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Fractal dimensions for the fibres of certain type of carpets

Tae Hee Kim and Hung Hwan LEE

(Received May 27, 2002)
(Revised March 13, 2003)

ABSTRACT. We define the family % of certain type of carpets, and calculate the fractal
dimensions of fibres F, for all F e.# and for almost all x.

1. Introduction and preliminaries

Let # be the family of all carpets obtained by partitioning the unit square
into four subsquares, discarding one of them and repeating this on each of
the remaining squares, with no constraints on the positions of the discarded
subsquares. For FeZ and xe(0,1], set vertical fibres F,={ye[0,1]|
(x,») e F}.

H. Furstenberg conjectured that almost all vertical fibres of all F € # have
positive Hausdorff dimension [5].

In [2], I. Benjamini and Y. Peres showed for all F € #, the lower bound of
Hausdorff dimension of F, is § for almost all x € [0, 1] with respect to Lebesgue
measure.

In this note, we consider the family & (a,b) of certain type of carpets
which are constructed as follows:

Partition the unit square into four rectangles, with the ratio of side length,
a: b, where a,b e R* (the set of positive real numbers), a+b =1, a <b and
discard one of them. Again partition each of the three remaining rectangles
into four subrectangles, with the same ratio of side length, a: b, and discard
one of them. Apply the same operation to each of the remaining rectangles,
with no constraints on the positions of the discarded subrectangles, and repeat
this operations to obtain a limit set, a type of carpet F in (a,b).

For above F e % (a,b), we find a lower bound and an upper bound of
fractal dimensions for the vertical fibres Fy, which gives us the result of I.
Benjamini and Y. Peres [2] as corollary.

We now review some definitions and the known-results.
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DermNiTION 1.1.  Suppose that F is a bounded subset of R” and s is a
nonnegative real number. The Hausdorff measure of F is defined as

o
H'(F) = ligliglf{iz; |Ui|* : F = Uil U, |Ui| < 5}
where |U| denotes the diameter of a set U.
The Hausdorff dimension of the set F is defined as
dimy F = inf{s: H*(F) = 0} = sup{s: H*(F) = w0}.
DerINITION 1.2, The upper box dimension of bounded F < R”" are

defined as

- . log Ns(F)
F=1 o 0/
dimp 1r(131_?81p “logd

)

where Njs(F) denotes the number of d-mesh cubes that intersect F.
Here we note that

2. Main results
We are now in a position to prove our main results.
TueOREM 2.1.  For all F € 7 (a,b), with a,beR", a+b=1 and a <b

2ab{b(log b — log a) + log a}

dimyg Fy > 2ab2(log b — log a) + log a

for almost all x € [0,1] with respect to Lebesgue measure.

Proor. For all xe0,1), we can define x as follows; Bisect the interval
[0,1) with ratio a: b and we write

- 0, if x lies in [0,a),
b 1, otherwise

and repeat to bisect [0,a) and [a,1) with the same ratio a: b, and we write

. { 0, if x lies in the resulting interval [0,a?) or [a,a + ab),
2 1, otherwise.

Repeating this method, we have a sequence X = (xj,xy,...) for x €[0,1).
Let @ be the family of functions
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0 U, o0, 13" x {0,1}") — {0, 1}

where {0,1}° x {0,1}° = {&}.
Then for each ¢ e @, we construct F*(p) = {0,1}” x {0,1}* by

Fr(p) ={(%,9) = ((r1,x2,-.), (y1, 92, ) [V = 1, X, yu € {0, 1}

and o((x1, X2, ., Xu-1), (V1, 2, -+ V1)) # (Xn, Yn) }
and define a map f on F*(p) by

S(&,9) = (Vo(Cu(%) x Cal())

where C,(x) and C,(p) are the n-th step intervals containing X and
respectively. If we write F(p) = f(F*(p)), then we easily see that F (a,b)
{F(p)|pe @}

Now consider Z(a,b) ={F(p):pe ® and o(x1,..., X0, V1,---, Vn) #
(%,1),Vn}, that is, %(a,b) is the subfamily of Z(a,b) whose elements are
constructed by discarding one of the two-top subrectangles for all steps. Note
that for any F € 7 (a,b), there exists F € Z(a,b) such that dimy F, < dimy F,
for all xe[0,1] (c.f. [3], [5]). Hence we will compute a lower bound of
dimy F, instead of a the lower bound of dimy F.

Let F=F(p)e% and x,ze€[0,1), and write %= (x,x2,...,), Z=
(z1,22,...,) corresponding to x and z, respectively. We define

o, :{0,1}* — {0,1}* by I1.(%) = 3,

<

5

where y = (y1, y2,..., Vn,...) are defined inductively; o) is defined by ¢(J) =

(01,1) and then
_ {Oa g| = Xy,
e z1, 01 #F X

If y1,y2,..., yu are defined, then o, = g,(X1,X2, ..+, Xy—1, 21,225 - - -y Zu—1) 18
defined by

gp(xla"'7xn71ayla"'7yn*1) - (Unvl)

07 O-I’l = Xm
Yn =

and

Zp, Op 7 Xp.
Therefore for given x,z €[0,1), we can define
o0
I.(z) =y, where y = () Cu(p)
n=1

and
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F, = U HX(Z)
ze0,1)

where C,(p) is the n-th step interval containing y with length

(Ca($)] = alr=Theam) pTiae,
And if m denotes Lebesgue measure on [0,1], then mIT_' is a measure on the
fibre F,.

Therefore choose (x,z) € [0,1)* randomly according to Lebesgue measure
m x m and then we have

MIT= (Co(§)) = bEarh . gL @505l

where @ denotes the sum mod 2.

Since oy is a function of (xi,...,xk-1,21,...,2k—1) and y; is a function
of (X1, Xk, 214+, Zk, Oy - -, Ok )5 {0k @ Xk }4—, and {yx};, are independent,
thus for a. a. (x,z)€10,1]?,

12(@ ®x;) —2ab  and
Ly

1 n
—Zyk—>2ab2, as n — oo.
iy

Therefore for a. a. (x,z) € [0, 1]2,

log mIT. ' (Ca(9)) Sy vi) log b+ (i (0 ® xi) — Y4y yi) loga

log|Cu(7)] (n = (k=1 yx)) log a+ (324, yi) log b

2ab{b(log b — log a) + log a}
=0 .
2ab2(log b — log a) + log a ’ as n o

If we write

. log mIT;'(Cu(D)) }
Alx) = e F.| lim ~—— =00,

then we obtain that for a. a. x with respect to m, mIT;'(A(x)) = 1 by Fubini’s
theorem. Hence

dimy F, > 0

for a. a. x with respect to m (see [3]). ]
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COROLLARY 2.2 [1].  Let & be as in our introduction. Then for all F € F,
dimy Fy > %, for a. a. x with respect to m.

ProorF. Put a=b=1 and M =2 in Theorem 2.1. O

On the other hand, an upper bound of Hausdorff dimension for fibres F,
of F eF(a,b) goes as follows.

THEOREM 2.3. For all F € 7 (a,b) with a,be Q*, a=%, b=4

log(M? — d?)

-1
log M

di—mB Fx <

for a. a. x€l0,1] with respect to Lebesque measure m.

Proor. We easily see that F is covered at most (M? —d?)" squares of
side length M~", for every n > 1.
Put

§— log(M? — d?)
 logM

Suppose that there exists F'€ # and ¢ > 0 such that
m{x|dimp(F,) > —1+2} =3 >0.

Then by Egorov’s theorem there exists n, € N such that

log N F
m{x| supw Vn = n,.

1
>p-1 > —J,
k=n —nhlogM i +8} M
Therefore we have at least (ﬁ)éM " intervals of length M~ on the x-
axis above which F intersects more than M"(#~1+%) squares for infinitely many
n = n,.
Then it leads to contradiction since
1 log M —log o
— M) > (M? —d?)", — =
v > ( )", or some n > clog M O
REMARK. We don’t know yet whether Theorem 2.3 is true or not for the
case of irrational number.

COROLLARY 2.4 [1]. Let & be as in the introduction. Then for all F €

dimp F, < 1222— 1, for a. a. x with respect to m.

Proor. Put a=bh=1 and M =2, in Theorem 2.3. O
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