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ABSTRACT. Li Banghe and Li Yaqing defined in [1] the product So 7T as a hyper-
distribution (we call hyperdistributions to the complex linear functional of Z(R") in
#C") for S and T in D'(R") and they calculated 009. In this paper, we shall obtain
expressions for the products J o —é and 3 é o —é fori=1,...,n, and for even n, these
products have the Hadamard ﬁmte part nonzero

1. Introduction

“ LR

In this section we shall define the product This definition involves a
harmonic representation of distributions and Non-Standard Analysis. Let C*
and R be nonstandard models for the complex field and the real field respec-
tively, and let p be a positive infinitesimal. Let @ denote the set of all infin-
itesimal in C*. Let

»C = {xe C": for some finite integer n, |x| < p~"}, 7C'=rC/O.
We call hyperdistributions the complex linear functional of Z(R") in »C’.

DerFINITION 1.1. Let T € 2'(R") and u(x,y) be a harmonic function in
Ri“ ={(x,»):xeR", y>0} so that lim,_o, u(x,y)=T in the sense of
Z'(R"). Then u(x,y) is called a harmonic function associated with T or har-
monic representation of T.

LEMMA 1.2. Let S,T € %' (R") and S, T be harmonic representations of S
and T respectively, and *S,*T denote the nonstandard extensions of S, T respec-
tively. For any ¢ € 2(R"),

S (x,p) T(x,p),"d(x)y €7 C.
LEmMMA 1.3. Let S, Te %' (R"). If S‘hSz and Ty, T> are two harmonic
representations of S and T respectively, then for any ¢ € D(R"), we have
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C8a(x,p) Ta(x, p), " (X)) — 81 (x, p) T1(x, p), “p(x)> 0
Let @:”C — ?C' be the homomorphism modulo @. We define

DEFINITION 1.4, Let S,T € 2'(R") and S,T be harmonic representations
of S and T respectively. We call the complex linear functional of 2(R") — PC’

(SoT, ¢y =D(CS(x,p) T(x,p), " $(x)))
the product of S and 7.

The product So T is a generalization of the usual product for continuous func-
tions on R". In the following, we enunciate the fundamental properties of the
product:

I. Commutativity: SoT =ToS, with S,T e 2'(R").

II. Bilinearity:

2
(1St +0282) o (BiT1 + BoT2) = > taf(Skc© Ton)
k,m=1
with o, f,, € C and Si, T, € Z'(R") for k,m =1,2.

III. Localizability: Let U be an open subset of R" and let Sk, T, €
2'(R") for k,m=1,2 so that S|\, =S\, and T\, =T»\,. Then
(S0 Ti)\y = (S20 Tr)\y-

IV. Let feC®, Te2'(R") and f-T be the usual multiplication.
Then foT=f-T.

V. Let f and g be continuous functions on R". Then fog= fg.

VI. The Leibnitz formula: Let S, 7 € 2'(R"). Then
0 oS oT

oT oT )
ax, (SoT) = ax, + 5o 6x,-

2. The product 6o £

Li Banghe and Li Yaqing obtained in [1], the following formula for d oo
with 6 € 2'(R"):

[n/2] . aZjé
o —n
soo=>_ S p¥ Cononn =2 — 7 (1)
J=0 s;e Nu{o} Xpoe O
ZSI_/
where
Sz""% t2j+l‘l 1
Cvl‘,u..,s,, = n H 2 | J 2\ n+1 dt
+]: 2s)! Jo e2(1+2)
and ¢, =22 p a positive infinitesimal.

()’
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We can simplify the expression for the coefficients Cj,
account the following formula for the Beta function:

s, by taking into

1 5¢)

-1
B(p,q) = JO X1 = x) " dx = JO Ufyw dy

© l2p71
=2. L 7(1 T dt (2)

where p,qe RT. Next, we obtain by taking into account commutativity, the
Leibnitz formula and (2), the following expression for do£:

00 1 a
o@x,- {5 (5}
[n/2] vl
i a./ 5
- Dy , 3
;5,5%{0}/) Lyeees " 1251 6x[2s,+l P ’%Sn ( )
Ysi=j
where
p, LG DI +) “
- 211, (2si)!nlc2

We observe that the Hadamard finite part of 60— is nonzero for even n,

because it is obtained for j =% in the second term of the formula (3), so then
i) "o
Hf(0o50) = ¥ Duwzm iz O
axl S[E%{o} S lez‘l e 5x,2 it - ax,% "
Ysi=n/2
where
D _ thfl F(Si + 2) (6)
et T, (2s) Inle?

3. The product £ o2

‘C

An expression for the product £7 D 6@ can be obtained by evaluating the

F‘c
following integral:
26 2
| Srn) 5ot dnia ™
here, we consider
AN _ —pm+1)x

oxi (x4 p2) "R
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a harmonic representation for £ € 2'(R"), ¢ € Z(R") and p the positive infin-

0x;

itesimal considered in section 1. We know that

Ry x’f‘ oo xkn ) 3
X) = n 0 + xn ) X 9
() ;(hr%ewkl!”_h! 5x{q_”ax5,l<> I " (x) 9)
Yki=j

is the Taylor expansion of ¢ to n+ 2 th order, where  is continuous for x # 0
and bounded near x = 0. Then, we obtain in (7), by taking into account (8),
(9) and supp ¢ = {x: |x| < a} that

B 26

9 R . d
| Sen) Setnp) - dnas

2 2.2 n+2 ki kn J
:J pr(n+1)"x; Z Z Xy X, ¢ (0) bax

2 n+3 k ky
wi<a (X" +p2)" | 50 (. Tyeny Kt Kl oxyt oy
Yki=j
2 1 2.2
J p(nz+—)xri+3 |x]| "+31//(x)dx. (10)
w<a e (|X]” + p?)

The last term of the second member of the equality (10) is an infinitesimal
number and we can omit it, in fact:
Let M = sup{y(x) : |x| < a} and we consider the polar coordinate in R":

Xy = rcost
X, = rsinf; cosb,
Xp—1 = rsinf@; sin6,...sin6,_, cos O, ;
X, = rsinf; sin6,...sin6,, sinb,
where
0<01,05,...,0,_ 2 <m, 0<6,_1 <2m. (11)
We denote dQ the volume element of the unitary sphere S”~!. Then we have

dx =1 drdQ with

dQ =sin" 20, -sin" 3 0,...sin0, > do,...d0, ;.

Let B, = 222 be the (n — 1)-dimensional measure of the (n — 1)-sphere unitary

()

S, We Obtain
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J pZ(n + 1)2x1'2 n+3lp(x)dx

3 e
ixl<a c2(|x* + p2)""

pn+ 1) X"
< 2 M 2 2\ n+3
G xl<a (|x]” + p?)

2 1 2 a n+5
_pn 1) MJ dQJ —__ar
Su—]

< 0 (r2 4 p2)""

. alp 2n+4
:pl M, J 7’14"»3 dt,
o (1+1¢2)
where M’ :(H]Zﬂ, M'eR.
Now, we have
alp 12n+4 1 12n+4 alp (2nt4
T g J T g j
Jo (1+2)" o (142"

Moreover

alp t2n+4
J n+3 d
1 (14+122)

Next, from (12) we obtain:

a//)l
t<J — dt < 0.
1t

, alp t2n+4 p 0
MJ SR N
p 0 (1 + tz)n+3

— dt.
1 (1 +t2)n+3

121

(14)

since p ~0. Then, we consider in (10) the terms in the Taylor expansion of ¢

until n+ 2 th order

J PR+ 1)7°x2 | &3 XL xkn o'
2 3 k Ko
<aca(]x]” +p)" | 5= (Kt kn) N fal el oxyt . Oy
Yhki=j
n+2 2 k ki+2 n
:i Z prn+1) J Xy X xk i
2 2 3
770 (ki Kn)ENE kil k) gea (X7 +p2)"
Zki:]
aj¢
. 0).
6xf“ ..8x,1{"( )

(0)

(15)

We consider for each j<n+2, (ki,...,k,) e Ny with k; +---+k, = j, the

following terms:
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prn+1)° xf xR X
kel k) 2, i3 dx. (16)
v Kt Jin<a (67 4 p2)

n

First, we consider i =n. For that, we calculate the following terms:

2 13 i ki xkat2
p-(n+1) J Mo NN g, (17)
|x|<a

2kl .. k! (|x|2 +p2)”+3

Applying polar coordinate in R" and by taking into account that Y /', k; = j,
we obtain in (17) the following formula:

5 2 ki ki knt2
n+1 Xyt XX
Al ) J 1 : n——dxy...dx,

|x|<a

k! ky! (Ix|> + p2)"*3

2 1 2 pa ky4etk,+2 n ]
_ pz (n' + ) 'J r — rn—l dr J COSkl 91 . Sinj—k1+2+n—2 01 d91
anl----kn- 0 (r2 _|_p2) 0

n
J cosk2 0, - sin/~kitk)+24n=3 g 4o,
0

n
X J Cosk,,,z 0’172 A Sinj—(kl+/€z+~~~+k,,,2)+2+n—(n—2+1) 0’172 den—Z
0

2n
J COSk,,,] 1 - Sin‘j—(k1+k2+~“+k,,,1)+2+n—(n—l+l) Hn—] den—l- (18)
0
The integrals of the type fon cos® 0sin” 0 dO are zero for k odd, then we
consider even kj,...,k,_». Moreover, the integrals of type fozn cos® 0'sin" 0 dO

are nonzero only for even k& and r. Then we consider even k; for i=
1,...,n. Let k;=2s;, then Y " k; =) i, 2s; = j, we obtain in (18)

dx; ...dx,

prn+1)? J xlzs' CLXE X2
a@s)l . 2s) i< (x> + p2)"P

pz(n ) 2 ca et F(m;l) r ( =251 +22+n—2+1>
- 2! k,! 2 2\n+3 dr - j+2+n—2
ChK1t .. Kyt O(V +p) I—v(./ ! +1)

255+1 i—(2514252)+24n—3+1
(o)

r (_/—2.3‘1 -;2+n—3 + 1 )

25241 J— (28142504 +25,-2)+24+n—(n—2+1)+1
() :

I—v(jf(le+2S2+~-'+2x3,3)+2+n7(n72+l) 4 1)
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r (2sn,1+1) r (j—(2s1+2s2+---+2s,1,1 )+2+n—(n—1+1)+1)
2 2
2

r (jf(Zsl +2s2+..4+2s,;2)+2+n7(n71+1) + 1)

R
= r
C%kl! . kn' JO (}"2 _|_p2)n+3
- J=S0L 2sn—(i+1)43
H?:ll {F(Si+é)r(l 2o y2}1 sl )}
22 , . (19)
) i—S 2sn—(i+1+1)42
F(Hz;nq + 1) H?lzr(f Z,:1 5 +2 (i+14+1)+ i 1)
Now,
J~a pintl r::pt et Ja/p lj+n+l 0 (20)
0 (rz +p2)n+3 0 (1 + tz)n+3
and,
_ =S 2= (i+1)+3
T e |
r j424n—2 n—2 jfz:7]23r+n7(i+l+l)+2
(B2 ) [T T ; +1
G YT [rG ] o
1)
Next, we obtain from (17) and the above calculations:
p*(n+ 1)2 J 3612‘Yl ...xf“"' cx2t2 dxi .. dx
22l 2s)  iyea (IX)* + 92" "
_ pz(n + 1)2 p'/_n_4 Ja/p ] 0. (S" + %) Hinzl [F(Si + %)] . (22
cr(2s)!. .. (2s)! o (142" I /T"+1)
We observe that
alp pitntl w et 0 ntl
o (14122 o (I+172) afp (1 +1%)

and,

j—n—4 * lj+n+1 j—n—4 ” Jj—n—>5 aj7n74
afp (1+12) afp J
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Therefore, this last term is a finite number. Next, we obtain from (22),

2 2 25 2s; 25,42
n+1 Xph XX
at ) J 1 L 1 dx; ...dx,

|x|<a

c2(2s)! ... (2sp)! (x> + p2)" 3

_ (m+1)
Cc2(2s1)! .. (2s)!

s i [© (il N (il
ppT J ————dt — pp/ " J ———dt
0 (1+2)" alp (1 412)"

L (o DT s+ )]

; (23)
F(%”Jr 1)
and
) 0 tj+n+l
2 j—n—4 ~
pop J ——— 5 di~0.
afp (1412 B
Next,
p*(n+ 1)2 )612‘Yl ...xiz“"' C X2 i J
2(2 ); (2 )| 2 2\ n+3 X1 - .- dXy
Cu(&81) ... (&8,): |x|<a (|x| —|—p )
- (n+41)2 s [ P (o + D TIL [F (s + 1] 24
T 2(2s0)! 25! 2n+3l" ; ()
i (2s)! .. (2sn)! o (14+1¢) F(]Tﬂ—i-l)
By taking into account the formula (2), we obtain:
o it 1 F(%’”)F(W)
t=— 25
L (14 2)" 2 I'(n+3) (25)
We obtain from (24) and (25) that:
2+ 1)’ e
WAAD 'J Mo XN g,
G 2s)l o 2sa) Jig<a (Ix]7 +p2)
w0 )Y L))
B c2(2si)!. .. (2s,)!(n + 2)! (26)
Finally, we obtain from formulas (10) and (26) for the case i = n that:
oo oo [(n+2)/2] 5 62/5
o = Z ,Djini2 Z C?l,.“,snﬁv (27)
0x, 0x, = 5 END(0) oxy™ L O0xy™
Si=J

where
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DT (s + D T [+ )]

C = 28
T (otein + 2 >
In the same way, the following formula is obtained for i=1,...,n—1:
b [(n+2)/2] 5 62J5
—o0—= j—n=2 Cisy—5———5—> 29
Oxi 0xi Zo g v,eNZU{O} TN o (29)
ZSV_J

where

o o 1>2r(":#) 5+ YT [+ ) o)
[12;(2s)le2(n+2)!

The Hadamard finite part is nonzero for even n. In fact, we obtain in formula
(29) that:

) %5
H, = Cs ..... \Sn ) 31
v (ox, 6x,> v,e%{o} b ax 2s1 L Ox Gl

Ysi=(n+2)/2

where

(n+ l)zgs, + )T [ (s +3)]

oty = I ](2sr)'cz(n +2)!

(32)
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