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ABSTRACT. This paper is concerned with the null distribution of the modified normal
likelihood ratio criterion for testing the null hypothesis that a covariance matrix is a
given one, i.e., X = X, under nonnormality. We obtain an asymptotic expansion of
the null distribution of the test statistic up to the order n~!, where n is the sample size,
under nonnormality by using an Edgeworth expansion of the density function of a
sample covariance matrix.

1. Introduction

Let x1,...,x, be p x 1 random vevtors, where n is the sample size. It is
assumed that each vector x; is i.i.d. with the mean E(x) = x and the covariance
matrix Cov(x) =2. Consider testing the null hypothesis that the covariance
matrix is a given one, i.c.,

Hy: XY =2 (1.1)
Then a commonly used test statistic is
T=-2loglL, (1.2)

which is a modified likelihood ratio statistic for a multivariate normal pop-
ulation, where
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Under normality, it is well known that the null distribution of T converges
to the chi-squared distribution with ¢ (= p(p+ 1)/2) degrees of freedom, as
n tends to infinity. Under nonnormality, the limiting distribution of the null
distribution of 7 depends on the fourth cumulants of the true population dis-
tribution (see, e.g., Ito, 1969). When x; is distributed as an elliptical distri-
bution, the null distribution of T is asymptotically distributed as a weighted
sum of two independent chi-squared variables, i.e.,

P(T < x) > %x% +k+Dyey  (n— ),

where x is a kurtosis parameter, and y? and )(5_1 are chi-squared variables
with 1 and g — 1 degrees of freedoms, respectively (see, e.g., Muirhead and
Waternaux, 1980, and Tyler, 1983). Under more general distribution, Satorra
and Bentler (1988) and Yanagihara, Tonda and Matsumoto (2002) introduced
an explicit asymptotic distribution of the null distribution of 7. The null
distribution of 7' converges to a weighted sum of ¢ chi-squared variables, i.e.,

P
P(TSx)iZij)(lz’j (n — o0),
J=1

where each ;{12_1 is independently and identically distributed as a chi-squared
distribution with 1 degrees of freedom and 4, is an eigenvalue of Q;. Here Q;
is an asymptotic covariance matrix of ¢ x 1 vector vecs(U) whose elements are
only distinct ones of

n—

U= \/ﬁz-‘/z(%s—z>z-l/2, (1.3)

and is defined (see, Hample, et al., 1986, pp. 272) by

1 1 1 '
VCCS(U) = (751411,%1422,...,%upp,ulz,...,ulp,u23,...,up11,), (1.4)

where u,, is the (a,b)th element of U. Our main purpose is to obtain an
asymptotic expansion of the null distribution of 7 up to the order n~! under
general condition. Note that the test statistic in (1.2) is invariant linear trans-
formation x to ~'/?(x — u) when the hull hypothesis (1.1) is true. Therefore,
without loss of generality, we may assume 2 = [, and g = 0. In the following,
we shall do that, and we regard 2 and u as I, and 0, respectively.

The present paper is organized in the following way. In Section 2, we
prepare the Edgeworth expansion of the density function of U in (1.3). In
Section 3, we derive an expansion of the null distribution of 7' by expanding a
characteristic function of 7. In Section 4, we give a simple form of expansion
of E(T) under the null hypothesis by using an alternative method.
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2. Edgeworth expansion of sample covariance matrix

In this section, we obtain an Edgeworth expansion of the density function
of the transformed sample covariance matrix U in (1.3) by using the random
vector z and the random matrix V'

B 1 n
7 = /nx, V:%;(xjxj{—lp), (2.1
which have asymptotic normality. Note that U can be expanded as
1 1 _
U= V+ﬁ(1p—zz/)+ZV+Op(n 32, (2.2)

Under the elliptical distribution, Iwashita (1997) and Wakaki (1997) obtained
an expansion of the joint density function of z and V up to the order n~!.
Under the nonnormality, Fujikoshi (2002) obtained an expansion of the joint
density function of (z, V) and (z, U) up to the order n~'/2.  Also, Kano (1995),
who derived an asymptotic expansion of the distribution of Hotelling’s 72-
statistic under general distribution, considered about the joint characteristic
function of z and V in the derivation process. However, our result is an
expansion on U. Further, we expand up to the order n~! under nonnormality,
not only for the elliptical distribution.

We consider alternative type of vector staking the columns of a matrix U
whose elements are only distinct ones of U as

VCCh(U) = (u”,uzl,...,upl,uzz,...,upg,u33,...,up,,_1)/, (23)

(see, Henderson and Searle, 1979 and Magnus and Neudecker, 1999, pp. 48).
In what following, we consider the distribution of u;, = vech(U) as the distri-
bution of U. From a simple calculation, we can see that u;, is asymptotically
distributed as the g-dimensional normal distribution with the mean 0 and the
covariance matrix 2, = Cov(uy).

Let ¢ = (e1,82,...,8) = 2 "*(x — ) and p,,, _, be the /th moment of &
defined by

luuluz...u[ = E(glllgllz M 8!11)'
Similarly the corresponding /th cumulant of ¢ is denoted by #,,4,.4. Note that

there are the following relations between moments and cumulants.

Mabe = Kabe, Haped = Kabed + Z OabOcd,
(3]

Hypede = Kabede + Zéabﬂcdea
(10]
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Habedef = Kabede + 3 KabeKder + Y OabKedef + Y SabOcaOer
[10] [15] (15]

ﬂabcdgfgh = Kabcdefgh + Z KabcKdefgh + Z KabcdKefgh + Zéab’ccdefgh
[56] [35] 28]

+ Z OabKcdeKrgh + Z OarOcdkefyh + Z OabOcdOefOgh,
(280] [210] [105]

where Jd,, is the Kronecker delta, i.e., d,, =1 and J, = 0 for a # b and Z[/’]
means the sum of all j possible combinations of indices a,b,c,d, e, f,g and h,
ie., 2[3] OupOcd = OabOcd + OacObd + OudOpe-

Let D, and D; be the duplication matrix and its Moore-Penrose inverse
(see, Henderson and Searle, 1979 and Magnus and Neudecker, 1999, pp. 48),
respectively, which are defined by

vec(U) = D, vech(U), vech(U) = Dy vec(U) = (DI’,Dp)le[’, vec(U).
By using D;, the covariance matrix 2, can be expressed as
Qy =D} WD} + I, + vech(1,) vech(1,)",

where

)4
VY, = ZKab(f(l{(ep,ae]lLb) ® (ep,ce;‘d)}

abed

Here e, , is the p-dimensional vector whose ath elements is 1 and others 0, i.e.,
I, = (ep1,€.2,---,€,) and the notation Y77 ~~ means 337 _ " _ ...

We obtain an asymptotic expansion of the density function of wu;, by
inverting the characteristic function of u,. The derivation of the characteristic
function is the same as the one in Yanagihara (2001), and Wakaki, Yanagihara
and Fujikoshi (2002). Let #; = (t(ll),t(;),...,tgl))’, tHh = (1(12>,t;2),..., " and

€= (e1,6,...,¢) = vech(eg' — 1),
then the joint characteristic function of V and z, ¥(#1,%2), is expressed as

¥ (t1,t,) = Elexp{it] vech(V) + it)z}]

i q P "
=E|exps — tgl)ea—&— t<,>ea,

= E[exp{iA(tl,tz)}]" = {h(thtz)}n = exp{H(th tz)}.

Noting that H(t,t;) = nlog{h(t;,t;)}. The characteristic function of U,
Cy,(t1), is given as
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Cy(t1) = E[exp{it{ Vech(V)}{l + ﬁt{ vech(1, — zz')

—|—% (it{ vech(V) + % {#] vech(I, — zz’)}2> H +o(n™")

= Co(t1)+%cl(t1)Jr%Cz(tl)JrO(l’l1). (2.4)
In order to calculate each term in (2.4), we define the functions /;(a) and
h(a) (L(a) = h(a)) denoting a relation between an index of an element of
matrix X and the one of vech(X) as follows. Through the functions, we
assume the ath element of vech(X) is equal to the (/;(a), h(a))th element of X.
Then the relation among a,/1(a) and h(a) is written as

a= (p _h (2“)) (h(a)— 1)+ ha), hia)=ba)

By using ¥(#1,t,), the functions /;(a) and h(a) and differential operators, the
each term in (2.4) can be rewritten as

Co(t1) = ¥(11,0), (2.5)

R L, 0 _
Ci(t) =iy 1) (5/1(a)12(a> — it | (1, 12) |, +0(n ), (2.6)

a=1 L(a)” " h(a)
9 0
C(ty) = iz [au)fl G Y’(t1,t2)|,2,0
a=1 a

2

2w " . e

+ 5 Z t, 5/1 (a)h(a) — 1 W yl(th t2)|[2:0 + 0(1) (27)
IORAD)

We prepare the following notation for represent (2.5), (2.6) and (2.7) with using
the joint moments of € and & The (i+ 2j)th joint moment of € and ¢ is
expressed as

[i+2/] _
77(116124..6{,';})1[72..4[7/' = E(Salb‘az c oo €q;€p €Epy - e 61,/.)

i J
=E HHI €a, } {Hl(% (b)€h(by) — Ol (b)a(bs)) H - (28)

Specially, the marginal moments are represented as follows.
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(i 2]
Nararar. ar— = =E(eq8a, - -€a,)s N bbb, = E(ep€p, .. €).

The number in a bracket shows the maximum number of degrees of moment
on ¢ in the joint moment. By using this joint moment, (2.5), (2.6) and (2.7)
are rewritten as

Co(t) —exp{ Zl tb nab}

ab

1 (1)_[8]
;{2421 c td ;7— sabed

abed

2 : c abc

ubc

+o(n 1), (2.9)

i6 g 1).(1) (1).(1 6 6
) Z ’g>[§>)t£>t£z)t§ [f ”L]abc”[]def
abcdef

¢ AN, 3
Ci(t) = —eXP{—EZ (Y lb I ub}[ Z ’711(0 bngz](a) c

abe

q
i 1,1 o B
+§;t§’>tb 108 013ty asea * Mttt cd)

+o(n1/?), (2.10)

it < 1 1 E 3 6
+2 2 10 gl i, 1y

Ca(ty) = —exp{ ZZZ £ nub}{zzzl (25 a,,+5,1 1 (5)0h ()l (b

+5/1 NAC 611 Vo +l4Zl 611 775]() 7/51)
abed
(3] (3] [3] (3] (3] (3]
+ 00 (@b )T (ay; My (0);a T Oh L@ (ay; M p):a T Ob@bG (a); M (b); a)
6 ) () (1) (D (3] (3] 3] 3]
;fr Ve G G My oyt }*0(1)' (2.11)

Substituting (2.9), (2.10) and (2.11) into (2.4) yields

q q
1
C( = exp{ 5 Z [b ’7 ;ab } Z abL
ab abe

a!
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1) 1) mt®
{ 2 ZZ( tb mab +24ZZ( c abcd

abed

6 q
+;—2 > tf,”tg”zﬁ”tﬁ,”tgl)t}”mgszdgf} +o(n™), (2.12)
abcdef
where
mﬁl = 01 ()l (5)Oh(a)a(b) T O ()12 (0)O1 (B)a(a)
6 3
mL}L = 77[— sabe 6’711 bnu a);c
8 _ 8] (3] 5] [ ] 5]
Mapea =M-sabca = Y2000, ()67 (@) ca T M (@) 61 (a); ca) o)
2.13

(3] 3] [ ] [3]
+ 12(511(a)11<b>’712(a);c’712(b);d +On (@ Wy (ay; M (b):d

(3] [3] (3] (3]
+5ll bY@, (a); M (b);d +512(a LB (a); M (8); d)

2y el [6] Bl Bl (6] (3] (3] B3l (3l
Mapeder = Nz abc—der = V21, ()67 (a)s M—sder T 3O (a): M (a): aT (b)s T )i
By inversing (2.12), we have Theorem 2.1.

THEOREM 2.1.  Suppose that the following two conditions on x; are sat-
isfied;
Al E(||x]*) < 0.
A2. the joint characteristic function xjx_/f and x; is absolutely integrable, i.e., for
some ¢ > 1,

J J |E[exp{it| vech(x;x] — X) + ityx;}]| ‘dtidty < 0.
e Sy :

Let g,(uy, 25) be the density function of the q-dimensional multivariate normal
distribution with mean 0 and covariance ) as

1\ - 1 _
gq(up, Q) = <m> 1,712 exp{—zu,’ZQh l/zuh}. (2.14)

Then, an asymptotic expansion of the density function of wy is given by

l4+— Z mt[f]JCHabc(uh; Qh)

9q (uh§ Qh)
6\f
abc

{ZZmab ab(”h,Qh 24Zmabcd abcd(uha'gh)

ab abed
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+o(n 1)

7 Z mabcdej Hpeder (up; -Qh)}
abcdef

— a2 { 142 0 )+ 0% ) | + o) (.15)

where the coefficient m’s are defined by (2.13).  Here Hga,...a;(un; Qp) is the jth
general Hermite polynomial defined by

. bl
. _ j )
Halazu.aj(uhv Qh) - (_1) au(a/:)aug? N aul(:) gq(uhy Qh))
where uj, = (u(lh),ugh), ... ,uf]h))/. By letting C,(,];,) be the (a,b)th element of Q,;l,

we have

(h)
abth Zu u az Ch: _Cali’

abc u; -Qh Z U; ]£]1)€(h ébj Lk Z u; " anb ci

ijk

q
Habcd(u; Qh) = u<h)u]<h>u§ch>ul Cal é,b] C(k Cd];
ijkl

Z“ u! Zih)é“ﬁ'f £y +ZC”) (), (2.16)

q
Hapeaer (. 2) = > "ol D ) ) C) ()

ijklmn

q 0 >

)
” u/ uk “1 Zgub d]
ijkl [15]
1 (h)
h)

+Zu Zéab (‘d €I fj anb cd

ij [45]

The conditions of validity can be obtain by the same way as in Bhat-
tacharya and Rao (1976) and Bhattacharya and Ghosh (1978).

By changing the moment of vech(ee’ —1,) to one of vecs(eg’ —1,) in
Theorem 2.1, we can obtain an asymptotic expansion of the density function
of u; = vecs(U). The covariance matrix of uy, Q,, is shown as

1
Q= ED;ﬁpSUKDS‘,, +1,,
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where Dy, is the standardized duplication matrix (see, Yanagihara, Tonda and
Matsumoto, 2002) defined by

1
vec(U) = V2D, , vecs(U), vecs(U) = 7§Dé’.’p vec(U).

Let us define the functions ij(a) and i(a) by ij(a) < ir(a) and

: 1 : .
a= i@ + (1 =) {520 = ia) = 1)+ ixa) .

Then the ath element of vector vecs(X) is equal to the (ij(a),ix(a))th element
of matrix X. Moreover, we are necessary to define new joint moment of ¢; =
vecs(ee’ — I,) and &.  The (i + 2/)th complex moment of €, and &, nalltij] a<‘ )blbz By

is represented by changing € to € = (5(1>76(1s)7~--7551>) n (2.8) a

(424, (s)
a\ay...d;; b] bz.”b,‘

— E(galgaz e Euieé‘i)eéi) o 65;‘))

&\ (b,)€ir(b,) — Oir(b)is(b)
&y . (2.17)
{H }{H V10 b,)i2(6,) H

Specially, in the case of moment of only e, it is represented as

(2], (s) 5) ( ()
n- }b]b]bz b, _E(Eb] % : ~5bj ).

Therefore, an asymptotic expansion of the density function on u, is shown as in
the following Corollary.

COROLLARY 2.2. Under the same assumption as in Theorem 2, an asymp-
totic expansion of the density function of ug is given by

gq(”m Zmabc Hpe u\a‘QA)
ubc
{ Zm ab uSa‘QS 24Zmabzd Habcd(”saQs)
abed
Z m[albzc]dq abcdef("s»Qs)} +o(n ")
abcdef
1 1 _
= gq(”s; -Qs){l + W Qgs) (lls) + E Qgs>(lly)} + o(n 1), (218)

....................
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3. Asymptotic expansion of the null distribution of 7

In this section, we obtain an asymptotic expansion of the null distribution
of T up to the order n~! by using the Edgeworth expansion of the density
function of u; under nonnormality. Since T is the modified normal likelihood
ratio test statistic, it is known that its null distribution is asymptotically
distributed as the chi-squared distribution with ¢ degrees of freedom under
normality. Under normality, many authors introduced asymptotic expansions
of the null distribution of T, see, e.g., Sugiura (1969). Under an elliptical
distribution, Hayakawa (1986, 1999) obtained an expansion of non-null dis-
tribution of 7 up to the order n~'/2. However, asymptotic expansion of T
under general distribution has not been obtained at this time, though there are
some results. Nagao and Srivastava (1992) derived an expansion of non-null
distribution of test statistics for sphericity test up to the order n~'/> and Tonda
and Wakaki (2003) obtained an expansion of the null distribution of test sta-
tistic for the equality of covariance for k-groups in univariate case up to the
order n~!.

In order to obtain the null distribution of 7', we derive an expansion of the
characteristic function C7(¢) of T up to the order n~!. Our method is similar
to the one as in Yanagihara (2001) and Wakaki, Yanagihara and Fujikoshi

(2002). Let u,= (u\",ul",... ul)" and a p x p matrix

1
’
e]’«, i

/

(@) €.2(@)€p, iy (@)

K= (e,
VT ahw Cp.ita

then the matrix U is rewritten as

U=S WK,

a=1

Therefore, we have a perturbation expansion of the test statistic as follows.

1 1 1 _
T=3 tr(U?) — NG tr(U%) + E{tr(U“) —2tr(U%)} 4+ 0,(n%?)
1 q
ﬂﬁﬁﬁ;#wwm%mm

c

Dy tr(K KoK Ky) — 4u;us} +0,(n ). (3.1)

+
-
—N—
[

S

Then, Cr(f) can be expended as
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Cr(t) = E[exp(itT)]

=E {exp{im;us}{l + LR1 (uy) + %Rz(us)H +om™), (3.2

N/
where
IS (9,0,
R (lly) = —gzud U, u; Kabe,
abc
it)<~ 99w o :
R (uy) = 1 Z U U kypea — dulug
abed
()° S5 9,00, 0 f
+1— Z Uty U Uy U Uy KapeKoef
abcdef
and

kabc = tr(KaKch)y kabcd = tr(KaKchKd)-
From (2.18), (3.2) and

1 1
exp(itu'uy) exp(—zu;Qslus) = eXP{_E”s/(Qsl - 2illq)us},

Cr(t) is rewritten as

Cr(t) = J

R

exp(itulug) { 1+ \/lﬁ Ry (u) + %Rz (uy)}

<yl 20 1 201 ) 41,08 | ol

q - 1 |
(1 —2itz;) /> x E, Hl +7ER1(F1/2y) +ZR2(F1/2~V)}

j=1

| B I s _
<1420 4 100 b o),

where /;’s (1 < j <gq) are the eigenvalues of Q, y~N,(0,1,) and I'"! =
Q' —2itl,. Since I'?y ~N,(0,I'), Cr(¢) is represented as

cr() =[[ ok, [{1 + %RI(J’) +%Rz(y)}
j=1

{1+ 2200 400} + ot
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where (pjfl =1-2itd; and y ~Ny(0,I'). Thus, the characteristic function
Cr(t) is derived from calculations of moments on the multivariate normal
distribution.

We consider the calculations of the moments on y ~ Ny(0,77). From the
simple calculation, we obtain

Ey[yayb] = Yab> Ey[yaybyc] = 0;

yVabyeva] = Z VarYear  Eylvaveyeyayey) = vaveary-  (33)
1]

Let a ¢ x ¢ orthogonal matrix P be defined by P'Q P = diag(i1,42,...,44) = 4
and P'P=PP' =1, Then I' = PWP’, where

W = diag(Ai9y, 2205, - -, A4,)-

Therefore, y,, for the (a,b)th element of I and CE;) for the (a,b)th element of
Q! have the following relations.

q
Vab = D Puibpiti®in (I =PWP'),
i=1
(Y> . 1 1 1
&= papti's (@' =PAP), (3.4)
q . | 1
Zéat Pbi = pab/llj ) (Q: P=PA" )

i=1

From (3.3) and (3.4), the expectations of the Hermite polynomials yields

E [ ab .V7 Zpazpbl)z i — a ’

Ey [Habc(y; QS)} =0,

q
Ey[Habea(9; Q)] = Y | D pubwivpa | 4 4 0i0;
g

ij

q
- Z ZPail’bng‘d) i+ Z Ct(:b) CE:;1)7
(6] Bl

i=1

q
S IO
Ey[Haeter (2] = > Y putvibpaipeob | %25 o 0001
7 \ 115
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q
- Z Zpaipbipcjpdjé(()}) A l;“j_ 1%%’
g\ 145]

q
SN DIV T ovtovll Vot e SleieyTevs
[ [15]

i=1 \ [43]

Besides, we have

q
E\[yy] =) Zps
i=1

q q q
E, ZJ’aJ/bJ/cJ/dkabcd] = Zkabcdz me‘pbipcjpd/' 2ilj PPy
abed abed ij 3]
q
E, Z YaybyeVaYeVfkabekaer
abcdef

q q
=" kackar D N\ D pubvipapars | 2ididciv;or,
abcdef ijk [15]

q
Z yaybyckabcmi]/}@ Hdc{f(y; Qs)
abcdef

q q
6], (s / 91
= kabcmile_]f(é) >3 D2 pavarspgrrn | ik
abedef ijk 6]

E,

i
D pabvippaparn | poimn
g

q
- Z Z/)aipbipcj Zpdjd}) 29 | »
3]

i 3]

where i puPailiPePeclpc A4 Y (o) PaiPbilPyiPekPc Mean the following sum-
mations.

! i
Z PaiPpiPeiPdiPekPic = Z PaiPdiPbjPeiPeicPsic + Z PaiPbiPejP diPercP i
(15] 6] 9]
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!
> PP ailbiPelek P = Pail aiPsiPeiPeis + PaiPailtilPeiPek  PuileiPbiPaiPekP
g

T PuiPeiPuiPfiPercPak T PaiPfiPbiPaiPekcPek T PaiP fiPbiPejPekcP k-

From these expectations, we can obtain the characteristic function Cr(¢) as

q q q
H vl 2{ (bm) WL EDSLLEDY bﬁ%m) }
i=1 i

ijk
+o(n "),
where
q
po 4 1
—Z_Ezb 24;1 ubcd anh cd
(12], (s

Z mabcdef Zéab cd ef’

abcdn/
1 1

= =3 S O =Sl | 3 s i
ab abed

Zkahcd Z(Sabp(lpdl ;‘l + Z lebzc]di}) Zcub Ldpfflpf il_l

abcd abcdef [45]

+7 Z kabckdef Zcub La'pezpf /11'

ab( def [15]
— 37 Z kabcmdd Z 5ab/)” Z /)dléi;) s (35)
abz def [3]

bii = 242 abcd l} ! + 3ka/7cdl prmpbip(y’pa_'j

abed 3]
1 & e
_ 772 Z mabukf Z Cabpapdzpe]pﬁ A /“j
abcdef [43]
36 Z kabc kde‘f} + m[de]f [ Z 5”bpupdlpe]pﬁ

abcdef [15]
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ab( def

—|—— Z kabc de Zpalpblplj Zpd}éi}) !
Bl

(12 - _
ljk - 2 Z { ubL]zlef 1/L I/Lk + kab(’(kdtfl 2mde]f( ))‘1 1)}
abcdef

Z PaiPbiPcjPaiPek Pk
(15]
Finally, by inverting Cr(¢), we have a following Theorem.

THEOREM 3.1. If x; satisfies the condition Al and
A3.  the joint characteristic function x;x; and x; satisfies the Cramér condition,
Le.,

lim sup |E[exp{it] vech(x;x] — X) +ityx;}]| < 1.

t! t1+f t)— o0

Then the null distribution of T can be expanded as

1 q
P(T <x) = Fy(xid) +- {b(O)Fq(x; )+ bV Fo(x 1)
i=1

+ Zby Fuia(x; A5) + ZbUqu%(x A,,k)} +o(n™"), (3.6

ij ikj

where coefficients b(o),bl 7sz and bl/k are defined by (3.5) and the diagonal

matrices A;, Ay and Ay, are given by
A; = diag(A1, Ao, ..., Ags iy Ai),
Ay =diag(hi, Ao, .. ., Ag, Aiy Aiy 445 4)),
A = diag( Ay, Ao, .oy Ag, Ais Ais Ajs Ay Ay D)
By denoting Q = diag(w;,wy,...,wy), we have
%
Fi(x;Q) = Zel Gm+21(x/B),
1=

where Gy(-) is the distribution function of the chi-squared distribution with f
degrees of freedom,
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O m@) =S (- gl
1)7 =1

and a coefficient p is a suitably chosen constant for a rapid convergence.

e (Q) = { Hln%(lﬂ/cfi)ll/zv (r
(27’) 1=0 H,;l(Q)e,(,Q) (r

\Y

The conditions of validity can be obtain by the same way as in Bhat-
tacharya and Rao (1976) and Wakaki, Yanagihara and Fujikoshi (2002).
Let

q q
A 1
T(A> = § id){lz,w Ti( )= E :/““Xlz,a + /11%3%,[’
=1 oFEL

q
(4 2 2 2
T; )= Z Aadi o+ A5+ A5
oL, j

q
4 ,
T;.,j = > a3 A A
ati, )k

where each ){f’a’s are independent chi-squared random variables with f* degrees
of freedom. From Johnson and Kotz (1970), pp. 149, the following equations
hold.

P(T™ < x) = F,(x; A), P(T" < x) = Fa(x; 4)),
P(Ty) <x) = Fpualxidy),  PTR) < x) = Fyre(x; Ae).
Explicit forms of F(-) can be given by
Fyx4) = 3" e(A) Gyoa(/B).
=0
o) = {H;’_lw/ﬂ»z)‘/z, =0
@r) ' S He(A)e(4), (r=1)
q
Hy(4) =Y (1-B/4)",
=1
Fyoo(x; 4;) = Ze](Ai)Gq+2+21(x/ﬁ)a
=0
B { (B/2) T (B2, (r=0)
er(Ai) - 3 )
@2r) ' S5 He(Aer(4;), (r=1)
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Hy(4) =Y (1= /i) +2(1 = B/2)",
=1
Fyia(x; Ay) = iel(Ajj)Gq+4+2l(x/ﬁ):
=0
e(A) = { (B/2) B/ 2 TTL(B120)2, - (r = 0)
@) S Hapeay), =)
H(Ag) =Y (1= B/2)" +2(1 = B/2) +2(1 = /%),
=1
Foi6(x; Ag) = i ei( i) Gyrev21(x/B),
1=0
[ BIBL BT (B2, (r=0)
er( i) = 1l ’
(2r)" 2120 Hr—i(Ajic)er(Ajjic) (r=1)
H, (A1) = i(l = B/A) 4201 = B/A) 4201 = Blay)" +2(1 = BlAx)

—
Il

1

4. Expansion of the expectation of T

The result in Theorem 3.1 has very complicated form. However, the
expansion of E(7) under the null hypothesis can be expressed simply as
follows.

Substituting (2.2) to (3.1) yields

T :% tr(V?) — \/Lﬁ E tr(V3) +te{V(zz' — 1)}
e R R T R (G A R LR G o)
+0,(n73?). (4.1)
Note that

E[tr(V?)] = Kf‘l) + 24,

1
E[tr(V?)] = W{K(é” + 20265 4+ 3657%) + 3(p + 3)ky) + p(p? +3p +4)},
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Eltr(V*)] = &) + 265, + 4(p + 2)x + p(2p* + 5p +9),

E[tr{(zz' — 1,)*}] = 24 + O(n™"),

Eltr{V(zz' - 1,)}] = \/Lﬁ (f” +24),

Eltr{V(zz' — I,)}] = &'} + k53 +O(n ™),

e
Al

I

)

I~}

b

>

T

=
»
w—

|

10

R
§"N
u:a/\
)

I
(-

KaabKbce
ab abc abc
(4.2)
)4 )4 )4
1 _ (n _ 2 2 _
Kg = Kaabbcc Kyq = Kobeds Kyaq = KaabcKbedd -
abc abed abed

By using these results, we obtain the following Theorem.

THEOREM 4.1.  If x; has the sixth moment, the asymptotic expectation of T
can be given by

0
K 1 1 2 1 1 2
E(T) = ¢+~ + 15 (30l + 267y — 4 + 1+ 37))

18 + p(2p* +3p— DY+ oY), (43)
where each K’s are given by (4.2).

From Theorem 4.1, we can use the Bartlett correction of 7" when esti-
mators of higher order cumulants are obtained.
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