhðy; tÞjaLð1þ tÞ�1e�ðy�l 0ð1þtÞÞ2=ð4mð1þtÞÞ;

jq l
yhðy; tÞjaLð1þ tÞ�ð1=2Þðlþ2Þe�ðy�l 0ð1þtÞÞ2=ð4mð1þtÞÞ;

jðqt þ l 0qy � mq2yÞhðy; tÞjaLð1þ tÞ�2e�ðy�l 0ð1þtÞÞ2=ð4mð1þtÞÞ;

jq l
yðqt þ l 0qy � mq2yÞhðy; tÞjaLð1þ tÞ�ð1=2Þðlþ4Þe�ðy�l 0ð1þtÞÞ2=ð4mð1þtÞÞ

8>>>>><>>>>>:
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for y A R1 and t > 0 with a positive constant L. Then we haveð t

0

ð
R1
ðt � tÞ�1=2e�ðx�y�lðt�tÞÞ2=ð4mðt�tÞÞq lþ1

y hðy; tÞdydt

���� ����ð6:8Þ

a CLð1þ tÞ�ð1=2Þðlþ1Þ�1=4ðe�ðx�lð1þtÞÞ2=ðð4mþeÞð1þtÞÞ

þ e�ðx�l 0ð1þtÞÞ2=ðð4mþeÞð1þtÞÞ þ j3=2ðx; t; lÞ char Sl;l 0 ðx; tÞÞ

for x A R1 and t > 0, where char Sl;l 0 is the characteristic function of

the set Sl;l 0 ¼ fðx; tÞ;minðl; l 0Þð1þ tÞ þ jl� l 0j
ffiffi
t

p
a x amaxðl; l 0Þð1þ tÞ �

jl� l 0j
ffiffi
t

p
g and C ¼ Cðl; m; e; l; l 0Þ > 0.

Proof. By changing the variables x, y and m into ~xx, ~yy and ~mm by the

relation

~xx ¼ x � lð1þ tÞ
l 0 � l

; ~yy ¼ y � lð1þ tÞ
l 0 � l

; ~mm ¼ m

ðl 0 � lÞ2
;ð6:9Þ

we can reduce the problem to that in the case l ¼ 0 and l 0 ¼ 1. Therefore,

we assume that l ¼ 0 and l 0 ¼ 1 in the following.

We first consider the case t b 4. We split the integral with respect to t in

(6.8) over ð0;
ffiffi
t

p
Þ, ð

ffiffi
t

p
; t �

ffiffi
t

p
Þ and ðt �

ffiffi
t

p
; tÞ and write the respective integrals

as I1ðx; tÞ, I2ðx; tÞ and I3ðx; tÞ. By integration by parts with respect to y and

the identity

ðx � yÞ2

t � t
þ ðy � ð1þ tÞÞ2

1þ t
ð6:10Þ

¼ 1þ t

ðt � tÞð1þ tÞ y þ ð1þ tÞðx þ ðt � tÞÞ
1þ t

� �2

þ ðx � ð1þ tÞÞ2

1þ t
;

we have

jI1ðx; tÞja CL

ð ffiffitp

0

ð
R1
ðt � tÞ�ð1=2Þðlþ2Þð1þ tÞ�1

� e�ðx�yÞ2=ðð4mþe=2Þðt�tÞÞe�ðy�ð1þtÞÞ2=ð4mð1þtÞÞ dydt

a CLt�ð1=2Þðlþ2Þ
ð ffiffitp

0

ð1þ tÞ�1=2e�ðx�ð1þtÞÞ2=ðð4mþe=2Þð1þtÞÞ dt:
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Here, for any K > 1 it holds that

sup
0ata

ffiffi
t

p e�ðx�ð1þtÞÞ2=ðð4mþe=2Þð1þtÞÞ

a

e�x2=ðð4mþe=2Þð1þtÞÞ for x a 0;

e�ð1�1=KÞ2x2=ðð4mþe=2Þð1þtÞÞ for x b 2K
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
;

eK 2=me�x2=ð4mð1þtÞÞ for 0a x a 2K
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
:

8><>:
Therefore, we obtain

jI1ðx; tÞja CLt�ð1=2Þðlþ1Þ�1=4e�x2=ðð4mþeÞð1þtÞÞ

for x A R1 and t > 0. Similarly, we can show that

jI3ðx; tÞja CLt�ð1=2Þðlþ1Þ�1=4e�ðx�ð1þtÞÞ2=ðð4mþeÞð1þtÞÞ

for x A R1 and t > 0. By the identity

qy ¼ ðqt þ qy � mq2yÞ � ðqt � mq2yÞ

and integration by parts with respect to y and t, I2ðx; tÞ is decomposed as

I2ðx; tÞ ¼ �t�1=4

ð
R1

e�ðx�yÞ2=4m
ffiffi
t

p
q l

yhðy; t �
ffiffi
t

p
Þdy

þ ðt �
ffiffi
t

p
Þ�1=2

ð
R1
ðð�qyÞ le�ðx�yÞ2=ð4mðt�

ffiffi
t

p
ÞÞÞhðy;

ffiffi
t

p
Þdy

þ
ð t=2ffiffi

t
p

ð
R1
ðt � tÞ�1=2ðð�qyÞ le�ðx�yÞ2=ð4mðt�tÞÞÞ

� ðqt þ qy � mq2yÞhðy; tÞdydt

þ
ð t�

ffiffi
t

p

t=2

ð
R1
ðt � tÞ�1=2e�ðx�yÞ2=ð4mðt�tÞÞq l

yðqt þ qy � mq2yÞhðy; tÞdydt

¼: I4ðx; tÞ þ I5ðx; tÞ þ I6ðx; tÞ þ I7ðx; tÞ;

where we used the equality

ðqt þ mq2yÞððt � tÞ�1=2e�ðx�yÞ2=ð4mðt�tÞÞÞ ¼ 0:

By the identity (6.10), I4ðx; tÞ is estimated as
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jI4ðx; tÞja CLðt � tÞ�1=2ð1þ tÞ�1

ð
R1

e�ðx�yÞ2=ð4mðt�tÞÞe�ðy�ð1þtÞÞ2=ð4mð1þtÞÞ dy

����
t¼t�

ffiffi
t

p

a CLð1þ tÞ�1=2ð1þ t �
ffiffi
t

p
Þ�ð1=2Þðlþ1Þe�ðx�ð1þtÞþ

ffiffi
t

p
Þ2=ð4mð1þtÞÞ

a CLt�ð1=2Þðlþ2Þe�ðx�ð1þtÞÞ2=ðð4mþeÞð1þtÞÞ:

Similarly, we have

jI5ðx; tÞja CLt�ð1=2Þðlþ1Þ�1=4e�x2=ðð4mþeÞð1þtÞÞ:

I6ðx; tÞ and I7ðx; tÞ are estimated as

jI6ðx; tÞj þ jI7ðx; tÞj

a CL

ð t=2ffiffi
t

p

ð
R1
ðt � tÞ�ð1=2Þðlþ1Þð1þ tÞ�2

� e�ðx�yÞ2=ðð4mþe=2Þðt�tÞÞe�ðy�ð1þtÞÞ2=ð4mð1þtÞÞ dydt

þ CL

ð t�
ffiffi
t

p

t=2

ð
R1
ðt � tÞ�1=2ð1þ tÞ�ð1=2Þðlþ4Þ

� e�ðx�yÞ2=ð4mðt�tÞÞe�ð y�ð1þtÞÞ2=ð4mð1þtÞÞ dydt

a CLt�ð1=2Þðlþ1Þ
ð t�

ffiffi
t

p

ffiffi
t

p ð1þ tÞ�3=2e�ðx�ð1þtÞÞ2=ðð4mþe=2Þð1þtÞÞ dt

¼: CLt�ð1=2Þðlþ1ÞI8ðx; tÞ:

We evaluate the last integral I8ðx; tÞ in the following way.

Case 1. x a
ffiffi
t

p
.

I8ðx; tÞa

ð t�
ffiffi
t

p

ffiffi
t

p ð1þ tÞ�3=2
dte�ðx�ð1þ

ffiffi
t

p
ÞÞ2=ðð4mþe=2Þð1þtÞÞ

a Ct�1=4e�x2=ðð4mþeÞ=ð1þtÞÞ:

Case 2. x b 1þ t �
ffiffi
t

p
.

I8ðx; tÞa

ð t�
ffiffi
t

p

ffiffi
t

p ð1þ tÞ�3=2
dte�ðx�ð1þtÞþ

ffiffi
t

p
Þ2=ðð4mþe=2Þð1þtÞÞ

a Ct�1=4e�ðx�ð1þtÞÞ2=ðð4mþeÞð1þtÞÞ:

Case 3.
ffiffi
t

p
a x a 1þ t �

ffiffi
t

p
. For any K > 1,
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I8ðx; tÞ ¼
ð t�

ffiffi
t

p

ffiffi
t

p ð1þ tÞ�3=2e�ðx�ð1þtÞÞ2=ðð4mþe=2Þð1þtÞÞ charft;Kð1þ tÞa xgdt

þ
ð t�

ffiffi
t

p

ffiffi
t

p ð1þ tÞ�3=2e�ðx�ð1þtÞÞ2=ðð4mþe=2Þð1þtÞÞ charft;Kð1þ tÞb xgdt

a

ð t�
ffiffi
t

p

ffiffi
t

p ð1þ tÞ�3=2
dte�ð1�1=KÞ2x2=ðð4mþe=2Þð1þtÞÞ

þ K 3=2x�3=2

ð
R1

e�t2=ðð4mþe=2Þð1þtÞÞ dt

a Ct�1=4e�ð1�1=KÞ2x2=ðð4mþe=2Þð1þtÞÞ þ CK 3=2ð1þ tÞ1=2ð1þ t þ x2Þ�3=4;

which yields that

I8ðx; tÞa Ct�1=4ðe�x2=ðð4mþeÞð1þtÞÞ þ j3=2ðx; t; 0Þ char S0;1ðx; tÞÞ:

Therefore, (6.7) holds for x A R1 and t b 4.

Next, we consider the case 0 < t a 4. We denotes the left hand side of

(6.8) by Iðx; tÞ. By integration by parts with respect to y and (6.10), we have

Iðx; tÞa CL

ð t

0

ð
R1
ðt � tÞ�1ð1þ tÞ�ð1=2Þðlþ2Þ

� e�ðx�yÞ2=ðð4mþe=2Þðt�tÞÞe�ðy�ð1þtÞÞ2=ð4mð1þtÞÞ dydt

a CLð1þ tÞ�1=2

ð t

0

ðt � tÞ�1=2ð1þ tÞ�ð1=2Þðlþ1Þe�ðx�ð1þtÞÞ2=ðð4mþe=2Þð1þtÞÞ dt

a CLe�x2=ðð4mþeÞð1þtÞÞ:

Therefore, we complete the proof of Lemma 6.4. r

By (2.18), Proposition 2.3 and the relation

ðy � lið1þ tÞÞ2

1þ t
þ ðy � ljð1þ tÞÞ2

1þ t

¼ 2

1þ t
y � li þ lj

2
ð1þ tÞ

� �2
þ ðli � ljÞ2

2
ð1þ tÞ;

we see that if i0 j, then there exists a positive constant a such that

jq l
yQðriyiðy; tÞ; rjyjðy; tÞÞj

a Cjeddij j~ddj je�ate�ðy�lið1þtÞÞ2=ð8mið1þtÞÞe�ðy�ljð1þtÞÞ2=ð8mjð1þtÞÞ
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holds for y A R1, tb 0 and l ¼ 0; 1; 2; . . . : Therefore, in order to prove

Proposition 6.2, it is su‰cient to show the following lemma.

Lemma 6.5. Let l be non-negative integer, a and m positive constants and l

and l 0 real constants. There exists a positive constant m0 such that if a function

hðy; tÞ satisfies the estimate

jhðy; tÞj þ jq l
yhðy; tÞjaLe�ate�ðy�l 0ð1þtÞÞ2=ðmð1þtÞÞ

for y A R1 and t > 0 with a positive constant L, then we haveð t

0

ð
R1
ðt � tÞ�1=2e�ðx�y�lðt�tÞÞ2=ðmðt�tÞÞq lþ1

y hðy; tÞdydt

���� ����ð6:11Þ

a CLð1þ tÞ�ð1=2Þðlþ2Þðe�ðx�lð1þtÞÞ2=ðm0ð1þtÞÞ þ e�ðx�l 0ð1þtÞÞ2=ðm0ð1þtÞÞÞ

for x A R1 and t > 0, where C ¼ Cðl; a; m; l; l 0Þ > 0.

Proof. We give the proof only in the case l0 l 0. The proof in the

case l ¼ l 0 is simpler than that of the previous case. Moreover, by chang-

ing the variables in accordance with (6.9), we can assume that l ¼ 0 and

l 0 ¼ 1.

We denotes the left hand side of (6.11) by Iðx; tÞ. By integration by parts

with respect to y and (6.10), we see that

Iðx; tÞa CL

ð t=2

0

ð
R1
ðt � tÞ�ð1=2Þðlþ2Þe�ate�ðx�yÞ2=ð2mðt�tÞÞe�ðy�ð1þtÞÞ2=ðmð1þtÞÞ dydt

þ CL

ð t

t=2

ð
R1
ðt � tÞ�1e�ate�ðx�yÞ2=ð2mðt�tÞÞe�ðy�ð1þtÞÞ2=ðmð1þtÞÞ dydt

a CLt�ð1=2Þðlþ1Þ
ð t

0

e�ða=2Þtðt � tÞ�1=2e�ðx�ð1þtÞÞ2=ð2mð1þtÞÞ dt

¼: CLt�ð1=2Þðlþ1ÞI1ðx; tÞ

and that

Iðx; tÞa CL

ð t

0

ð
R1
ðt � tÞ�1e�ate�ðx�yÞ2=ð2mðt�tÞÞe�ðy�ð1þtÞÞ2=ðmð1þtÞÞ dydt

a CLI1ðx; tÞ:

We evaluate the integral I1ðx; tÞ in the following way.

Case 1. x a 0.
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I1ðx; tÞa

ð t

0

e�ða=2Þtðt � tÞ�1=2
dte�x2=ð2mð1þtÞÞ

a Cð1þ tÞ�1=2e�x2=ð2mð1þtÞÞ:

Case 2. x b 1þ t.

I1ðx; tÞa

ð t

0

e�ða=2Þtðt � tÞ�1=2
dte�ðx�ð1þtÞÞ2=ð2mð1þtÞÞ

a Cð1þ tÞ�1=2e�ðx�ð1þtÞÞ2=ð2mð1þtÞÞ:

Case 3. 0a x a 1þ t.

I1ðx; tÞ ¼
ð t

0

e�ða=2Þtðt� tÞ�1=2e�ðx�ð1þtÞÞ2=ð2mð1þtÞÞ charft; 2ð1þ tÞa xgdt

þ
ð t

0

e�ða=2Þtðt� tÞ�1=2e�ðx�ð1þtÞÞ2=ð2mð1þtÞÞ charft; 2ð1þ tÞb xgdt

a

ð t

0

e�ða=2Þtðt� tÞ�1=2
dte�x2=ð8mð1þtÞÞ þ e�ða=4Þðx=2�1Þ

ð t

0

e�ða=4Þtðt� tÞ�1=2
dt

aCð1þ tÞ�1=2ðe�x2=ð8mð1þtÞÞ þ e�ax2=ð8ð1þtÞÞÞ:

We now complete the proof of Lemma 6.5. r

7. Decay estimates of energy and Lp norms

We shall show the decay estimates stated in Theorems 2.3, 2.4 and 2.5.

Throughout this section, we assume that system (1.1) admits an entropy

function and that the symmetric system (2.1) satisfies the stability condition

at ðu; 0Þ. Let G1ðx; tÞ and G �
1 ðx; tÞ be the corresponding Green’s functions

defined in (5.3) and (5.7). The following lemmas are simple consequences of

Propositions 5.1 and 5.3.

Lemma 7.1. Let l be a non-negative integer, 1a p ay and u A W l; p VL1.

Then we have the estimate

jq l
xG1ðtÞ � ujp a Cðe�dtkukl; p þ ð1þ tÞ�ð1=2Þðlþ1�1=pÞjuj1Þ

for t > 0, where d is a positive constant and C ¼ Cðl; pÞ > 0.

Proof. By Proposition 5.1, we can express q l
xG1ðtÞ � u as

q l
xG1ðtÞ � u ¼

Xl

k¼0

Xs 0

j¼1

ecj; 1tQj;kðtÞq l�k
x uð� þ cj;0tÞ þ R

ðlÞ
0 ðtÞ � u:
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This and Young’s inequality imply that

jq l
xG1ðtÞ � ujp a

Xl

k¼0

Xs 0

j¼1

ecj; 1tjQj;kðtÞj jq l�k
x ujp þ jRðlÞ

0 ðtÞjpjuj1

a C
Xl

k¼0

e�d1tð1þ tÞkjq l�k
x ujp þ Cð1þ tÞ�ð1=2Þðlþ1�1=pÞjuj1;

which gives the desired estimate. r

Lemma 7.2. Let l be a non-negative integer, 1a p ay and aa 1=2.

Suppose that a function Hðx; tÞ satisfies the estimates

jqk
x HðtÞjp aLðtÞ; k ¼ 0; 1; . . . ; l þ 1;

jq l
xHðtÞjp aLðtÞð1þ tÞ�a�ð1=2Þðlþ2�1=pÞ;

jq lþ1
x HðtÞjp aLðtÞð1þ tÞ�a�ð1=2Þðlþ1�1=pÞ;

jHðtÞj1 aLðtÞð1þ tÞ�a�1=2

8>>>>><>>>>>:
for 0 < t < t with a non-negative valued function LðtÞ. Then we have the

estimateð t

0

q lþ1
x G1ðt � tÞ � HðtÞdt

���� ����
p

a CLðtÞð1þ tÞ�a�ð1=2Þðlþ1�1=pÞð1þ da;1=2 logð1þ tÞÞ

for t > 0, where d is Kronecker’s delta and C ¼ Cðl; p; aÞ > 0.

Proof. By Proposition 5.1, we haveð t

0

q lþ1
x G1ðt � tÞ � HðtÞdt

���� ����
p

a
Xlþ1

k¼0

Xs 0

j¼1

ð t=2

0

ecj; 1ðt�tÞjQj;kðt � tÞj jq lþ1�k
x HðtÞjpdt

þ
X1
k¼0

Xs 0

j¼1

ð t

t=2

ecj; 1ðt�tÞjQj;kðt � tÞj jq lþ1�k
x HðtÞjpdt

þ
ð t=2

0

jRðlþ1Þ
0 ðt � tÞjpjHðtÞj1dtþ

ð t

t=2

jRð1Þ
0 ðt � tÞj1jq l

xHðtÞjpdt:

This together with (5.10) and Lemmas 6.2 and 6.3 gives the desired

estimate. r
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Similarly, we can show the following lemmas.

Lemma 7.3. Let l be a non-negative integer, 1a p ay and u A W l; p VL1.

Then we have the estimate

jq l
xðG1 � G �

1 ÞðtÞ � ujp a Cðe�dtkukl; p þ t�ð1=2Þðlþ1�1=pÞð1þ tÞ�1=2juj1Þ

for t > 0, where d is a positive constant and C ¼ Cðl; pÞ > 0.

Lemma 7.4. Let l be a non-negative integer, 1a p ay and aa 1=2.

Suppose that a function Hðx; tÞ satisfies the estimates

jqk
x HðtÞjp aLðtÞ k ¼ 0; 1; . . . ; l þ 1;

jq l
xHðtÞjp þ jq lþ1

x HðtÞjp aLðtÞð1þ tÞ�a�ð1=2Þðlþ2�1=pÞ;

jHðtÞj1 aLðtÞð1þ tÞ�a�1=2

8>><>>:
for 0 < t < t with a non-negative valued function LðtÞ. Then we have the

estimate ð t

0

q lþ1
x ðG1 � G �

1 Þðt � tÞ � HðtÞdt
���� ����

p

a CLðtÞt�ð1=2Þðlþ1�1=pÞð1þ tÞ�a�1=2ð1þ logð1þ tÞÞ

for t > 0, where C ¼ Cðl; p; aÞ > 0.

Lemma 7.5. Let l be a non-negative integer, 1a p; r; q ay, 1=q þ
1=r � 1 ¼ 1=p and u A Lq. Then we have the estimate

jq l
xG �

1 ðtÞ � ujp a Ct�ð1=2Þðlþ1�1=rÞjujq

for t > 0, where C ¼ Cðl; p; q; rÞ > 0.

Lemma 7.6. Let l be a non-negative integer, 1a p ay and a < 1=2.

Suppose that a function Hðx; tÞ satisfies the estimates

jHðtÞj1 aLðtÞð1þ tÞ�a�1=2;

jq l
xHðtÞjp aLðtÞð1þ tÞ�a�ð1=2Þðlþ2�1=pÞ

(

for 0 < t < t with a non-negative valued function LðtÞ. Then we have the

estimate ð t

0

q lþ1
x G �

1 ðt � tÞ � HðtÞdt
���� ����

p

a CLðtÞt�ð1=2Þðlþ1�1=pÞð1þ tÞ�a

for t > 0, where C ¼ Cðl; p; aÞ > 0.
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Let ðw; qÞ be a solution to (1.1) and (1.2) satisfying (4.2) and (4.3), and

ðv; qÞ the corresponding solution to (2.9). By (5.4), derivatives of ðv; qÞ can be

expressed as

q l
xvðtÞ ¼ q l

xG1ðtÞ � vð0Þ

þ
ð t

0

q lþ1
x G1ðt � tÞ � ðH1ðtÞ þ LT G2 � H2ðtÞÞdt;

q l
xqðtÞ ¼ nG2 � ðLq lþ1

x vðtÞÞ � q l
xG2 � H2ðtÞ:

8>>>>><>>>>>:
ð7:1Þ

In addition to (4.4)–(4.7), we put

MlðtÞ ¼
Xl

k¼0

ðMk;2ðtÞ þ Mk;yðtÞÞ:

Proposition 7.1. Assume the same conditions in Theorem 2.2. Let

s b 3 be an integer, 1a p ay and ðw; qÞ a solution to the initial value

problem (1.1) and (1.2) satisfying (4.2) and (4.3). There exist positive

constants c14 ¼ c14ðw; sÞ, C11 ¼ C11ðw; sÞ and C12 ¼ C12ðw; s; pÞ such that if

N3ðTÞ þ M1ðTÞa c14, then the solution verifies the estimates

NsðTÞ þ Ms�2ðTÞa C11ðkw0 � wks þ jw0 � wj1Þ;
Ml; pðTÞa C12ðkw0 � wkl; p þ kw0 � wks þ jw0 � wj1Þ

�

for l ¼ 0; 1; . . . ; s � 2.

Proof. In view of Proposition 4.1 and (2.8), it is su‰cient to show that

the estimate

jq l
xvðtÞjp a Cð1þ tÞ�ð1=2Þðlþ1�1=pÞfkvð0Þkl; p þ jvð0Þj1ð7:2Þ

þ ðM0ðtÞ þ N1ðtÞÞðMlðtÞ þ Nlþ2ðtÞÞg

holds for 0a t a T and l ¼ 0; 1; . . . ; s � 2. To this end, we evaluate the right

hand side of the first equation in (7.1). By (2.10), Lemma 4.1, Proposition

5.2 and Sobolev’s inequality, we see that

jqk
x H1ðtÞjpð7:3Þ

a CðjvðtÞj2p þ kqðtÞk1Þðjqk
x vðtÞj2p þ kqk

x qðtÞk1Þ

a Cð1þ tÞ�ð1=2Þðkþ2�1=pÞðM0;2pðtÞ þ N
ð1Þ
1;0ðtÞÞðMk;2pðtÞ þ N

ð1Þ
kþ1;0ðtÞÞ;
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jqk
x G2 � H2ðtÞjp þ jqkþ1

x G2 � H2ðtÞjp a Cjqk
x H2ðtÞjpð7:4Þ

a CðjvðtÞj2p þ kqðtÞk1Þðjqkþ1
x vðtÞj2p þ kqkþ1

x qðtÞk1Þ

a Cð1þ tÞ�ð1=2Þðkþ3�1=pÞðM0;2pðtÞ þ N
ð1Þ
1;0ðtÞÞðMkþ1;2pðtÞ þ N

ð1Þ
kþ2;0ðtÞÞ

and that

jqkþ1
x H1ðtÞjp þ jqkþ1

x G2 � H2ðtÞjpð7:5Þ

a CðjvðtÞj2p þ kqðtÞk1Þðkq
kþ1
x vðtÞk1 þ kqkþ2

x qðtÞk2Þ

a Cð1þ tÞ�ð1=2Þðkþ2�1=2pÞðM0;2pðtÞ þ N
ð1Þ
1;0ðtÞÞN

ð1Þ
kþ1;1ðtÞ:

By these estimates and the interpolation inequality Mk;2pðtÞa Mk;2ðtÞ þ
Mk;yðtÞ, we see that all the hypotheses of Lemma 7.2 are fulfilled with a ¼ 0,

H ¼ H1 þ LTG2 � H2 and LðtÞ ¼ CðM0ðtÞ þ N1ðtÞÞðMlðtÞ þ Nlþ2ðtÞÞ. There-

fore, the desired estimate (7.2) follows from Lemmas 7.1 and 7.2. The proof

is complete. r

By this Proposition 7.1, we obtain the decay estimates for w stated in

Theorem 2.3.

Next, we investigate decay properties for q. Note that we have the decay

estimate for the energy norm of q because of the above argument. In view of

Proposition 5.1, we define a function Vlþ1ðx; tÞ by

Vlþ1ðtÞ ¼ R
ðlþ1Þ
0 ðtÞ � vð0Þ þ

ð t

0

q lþ2
x G1ðt � tÞ � ðH1ðtÞ þ LTG2 � H2ðtÞÞdt:

Then, by the first equation in (7.1), we have

q lþ1
x vðx; tÞ ¼

Xl

k¼0

Xs 0

j¼1

ecj; 1tQj;kðtÞq lþ1�k
x vðx þ cj;0t; 0Þ þ Vlþ1ðx; tÞ:

Therefore, by the second equation in (7.1) and Proposition 5.2, q and its

derivatives can be expressed as

qðtÞ ¼ nG2 � ðLV1ðtÞÞ � G2 � H2ðtÞð7:6Þ

þ n
Xs 0

j¼1

ecj; 1tðG2 � ðLQj;1ðtÞvð� þ cj;0t; 0Þ

þ G2x � ðLQj;0vð� þ cj;0t; 0ÞÞÞ
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and

q l
xqðtÞ ¼ nG2 � ðLVlþ1ðtÞÞ � q l

xG2 � H2ðtÞð7:7Þ

þ n
Xs 0

j¼1

ecj; 1tðG2 � ðLQj; lþ1ðtÞvð� þ cj;0t; 0ÞÞ

þ G2x � ðLQj; lðtÞvð� þ cj;0t; 0ÞÞÞ

þ n
Xl�1

k¼0

Xs 0

j¼1

ecj; 1tðQ0LQj;kðtÞq l�1�k
x vð� þ cj;0t; 0Þ

þ R
ð2Þ
2 � ðLQj;kðtÞq l�1�k

x vð� þ cj;0t; 0ÞÞÞ

for l ¼ 1; 2; . . . : Hence, we obtain

jqðtÞjp a Cðe�d1tð1þ tÞjvð0Þjp þ jV1ðtÞjp þ jG2 � H2ðtÞjpÞ;
jq l

xqðtÞjp a Cðe�d1tð1þ tÞ lþ1kvð0Þkl; p þ jVlþ1ðtÞjp þ jq l
xG2 � H2ðtÞjpÞ:

(

Moreover, by the argument used in the proof of Proposition 7.1 and the decay

estimates obtained above, we see that

jVlþ1ðtÞjp a CEsð1þ tÞ�ð1=2Þðlþ2�1=pÞ

for 1a p ay and l ¼ 0; 1; . . . ; s � 3, where Es ¼ kw0 � wks þ jw0 � wj1.
These estimates, (7.4) and the decay estimates obtained above yield the Lp

decay estimate for q stated in Theorem 2.3. We complete the proof of

Theorem 2.3. r

We proceed to give the Lp decay estimate for the function o defined by

(2.19). We first note that the approximate function yðx; tÞ defined in (2.18)

satisfies the parabolic system

yt þ Ayx þ
Xs
i¼1

PiQðriyi; riyiÞx ¼ Byxx;

because yi is a self-similar solution of (2.15) (see also (2.13) and (5.5)).

Therefore, by using the Green’s function G �
1 ðx; tÞ defined in (5.7), y and its

derivatives can be expressed as

q l
xyðtÞ ¼ q l

xG �
1 ðtÞ � yð0Þ �

Xs
i¼1

ð t

0

q lþ1
x G �

1 ðt � tÞ � PiQðriyðtÞ; riyðtÞÞdt:

By this expression, (7.1) and the relations oðx; tÞ ¼ vðx; tÞ � yðx; tÞ and H1 ¼
H3 � Qðv; vÞ, we obtain
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q l
xoðtÞ ¼ q l

xG �
1 ðtÞ � oð0Þ þ q l

xðG1 � G �
1 ÞðtÞ � vð0Þð7:8Þ

�
ð t

0

q lþ1
x G �

1 ðt � tÞ � ðQðvðtÞ; vðtÞÞ �
Xs
i¼1

PiQðriyiðtÞ; riyiðtÞÞÞdt

þ
ð t

0

q lþ1
x ðG1 � G �

1 Þðt � tÞ � QðvðtÞ; vðtÞÞdt

þ
ð t

0

q lþ1
x G1ðt � tÞ � ðH3ðtÞ þ LT G2 � H2ðtÞÞdt

¼: I1ðtÞ þ I2ðtÞ � I3ðtÞ þ I4ðtÞ þ I5ðtÞ:

Note that eddi in (2.16) was chosen so thatð
R1

oðx; 0Þdx ¼ 0:

In view of this, we define a function ~ooðxÞ by

~ooðxÞ ¼
ð x

�y
oðy; 0Þdy:ð7:9Þ

Then we have

~ooxðxÞ ¼ oðx; 0Þð7:10Þ

and

~ooðxÞ ¼
ð x

�y
vðy; 0Þdy �

ð x

�y
yðy; 0Þdy ¼

ðy
x

yðy; 0Þdy �
ðy

x

vðy; 0Þdy:ð7:11Þ

Now, we put

Ml; p; gðtÞ ¼ sup
0atat

ð1þ tÞð1=2Þðlþ1�1=pÞþgjq l
xoð� ; tÞjp:ð7:12Þ

Lemma 7.7. Assume the same conditions in Theorem 2.4. Then the

function oðx; tÞ defined by (2.19) verifies the estimates

jq l
xoðtÞjp a Ct�ð1=2Þðlþ1�1=pÞ�1=4j ~ooj2 þ CEst

�ð1=2Þðlþ1�1=pÞ�1=4ð7:13Þ

þ Ct�ð1=2Þðlþ1�1=pÞ�g

� fE3ðMl;2; gðtÞ þ Ml;y; gðtÞÞ þ EsðM0;2; gðtÞ þ M0;y; gðtÞÞg

for t > 0, 2a p ay, g < 1=2 and l ¼ 0; 1; . . . ; s � 3, and
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jq l
xoðtÞjp a Ct�ð1=2Þðlþ1�1=pÞ�1=2ðj ~ooj1 þ kvð0Þkl; pÞð7:14Þ

þ CEst
�ð1=2Þðlþ1�1=pÞ�1=4 þ Ct�ð1=2Þðlþ1�1=pÞ�g

� fE3ðMl;2; gðtÞ þ Ml;y; gðtÞÞ þ EsðM0;2; gðtÞ þ M0;y; gðtÞÞg

for t > 0, 1a p ay, g < 1=2 and l ¼ 0; 1; . . . ; s � 3.

Proof. We evaluate each term in the right hand side of (7.8) as follows.

By (7.10) and Lemma 7.5, I1ðx; tÞ is estimated as

jI1ðtÞjp ¼ jq lþ1
x G �

1 ðtÞ � ~oojp a Ct�ð1=2Þðlþ1�1=pÞ�1=4j ~ooj2

for t > 0 and 2a p ay, and

jI1ðtÞjp a Ct�ð1=2Þðlþ1�1=pÞ�1=2j ~ooj1

for t > 0 and 1a p ay. By Lemma 7.3, I2ðx; tÞ is estimated as

jI2ðtÞjp a t�ð1=2Þðlþ2�1=pÞðjvð0Þj1 þ kvð0Þkl; pÞ

for t > 0 and 1a p ay. Since Qðv; vÞ has quadratic non-linearity, by Lemma

4.1 and the results of Theorem 2.3, we have

jqk
x QðvðtÞ; vðtÞÞjp a CjvðtÞj2pjqk

x vðtÞj2p a CEsð1þ tÞ�ð1=2Þðkþ2�1=pÞ

for tb 0 and k ¼ 0; 1; . . . ; s � 2. This implies that all the hypotheses of

Lemma 7.4 are fulfilled with a ¼ 0, H ¼ Qðv; vÞ and LðtÞ ¼ CEs. Therefore,

we obtain

jI4ðtÞjp a CEst
�ð1=2Þðlþ2�1=pÞð1þ logð1þ tÞÞ

for t > 0 and 1a p ay. By (2.10), Lemma 4.1 and Sobolev’s inequality, we

see that

jqk
x H3ðtÞjp a CjqðtÞj2pkqk

x qðtÞk1

þ CðjvðtÞjy þ jqðtÞjyÞðjvðtÞj2p þ jqðtÞj2pÞ

� ðjqk
x vðtÞj2p þ kqk

x qðtÞk1Þ

a CEsð1þ tÞ�ð1=2Þðkþ3�1=pÞ

for t > 0, 1a p ay and k ¼ 0; 1; . . . ; s � 2. Moreover, by (7.4) and the

results of Theorem 2.3, we have

jqk
x G2 � H2ðtÞjp þ jqkþ1

x G2 � H2ðtÞjp a CEsð1þ tÞ�ð1=2Þðkþ3�1=pÞ
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for t > 0, 1a p ay and k ¼ 0; 1; . . . ; s � 3. These estimates imply that all

the hypotheses of Lemma 7.2 are fulfilled with a ¼ 1=2, H ¼ H3 þ LT G2 � H2

and LðtÞ ¼ CEs. Therefore, we obtain

jI5ðtÞjp a CEst
�ð1=2Þðlþ2�1=pÞð1þ logð1þ tÞÞ

for t > 0 and 1a p ay. It remains to estimate I3ðx; tÞ. We decompose it as

I3ðtÞ ¼
Xs
i¼1

ð t

0

q lþ1
x G �

1 ðt � tÞ � ððI � PiÞQðriyiðtÞ; riyiðtÞÞÞdtð7:15Þ

þ
X
i0j

ð t

0

q lþ1
x G �

1 ðt � tÞ � QðriyiðtÞ; rjyjðtÞÞdt

þ
ð t

0

q lþ1
x G �

1 ðt � tÞ � QðyðtÞ þ vðtÞ;oðtÞÞdt

¼: I3;1ðtÞ þ I3;2ðtÞ þ I3;3ðtÞ:

By Propositions 6.1 and 6.2, we have

jI3;1ðtÞjp a CE3ð1þ tÞ�ð1=2Þðlþ1�1=pÞ�1=4;

jI3;2ðtÞjp a CE3ð1þ tÞ�ð1=2Þðlþ2�1=pÞ

(

for t > 0 and 1a p ay. By Lemma 4.1, (7.12), the results of Theorem 2.3

and the estimate

jq l
xyðtÞjp a CE3ð1þ tÞ�ð1=2Þðlþ1�1=pÞð7:16Þ

for t b 0, 1a p ay and l ¼ 0; 1; 2; . . . ; which comes from (2.18) and Prop-

osition 2.3, we see that

jqk
x QðyðtÞ þ vðtÞ;oðtÞÞjp

a CfðjyðtÞj2p þ jvðtÞj2pÞjqk
xoðtÞj2p þ ðjqk

xyðtÞj2p þ jqk
x vðtÞj2pÞjoðtÞj2pg

a Cð1þ tÞ�ð1=2Þðkþ2�1=pÞ�gðE3Mk;2p; gðtÞ þ EsM0;2p; gðtÞÞ

for tb 0, 1a p ay and k ¼ 0; 1; . . . ; s � 2. Therefore, by Lemma 7.6 we

obtain

jI3;3ðtÞjp a Ct�ð1=2Þðlþ1�1=pÞ�gðE3Ml;2p; gðtÞ þ EsM0;2p; gðtÞÞ

for t > 0 and 1a p ay. Collecting the above estimates and using the inter-

polation inequality Mk;2p; gðtÞa Mk;2; gðtÞ þ Mk;y; gðtÞ, we obtain the desired

estimates (7.13) and (7.14). We complete the proof of Lemma 7.7. r

Here, by Proposition 2.3 it holds that
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8>>>><>>>>:

ð x

�y
yðy; 0Þdy

���� ����a CE3e
�x2=ð4mÞ for x a 0;

ðy
x

yðy; 0Þdy

���� ����a CE3e
�x2=ð4mÞ for x b 0;

ð7:17Þ

where m is a positive constant. By (7.11), (7.17) and (2.8), the Lp norm of ~oo

is estimated as

j ~oojp a CðjW0jp þ E3Þð7:18Þ

for 1a p ay, where W0 is the function defined by (2.20). Moreover, Theo-

rem 2.3 and (7.16) imply that the estimate

jq l
xoðtÞjp a jq l

xvðtÞjp þ jq l
xyðtÞjpð7:19Þ

a CðEs þ kw0 � wkl; pÞð1þ tÞ�ð1=2Þðlþ1�1=pÞ

holds for t b 0, 1a p ay and l ¼ 0; 1; . . . ; s � 2. Using this, the estimates in

Lemma 7.7 with g ¼ 1=4 and (7.18), we obtain the decay estimates for o stated

in Theorem 2.4, provided that E3 is suitable small. This complete the proof

of Theorem 2.4. r

Finally, we also assume the condition (2.21). From (2.21), (5.15), (5.18)

and the relation Piri ¼ ri for i ¼ 1; . . . ; s, it follows that

~PPjkð0ÞQðriui; riuiÞ ¼ 0 for ui A Rmi ;

where k ¼ 1; . . . ; nj , i; j ¼ 1; . . . ; s and i0 j. Therefore, by (6.1) and (6.7) we

see that the integral I3;1ðx; tÞ is identically zero. Hence, in place of (7.13) and

(7.14) we obtain the estimate

jq l
xoðtÞjp a Ct�ð1=2Þðlþ1�1=pÞ�1=2ðj ~ooj1 þ kvð0Þkl; pÞ

þ CEst
�ð1=2Þðlþ1�1=pÞ�1=2ð1þ logð1þ tÞÞ þ Ct�ð1=2Þðlþ1�1=pÞ�g

� fE3ðMl;2; gðtÞ þ Ml;y; gðtÞÞ þ EsðM0;2; gðtÞ þ M0;y; gðtÞÞg

for t > 0, 1a p ay, g < 1=2 and l ¼ 0; 1; . . . ; s � 3, which together with (7.18)

and (7.19) yields the decay estimate stated in Theorem 2.5, provided that E3 is

suitable small. This complete the proof of Theorem 2.5. r

8. Space-time decay estimates

In this section we shall show the pointwise decay estimates stated in

Theorems 2.6, 2.7 and 2.8. To this end, we first establish a series of lemmas.

In addition to (2.22), we use the function
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~jjaðx; t; t; lÞ ¼ 1þ ðx � lð1þ tÞÞ2

t � t

 !�a=2

:ð8:1Þ

Lemma 8.1. Suppose that bb 1, d > 0, 1a p ay, l A R1 and u A
L1 VW 0;y

b . Then we haveð
R1

e�djx�y�ltj=
ffiffiffiffiffiffi
1þt

p
juðyÞjdyð8:2Þ

a Cjujpð1þ tÞð1=2Þð1�1=pÞe�djx�lð1þtÞj=4
ffiffiffiffiffiffi
1þt

p

þ CjujðbÞð1þ tÞ�ð1=2Þðb�1Þjbðx; t; lÞ

for x A R1 and t b 0. Particularly, we haveð
R1

e�djx�y�ltj=
ffiffiffiffiffiffi
1þt

p
juðyÞjdy a Cðjuj1 þ jujðbÞÞjbðx; t; lÞð8:3Þ

for x A R1 and t b 0, where C is a positive constant.

Proof. We denote by Iðx; tÞ the left hand side of the inequality (8.2).

By splitting the integral over S1 ¼ fy A R1; 2jyj <
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
j1ðx; t; lÞg and S2 ¼

fy A R1; 2jyj >
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
j1ðx; t; lÞg, we see that

Iðx; tÞa sup
y AS1

e�djx�y�ltj=2
ffiffiffiffiffiffi
1þt

p ð
R1

e�djx�y�ltj=2
ffiffiffiffiffiffi
1þt

p
juðyÞjdy

þ sup
y AS2

juðyÞj
ð
R1

e�djyj=
ffiffiffiffiffiffi
1þt

p
dy

a C

�
jujpje�dj�j=2

ffiffiffiffiffiffi
1þt

p
jp=ðp�1Þe

�djx�lð1þtÞj=4
ffiffiffiffiffiffi
1þt

p

þ jujðbÞð1þ tÞ1=2 sup
y AS2

ð1þ y2Þ�b=2

�
:

This yields the desired inequality (8.2). The proof is complete. r

Lemma 8.2. Suppose that b1; b2; b3 b 0, d > 0, 1a p; q ay, 1=p þ
1=q ¼ 1 and b1q > 1. Then we haveð

R1
e�djx�yj=

ffiffiffiffiffiffi
t�t

p
jb1ðy; t; 0Þcb2

ðy; t; 0Þdy

a Cfðt � tÞ1=ð2pÞð1þ tÞ1=ð2qÞ ~jjb3ðx; t; t; 0Þ þ ðt � tÞ1=2jb1ðx; t; 0Þcb2
ðx; t; 0Þg

for x A R1 and 0a t < t, where C is a positive constant.

Tatsuo Iguchi and Shuichi Kawashima284



Proof. We denote by Iðx; tÞ the left hand side of the above inequality.

By splitting the integral over fy A R1; 2jyj < jxjg and fy A R1; 2jyj > jxjg, we

see that

Iðx; tÞa e�djxj=4
ffiffiffiffiffiffi
t�t

p ð
jyj<jxj=2

e�djx�yj=2
ffiffiffiffiffiffi
t�t

p
jb1ðy; t; 0Þdy

þ C

ð
jyj>jxj=2

e�djx�yj=
ffiffiffiffiffiffi
t�t

p
dyjb1ðx; t; 0Þcb2

ðx; t; 0Þ

a e�djxj=4
ffiffiffiffiffiffi
t�t

p
je�dj�j=2

ffiffiffiffiffiffi
t�t

p
jpjjb1ð� ; t; 0Þjq

þ Cje�dj�j=
ffiffiffiffiffiffi
t�t

p
j1jb1ðx; t; 0Þcb2

ðx; t; 0Þ:

This yields the desired inequality. The proof is complete. r

Similarly, we can show the following lemma.

Lemma 8.3. Suppose that b1; b2 b 0 and d > 0. Then we haveð
R1

e�djx�yjjb1ðy; t; 0Þcb2
ðy; t; 0Þdy a Cjb1ðx; t; 0Þcb2

ðx; t; 0Þ

for x A R1 and tb 0, where C is a positive constant.

Lemma 8.4. Suppose that b1; b2; b3 b 0, a1 � b1=2 < 1, a2 � b2=2 < 1 and

c > 0. Then we haveð t

0

ðt � tÞ�a1ð1þ tÞ�a2 ~jjb1ðx; t; t; 0Þjb2ðx; t; 0Þcb3
ðx; t; 0Þdt

a Cð1þ tÞ�ða1þa2�1Þjb1þb2
ðx; t; 0Þcb3

ðx; t; 0Þ

for x A R1 and t > 0 satisfying jxjb c
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
, where C is a positive constant.

Proof. We denote by Iðx; tÞ the left hand side of the above inequality.

In view of cb3
ðx; t; 0Þacb3

ðx; t; 0Þ for 0a ta t, we see that

Iðx; tÞa

ð t

0

ðt � tÞ�ða1�b1=2Þð1þ tÞ�ða2�b2=2Þdtjxj�ðb1þb2Þcb3
ðx; t; 0Þ

a Cð1þ tÞ�ða1þa2�1Þþðb1þb2Þ=2ð1þ t þ x2Þ�ðb1þb2Þ=2cb3
ðx; t; 0Þ

¼ Cð1þ tÞ�ða1þa2�1Þjb1þb2
ðx; t; 0Þcb3

ðx; t; 0Þ:

This completes the proof. r

Lemma 8.5. Suppose that a1; a2; b1; b2; b3; b4 b 0, a1 þ a2 b 1=2, a1 �
b1=2 < 1, a2 � b2=2 < 1, r aminða1; a2; a1 þ a2 � 1=2Þ and c > 0. Then we

have
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ð t

0

ðt � tÞ�a1ð1þ tÞ�a2 ~jjb1ðx; t; t; 1Þjb2ðx; t; 1Þcb3
ðx; t; 1Þdtð8:4Þ

a C
X
l¼0;1

fð1þ tÞ�ða1þa2�1Þjb1þb2
ðx; t; lÞcb3

ðx; t; lÞ

þ ð1þ tÞ�ð1=2Þða1þa2þr�1=2Þ
ja1þa2�r�1=2ðx; t; lÞcb4

ðx; t; lÞg

for x A R1 and t > 0 satisfying jxjb c
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
and jx � ð1þ tÞjb c

ffiffiffiffiffiffiffiffiffiffi
1þ t

p
, where

C is a positive constant.

If, in addition, a1; a2 a 3=2, then we haveð t

0

ðt � tÞ�a1ð1þ tÞ�a2 ~jjb1ðx; t; t; 1Þjb2ðx; t; 1Þcb3
ðx; t; 1Þdtð8:5Þ

a Cð1þ tÞ�ða1þa2�1Þ

�
X
l¼0;1

fjb1þb2
ðx; t; lÞcb3

ðx; t; lÞ þ j1ðx; t; lÞcb4
ðx; t; lÞg

for x A R1 and t > 0 satisfying jxjb c
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
and jx � ð1þ tÞjb c

ffiffiffiffiffiffiffiffiffiffi
1þ t

p
.

Proof. We denote by Iðx; tÞ the left hand side of the inequalities (8.4).

Then we see that

Iðx; tÞa C

ð t

0

ðt � tÞ�ða1�b1=2Þð1þ tÞ�ða2�b2=2Þð8:6Þ

� ð1þ t � tþ ðx � ð1þ tÞÞ2Þ�b1=2

� ð1þ tþ ðx � ð1þ tÞÞ2Þ�b2=2cb3
ðx; t; 1Þdt:

We evaluate this integral by considering the following three cases.

Case 1. x a�c
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
. Since jx � ð1þ tÞjb jxjb c

ffiffiffiffiffiffiffiffiffiffi
1þ t

p
, we see that

Iðx; tÞa C

ð t

0

ðt � tÞ�ða1�b1=2Þð1þ tÞ�ða2�b2=2Þdtjxjb1þb2cb3
ðx; t; 0Þ

a Cð1þ tÞ�ða1þa2�1Þjb1þb2
ðx; t; 0Þcb3

ðx; t; 0Þ:

Case 2. x b 1 þ t þ c
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
. Since jx � ð1 þ tÞj b jx � ð1 þ tÞj b

c
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
, we see that

Iðx; tÞa C

ð t

0

ðt � tÞ�ða1�b1=2Þð1þ tÞ�ða2�b2=2Þdtjx � ð1þ tÞjb1þb2cb3
ðx; t; 1Þ

a Cð1þ tÞ�ða1þa2�1Þ
jb1þb2

ðx; t; 1Þcb3
ðx; t; 1Þ:
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Case 3. c
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
a x a 1þ t � c

ffiffiffiffiffiffiffiffiffiffi
1þ t

p
. We split the integral in (8.4)

over ft A ð0; tÞ; 2jx � ð1þ tÞj > minðx; 1þ t � xÞg, ft A ð0; t=2Þ; 2jx � ð1þ tÞj <
minðx; 1þ t � xÞg and ft A ðt=2; tÞ; 2jx � ð1þ tÞj < minðx; 1þ t � xÞg, and write

the respective integrals as I1ðx; tÞ, I2ðx; tÞ and I3ðx; tÞ. By the same way as in

Cases 1 and 2, I1ðx; tÞ is estimated as

I1ðx; tÞa Cð1þ tÞ�ða1þa2�1Þ X
l¼0;1

jb1þb2
ðx; t; lÞcb3

ðx; t; lÞ:

Note that if 2jx � ð1þ tÞjaminðx; 1þ t � xÞ, then we have 1
2
x a 1þ ta

3
2
x

and 1
2
ð1þ t � xÞa t � ta

3
2
ð1þ t � xÞ. Therefore, I2ðx; tÞ is estimated as

I2ðx; tÞa Cð1þ tÞ�rð1þ t � xÞ�ða1�b1=2�rÞ
x�ða2�b2=2Þ

�
ðð1=2Þminðx;1þt�xÞ

0

ð1þ t � x þ y2Þ�b1=2ðx þ y2Þ�b2=2dy:

Since 2ða1 � rÞb 0, 2a2 b 0 and 2ða1 � rÞ þ 2a2 b 1, there exist p; q A ½1;y�
such that 2ða1 � rÞ � 1=p b 0, 2a2 � 1=q b 0 and 1=p þ 1=q ¼ 1. Using these

p and q, we further evaluate I2ðx; tÞ as

I2ðx; tÞa Cð1þ tÞ�rð1þ t � xÞ�ða1�b1=2�rÞ
x�ða2�b2=2Þ

�
ðð1=2Þð1þt�xÞ

0

ð1þ t � x þ y2Þ�ð1=2Þpb1dy

 !1=p

�
ðð1=2Þx
0

ðx þ y2Þ�ð1=2Þqb2dy

 !1=q

a Cð1þ tÞ�rð1þ t � xÞ�ða1�rÞþ1=ð2pÞ
x�a2þ1=ð2qÞ

a Cð1þ tÞ�rðx�ða1þa2�r�1=2Þ þ ð1þ t � xÞ�ða1þa2�r�1=2ÞÞ

a Cð1þ tÞ�ð1=2Þða1þa2þr�1=2Þ X
l¼0;1

ja1þa2�r�1=2ðx; t; lÞ

a Cð1þ tÞ�ð1=2Þða1þa2þr�1=2Þ X
l¼0;1

ja1þa2�r�1=2ðx; t; lÞcb4
ðx; t; lÞ:

Similarly, we can show that I3ðx; tÞ is estimated as

I3ðx; tÞa Cð1þ tÞ�ð1=2Þða1þa2þr�1=2Þ X
l¼0;1

ja1þa2�r�1=2ðx; t; lÞcb4
ðx; t; lÞ:

Collecting the above estimates we obtain (8.4).
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If a1; a2 a 3=2, then we can take r ¼ a1 þ a2 � 3
2
and the estimate (8.5)

follows. The proof is complete. r

Lemma 8.6. Suppose that b1; b2 b 0, a1 > 0 and a2; l A R1. Then we haveð t

0

e�a1ðt�tÞð1þ tÞ�a2jb1ðx; t; lÞcb2
ðx; t; lÞdta Cð1þ tÞ�a2jb1ðx; t; lÞcb2

ðx; t; lÞ

for x A R1 and t > 0, where C is a positive constant.

Proof. It is su‰cient to show the estimate in the cases l ¼ 0 and l ¼ 1.

If l ¼ 0, then the desired estimate follows from Lemma 6.3 because we have

jb1ðx; t; 0Þa jb1ðx; t; 0Þ and cb2
ðx; t; 0Þacb2

ðx; t; 0Þ for 0a ta t.

Now, we assume that l ¼ 1 and consider the following two cases according

to ðx; tÞ. We denote by Iðx; tÞ the left hand side of the above inequality.

Case 1. jx � ð1þ tÞja
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
.

Iðx; tÞa

ð t

0

e�a1ðt�tÞð1þ tÞ�a2dta Cð1þ tÞ�a2

a Cð1þ tÞ�a2jb1ðx; t; 1Þcb2
ðx; t; 1Þ:

Case 2. jx � ð1þ tÞjb
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
. We split the integral over ft A ð0; tÞ;

2jt � tj < jx � ð1þ tÞjg and ft A ð0; tÞ; 2jt � tj > jx � ð1þ tÞjg, and write the

respective integrals as I1ðx; tÞ and I2ðx; tÞ. If 2jt � tja jx � ð1þ tÞj, then we

have jx � ð1þ tÞjb 1
2
jx � ð1þ tÞj. Therefore, I1ðx; tÞ is estimated as

I1ðx; tÞa C

ð t

0

e�a1ðt�tÞð1þ tÞ�a2dtjb1ðx; t; 1Þcb2
ðx; t; 1Þ

a Cð1þ tÞ�a2jb1ðx; t; 1Þcb2
ðx; t; 1Þ:

If 2jt � tjb jx � ð1þ tÞj, then we have jx � ð1þ tÞja 2ð1þ tÞ. Therefore,

I2ðx; tÞ is estimated as

I2ðx; tÞa C

ðy
ð1=2Þjx�ð1þtÞj

e�a1t dta Ce�a1jx�ð1þtÞj=2

a Cð1þ ðx � ð1þ tÞÞ2Þ�ðja2jþb1=2Þcb2
ðx; t; 1Þ

a Cð1þ tÞ�a2jb1ðx; t; 1Þcb2
ðx; t; 1Þ:

Collecting the above estimates we obtain the desired one. The proof is

complete. r

Lemma 8.7. Suppose that a1 a 1, a2 < 3=2, b1 b 1, b2; b3 b 0, d > 0 and

l A R1. Then we have

Tatsuo Iguchi and Shuichi Kawashima288



ð t

0

ð
R1
ðt � tÞ�a1ð1þ tÞ�a2e�djx�y�lðt�tÞj=

ffiffiffiffiffiffi
t�t

p
jb1ðy; t; lÞcb2

ðy; t; lÞdydt

a Cð1þ tÞ�ða1þa2�3=2Þfjb1ðx; t; lÞcb2
ðx; t; lÞ þ jb3ðx; t; lÞg

for x A R1 and t > 0, where C is a positive constant.

Proof. Noting that a2 < 3=2, we take p; q A ð1;yÞ such that a2 � 1=2q < 1

and 1=p þ 1=q ¼ 1. We denote by Iðx; tÞ the left hand side of the above

inequality and evaluate it by considering the following two cases.

Case 1. jx � lð1þ tÞja
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
. By Hölder’s inequality, we see thatð

R1
e�djx�y�lðt�tÞj=

ffiffiffiffiffiffi
t�t

p
jb1ðy; t; lÞcb2

ðy; t; lÞdy

a je�dj�j=
ffiffiffiffiffiffi
t�t

p
jpjjb1ð� ; t; lÞjq ¼ Cðt � tÞ1=ð2pÞð1þ tÞ1=ð2qÞ;

which together with Lemma 4.1 implies that

Iðx; tÞa C

ð t

0

ðt � tÞ�ða1�1=ð2pÞÞð1þ tÞ�ða2�1=ð2qÞÞ
dt

a Cð1þ tÞ�ða1þa2�3=2Þ
a Cð1þ tÞ�ða1þa2�3=2Þjb3ðx; t; lÞ:

Case 2. jx � lð1þ tÞjb
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
. By Lemma 8.2, we see thatð

R1
e�djx�y�lðt�tÞj=

ffiffiffiffiffiffi
t�t

p
jb1ðy; t; lÞcb2

ðy; t; lÞdy

¼
ð
R1

e�djx�lð1þtÞ�yj=
ffiffiffiffiffiffi
t�t

p
jb1ðy; t; 0Þcb2

ðy; t; 0Þdy

a Cfðt � tÞ1=ð2pÞð1þ tÞ1=ð2qÞ ~jjb3ðx � lð1þ tÞ; t; t; 0Þ

þ ðt � tÞ1=2jb1ðx � lð1þ tÞ; t; 0Þcb2
ðx � lð1þ tÞ; t; 0Þg;

which together with Lemma 8.4 implies that

Iðx; tÞa C

ð t

0

ðt � tÞ�ða1�1=ð2pÞÞð1þ tÞ�ða2�1=ð2qÞÞ ~jjb3ðx � lð1þ tÞ; t; t; 0Þdt

þ C

ð t

0

ðt � tÞ�ða1�1=2Þð1þ tÞ�a2

� jb1ðx � lð1þ tÞ; t; 0Þcb2
ðx � lð1þ tÞ; t; 0Þdt

a Cð1þ tÞ�ða1þa2�3=2Þfjb3ðx; t; lÞ þ jb1ðx; t; lÞcb2
ðx; t; lÞg:

This completes the proof. r
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Lemma 8.8. Suppose that a1 a 1, a2 < 3=2, b1 b 1 b2; b3; b4 b 0, d > 0,

l; l 0 A R1 and l0 l 0. Then we haveð t

0

ð
R1
ðt � tÞ�a1ð1þ tÞ�a2e�djx�y�lðt�tÞj=

ffiffiffiffiffiffi
t�t

p
jb1ðy; t; l 0Þcb2

ðy; t; l 0Þdydt

a Cð1þ tÞ�ða1þa2�3=2Þ

�
X

l¼l;l 0
fjb3ðx; t; lÞ þ jb1ðx; t; lÞcb2

ðx; t; lÞ þ j1ðx; t; lÞcb4
ðx; t; lÞg

for x A R1 and t > 0, where C is a positive constant.

Proof. By changing the variables x and y into ~xx and ~yy in accordance

with (6.9), we can assume that l ¼ 0 and l 0 ¼ 1. Noting that a2 < 3=2, we

take p; q A ð1;yÞ such that a2 � 1=2q < 1 and 1=p þ 1=q ¼ 1. We denote by

Iðx; tÞ the left hand side of the above inequality and evaluate it by considering

the following three cases.

Case 1. jxja
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
. By the similar calculation to that of Case 1 in

the proof of Lemma 8.7, we see that

jIðx; tÞja Cð1þ tÞ�ða1þa2�3=2Þjb3ðx; t; 0Þ:

Case 2. jx � ð1þ tÞja
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
. Similarly, we have

jIðx; tÞja Cð1þ tÞ�ða1þa2�3=2Þjb3ðx; t; 1Þ:

Case 3. jxjb
ffiffiffiffiffiffiffiffiffiffi
1þ t

p
and jx � ð1þ tÞjb

ffiffiffiffiffiffiffiffiffiffi
1þ t

p
. By Lemma 8.2, we see

thatð
R1

e�djx�yj=
ffiffiffiffiffiffi
t�t

p
jb1ðy; t; 1Þcb2

ðy; t; 1Þdy

¼
ð
R1

e�djx�ð1þtÞ�yj=
ffiffiffiffiffiffi
t�t

p
jb1ðy; t; 0Þcb2

ðy; t; 0Þdy

a Cfðt � tÞ1=ð2pÞð1þ tÞ1=ð2qÞ ~jjb3ðx; t; t; 1Þ þ ðt � tÞ1=2jb1ðx; t; 1Þcb2
ðx; t; 1Þg;

which together with Lemma 8.5 yields the desired estimate. The proof is

complete. r

Lemma 8.9. Suppose that a1; d > 0, b1; b2 b 0 and a2; l A R1. Then we

have ð t

0

ð
R1

e�a1ðt�tÞð1þ tÞ�a2e�djx�yjjb1ðy; t; lÞcb2
ðy; t; lÞdydt

a Cð1þ tÞ�a2jb1ðx; t; lÞcb2
ðx; t; lÞ

for x A R1 and t > 0, where C is a positive constant.
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Proof. By Lemma 8.3, we see thatð
R1

e�djx�yjjb1ðy; t; lÞcb2
ðy; t; lÞdy

¼
ð
R1

e�djx�lð1þtÞ�yjjb1ðy; t; 0Þcb2
ðy; t; 0Þdy

a Cjb1ðx; t; lÞcb2
ðx; t; lÞ:

This and Lemma 8.6 give the desired estimate. The proof is complete. r

Now, let Fbðx; tÞ the function defined in (2.22). By Lemmas 8.3, 8.6–8.9,

we can easily obtain the following four lemmas.

Lemma 8.10. Suppose that b ¼ ðb1; b2Þ, b1; b2 b 0 and d > 0. Then we

have ð
R1

e�djx�yjFbðy; tÞdy a CFbðx; tÞ

for x A R1 and t b 0, where C is a positive constant.

Lemma 8.11. Suppose that b ¼ ðb1; b2Þ, b1; b2 b 0, a1 > 0 and a2 A R1.

Then we haveð t

0

e�a1ðt�tÞð1þ tÞ�a2Fbðx � liðt � tÞ; tÞdta Cð1þ tÞ�a2Fbðx; tÞ

for x A R1, t > 0 and i ¼ 1; . . . ; s, where C is a positive constant.

Lemma 8.12. Suppose that b ¼ ðb1; b2Þ, b1 b 1, b2 b 0, a1 a 1, a2 < 3=2

and d > 0. Then we haveð t

0

ð
R1
ðt � tÞ�a1ð1þ tÞ�a2e�djx�y�liðt�tÞj=

ffiffiffiffiffiffi
t�t

p
Fbðy; tÞdydt

a Cð1þ tÞ�ða1þa2�3=2ÞFbðx; tÞ

for x A R1, t > 0 and i ¼ 1; . . . ; s, where C is a positive constant.

Lemma 8.13. Suppose that b ¼ ðb1; b2Þ, b1; b2 b 0, a1; d > 0 and a2 A R1.

Then we haveð t

0

ð
R1

e�a1ðt�tÞð1þ tÞ�a2e�djx�yjFbðy; tÞdydta Cð1þ tÞ�a2Fbðx; tÞ

for x A R1 and t > 0, where C is a positive constant.
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In the following we assume that system (1.1) admits an entropy function

and that the symmetric system (2.1) satisfies the stability condition at ðu; 0Þ.
Let G1ðx; tÞ and G �

1 ðx; tÞ be the corresponding Green’s functions defined in

(5.3) and (5.7).

Lemma 8.14. Let l be a non-negative integer, b1 b 1 and u A W
l;y
b1

VL1.

Then we haveð
R1

q l
xG1ðx � y; tÞuðyÞdy

���� ����a Cðjuj1 þ kukl;y;b1
Þð1þ tÞ�ð1=2Þðlþ1ÞXs

i¼1

jb1ðx; t; liÞ

for x A R1 and t > 0, where C is a positive constant.

Proof. By Proposition 5.1 and (8.3), we see thatð
R1

q l
xG1ðx � y; tÞuðyÞdy

���� ����
a
Xl

k¼0

Xs 0

j¼1

ecj; 1tjQj;kðtÞq l�k
x uðx þ cj;0tÞj þ

ð
R1

jRðlÞ
0 ðx � y; tÞuðyÞjdy

a Ce�d1tð1þ tÞ l
Xl

k¼0

Xs
i¼1

jq l�k
x uðx � litÞj

þ Cð1þ tÞ�ð1=2Þðlþ1ÞXs
i¼1

ð
R1

e�d1jx�y�li tj=
ffiffi
t

p
juðyÞjdy

þ Ce�t

ð
R1

e�d1jx�yjjuðyÞjdy

a Ckukl;y;b1
e�d1tð1þ tÞ l

Xs
i¼1

ð1þ ðx � litÞ2Þ�b1=2

þ Cðjuj1 þ jujðb1ÞÞ ð1þ tÞ�ð1=2Þðlþ1ÞXs
i¼1

jb1ðx; t; liÞ þ e�tð1þ x2Þ�b1=2

( )
;

which gives the desired estimate. The proof is complete. r

Lemma 8.15. Let l be a non-negative integer, b ¼ ðb1; b2Þ, b1 b 1, b2 b 0

and a < 3=2. Suppose that a function Hðx; tÞ satisfies the estimates

jqk
y Hðy; tÞjaLðtÞð1þ tÞ�aFbðy; tÞ; k ¼ 0; 1; . . . ; l þ 1;

jq l
yHðy; tÞj þ jq lþ1

y Hðy; tÞjaLðtÞð1þ tÞ�l=2�a
Fbðy; tÞ

(
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for y A R1 and 0 < t < t with a non-negative valued function LðtÞ. Then we

haveð t

0

ð
R1

q lþ1
x G1ðx � y; t � tÞHðy; tÞdydt

���� ����a CLðtÞð1þ tÞ�ð1=2Þðl�1Þ�aFbðx; tÞ

for x A R1 and t > 0, where C is a positive constant.

Proof. By Proposition 5.1, we haveð t

0

ð
R1

q lþ1
x G1ðx � y; t � tÞHðy; tÞdydt

���� ����
a
Xl

k¼0

Xs 0

j¼1

ð t=2

0

ecj; 1ðt�tÞjQj;kðt � tÞq lþ1�k
x Hðx þ cj;0ðt � tÞ; tÞjdt

þ
X1
k¼0

Xs 0

j¼1

ð t

t=2

ecj; 1ðt�tÞjQj;kðt � tÞq lþ1�k
x Hðx þ cj;0ðt � tÞ; tÞjdt

þ
ð t=2

0

ð
R1

jRðlþ1Þ
0 ðx � y; t � tÞHðy; tÞjdydt

þ
ð t

t=2

ð
R1

jRð1Þ
0 ðx � y; t � tÞq l

yHðy; tÞjdydt

a CLðtÞð1þ tÞ�l=2

�Xs
i¼1

ð t

0

e�ðd1=2Þðt�tÞð1þ tÞ�a
Fbðx � liðt � tÞ; tÞdt

þ
Xs
i¼1

ð t

0

ð
R1
ðt � tÞ�1ð1þ tÞ�a

� e�d1jx�y�liðt�tÞj=
ffiffiffiffiffiffi
t�t

p
Fbðy; tÞdydt

þ
ð t

0

ð
R1

e�ð1=2Þðt�tÞð1þ tÞ�ae�d1jx�yjFbðy; tÞdydt

�
:

This and Lemmas 8.11–8.13 give the desired estimate. r

Similarly, we can show the following lemmas.

Lemma 8.16. Suppose that b ¼ ðb1; b2Þ, b1 b 1, b2 b 0, a < 3=2 and that a

function Hðx; tÞ satisfies the estimate

jHðy; tÞjaLðtÞð1þ tÞ�a
Fbðy; tÞ

for y A R1 and 0 < t < t with a non-negative valued function LðtÞ. Then we

have
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ð t

0

ð
R1

G1ðx � y; t � tÞHðy; tÞdydt

���� ����a CLðtÞð1þ tÞ�ða�1ÞFbðx; tÞ

for x A R1 and t > 0, where C is a positive constant.

Lemma 8.17. Let l be a non-negative integer, b1 b 1 and u A W l;y
b1

VL1.

Then we haveð
R1

q l
xðG1 � G �

1 Þðx � y; tÞuðyÞdy

���� ����
a Cðjuj1 þ kukl;y;b1

Þt�ð1=2Þðlþ1Þð1þ tÞ�1=2
Xs
i¼1

jb1ðx; t; liÞ

for x A R1 and t > 0, where C is a positive constant.

Lemma 8.18. Let l be a non-negative integer, b ¼ ðb1; b2Þ, b1 b 1, b2 b 0

and a < 3=2. Suppose that a function Hðx; tÞ satisfies the estimates

jqk
y Hðy; tÞjaLðtÞð1þ tÞ�aFbðy; tÞ; k ¼ 0; 1; . . . ; l þ 1;

jq lþ1
y Hðy; tÞjaLðtÞð1þ tÞ�ð1=2Þðlþ1Þ�a

Fbðy; tÞ

(

for y A R1 and 0 < t < t with a non-negative valued function LðtÞ. Then we

haveð t

0

ð
R1

q lþ1
x ðG1 � G �

1 Þðx � y; t � tÞHðy; tÞdydt

���� ����a CLðtÞð1þ tÞ�l=2�aFbðx; tÞ

for x A R1 and t > 0, where C is a positive constant.

Lemma 8.19. Let l be a non-negative integer, b ¼ ðb1; b2Þ, b1 b 1, b2 b 0

and a < 3=2. Suppose that a function Hðx; tÞ satisfies the estimates

jqk
y Hðy; tÞjaLðtÞð1þ tÞ�k=2�aFbðy; tÞ

for y A R1, 0 < t < t and k ¼ 0; l, with a non-negative valued function LðtÞ.
Then we haveð t

0

ð
R1

q lþ1
x G �

1 ðx � y; t � tÞHðy; tÞdydt

���� ����a CLðtÞt�l=2ð1þ tÞ�ða�1=2Þ
Fbðx; tÞ

for x A R1 and t > 0, where C is a positive constant.

Lemma 8.20. Let l be a non-negative integer, b1 b 1, b2 b 0 and 1a

p ay. Then we haveð
R1

q lþ1
x G �

1 ðx � y; tÞuðyÞdy

���� ����a Cðjujp þ jujðb1ÞÞt
�ð1=2Þðlþ1Þ�1=ð2pÞ

Xs
i¼1

jb1ðx; t; liÞ
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for x A R1 and t > 0 if u A W
0;y
b1

VLp, andð
R1

q lþ1
x G �

1 ðx � y; tÞuðyÞdy

���� ����
a C

Xs
i¼1

fðjujp þ jujð1ÞÞt�ð1=2Þðlþ1Þ�1=ð2pÞj1ðx; t; liÞcb2
ðx; t; liÞ

þ ðjuxj1 þ juxjðb1ÞÞt
�ð1=2Þðlþ1Þ�ð1=2Þðb1�1Þjb1ðx; t; liÞg

for x A R1 and t > 0 if u A W
0;y
1 VLp and ux A W

0;y
b1

VL1, where C is a positive

constant.

Proof. By Proposition 5.3, the integral can be decomposed asð
R1

q lþ1
x G �

1 ðx � y; tÞuðyÞdy ¼
Xs
i¼1

Iiðx; tÞ;

and we have the estimates

jIiðx; tÞja Ct�ð1=2Þðlþ2Þ
ð
R1

e�djx�y�li tj=
ffiffiffiffiffiffi
1þt

p
juðyÞjdyð8:7Þ

and

jIiðx; tÞja Ct�ð1=2Þðlþ1Þ
ð
R1

e�djx�y�li tj=
ffiffiffiffiffiffi
1þt

p
juyðyÞjdyð8:8Þ

for x A R1, t > 0 and i ¼ 1; . . . ; s. (8.2) and (8.7) give the first estimate of the

lemma. In order to show the second one, we evaluate Iiðx; tÞ by considering

the following two cases.

Case 1. jx � lið1þ tÞja 1þ t. By (8.2) and (8.7), we have

jIiðx; tÞja Ct�ð1=2Þðlþ1Þ�1=ð2pÞðjujp þ jujð1ÞÞj1ðx; t; liÞ

a Ct�ð1=2Þðlþ1Þ�1=ð2pÞðjujp þ jujð1ÞÞj1ðx; t; liÞcb2
ðx; t; liÞ:

Case 2. jx � lið1þ tÞjb 1þ t. By (8.2) and (8.8), we have

jIiðx; tÞja Ct�ð1=2Þðlþ1Þðjuxj1e�d
ffiffiffiffiffiffi
1þt

p
=4e�djx�lið1þtÞj=8

ffiffiffiffiffiffi
1þt

p

þ juxjðb1Þð1þ tÞ�ð1=2Þðb1�1Þjb1ðx; t; liÞÞ

a Cðjuxj1 þ juxjðb1ÞÞt
�ð1=2Þðlþ1Þ�ð1=2Þðb1�1Þjb1ðx; t; liÞ:

These give the desired estimate. The proof is complete. r
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We proceed to prove Theorem 2.6. Let ðw; qÞ be a solution to (1.1) and

(1.2) obtained in Theorem 2.2, and ðv; qÞ the corresponding solution to (2.9).

We introduce a weight function fn ¼ fnðxÞ by

fnðxÞ ¼ e�ð1=nÞ
ffiffiffiffiffiffiffiffi
1þx2

p
for x A R1; n ¼ 1; 2; 3; . . . ;ð8:9Þ

and put

vnðx; tÞ ¼ fnðxÞvðx; tÞ; qnðx; tÞ ¼ fnðxÞqðx; tÞ:ð8:10Þ

We multiply (2.9) by fn to obtain

vn
t þ Avn

x þ LTqn
x ¼ ðfnH1Þx þ f 0

nðAv þ LTq � H1Þ;
�qn

xx þ Rqn þ nðLvn
x þ Jqn

xÞ ¼ fnH2 þ nf 0
nðLv þ JqÞ þ f 00

n q � 2ðf 0
nqÞx:

�
Therefore, by (5.4) derivatives of ðvn; qnÞ can be expressed as

q l
xvnðtÞ ¼ q l

xG1ðtÞ � vnð0Þ

þ
ð t

0

q lþ1
x G1ðt � tÞ � ðfnH1ðtÞ þ LT G2 � ðfnH2ðtÞÞÞdt

þ
ð t

0

q l
xG1ðt � tÞ � H n

4 ðtÞdt;

q l
xqnðtÞ ¼ G2x � q l

xðnLvnðtÞ þ 2f 00
n qðtÞÞ � q l

xG2 � H n
5 ðtÞ;

8>>>>>>>>>>><>>>>>>>>>>>:
ð8:11Þ

where

ð8:12Þ

H n
4 ¼ f 0

nðAv þ LTq � H1Þ � 2LTG2xx � ðf 0
nqÞ þ LTG2x � ðnf 0

nðLv þ JqÞÞ;
H n

5 ¼ fnH2 þ nf 0
nðLv þ JqÞ þ f 00

n q:

�
We put

ð8:13Þ

~MM n
l;bðtÞ ¼ sup

0atat;x AR1

fð1þ tÞ�ð1=2Þðlþ1ÞFbðx; tÞg�1ðjq l
xvnðx; tÞj þ jq l

xqnðx; tÞjÞ:

Note that we do not know a priori that supx AR1 Fbðx; tÞ�1ðjq l
xvðx; tÞj þ

jq l
xqðx; tÞjÞ is finite for t > 0. However, ~MM n

l;bðtÞ is finite for t b 0 because of

the weight function fn.

Lemma 8.21. Under the same assumptions in Theorem 2.6, we have
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~MM n
0;bðtÞa Cfjvð0Þj1 þ jvð0Þjðb1Þ þ ðE3 þ n�1ð1þ tÞÞ ~MM n

0;bðtÞg

for t b 0 and n ¼ 1; 2; . . . , and

~MM n
l;bðtÞa C

(
jvð0Þj1 þ kvð0Þkl;y;b1

þ ðE3 þ n�1ð1þ tÞð1=2Þðlþ1ÞÞ ~MM n
l;bðtÞ

þ ðEs þ n�1ð1þ EsÞð1þ tÞð1=2Þðlþ1ÞÞ
Xl�1

k¼0

~MM n
k;bðtÞ

)

for t b 0, l ¼ 1; . . . ; s � 2 and n ¼ 1; 2; . . . , where C is a positive constant inde-

pendent of t and n.

Proof. We evaluate the right hand sides of the equations in (8.11). By

Lemma 8.14, we haveð
R1

q l
xG1ðx � y; tÞvnðy; 0Þdy

���� ����
a Cðjvnð0Þj1 þ kvnð0Þkl;y;b1

Þð1þ tÞ�ð1=2Þðlþ1ÞFbðx; tÞ

a Cðjvð0Þj1 þ kvð0Þkl;y;b1
Þð1þ tÞ�ð1=2Þðlþ1ÞFbðx; tÞ:

By (2.10), Lemma 4.1, Sobolev’s inequality and the results of Theorem 2.3

(see also (2.8)), we see that

jH1ðx; tÞja CðjvðtÞjy þ jqðtÞjyÞðjvðx; tÞj þ jqðx; tÞjÞ

a CE3ð1þ tÞ�1=2ðjvðx; tÞj þ jqðx; tÞjÞ;

jH1xðx; tÞja CðjvxðtÞjy þ jqxðtÞjyÞðjvðx; tÞj þ jqðx; tÞjÞ

a CE3ð1þ tÞ�1ðjvðx; tÞj þ jqðx; tÞjÞ;

jq l
xH1ðx; tÞja CðjvxðtÞjy þ jqxðtÞjyÞðjq l�1

x vðx; tÞj þ jq l�1
x qðx; tÞjÞ

þ C
Xl�2

k¼0

ðjq l�k
x vðtÞjy þ jq l�k

x qðtÞjyÞðjqk
x vðx; tÞj þ jqk

x qðx; tÞjÞ

a CE3ð1þ tÞ�1ðjq l�1
x vðx; tÞj þ jq l�1

x qðx; tÞjÞ

þ CEs

Xl�2

k¼0

ð1þ tÞ�ð1=2Þðlþ1�kÞðjqk
x vðx; tÞj þ jqk

x qðx; tÞjÞ;

2a l a s � 2;
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and

jq s�1
x H1ðx; tÞja CðjvxðtÞjy þ jqxðtÞjyÞðjq s�2

x vðx; tÞj þ jq s�2
x qðx; tÞjÞ

þ C
Xs�3

k¼0

ðkq s�1�k
x vðtÞk1 þ kqs�1�k

x qðtÞk1Þðjqk
x vðx; tÞj þ jqk

x qðx; tÞjÞ

a CE3ð1þ tÞ�1ðjqs�2
x vðx; tÞj þ jqs�2

x qðx; tÞjÞ

þ CEs

Xs�3

k¼0

ð1þ tÞ�ð1=2Þðs�1�kÞðjqk
x vðx; tÞj þ jqk

x qðx; tÞjÞ

for x A R1 and t b 0. On the other hand, by the definition (8.9) of fn, we have

fnðxÞ
�1jq l

xfnðxÞj þ fnðxÞjq l
xðfnðxÞ

�1Þja Cn�1

and then

jfnðxÞq l
xuðxÞja jq l

xðfnðxÞuðxÞÞj þ Cn�1
Xl�1

k¼0

jqk
x ðfnðxÞuðxÞÞj

for x A R1 and n; l ¼ 1; 2; . . . ; where C ¼ CðlÞ > 0. Therefore, we see that

jfnðxÞH1ðx; tÞja CE3
~MM n
0;bðtÞð1þ tÞ�1Fbðx; tÞ;

jqxðfnðxÞH1ðx; tÞÞja Cð1þ n�1t1=2ÞE3
~MM n
0;bðtÞð1þ tÞ�3=2Fbðx; tÞ;

jq l
xðfnðxÞH1ðx; tÞÞja C

�
E3

~MM n
l�1;bðtÞ þ Esð1þ n�1tl=2Þ

Xl�2

k¼0

~MM n
k;bðtÞ

�
� ð1þ tÞ�ð1=2Þðlþ2ÞFbðx; tÞ; 2a l a s � 2;

and

jqs�1
x ðfnðxÞH1ðx; tÞÞja C

�
E3

~MM n
s�2;bðtÞ þ Esð1þ n�1tð1=2Þðs�1ÞÞ

Xs�3

k¼0

~MM n
k;bðtÞ

�
� ð1þ tÞ�s=2Fbðx; tÞ

for x A R1, t b 0 and n ¼ 1; 2; . . . : Thus, we can apply Lemma 8.15 with

a ¼ 1 and H ¼ fnH1 to obtainð t

0

ð
R1

qxG1ðx � y; t � tÞfnðyÞH1ðy; tÞdydt

���� ����
a CE3ð1þ n�1t1=2Þ ~MM n

0;bðtÞð1þ tÞ�1=2Fbðx; tÞ
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andð t

0

ð
R1

q lþ1
x G1ðx � y; t � tÞfnðyÞH1ðy; tÞdydt

���� ����
a C E3

~MM n
l;bðtÞ þ Esð1þ n�1tð1=2Þðlþ1ÞÞ

Xl�1

k¼0

~MM n
k;bðtÞ

( )
ð1þ tÞ�ð1=2Þðlþ1ÞFbðx; tÞ

for x A R1, t > 0, l ¼ 1; . . . ; s � 2 and n ¼ 1; 2; . . . : By similar evaluation,

Proposition 5.2 and Lemma 8.10, we see that
Ð t

0

Ð
R1 q

lþ1
x G1ðx � y; t � tÞ �

ðG2 � ðfnH2ð� ; tÞÞÞðyÞdydt satisfies the same estimates as above and thatð t

0

ð
R1

G1ðx � y; t � tÞH n
4 ðy; tÞdydt

���� ����a Cn�1ð1þ tÞ1=2 ~MM n
0;bðtÞFbðx; tÞ

and ð t

0

ð
R1

q l
xG1ðx � y; t � tÞH n

4 ðy; tÞdydt

���� ����
a Cn�1 ~MM n

l;bðtÞ þ ð1þ EsÞ
Xl�1

k¼0

~MM n
k;bðtÞ

( )
Fbðx; tÞ

for x A R1, t > 0, l ¼ 1; . . . ; s � 1 and n ¼ 1; 2; . . . : Adding the above estimates

together, we obtain

jvnðx; tÞja Cfjvð0Þj1 þ jvð0Þjðb1Þ þ ðE3 þ n�1ð1þ tÞÞ ~MM n
0;bðtÞgð1þ tÞ�1=2Fbðx; tÞ

and

jq l
xvnðx; tÞja C

(
jvð0Þj1 þ kvð0Þkl;y;b1

þ ðE3 þ n�1ð1þ tÞð1=2Þðlþ1ÞÞ ~MM n
l;bðtÞ

þ ðEs þ n�1ð1þ EsÞð1þ tÞð1=2Þðlþ1ÞÞ
Xl�1

k¼0

~MM n
k;bðtÞ

)

� ð1þ tÞ�ð1=2Þðlþ1ÞFbðx; tÞ

for x A R1, t b 0, l ¼ 1; . . . ; s � 2 and n ¼ 1; 2; . . . : Moreover, by evaluating

the right hand side of the second equation in (8.11), we see that qnðx; tÞ satisfies
the same estimates as above. This completes the proof of the lemma. r

By Lemma 8.21, for each t b 0 there exists a number NðtÞ > 0 such that

the estimates
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~MM n
0;bðtÞa Cðjvð0Þj1 þ jvð0Þjðb1ÞÞ;

~MM n
l;bðtÞa C jvð0Þj1 þ kvð0Þkl;y;b1

þ Es

Xl�1

k¼0

~MM n
k;bðtÞ

 !
8>>><>>>:

hold for l ¼ 1; . . . ; s � 2, n b NðtÞ and t b 0, provided that E3 is suitable

small. These imply the estimate

~MM n
l;bðtÞa Cð1þ EsÞ lðjvð0Þj1 þ kvð0Þkl;y;b1

Þ

for l ¼ 0; 1; . . . ; s � 2, n b NðtÞ and t b 0. Taking the limit as n ! y in the

above estimate and using the relation (2.8), we obtain the former estimate in

Theorem 2.6. In order to show the latter one, it is su‰cient to evaluate the

right hand sides of the equations (7.6) and (7.7) by using the pointwise estimates

obtained above. We omit the details and finish the proof of Theorem 2.6. r

We proceed to prove Theorem 2.7. Let o be the function defined by

(2.19) and put

~MMl;b; gðtÞ ¼ sup
0atat;x AR1

fð1þ tÞ�ð1=2Þðlþ1Þ�g
Fbðx; tÞg�1jq l

xoðx; tÞj;ð8:14Þ

where g < 1=2. By (2.18), Proposition 2.3 and Theorem 2.6, we have

jq l
xoðx; tÞja jq l

xyðx; tÞj þ jq l
xvðx; tÞjð8:15Þ

a CðE3 þ ð1þ EsÞ l
El;b1Þð1þ tÞ�ð1=2Þðlþ1ÞFbðx; tÞ

for x A R1, t b 0 and l ¼ 0; 1; . . . ; s � 2. Therefore, ~MMl;b; gðtÞ is finite for t b 0

and l ¼ 0; 1; . . . ; s � 2, and we do not have to use the weight function fn.

Lemma 8.22. Under the same assumptions in Theorem 2.7, we have

~MM0;b;1=4ðtÞa Cfð1þ EsÞðE3 þ ~EE
ð1Þ
0;b1

Þ þ E3
~MM0;b;1=4ðtÞg

for t b 0 and

~MMl;b;1=4ðtÞa C ð1þ EsÞ lþ1ðE3 þ ~EE
ð1Þ
l;b1

Þ þ E3
~MMl;b;1=4ðtÞ þ Es

Xl�1

k¼0

~MMk;b;1=4ðtÞ
( )

for t b 0 and l ¼ 1; . . . ; s � 3, where we used the notation in Theorem 2.7.

Proof. We evaluate each integral Iiðx; tÞ, i ¼ 1; . . . ; 5, in the right hand

side of (7.8). By (7.10), I1ðx; tÞ can be expressed as

I1ðx; tÞ ¼
ð
R1

q lþ1
x G �

1 ðx � y; tÞ ~ooðyÞdy:ð8:16Þ

Tatsuo Iguchi and Shuichi Kawashima300



This and Lemma 8.20 yield the estimate

ð8:17Þ

jI1ðx; tÞja
Cðj ~ooj2 þ j ~oojðb1ÞÞt

�ð1=2Þðlþ1Þ�1=4Fbðx; tÞ when 1a b1 < 3=2;

Cðj ~ooj2 þ j ~oojð1Þ þ joð� ; 0Þj1 þ joð� ; 0Þjðb1ÞÞt
�ð1=2Þðlþ1Þ�1=4Fbðx; tÞ
when b1 b 3=2

8><>:
for x A R1 and t > 0. Here, by (7.11), (7.17) and (2.20), we have j ~oojðb1Þ a
CðjW0jðb1Þ þ E3Þ. Moreover, it holds that joð� ; 0Þjp a Cðjw0 � wjp þ E3Þ and

joð� ; 0Þjðb1Þ a Cðjw0 � wjðb1Þ þ E3Þ. Therefore, we obtain

jI1ðx; tÞja CðE3 þ ~EE
ð1Þ
0;b1

Þt�ð1=2Þðlþ1Þ�1=4Fbðx; tÞ

for x A R1 and t > 0. By Lemma 8.17, I2ðx; tÞ is estimated as

jI2ðx; tÞja Cðjw0 � wj1 þ kw0 � wkl;y;b1
Þt�ð1=2Þðlþ2ÞFbðx; tÞ

for x A R1 and t > 0. By the results of Theorems 2.3 and 2.6, we see that

jQðvðx; tÞ; vðx; tÞÞja CE0;b1ð1þ tÞ�1Fbðx; tÞ

and

jq l
xQðvðx; tÞ; vðx; tÞÞj

a Cð1þ EsÞ l
El�1;b1ð1þ tÞ�ð1=2Þðlþ2Þ

Fbðx; tÞ; 1a l a s � 2:

Therefore, we can apply Lemma 8.18 with a ¼ 1 and H ¼ Qðv; vÞ to obtain

jI4ðx; tÞja Cð1þ EsÞ lþ1
El;b1ð1þ tÞ�ð1=2Þðlþ2ÞFbðx; tÞ

for x A R1 and t > 0. Similarly, we can get

jI5ðx; tÞja Cð1þ EsÞ lþ1
El;b1ð1þ tÞ�ð1=2Þðlþ2ÞþeFbðx; tÞ

for x A R1 and t > 0, where e is an arbitrary positive constant. It remains to

estimate I3ðx; tÞ, which is decomposed as (7.15). By Proposition 6.1 and 6.2,

we have

jI3;1ðx; tÞja CE3ð1þ tÞ�ð1=2Þðlþ1Þ�1=4Fbðx; tÞ

and

jI3;2ðx; tÞja CE3ð1þ tÞ�ð1=2Þðlþ2ÞFbðx; tÞ

for x A R1 and t > 0. By the results of Theorem 2.3 and (8.14), I3;3ðx; tÞ is

estimated as
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jI3;3ðx; tÞja

CE3
~MM0;b; gðtÞð1þ tÞ�1=2�g

Fbðx; tÞ when l ¼ 0;

C E3
~MMl;b; gðtÞ þ Es

Xl�1

k¼0

~MMk;b; gðtÞ
 !

ð1þ tÞ�ð1=2Þðlþ1Þ�gFbðx; tÞ

when 1a l a s � 2

8>>>>>><>>>>>>:
for x A R1 and t > 0. Adding the above estimates with g ¼ 1=4 together and

using (8.15), we obtain the desired estimates. The proof is complete. r

By Lemma 8.22, we obtain the estimate

~MMl;b;1=4ðtÞa Cð1þ EsÞ lþ1ðE3 þ ~EE
ð1Þ
l;b1

Þð8:18Þ
for t b 0 and l ¼ 0; 1; . . . ; s � 3, provided that E3 is suitable small. This is just

the estimate stated in Theorem 2.7. This completes the proof of Theorem

2.7. r

Finally, we also assume the condition (2.21). As we mentioned in section

7, in this case the integral I3;1ðx; tÞ is identically zero. Moreover, by (8.16)

and Lemma 8.20, we obtain, in place of (8.17),

jI1ðx; tÞja
Cðj ~ooj1 þ j ~oojðb1ÞÞt

�ð1=2Þðlþ2ÞFbðx; tÞ when 1a b1 < 2;

Cðj ~ooj1 þ j ~oojð1Þ þ joð0Þj1 þ joð0Þjðb1ÞÞt
�ð1=2Þðlþ2ÞFbðx; tÞ
when b1 b 2

8><>:
for x A R1 and t > 0. Therefore, the estimate

jI1ðx; tÞja CðE3 þ ~EE
ð2Þ
0;b1

Þt�ð1=2Þðlþ2ÞFbðx; tÞ
holds for x A R1 and t > 0. Hence, in place of (8.18) we obtain

~MMl;b; gðtÞa Cð1þ EsÞ lþ1ðE3 þ ~EE
ð2Þ
l;b1

Þ

for t b 0 and l ¼ 0; 1; . . . ; s � 3, provided that E3 is suitable small. This is just

the estimate stated in Theorem 2.8. This completes the proof of Theorem

2.8. r

9. Remark of the order of time decay

The aim in this section is to show that the decay rate with respect to time

in Theorems 2.4 and 2.7 is optimal, by considering a particular hyperbolic-

elliptic coupled system of the form8>>><>>>:
v1t þ 2ðv1v2Þx þ q1x ¼ 0;

v2t þ v2x þ ðv21Þx þ q2x ¼ 0;

�q1xx þ q1 þ v1x ¼ 0;

�q2xx þ q2 þ v2x ¼ 0

ð9:1Þ
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with the initial conditions

v1ðx; 0Þ ¼
d

ð4pÞ1=2
e�x2=4; v2ðx; 0Þ ¼

d

ð4pÞ1=2
e�ðx�1Þ2=4;ð9:2Þ

where d is a parameter. System (9.1) is symmetric and satisfies the stability

condition at the zero state. However, it does not satisfy the condition (2.21).

The equations for the corresponding self-similar solutions y ¼ ðy1; y2Þ are of

the forms

y1t ¼ y1xx;

y2t þ y2x ¼ y2xx:

�
ð9:3Þ

Therefore, y can be written explicitly as

y1ðx; tÞ ¼
d

ð4pð1þ tÞÞ1=2
e�x2=ð4ð1þtÞÞ;

y2ðx; tÞ ¼
d

ð4pð1þ tÞÞ1=2
e�ðx�ð1þtÞÞ2=ð4ð1þtÞÞ:

8>>>><>>>>:ð9:4Þ

Now, we put o ¼ ðo1;o2Þ ¼ ðv1 � y1; v2 � y2Þ. Then, it holds that oðx; 0Þ1 0.

Therefore, by Theorems 2.3 and 2.4 there exists a positive constant d0 such that

if jdja d0, then we have the Lp decay estimates

jq l
xoðtÞjp a Cjdjð1þ tÞ�ð1=2Þðlþ1�1=pÞ�1=4;

jq l
xqðtÞjp a Cjdjð1þ tÞ�ð1=2Þðlþ2�1=pÞ

(
ð9:5Þ

for t b 0 and l ¼ 0; 1; 2, where C is a positive constant. Moreover, we have

the following proposition which asserts that jo2ðtÞjy does not decay faster than

ð1þ tÞ�3=4 as t ! y.

Proposition 9.1. Let 1a p ay and e > 0. There exists a positive con-

stant d0 depending only on e such that if jdja d0, then we have the estimates

jo1ðtÞjp a C13jdjð1þ tÞ�ð1=2Þð2�1=pÞþe;

C�1
14 jdj

2ð1þ tÞ�3=4
a jo2ðtÞjy a C14jdjð1þ tÞ�3=4

(

for t b T0, where T0 ¼ T0ðdÞ > 0, C13 ¼ C13ðp; eÞ > 0 and C14 is an absolute

constant.

In the following we shall show this proposition. By (9.1) and (9.3), o

satisfies the system

o1t ¼ o1xx � 2ððy1 þ o1Þðy2 þ o2ÞÞx � q1xxx;

o2t þ o2x ¼ o2xx � ððy1 þ o1Þ2Þx � q2xxx:

(
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Therefore, we can express o as

o1ðtÞ ¼ �2

ð t

0

K1xðt � tÞ � ððy1 þ o1Þðy2 þ o2ÞÞðtÞdt

�
ð t

0

K1xxxðt � tÞ � q1ðtÞdt;

o2ðtÞ ¼ �
ð t

0

K2xðt � tÞ � ðy1 þ o1Þ2ðtÞdt�
ð t

0

K2xxxðt � tÞ � q2ðtÞdt;

8>>>>>>>>><>>>>>>>>>:
ð9:6Þ

where K1ðx; tÞ and K2ðx; tÞ are the Green’s functions of the first and the second

equations in (9.3), respectively, and written as

K1ðx; tÞ ¼
1

ð4ptÞ1=2
e�x2=ð4tÞ; K2ðx; tÞ ¼

1

ð4ptÞ1=2
e�ðx�tÞ2=ð4tÞ:ð9:7Þ

We decompose o2 as

o2 ¼ o
ð1Þ
2 þ o

ð2Þ
2 ;ð9:8Þ

where

o
ð1Þ
2 ðx; tÞ ¼ �

ð t

0

K2xðt � tÞ � y1ðtÞ2dt:

Lemma 9.1. There exist positive constants c and T such that for any

d A R1, we have

joð1Þ
2 ðtÞjy b cd2ð1þ tÞ�3=4

for t b T .

Proof. By (9.4) and (9.7), we have

o
ð1Þ
2 ðx; tÞ ¼ � d2

16p3=2

ð t

0

ð
R1
ðt � tÞ�3=2ð1þ tÞ�1ðx � y � ðt � tÞÞ

� e�ðx�y�ðt�tÞÞ2=ð4ðt�tÞÞe�y2=ð2ð1þtÞÞ dydt:

Using the identity

ðx � y � ðt � tÞÞ2

4ðt � tÞ þ y2

2ð1þ tÞ

¼ 2ð1þ tÞ � ð1þ tÞ
4ðt � tÞð1þ tÞ y � 1þ t

2ð1þ tÞ � ð1þ tÞ ðx � ðt � tÞÞ
� �2

þ ðx � ðt � tÞÞ2

2ð2ð1þ tÞ � ð1þ tÞÞ ;
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we see that

o
ð1Þ
2 ðx; tÞ ¼ � d2

16p3=2

ð t

0

ð
R1
ðt � tÞ�3=2ð1þ tÞ�1ð9:9Þ

� 2ðt � tÞ
2ð1þ tÞ � ð1þ tÞ ðx � ðt � tÞÞ � z

� �
� e�ð2ð1þtÞ�ð1þtÞÞ=ð4ðt�tÞð1þtÞÞz2e�ðx�ðt�tÞÞ2=ð2ð2ð1þtÞ�ð1þtÞÞÞ dzdt

¼ � d2

4p

ð t

0

ð1þ tÞ�1=2ð2ð1þ tÞ � ð1þ tÞÞ�3=2ðx � ðt � tÞÞ

� e�ðx�ðt�tÞÞ2=ð2ð2ð1þtÞ�ð1þtÞÞÞ dt:

Particularly, we have

joð1Þ
2 ð1þ t; tÞj ¼ d2

4p

ð t

0

ð1þ tÞ1=2ð2ð1þ tÞ � ð1þ tÞÞ�3=2e�ð1þtÞ2=ð2ð2ð1þtÞ�ð1þtÞÞÞ dt

b
d2

8
ffiffiffi
2

p
p
ð1þ tÞ�3=2

ð t

0

ð1þ tÞ1=2e�ð1þtÞ2=ð2ð1þtÞÞ dt

¼ 21=4

8p
d2ð1þ tÞ�3=4

ððð1þtÞ=
ffiffi
2

p
Þ1=2

ð2ð1þtÞÞ�1=2
s1=2e�s2 ds;

which implies the desired estimate. The proof is complete. r

Lemma 9.2. For any d A R1 and 1a p ay, we haveð t

0

K1xðt � tÞðy1oð1Þ
2 ÞðtÞdt

���� ����
p

a Cjdj3ð1þ tÞ�ð1=2Þð2�1=pÞð1þ logð1þ tÞÞ

for t > 0, where C ¼ CðpÞ > 0.

Proof. We denote by Iðx; tÞ the integral in the left hand side of the

above estimate. By (9.9), we have

joð1Þ
2 ðy; tÞja Cd2ð1þ tÞ�1

ð t
0

ð1þ sÞ�1=2e�ðy�ðt�sÞÞ2=ð8ð1þtÞÞ ds:

This together with (9.4) and (9.7) implies that

jIðx; tÞja Cjdj3
ð t

0

ð t
0

ð
R1
ðt � tÞ�1ð1þ tÞ�3=2ð1þ sÞ�1=2

� e�ðx�yÞ2=ð8ðt�tÞÞe�y2=ð4ð1þtÞÞe�ðy�ðt�sÞÞ2=ð8ð1þtÞÞ dydsdt:
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Using the identity

ðx � yÞ2

8ðt � tÞ þ
y2

16ð1þ tÞ þ
ðy � ðt� sÞÞ2

16ð1þ tÞ

¼ 1þ t

8ðt � tÞð1þ tÞ y � ðt � tÞð1þ tÞ
1þ t

x

t � t
þ t� s

2ð1þ tÞ

� �� �2

þ ðx � ðt� sÞ=2Þ2

8ð1þ tÞ þ ðt� sÞ2

32ð1þ tÞ ;

we obtain

jIðtÞjp a Cjdj3ð1þ tÞ�ð1=2Þð1�1=pÞ

�
ð t

0

ð t
0

ðt � tÞ�1=2ð1þ tÞ�1ð1þ sÞ�1=2e�ðt�sÞ2=ð32ð1þtÞÞ dsdt:

Since ð t
0

ð1þ sÞ�1=2e�ðt�sÞ2=ð32ð1þtÞÞ ds a C

for t > 0 with a positive constant C, we see that

jIðtÞjp a Cjdj3ð1þ tÞ�ð1=2Þð1�1=pÞ
ð t

0

ðt � tÞ�1=2ð1þ tÞ�1
dt

a Cjdj3ð1þ tÞ�ð1=2Þð2�1=pÞð1þ logð1þ tÞÞ

for t > 0. This completes the proof. r

Lemma 9.3. Let 1a p ay and e > 0. There exists a positive constant

d0 ¼ d0ðeÞ such that if jdja d0, then we have

jo1ðtÞjp þ joð2Þ
2 ðtÞjp a Cjdjð1þ tÞ�ð1=2Þð2�1=pÞþe;

for t b 0, where C ¼ Cðp; eÞ > 0.

Proof. Put

~MMpðtÞ ¼ sup
0atat

ð1þ tÞð1=2Þð2�1=pÞ�eðjo1ðtÞjp þ joð2Þ
2 ðtÞjpÞ:

By (9.6), we have
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o1ðtÞ ¼ �2

ð t

0

K1xðt � tÞðy1y2ÞðtÞdt� 2

ð t

0

K1xðt � tÞðy1oð1Þ
2 ÞðtÞdt

� 2

ð t

0

K1xðt � tÞðy1oð2Þ
2 þ ðy2 þ o2Þo1ÞðtÞdt�

ð t

0

K1xxxðt � tÞq1ðtÞdt

¼: I1ðtÞ þ I2ðtÞ þ I3ðtÞ þ I4ðtÞ:

We evaluate each integral IiðtÞ, i ¼ 1; . . . ; 4, as follows. By Proposition 6.2

and Lemma 9.2, we have

jI1ðtÞjp a Cd2ð1þ tÞ�ð1=2Þð2�1=pÞ;

jI2ðtÞjp a Cjdj3ð1þ tÞ�ð1=2Þð2�1=pÞð1þ logð1þ tÞÞ

(

for t > 0 and 1a p ay. I3ðtÞ and I4ðtÞ are estimated as

jI3ðtÞjp a

ð t=2

0

jK1xðt � tÞjpðjyðtÞj1 þ joðtÞj1Þðjo1ðtÞjy þ joð2Þ
2 ðtÞjyÞdt

þ
ð t

t=2

jK1xðt � tÞj1ðjyðtÞjp þ joðtÞjpÞðjo1ðtÞjy þ joð2Þ
2 ðtÞjyÞdt

a Cjdjt�ð1=2Þð1�1=pÞ
ð t

0

ðt � tÞ�1=2ð1þ tÞ�1þe
dt ~MMyðtÞ

a Cjdjð1þ tÞ�ð1=2Þð2�1=pÞþe ~MMyðtÞ

and

jI4ðtÞjp a

ð t=2

0

jK1xxxðt � tÞjpjq1ðtÞj1dtþ
ð t

t=2

jK1xðt � tÞj1jq1xxðtÞjpdt

a Cjdjt�ð1=2Þð3�1=pÞ
ð t

0

ðt � tÞ�1=2ð1þ tÞ�1=2
dta Cjdjt�ð1=2Þð3�1=pÞ

for t > 0 and 1a p ay. Therefore, we obtain

jo1ðtÞjp a Cjdjð1þ tÞ�ð1=2Þð2�1=pÞþeð1þ ~MMyðtÞÞð9:10Þ

for t b 0 and 1a p ay. In view of the relation

o
ð2Þ
2 ðtÞ ¼ �

ð t

0

K2xðt � tÞ � ðð2y1 þ o1Þo1ÞðtÞdt�
ð t

0

K2xxxðt � tÞ � q2ðtÞdt;

we see that o
ð2Þ
2 ðtÞ also satisfies the estimate in (9.10). Thus, we get the

estimate

~MMpðtÞa Cjdjð1þ ~MMyðtÞÞ
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for t b 0 and 1a p ay, which yields that the estimate ~MMpðtÞa Cjdj holds

for t b 0 and 1a p ay, provided that d is suitable small. This shows the

desired estimate. The proof is complete. r

Lemmas 9.1 and 9.3, and the relation (9.8) prove Proposition 9.1.
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