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Abstract. Li Banghe and Li Yaqing defined in [1] the product S � T as a hyper-

distribution (we call hyperdistributions to the complex linear functional of DðRnÞ in
rC 0) for S and T in D 0ðRnÞ and they calculated d � d. In this paper, we shall obtain

expressions for the products d � q
qxi

d and q
qxi

d � q
qxi

d for i ¼ 1; . . . ; n, and for even n, these

products have the Hadamard finite part nonzero.

1. Introduction

In this section we shall define the product ‘‘�’’. This definition involves a

harmonic representation of distributions and Non-Standard Analysis. Let C �

and R� be nonstandard models for the complex field and the real field respec-

tively, and let r be a positive infinitesimal. Let Y denote the set of all infin-

itesimal in C �. Let

rC ¼ fx A C �: for some finite integer n; jxj < r�ng; rC 0 ¼ rC=Y:

We call hyperdistributions the complex linear functional of DðRnÞ in rC 0.

Definition 1.1. Let T A D 0ðRnÞ and uðx; yÞ be a harmonic function in

Rnþ1
þ ¼ fðx; yÞ : x A Rn; y > 0g so that limy!0þ uðx; yÞ ¼ T in the sense of

D 0ðRnÞ. Then uðx; yÞ is called a harmonic function associated with T or har-

monic representation of T.

Lemma 1.2. Let S;T A D 0ðRnÞ and ŜS; T̂T be harmonic representations of S

and T respectively, and �ŜS; �T̂T denote the nonstandard extensions of ŜS; T̂T respec-

tively. For any f A DðRnÞ,

h�ŜSðx; rÞ�T̂Tðx; rÞ; �fðxÞi A rC :

Lemma 1.3. Let S;T A D 0ðRnÞ. If ŜS1; ŜS2 and T̂T1; T̂T2 are two harmonic

representations of S and T respectively, then for any f A DðRnÞ, we have
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h�ŜS2ðx; rÞ�T̂T2ðx; rÞ; �fðxÞi� h�ŜS1ðx; rÞ�T̂T1ðx; rÞ; �fðxÞiA0

Let F : rC ! rC 0 be the homomorphism modulo Y. We define

Definition 1.4. Let S;T A D 0ðRnÞ and ŜS; T̂T be harmonic representations

of S and T respectively. We call the complex linear functional of DðRnÞ ! rC 0

hS � T ; fi ¼ Fðh�ŜSðx; rÞ�T̂Tðx; rÞ; �fðxÞiÞ

the product of S and T .

The product S � T is a generalization of the usual product for continuous func-

tions on Rn. In the following, we enunciate the fundamental properties of the

product:

I. Commutativity: S � T ¼ T � S, with S;T A D 0ðRnÞ.
II. Bilinearity:

ða1S1 þ a2S2Þ � ðb1T1 þ b2T2Þ ¼
X2

k;m¼1

akbmðSk � TmÞ

with ak; bm A C and Sk;Tm A D 0ðRnÞ for k;m ¼ 1; 2.

III. Localizability: Let U be an open subset of Rn and let Sk;Tm A
D 0ðRnÞ for k;m ¼ 1; 2 so that S1nU ¼ S2nU and T1nU ¼ T2nU . Then

ðS1 � T1ÞnU ¼ ðS2 � T2ÞnU .
IV. Let f A Cy, T A D 0ðRnÞ and f � T be the usual multiplication.

Then f � T ¼ f � T .

V. Let f and g be continuous functions on Rn. Then f � g ¼ fg.

VI. The Leibnitz formula: Let S;T A D 0ðRnÞ. Then

q

qxi
ðS � TÞ ¼ qS

qxi
� T þ S � qT

qxi
:

2. The product d � qd
qxi

Li Banghe and Li Yaqing obtained in [1], the following formula for d � d
with d A D 0ðRnÞ:

d � d ¼
X½n=2�
j¼0

X
si ANtfog
Tsi¼j

r2j�nCs1;...; sn

q2jd

qx2s1
1 . . . qx2sn

n

; ð1Þ

where

Cs1;...; sn ¼
2

G n
2 þ j
� �Yn

i¼1

G si þ 1
2

� �
ð2siÞ!

ðy
0

t2jþn�1

c2nð1þ t2Þnþ1
dt

and cn ¼ pðnþ1Þ=2

G nþ1
2ð Þ , r a positive infinitesimal.
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We can simplify the expression for the coe‰cients Cs1;...; sn by taking into

account the following formula for the Beta function:

bðp; qÞ ¼
ð1

0

xp�1ð1� xÞq�1
dx ¼

ðy
0

yp�1

ð1þ yÞpþq dy

¼ 2 �
ðy
0

t2p�1

ð1þ t2Þpþq dt ð2Þ

where p; q A Rþ. Next, we obtain by taking into account commutativity, the

Leibnitz formula and (2), the following expression for d � qd
qxi

:

d � qd

qxi
¼ 1

2

q

qxi
fd � dg

¼
X½n=2�
j¼0

X
si ANtfog
Tsi¼j

r2j�nDs1;...; sn

q2jþ1d

qx2s1
1 . . . qx2siþ1

i . . . qx2sn
n

; ð3Þ

where

Ds1;...; sn ¼
G n

2 � j þ 1
� �Qn

i¼1 G si þ 1
2

� �
2
Qn

i¼1ð2siÞ!n!c2n
: ð4Þ

We observe that the Hadamard finite part of d � qd
qxi

is nonzero for even n,

because it is obtained for j ¼ n
2 in the second term of the formula (3), so then

Hpf d � qd

qxi

� �
¼

X
si ANtfog
Tsi¼n=2

Ds1;...; sn

qnþ1d

qx2s1
1 . . . qx2siþ1

i . . . qx2sn
n

; ð5Þ

where

Ds1;...; sn ¼
Qn

i¼1 G si þ 1
2

� �
2
Qn

i¼1ð2siÞ!n!c2n
: ð6Þ

3. The product qd
qxi

� qd
qxi

An expression for the product qd
qxi

� qd
qxi

can be obtained by evaluating the

following integral: ð
R n

cqd
qxi

qd

qxi
ðx; rÞ �

cqd
qxi

qd

qxi
ðx; rÞ � fðxÞdx; ð7Þ

here, we consider cqd
qxi

qd

qxi
¼ �rðnþ 1Þxi

cnðjxj2 þ r2Þðnþ3Þ=2 : ð8Þ
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a harmonic representation for qd
qxi

A D 0ðRnÞ, f A DðRnÞ and r the positive infin-

itesimal considered in section 1. We know that

fðxÞ ¼
Xnþ2

j¼0

X
ðk1;...;knÞ AN n

0

Tki¼j

xk11 . . . xkn
n

k1! . . . kn!

q jf

qxk1
1 . . . qxkn

n

ð0Þ þ jxjnþ3cðxÞ ð9Þ

is the Taylor expansion of f to nþ 2 th order, where c is continuous for x0 0

and bounded near x ¼ 0. Then, we obtain in (7), by taking into account (8),

(9) and supp fH fx : jxj < ag thatð
R n

cqd
qxi

qd

qxi
ðx; rÞ �

cqd
qxi

qd

qxi
ðx; rÞ � fðxÞdx

¼
ð
jxj<a

r2ðnþ 1Þ2x2
i

c2nðjxj
2 þ r2Þnþ3

Xnþ2

j¼0

X
ðk1;...;knÞ AN n

0

Tki¼j

xk1
1 . . . xkn

n

k1! . . . kn!

q jf

qxk1
1 . . . qxkn

n

ð0Þ

8>>><>>>:
9>>>=>>>;dx

þ
ð
jxj<a

r2ðnþ 1Þ2x2
i

c2nðjxj
2 þ r2Þnþ3

jxjnþ3cðxÞdx: ð10Þ

The last term of the second member of the equality (10) is an infinitesimal

number and we can omit it, in fact:

Let M ¼ supfcðxÞ : jxj < ag and we consider the polar coordinate in Rn:

x1 ¼ r cos y1

x2 ¼ r sin y1 cos y2

..

. ..
. ..

.

xn�1 ¼ r sin y1 sin y2 . . . sin yn�2 cos yn�1

xn ¼ r sin y1 sin y2 . . . sin yn�2 sin yn�1

where

0a y1; y2; . . . ; yn�2 a p; 0a yn�1 a 2p: ð11Þ

We denote dW the volume element of the unitary sphere Sn�1. Then we have

dx ¼ rn�1 drdW with

dW ¼ sinn�2 y1 � sinn�3 y2 . . . sin yn�2 dy1 . . . dyn�1:

Let Bn ¼ 2p n=2

G n
2ð Þ

be the ðn� 1Þ-dimensional measure of the ðn� 1Þ-sphere unitary

Sn�1. We obtain
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ð
jxj<a

r2ðnþ 1Þ2x2
i

c2nðjxj
2 þ r2Þnþ3

jxjnþ3
cðxÞdx

�����
�����

a
r2ðnþ 1Þ2

c2n
M

ð
jxj<a

jxjnþ5

ðjxj2 þ r2Þnþ3
dx

¼ r2ðnþ 1Þ2

c2n
M

ð
S n�1

dW

ð a

0

rnþ5

ðr2 þ r2Þnþ3
rn�1 dr

¼r¼rt
rM 0

ð a=r

0

t2nþ4

ð1þ t2Þnþ3
dt; ð12Þ

where M 0 ¼ ðnþ1Þ2MBn

c2n
, M 0 A R.

Now, we haveð a=r

0

t2nþ4

ð1þ t2Þnþ3
dt ¼

ð 1

0

t2nþ4

ð1þ t2Þnþ3
dtþ

ð a=r

1

t2nþ4

ð1þ t2Þnþ3
dt: ð13Þ

Moreover ð a=r

1

t2nþ4

ð1þ t2Þnþ3
dt

�����
����� <

ð a=r

1

1

t2
dt < y: ð14Þ

Next, from (12) we obtain:

rM 0
ð a=r

0

t2nþ4

ð1þ t2Þnþ3
dtA0

since rA0. Then, we consider in (10) the terms in the Taylor expansion of f

until nþ 2 th order

ð
jxj<a

r2ðnþ 1Þ2x2
i

c2nðjxj
2 þ r2Þnþ3

Xnþ2

j¼0

X
ðk1;...;knÞ AN n

0

Tki¼j

xk1
1 . . . xkn

n

k1! . . . kn!

q jf

qxk1
1 . . . qxkn

n

ð0Þ

8>>><>>>:
9>>>=>>>;dx

¼
Xnþ2

j¼0

X
ðk1;...;knÞ AN n

0

Tki¼j

r2ðnþ 1Þ2

c2nk1! . . . kn!

ð
jxj<a

xk1
1 . . . xkiþ2

i . . . xkn
n

ðjxj2 þ r2Þnþ3
dx

� q jf

qxk1
1 . . . qxkn

n

ð0Þ: ð15Þ

We consider for each ja nþ 2, ðk1; . . . ; knÞ A N n
0 with k1 þ � � � þ kn ¼ j, the

following terms:
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r2ðnþ 1Þ2

c2nk1! . . . kn!

ð
jxj<a

xk1
1 . . . xkiþ2

i . . . xkn
n

ðjxj2 þ r2Þnþ3
dx: ð16Þ

First, we consider i ¼ n. For that, we calculate the following terms:

r2ðnþ 1Þ2

c2nk1! . . . kn!

ð
jxj<a

xk1
1 . . . xki

i . . . xknþ2
n

ðjxj2 þ r2Þnþ3
dx1 . . . dxn: ð17Þ

Applying polar coordinate in Rn and by taking into account that
Pn

i¼1 ki ¼ j,

we obtain in (17) the following formula:

r2ðnþ 1Þ2

c2nk1! . . . kn!

ð
jxj<a

xk1
1 . . . xki

i . . . xknþ2
n

ðjxj2 þ r2Þnþ3
dx1 . . . dxn

¼ r2ðnþ 1Þ2

c2nk1! . . . kn!

ð a

0

rk1þ���þknþ2

ðr2 þ r2Þnþ3
rn�1 dr �

ð p

0

cosk1 y1 � sin j�k1þ2þn�2 y1 dy1

�
ð p

0

cosk2 y2 � sin j�ðk1þk2Þþ2þn�3 y2 dy2

� � �
ð p

0

coskn�2 yn�2 � sin j�ðk1þk2þ���þkn�2Þþ2þn�ðn�2þ1Þ yn�2 dyn�2

�
ð2p

0

coskn�1 yn�1 � sin j�ðk1þk2þ���þkn�1Þþ2þn�ðn�1þ1Þ yn�1 dyn�1: ð18Þ

The integrals of the type
Ð p

0 cosk y sin r y dy are zero for k odd, then we

consider even k1; . . . ; kn�2. Moreover, the integrals of type
Ð 2p
0 cosk y sinr y dy

are nonzero only for even k and r. Then we consider even ki for i ¼
1; . . . ; n. Let ki ¼ 2si, then

Pn
i¼1 ki ¼

Pn
i¼1 2si ¼ j, we obtain in (18)

r2ðnþ 1Þ2

c2nð2s1Þ! . . . ð2snÞ!

ð
jxj<a

x2s1
1 . . . x2si

i . . . x2snþ2
n

ðjxj2 þ r2Þnþ3
dx1 . . . dxn

¼ r2ðnþ 1Þ2

c2nk1! . . . kn!

ð a

0

r jþnþ1

ðr2 þ r2Þnþ3
dr �

G
2s1þ1

2

� �
G

j�2s1þ2þn�2þ1
2

� �
G

jþ2þn�2
2 þ 1

� �

�
G

2s2þ1
2

� �
G

j�ð2s1þ2s2Þþ2þn�3þ1
2

� �
G

j�2s1þ2þn�3
2 þ 1

� �

� � �
G

2sn�2þ1
2

� �
G

j�ð2s1þ2s2þ���þ2sn�2Þþ2þn�ðn�2þ1Þþ1
2

� �
G

j�ð2s1þ2s2þ���þ2sn�3Þþ2þn�ðn�2þ1Þ
2 þ 1

� �
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� 2
G

2sn�1þ1
2

� �
G

j�ð2s1þ2s2þ���þ2sn�1Þþ2þn�ðn�1þ1Þþ1
2

� �
G

j�ð2s1þ2s2þ���þ2sn�2Þþ2þn�ðn�1þ1Þ
2 þ 1

� �
¼ r2ðnþ 1Þ2

c2nk1! . . . kn!

ð a

0

r jþnþ1

ðr2 þ r2Þnþ3
dr

� 2 �

Qn�1
i¼1 G si þ 1

2

� �
G

j�
P i

r¼1
2srþn�ðiþ1Þþ3

2

� �� 	
G jþ2þn�2

2
þ 1

� �Qn�2
i¼1 G

j�
P i

r¼1
2srþn�ðiþ1þ1Þþ2

2
þ 1

� � : ð19Þ

Now, ð a

0

r jþnþ1

ðr2 þ r2Þnþ3
dr ¼r¼rt

r j�n�4

ð a=r

0

t jþnþ1

ð1þ t2Þnþ3
dt ð20Þ

and,

Qn�1
i¼1 G si þ 1

2

� �
G

j�
P i

r¼1
2srþn�ðiþ1Þþ3

2

� �� 	
G

jþ2þn�2
2 þ 1

� �Qn�2
i¼1 G

j�
P i

r¼1
2srþn�ðiþ1þ1Þþ2

2 þ 1

� �

¼
sn þ 1

2

� �Qn
i¼1 G si þ 1

2

� �
 �
G

jþn
2 þ 1

� � : ð21Þ

Next, we obtain from (17) and the above calculations:

r2ðnþ 1Þ2

c2nð2s1Þ! . . . ð2snÞ!

ð
jxj<a

x2s1
1 . . . x2si

i . . . x2snþ2
n

ðjxj2 þ r2Þnþ3
dx1 . . . dxn

¼ r2ðnþ 1Þ2

c2nð2s1Þ! . . . ð2snÞ!
r j�n�4

ð a=r

0

t jþnþ1

ð1þ t2Þnþ3
dt � 2 �

sn þ 1
2

� �Qn
i¼1 G si þ 1

2

� �
 �
G

jþn
2 þ 1

� � : ð22Þ

We observe thatð a=r

0

t jþnþ1

ð1þ t2Þnþ3
dt ¼

ðy
0

t jþnþ1

ð1þ t2Þnþ3
dt�

ðy
a=r

t jþnþ1

ð1þ t2Þnþ3
dt;

and,

r j�n�4

ðy
a=r

t jþnþ1

ð1þ t2Þnþ3
dt

�����
�����a r j�n�4

ðy
a=r

t j�n�5 dt ¼ a j�n�4

n� j þ 4
:
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Therefore, this last term is a finite number. Next, we obtain from (22),

r2ðnþ 1Þ2

c2nð2s1Þ! . . . ð2snÞ!

ð
jxj<a

x2s1
1 . . . x2si

i . . . x2snþ2
n

ðjxj2 þ r2Þnþ3
dx1 . . . dxn

¼ ðnþ 1Þ2

c2nð2s1Þ! . . . ð2snÞ!
r2r j�n�4

ðy
0

t jþnþ1

ð1þ t2Þnþ3
dt� r2r j�n�4

ðy
a=r

t jþnþ1

ð1þ t2Þnþ3
dt

" #

� 2 �
sn þ 1

2

� �Qn
i¼1 G si þ 1

2

� �
 �
G

jþn
2 þ 1

� � ð23Þ

and

r2r j�n�4

ðy
a=r

t jþnþ1

ð1þ t2Þnþ3
dtA0:

Next,

r2ðnþ 1Þ2

c2nð2s1Þ! . . . ð2snÞ!

ð
jxj<a

x2s1
1 . . . x2si

i . . . x2snþ2
n

ðjxj2 þ r2Þnþ3
dx1 . . . dxn

¼ ðnþ 1Þ2

c2nð2s1Þ! . . . ð2snÞ!
r j�n�2

ðy
0

t jþnþ1

ð1þ t2Þnþ3
dt � 2 �

sn þ 1
2

� �Qn
i¼1 G si þ 1

2

� �
 �
G

jþn
2 þ 1

� � : ð24Þ

By taking into account the formula (2), we obtain:

ðy
0

t jþnþ1

ð1þ t2Þnþ3
dt ¼ 1

2

G
jþnþ2

2

� �
G

n� jþ4
2

� �
Gðnþ 3Þ : ð25Þ

We obtain from (24) and (25) that:

r2ðnþ 1Þ2

c2nð2s1Þ! . . . ð2snÞ!

ð
jxj<a

x2s1
1 . . . x2si

i . . . x2snþ2
n

ðjxj2 þ r2Þnþ3
dx1 . . . dxn

¼
ðnþ 1Þ2r j�n�2 sn þ 1

2

� �
G

n�jþ4
2

� �Qn
i¼1 G si þ 1

2

� �
 �
c2nð2s1Þ! . . . ð2snÞ!ðnþ 2Þ! ð26Þ

Finally, we obtain from formulas (10) and (26) for the case i ¼ n that:

qd

qxn
� qd

qxn
¼

X½ðnþ2Þ=2�

j¼0

r2j�n�2
X

si ANUf0g
Tsi¼j

Cs1;...; sn

q2jd

qx2s1
1 . . . qx2sn

n

; ð27Þ

where
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Cs1;...; sn ¼
ðnþ 1Þ2G n�2jþ4

2

� �
sn þ 1

2

� �Qn
r¼1 G sr þ 1

2

� �
 �Qn
r¼1ð2srÞ!c2nðnþ 2Þ! : ð28Þ

In the same way, the following formula is obtained for i ¼ 1; . . . ; n� 1:

qd

qxi
� qd

qxi
¼

X½ðnþ2Þ=2�

j¼0

r2j�n�2
X

sr ANUf0g
Tsr¼j

Cs1;...; sn

q2jd

qx2s1
1 . . . qx2sn

n

; ð29Þ

where

Cs1;...; sn ¼
ðnþ 1Þ2G n�2jþ4

2

� �
si þ 1

2

� �Qn
r¼1 Gðsr þ 1

2


 �
�Qn

r¼1ð2srÞ!c2nðnþ 2Þ! : ð30Þ

The Hadamard finite part is nonzero for even n. In fact, we obtain in formula

(29) that:

Hpf
qd

qxi
� qd

qxi

� �
¼

X
si ANUf0g

Tsi¼ðnþ2Þ=2

Cs1;...; sn

q2jd

qx2s1
1 . . . qx2sn

n

; ð31Þ

where

Cs1;...; sn ¼
ðnþ 1Þ2 si þ 1

2

� �Qn
r¼1 G sr þ 1

2

� �
 �Qn
r¼1ð2srÞ!c2nðnþ 2Þ! : ð32Þ
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