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Abstract. We investigate the Green function, the Poisson kernel and the Martin

kernel of circular cones in the symmetric stable case. We derive their sharp esti-

mates. We also investigate properties of the characteristic exponent of these estimates.

We prove that this exponent is a continuous function of the aperture of the cone.

1. Introduction

In recent years many results in potential theory of a-stable processes have

been obtained ([2], [9], [10], [12]–[17], [19], [20], [22]–[24], [27]). In particular,

the behaviour of a-harmonic functions, the Green function and the Poisson

kernel in smooth domains ([19], [23]) and Lipschitz domains ([9], [10], [22]) has

been investigated. In case of smooth domains the main tool is the Green

function and the Poisson kernel of a ball. The estimates of the Green function

and the explicit formula of the Poisson kernel are known ([8], [19], [23], [25]).

In case of Lipschitz domains the situation is more complicated and it is cones

that seem to be a proper tool. On the other hand, cones are Lipschitz do-

mains themselves and they are regular enough to obtain more detailed results

than those in [10]. In fact, properties of the Green function, the Poisson kernel

and the exit time in bounded and unbounded cones has been studied both in

the classical case ([1], [3], [18]) and a-stable case ([14], [21], [23], [26]). The

latest results for a < 2 are [2] about the so-called generalized cones and [14]

about the Poisson kernel in ‘smoothed’ bounded cones.

The estimates presented in [23] are proved only for cones of acute

aperture. Besides, they are not sharp at the vertex of the cone. The aim of

this paper is to improve these estimates and to extend them to all circular

cones. The basic tool is the so-called Martin kernel with pole at infinity

(introduced in [2]) and its degree of homogeneity. We also use the estimates of

the Green function in smooth domains ([19], [24]) and of the Poisson kernel in
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Lipschitz domains ([22]). Another important tool is a version of the Boundary

Harnack Principle ([27]).

In section 2 we present basic notation and terminology. Section 3

contains the most important results. First we prove some properties of the

Martin kernel with pole at infinity and its degree of homogeneity. They seem

to be useful in other applications. Next we obtain estimates of the function

f (truncated Green function) used in [22]. With the use of this function we

prove sharp estimates of the Green function and the Poisson kernels of

bounded cones (Theorems 3.6 and 3.7). With some extra arguments we extend

our estimates to unbounded cones (Theorem 3.11). As a consequence of

Theorem 3.6 we obtain estimates of the Martin kernel in cones (Theorems 3.12

and 3.13). We also prove the existence of Martin representation in unbounded

cones (cf. [9]) and we show the consistence between the Martin kernel with pole

at infinity and the classical Martin kernel with the boundary point at infinity.

2. Preliminaries

We will denote by j � j the Euclidean norm of vectors. For BHRd , db 2

we denote its complement by Bc and its characteristic function by 1B. For

x A Rd , Bðx; rÞ will denote the open ball centered at x of radius r. For a Borel

set B and r > 0 we define rB ¼ frx : x A Bg and Bþ x ¼ fxþ y : y A Bg. For

x A Rd let dxðBÞ ¼ distðx; qBÞ.
Let D denote a bounded open set in Rd . We say D is a Lipschitz domain

if there exist constants R0, l > 0 such that for every z A qD there is a function

F : Rd�1 ! R and an orthonormal coordinate system y ¼ ðy1; . . . ; ydÞ such that

DVBðz;R0Þ ¼ fy : yd > Fðy1; . . . ; yd�1ÞgVBðz;R0Þ:

Moreover, F is Lipschitz with the Lipschitz constant not greater than l.

Furthermore, if F is di¤erentiable and ‘F is Lipschitz with the Lipschitz

constant not greater than l then D is called a C 1;1 domain.

Let ðXt;P
xÞ be the rotation invariant(‘symmetric’) a-stable Levy motion

(i.e. homogeneous with independent increments) on Rd with its index a A ð0; 2Þ
([7]). For a Borel subset B of Rd let TB and tB be the first entry time and the

first exit time respectively i.e. TB ¼ infftb 0 : Xt A Bg and tB ¼ TBc .

In this paper constants are always positive numbers. In equations and

inequalities they may change under arithmetic transformations but they will be

denoted by the same symbols. The notation of the form c ¼ cða; b; . . .Þ means

that the constant c depends only on a; b; . . . .

A nonnegative Borel function h on Rd is said to be a-harmonic on D if for

each bounded open set B with BHD and for x A B we have

hðxÞ ¼ ExhðXtBÞ < y: ð1Þ
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If h1 0 on Dc then it is called singular a-harmonic on D. If B can be replaced

by D in (1) then h is called regular a-harmonic on D.

The following theorem ([27, Theorem 3.1]) will be one of the basic tools in

our paper.

Theorem 2.1 (Boundary Harnack Principle). Let D be an open set,

z A qD, r > 0, k A ð0; 1Þ and BðA; krÞ is a ball in DVBðz; rÞ. Then there exists

some constant C ¼ Cðd; aÞ > 1 such that for any two functions u, v, which

are positive regular a-harmonic in DVBðz; 2rÞ and vanish in Dc VBðz; rÞ, we

have

C�1kdþa vðxÞ
vðAÞ a

uðxÞ
uðAÞ aCk�d�a vðxÞ

vðAÞ ; x A DVBðz; r=2Þ:

For x A Rd we define the a-harmonic measure of D as ox
DðBÞ ¼ PxðXtD A BÞ.

As a function of x it is regular a-harmonic on D if B is fixed. If D is

Lipschitz, its harmonic measure is concentrated on ðDÞc and has the density

with respect to the Lebesgue measure, which is called the Poisson kernel (see

[10]). This kernel will be denoted by PDðx; yÞ, x A D, y A ðDÞc. It satisfies the

following scaling property

PDðx; yÞ ¼ ð1=rdÞPð1=rÞDðx=r; y=rÞ; r > 0: ð2Þ

When D ¼ Bð0; rÞ, r > 0, the Poisson kernel is given by the following explicit

formula

Prðx; yÞ ¼ Cd;a
r2 � jxj2

jyj2 � r2

 !a=2
1

jx� yjd
; jxj < r; jyj > r;

where Cd;a ¼ Gðd=2Þp�d=2�1 sinðpa=2Þ (see [8], [25]).

For all nonnegative Borel measurable functions f we define the Riesz

potential of f by

Uf ðxÞ ¼ Ex

ðy
0

f ðXtÞdt ¼
ð
Ad;ajx� yja�d

f ðyÞdy;

where Ad;a ¼ 2�ap�d=2Gððd � aÞ=2Þ=Gða=2Þ (see [7]).

For a Borel set B we define the Green potential of f by

GB f ðxÞ ¼ Ex

ð tB
0

f ðXtÞdt ¼
ð
GBðx; yÞ f ðyÞdy;

where GBðx; yÞ is the Green function of B defined by

GBðx; yÞ ¼ Ad;aðjx� yja�d � Exjx� XtB j
a�dÞ; x; y A B; x0 y; ð3Þ
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GBðx; xÞ ¼ y and GBðx; yÞ ¼ 0 otherwise. This function is symmetric (i.e.

GBðx; yÞ ¼ GBðy; xÞ), positive in int B and if B1 HB2 then GB1
aGB2

. Fur-

thermore, GB satisfies the following scaling property

GBðx; yÞ ¼ ð1=rd�aÞGð1=rÞBðx=r; y=rÞ; r > 0: ð4Þ

For other properties of the Green function see [24] and [19].

Every nonnegative function which is singular a-harmonic on a bounded

Lipschitz domain D has a unique representation (called the Martin repre-

sentation)

f ðxÞ ¼
ð
qD

MDðx; zÞmðdzÞ; ð5Þ

where m is a finite Borel measure on qD. The kernel function MDðx; zÞ, called
the Martin kernel, may be defined by

MDðx; zÞ ¼ lim
D C y!z

GDðx; yÞ
GDðx0; yÞ

; x A D; z A qD: ð6Þ

The existence of this limit follows from the Boundary Harnack Principle (see

[9], [20]).

We will also use the following estimates for the Green function of C1;1

domains ([19], [24]).

Theorem 2.2. If D is a C1;1 domain, then there exist constants c ¼ cðD; aÞ
and C ¼ CðD; aÞ such that for x; y A D,

c min
Ad;a

jx� yjd�a
;
da=2x ðDÞda=2y ðDÞ

jx� yjd

 !
aGDðx; yÞ

amin
Ad;a

jx� yjd�a
;C

da=2x ðDÞda=2y ðDÞ
jx� yjd

 !
: ð7Þ

From now on we will assume that r > 0, x A D, y A ðqDÞc, z;Q A qD.

x0 A D will be a fixed reference point. From now on we take R0 so small that

dx0ðDÞbR0=2. For raR0=32 and Q A qD we denote by AQ; r a point for

which BðAQ; r; krÞHBðQ; rÞVD for a certain absolute constant k ¼ kðDÞ ¼
1=ð2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ l2

p
Þ. The set of such points is nonempty and AQ; r is not unique.

For r > R0=32 we set AQ; r ¼ x1, where x1 A D is another fixed point such that

jx0 � x1j ¼ R0=4. In particular, dx1ðDÞbR0=4. Furthermore, let r ¼ rðx; yÞ
¼ maxðdxðDÞ; dyðDÞ; jx� yjÞ. For raR0=32 we denote by A ¼ Aðx; yÞ a point

for which BðA; krÞHDVBðx; 3rÞVBðy; 3rÞ. The set of such points is also

nonempty and if S A qD is such that dy ¼ jy� Sj, we may take A ¼ AS; dy . If

r > R0=32, we set Aðx; yÞ ¼ x1. See [22] and [11] for details.
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Let fDðxÞ ¼ minðGDðx; x0Þ;Cd;aðR0=4Þa�dÞ. We will use the following

estimates for the Poisson kernel and the Green function of Lipschitz domains

([22])

Theorem 2.3. There are constants c ¼ cðd; a; l;R0; diamðDÞÞ, C ¼ Cðd; a;
l;R0; diamðDÞÞ such that for x A D, y A ðDÞc we have

c
fDðxÞfDðyÞ

jx� yjd�af2
DðAðx; yÞÞ

aGDðx; yÞ

aC
fDðxÞfDðyÞ

jx� yjd�af2
DðAðx; yÞÞ

: ð8Þ

Theorem 2.4. There are constants c ¼ cðd; a; l;R0; diamðDÞÞ, C ¼ Cðd; a;
l;R0; diamðDÞÞ such that for x A D, y A ðDÞc we have

c
fDðxÞfDðy 0Þ

jx� yjd�a
f2
DðAðx; y 0ÞÞday ðDÞð1þ dyðDÞÞa

aPDðx; yÞ

aC
fDðxÞfDðy 0Þ

jx� yjd�a
f2
DðAðx; y 0ÞÞday ðDÞð1þ dyðDÞÞa

; ð9Þ

where y 0 ¼ AS; dy and S A qD satisfies dy ¼ jy� Sj.

We will also use the following version of ([10, Lemma 17]), which can be

proved in an analogous way.

Lemma 2.5. Let Bn and B be open sets such that Bn % B. Assume

that for x A B we have PxðXtB A qBÞ ¼ 0 and PxðtB < yÞ ¼ 1. Then

limn!y PxðfXtBn ¼ XtBgÞ ¼ 1. In particular, this implies that limn!y GBn
ðx; yÞ

¼ GBðx; yÞ for x; y A B and limn!y PBn
ðx; yÞ ¼ PBðx; yÞ for x A B, y A int Bc.

3. Main results

First we define an unbounded cone with vertex at 0 ¼ ð0; 0; . . . ; 0Þ and

symmetric with respect to the d-th axis. This is a set V defined by

V ¼ fx : h � jðx1; x2; . . . ; xd�1Þj < xdg;

where h A ð�y;yÞ. The aperture of V is the angle g ¼ arccosðh=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p
Þ.

For g ¼ p we define V by V ¼ Rdnfð0; 0; . . . ; 0; xdÞ : xd a 0g. Generally, an

unbounded cone with vertex at 0 is a set V 0 isomorphic to the cone V defined

above and satisfies rV 0 ¼ V 0. Finally, an unbounded cone with vertex at

Q A Rd is a set V 0 þQ.

For an unbounded cone V with vertex at Q we denote by 1 a point on

the axis of V such that j1�Qj ¼ 1. Since the process Xt is homogeneous
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and translationally invariant, we will often assume that Q ¼ 0 and 1 ¼
ð0; 0; . . . ; 0; 1Þ.

Let V be a circular cone with vertex at 0 and aperture g A ð0; p�. Assume

that 1 ¼ ð0; 0; . . . ; 0; 1Þ. By [2, Theorem 3.2], there exists the so-called Martin

kernel with pole at infinity. This is a unique nonnegative function MV on Rd

such that MV ð1Þ ¼ 1, MV 1 0 on V c and MV is regular a-harmonic on every

open bounded subset of V . Moreover, MV is locally bounded on Rd and

homogeneous of degree b A ½0; aÞ, that is,

MV ðxÞ ¼ jxjbMV ðx=jxjÞ; x A V : ð10Þ

Furthermore, b ¼ bðV ; aÞ is a strictly decreasing function of g ([2, Lemma

3.3]). We will call b the characteristics of V .

We know the explicit formulas of MV in several cases. If g ¼ p=2, then V

is the half-space fðx1; x2; . . . ; xdÞ : xd > 0g. In this case MV ðxÞ ¼ x
a=2
d , x A V

and this gives b ¼ a=2. If g ¼ p and (d > 2 or aa 1), then V c is polar

([25]). This implies that MV ðxÞ ¼ 1V ðxÞ and b ¼ 0 in this case. If g ¼ p,

d ¼ 2 and a > 1, then V c is not polar and due to [2, Theorem 3.4] we have

b > 0. Actually, it is proved in [14] that b ¼ ða� 1Þ=2. We do not know the

formula of MV in this case.

Later on, we will prove that MV is nothing but a constant multiple of a

classical Martin kernel MV ðx;yÞ defined by (6) (see Theorem 3.13).

We now present further properties of MV . This function plays an im-

portant role in further analysis.

Lemma 3.1. For n A N let Vn and V be circular cones with vertices at 0,

apertures gn and g respectively, characteristics bn and b respectively and Martin

kernels with pole at infinity Mn and M respectively. Assume that gn, g A ð0; p�
and 1 ¼ ð0; 0; . . . ; 0; 1Þ is on the axis of symmetry of V and every Vn. Then

MnðxÞ ! MðxÞ for all x A V if limn!y gn ¼ g. Furthermore, M is continuous

on Rd i¤ g < p or d ¼ 2, g ¼ p, a > 1.

Proof. Since gn ! g, we may assume that gn > g=2 for all n, without loss

of generality. Since g > 0, there is a constant e > 0 such that for every n,

Bð1; eÞHVn VBð0; 3=2Þ. We will prove that there exists C > 0 such that for

every jxja 1, MðxÞaC, where C does not depend on V .

Since M is regular a-harmonic on Bð0; rÞVV for r A ½3=2; 2�, we get

MðxÞ ¼ ExMðXtVVBð0; rÞ Þ ¼ ExfMðXtVVBð0; rÞ Þ : XtVVBð0; rÞ A Vg

¼ ExfMðXtBð0; rÞ Þ : XtVVBð0; rÞ A VgaExMðXtBð0; rÞ Þ

¼
ð
Prðx; yÞMðyÞdy; ð11Þ
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where Prðx; yÞ ¼ Cd;a1fjyj>rg �
r2�jxj2

jyj2�r2

� �a=2
� 1

jx�yj d
. Let PeðyÞ be the Poisson

kernel for the ball Bð1; eÞ for the process starting from 1. We introduce a

regularized version of the Poisson kernel Prðx; yÞ in a similar way as in

[12]. Fix a nonnegative j A Cy
c ðð3=2; 2ÞÞ such that

Ð 2
3=2 jðrÞdr ¼ 1 and define

~PPðx; yÞ ¼
Ð 2
3=2 jðrÞPrðx; yÞdr. Then by [12, Lemma 3.11] we have

~PPðx; yÞaC=ð1þ jyjÞdþa;

where C depends on d and a. Moreover, for jyjb 3=2,

PeðyÞ ¼
ea

ðjy� 1j2 � e2Þa=2jy� 1jd
b

C

jyjdþa

for some constant C ¼ Cðd; a; eÞ. Hence for jxja 1 and jyjb 3=2 we obtain
~PPðx; yÞaCPeðyÞ. Therefore, since

Ð
~PPðx; yÞdy ¼ 1, by (11) we get

MðxÞa
ð
jyj>3=2

~PPðx; yÞMðyÞdyaC

ð
jyj>3=2

PeðyÞMðyÞdy

aC

ð
Bcð1; eÞ

PeðyÞMðyÞdy ¼ CMð1Þ ¼ C:

Therefore, for every n and jxja 1 we have

MnðxÞaC: ð12Þ

This implies that for jxj > 1, by homogeneity of Mn we get

MnðxÞ ¼ jxjbnMnðx=jxjÞaCjxjbn : ð13Þ

We know that bn < a for every n and bn increases as gn decreases. Therefore,

if g > 0, we may assume by (12) and (13) that there is b 0 < a such that for

every n,

MnðxÞaC maxðjxjb
0
; 1Þ: ð14Þ

It implies that Mn are uniformly bounded on every bounded subset BHV .

Also, Mn are equicontinuous on compact subsets F HV because of the

gradient estimates (see [15]). Therefore, by the Arzeli Theorem and diagonal

procedure we find a subsequence Mnk almost uniformly convergent to some

nonnegative function ~MM on V .

We prove now that ~MM is a-harmonic on V . Let x A V and r > 0 such

that B ¼ Bðx; rÞHBðx; rÞHVn. Then we have

MnðxÞ ¼
ð
Bc

MnðyÞPrðx; yÞdy: ð15Þ
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If R > 0 is su‰ciently large, then for jyj > R we have

Prðx; yÞ ¼
ra

ðjy� xj2 � r2Þa=2jx� yjd
a

C

jyjdþa
;

where C ¼ Cðd; a; r;RÞ. Moreover, by (14), for every n we have MnðyÞa
Cjyjb

0
, jyjb 1, and MnðyÞaC, jyjaR. Therefore, we get

MnðyÞPrðx; yÞa Cjyjb
0�d�a; jyj > R;

CPrðx; yÞ; jyjaR:

(

The right hand side of the above inequality is integrable over Bc since b 0 < a

and
Ð
Prðx; yÞdy ¼ 1. Hence, by dominated convergence, we get

~MMðxÞ ¼ lim
k!y

Mnk ðxÞ ¼
ð
Bc

lim
k!y

Mnk ðyÞPrðx; yÞdy ¼
ð
Bc

~MMðyÞPrðx; yÞdy;

which proves that ~MM is a-harmonic on V . Obviously, ~MM1 0 on V c and
~MMð1Þ ¼ 1.

Now we need to prove that ~MM is regular a-harmonic on bounded subsets

of V . Assume first that g < p or d > 2 or aa 1. Let B ¼ Bð0;RÞ for some

R > 0. We show that the set G ¼ V VB satisfies the assumptions of Lemma

2.5. This is immediate if 0 < g < p, since G are bounded Lipschitz domains

in this case. If g ¼ p, then V ¼ Rdnfð0; 0; . . . ; 0; xdÞ : xd a 0g. Since db 3

or aa 1, the set V c is polar ([25]) and M1 1V is not continuous on Rd .

Let x A G . Since the process does not hit qB when leaving B, we see that

PxðtG A qGÞ ¼ 0. Obviously, PxðtG < yÞ ¼ 1 as G is bounded. Now take

open sets Bn HBn HG such that Bn % G . Since ~MM is a-harmonic and locally

bounded on V , we get ~MMðxÞ ¼ Ex ~MMðXtBn Þ ! Ex ~MMðXtG Þ by Lemma 2.5.

Hence ~MM is regular a-harmonic on V VB.

Now let g ¼ p, d ¼ 2 and a > 1. This case requires di¤erent arguments

since V c is not polar. Let x A V . Fix z A qV and take R > 2 such that z A
Bð0;R=4Þ. First we prove that there exists a constant C ¼ Cðd; a;RÞ such that

for x A V VBð0;R=4Þ,
~MMðxÞaCMðxÞ: ð16Þ

To show it we define fnðxÞ ¼ PxðXtGn A BcÞ and f ðxÞ ¼ PxðXtG A BcÞ where

Gn ¼ Vn VB, G ¼ V VB. As Gn % G, we may assume that x A Gn for all n

for a given x. Furthermore, Bð1; 1=2ÞHGn. Next we observe that fn and Mn

are regular a-harmonic on Gn and vanish on V c
n VB. Similarly, f and M are

regular a-harmonic on G and vanish on V c VB. Therefore, by the Boundary

Harnack Principle we obtain
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c
fnð1Þ
Mnð1Þ

a
fnðxÞ
MnðxÞ

aC
fnð1Þ
Mnð1Þ

;

c
f ð1Þ
Mð1Þa

f ðxÞ
MðxÞ aC

f ð1Þ
Mð1Þ ; ð17Þ

where c, C depend on d, a, R. Since fnðxÞa f ðxÞ and 1b f ð1Þb fnð1Þb
P1ðXtBð1; 1=2Þ A BcÞ ¼ C > 0, (17) gives MnðxÞaC 0MðxÞ and letting n ! y we

obtain (16).

Next we show that M is continuous on Rd . We only need to show that

lim
x!z

MðxÞ ¼ 0: ð18Þ

First assume that z ¼ 0. M is locally bounded and MðxÞ ¼ jxjbMðx=jxjÞ
with b > 0 so (18) is immediate. Now let z0 0. From (17) we get f ðxÞa
CMðxÞ ! 0 as x ! 0. Let y ¼ x� z. Observe that G � zHV VBð�z;RÞ.
Hence

f ðxÞ ¼ PxðXtG A BcÞ ¼ PyðXtG�z
A Bcð�z;RÞÞ

aPyðXtVVBð�z;RÞ A Bcð�z;RÞÞ ¼ gðyÞ:

Take r > 0 such that Bð0; rÞHBð�z;RÞ. Then g is regular a-harmonic on

V VBð0; rÞ and vanishes on V c VBð0; rÞ. Hence for y su‰ciently close to 0

we obtain gðyÞaCMðyÞ by similar arguments as for (17). Therefore,

limy!0 gðyÞ ¼ 0, which implies limx!z f ðxÞ ¼ 0. Now (18) follows from (17).

Combining this with (16) we see that ~MM is continuous on Rd . But we know

that if a function is a-harmonic on a bounded set D and is continuous on D,

then is regular a-harmonic on D ([27]). Hence, as in the previous cases, ~MM

is regular a-harmonic on every open bounded subset of V . Therefore, by the

uniqueness of M ([2, Theorem 3.2]), ~MM1M and limn!y Mn ¼ M on V .

Finally, continuity of M for g < p will follow from Lemma 3.3 stated below.

This completes the proof. r

The next theorem provides some information about b.

Theorem 3.2. Let Vn and V be as in Lemma 3.1. Let g A ð0; p�. Then

( i ) If limn!y gn ¼ g, then limn!y bn ¼ b.

( ii ) If limn!y gn ¼ 0, then limn!y bn ¼ a.

(iii) If g ¼ p then b ¼ ða� 1Þ=2 in case d ¼ 2 and a > 1, otherwise b ¼ 0.

(iv) If g ¼ p=2, then b ¼ a=2.

Proof. From (10) we have Mnðð1=2Þ � 1Þ ¼ ð1=2Þbn and Mðð1=2Þ � 1Þ ¼
ð1=2Þb. To prove (i) we use Lemma 3.1. We have Mnðð1=2Þ � 1Þ ! Mðð1=2Þ �
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1Þ and it gives limn!y bn ¼ b. It remains to prove (ii) as (iii) and (iv) were

discussed before. By [23, Theorem 4.6], for x A Vn VBð0; 2Þ we have

cda=2x ðVnÞjxja=2�e 0
aGVn

ðx; 8 � 1ÞaCda=2x ðVnÞjxja=2�e; ð19Þ

where c, C depend on d, a, n and 0 < e 0 < e satisfy e; e 0 ! 0 if gn ! 0 [23,

Lemma 3.7]. Since Mn and GVn
ð�; 8 � 1Þ are regular a-harmonic on Vn VBð0; 6Þ

and vanish on V c
n VBð0; 6Þ, we obtain by the Boundary Harnack Principle for

all n and x ¼ r � 1, ra 1

Mnðr � 1Þ
Mnð1Þ

¼ GVn
ðr � 1; 8 � 1Þ

GVn
ð1; 8 � 1Þ :

Combining this with (19) we see that cra�e 0 aMnðr � 1ÞaCra�e. From (10)

we have Mnðr � 1Þ ¼ rbnMnð1Þ ¼ rbn and this implies that a� ea bn a a� e 0.

Since e; e 0 ! 0 in case n ! y, we get bn ! a. This completes the proof.

r

The rest of the section is devoted to study the behaviour of the Green

function, Poisson kernels and Martin kernels for cones of apertures less than

p. For any cone V with its vertex at 0 and aperture g < p we define its inner

smooth set BV . This will be a fixed C1;1 domain such that

ðBð0; 3=2ÞnBð0; 1=16ÞÞVV HBV H ðBð0; 2ÞnBð0; 1=32ÞÞVV :

We notice that BV can be chosen to be dependent only on d and g. Next we

define a bounded (‘smooth’) cone of length 2 and vertex at 0 by

V2 ¼ BV U ðV VBð0; 1=16ÞÞ:

Similarly we define a bounded (‘smooth’) cone of length R > 0 and vertex at 0

by VR ¼ ðR=2ÞV2. Finally, a bounded (‘smooth’) cone of length R and vertex

at Q is a set of the form Qþ VR.

From now on V and VR will denote, respectively, unbounded and bounded

cones with vertices at a fixed Q. We also set RV ¼ ð1=8Þ sin ga 1=8. This

implies that V VBðz; 4RV ÞHBV if z A qV V qBðQ; 3=4Þ. Furthermore, let x 0 ¼
ð1=16Þ � 1 ¼ ð0; 0; . . . ; 0; 1=16Þ.

The next lemma provides sharp estimates for MV .

Lemma 3.3. There exist constants c ¼ cðd; a; gÞ, C ¼ Cðd; a; gÞ such that

for every x A V we have

cjx�Qjb�a=2da=2x ðVÞaMV ðxÞaCjx�Qjb�a=2da=2x ðVÞ: ð20Þ

Proof. We may assume that Q ¼ 0 and 1 lies on the axis of V . Let

z A qV V qBð0; 1Þ. Since MV is homogeneous, we obtain

MV ðxÞ ¼ MV ðx=jxjÞjxjb: ð21Þ
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By definition of BV and RV we have x 0 A BV and jz� x 0j > 4RV . So the

functions MV ð�Þ and GBV
ð�; x 0Þ are regular a-harmonic on V VBðz; 4RV Þ

and vanish on V c VBðz; 4RV Þ. Therefore, if x=jxj A Bðz;RV Þ, then by the

Boundary Harnack Principle we obtain

c
GBV

ðx=jxj; x 0Þ
GBV

ðAz;RV
; x 0Þ a

MV ðx=jxjÞ
MV ðAz;RV

Þ aC
GBV

ðx=jxj; x 0Þ
GBV

ðAz;RV
; x 0Þ ; ð22Þ

where c, C depend only on d, a, g, and the definition of the points Az;RV
refers

to the set BV . Since dAz;RV
ðVÞ ¼ dAz;RV

ðBV Þb kRV , all the points Az;RV
are in a

compact subset of V . Since MV ð�Þ is continuous, positive on V and GBV
ð�; x 0Þ

is continuous, positive on BV nfx 0g, we get

caGBV
ðAz;RV

; x 0ÞaC;

caMV ðAz;RV
ÞaC; ð23Þ

and, again, c, C depend only on d, a, g. By the definition of BV we have

dx=jxjðBV Þ ¼ dx=jxjðVÞ if x=jxj A Bðz;RV Þ. Therefore, from Theorem 2.2 we

have

c 0d
a=2
x=jxjðVÞa c

d
a=2
x=jxjðBV Þda=2x 0 ðBV Þ
jx=jxj � x 0jd

aGBV
ðx=jxj; x 0Þ

aC
d
a=2
x=jxjðBV Þda=2x 0;BV

jx=jxj � x 0jd
aC 0d

a=2
x=jxjðVÞ ð24Þ

for x such that x=jxj A Bðz;RV Þ and for any z A qV V qBð0; 1Þ. Now (24)

extends easily to all x=jxj A V V qBð0; 1Þ since dxðVÞ and GBV
ðx; x 0Þ are positive

and continuous functions of x on V V qBð0; 1Þ. Since dx=jxjðVÞ ¼ dxðVÞ=jxj, we
obtain (20) by combining (21), (22), (23) and (24). The proof is completed.

r

A bounded cone is a Lipschitz domain with a localization radius R0 and

a Lipschitz constant lb h. Recall that fVR
ðxÞ ¼ minðGVR

ðx; x0Þ;Cd;aR
a�d
0 Þ.

We know that if D is a Lipschitz domain with its localization radius r0, then rD

is a Lipschitz domain with its localization radius rr0. This implies that fVR
has

the same scaling property as GVR
.

With this remark we are ready to present estimates for fVR
.

Lemma 3.4. There exist constants c ¼ cðd; a; gÞ, C ¼ Cðd; a; gÞ such that

for every x; y A VR we have

cRa�d�bda=2x ðVRÞjx�Qjb�a=2
a fVR

ðxÞaCRa�d�bda=2x ðVRÞjx�Qjb�a=2:
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Proof. The steps taken are analogous to those in the proof of Lemma

3.3. We may assume that Q ¼ 0. Let R ¼ 2. We know that fV2
ðxÞ ¼

GV2
ðx; x0Þ for x su‰ciently close to qV2. Let z A qV2 and x A Bðz;RV Þ. If

jzja 1, then applying the Boundary Harnack Principle to the functions

GV2
ð�; x0Þ, MV and using Lemma 3.3, we obtain da=2x ðVÞjxjb�a=2

aGV2
ðx; x0Þa

Cda=2x ðVÞjxjb�a=2. Since ð1=2ÞdxðVÞa dxðV2Þa dxðVÞ, this leads to the desired

result. If jzjb 1, then we have ca jxjb�a=2
aC. In this case we apply the

Boundary Harnack Principle to the functions GV2
ð�; x0Þ and GBV

ð�; x0Þ. We

obtain cGBV
ðx; x0ÞaGV2

ðx; x0ÞaCGBV
ðx; x0Þ. Now Theorem 2.2 completes

the proof for fV2
. The scaling property of fVR

gives the estimates for all VR.

r

We also need the following technical lemma.

Lemma 3.5. Let Q ¼ 0. Assume that x; y A V2. Then there exist con-

stants c ¼ cðd; a; gÞ, C ¼ Cðd; a; gÞ such that for A ¼ Aðx; yÞ we have

c maxðjxj; jyjÞa jAjaC maxðjxj; jyjÞ: ð25Þ

Proof. We note that for V2, R0 can be chosen to be dependent only on d

and g. Recall that r ¼ maxðdxðV2Þ; dyðV2Þ; jx� yjÞ. This gives

ramaxðjxj; jyj; jxj þ jyjÞa 2 maxðjxj; jyjÞ: ð26Þ

Assume first that raR0=32. Then, by definition, A A Bðx; 3rÞVBðy; 3rÞ
and kra dAðV2Þa r. This, combined with (26), leads to jAja jxj þ 3ra

7 maxðjxj; jyjÞ. Furthermore, jAjb jxj � 3r, jAjb jyj � 3r. This implies that

jAjbmaxðjxj; jyjÞ � 3r ð27Þ

and

jAjb dAðV2Þb kr: ð28Þ

If ramaxðjxj; jyjÞ=ðkþ 3Þ, then from (27), jAjbmaxðjxj; jyjÞk=ðkþ 3Þ. If

rbmaxðjxj; jyjÞ=ðkþ 3Þ, then jAjbmaxðjxj; jyjÞk=ðkþ 3Þ from (28). Hence

we proved that 7 maxðjxj; jyjÞb jAjbmaxðjxj; jyjÞk=ðkþ 3Þ.
If r > R0=32, then we have A ¼ x1 and by (26), 2bmaxðjxj; jyjÞb

R0=64. Hence (25) holds immediately. The proof is completed. r

Now, with the use of Theorem 2.3 and the estimates for fVR
we obtain

sharp estimates for the Green functions of bounded cones. This theorem

improves [23, Theorem 4.7].

Theorem 3.6. Let R > 0. There exist constants c ¼ cðd; a; gÞ, C ¼
Cðd; a; gÞ such that for every x; y A VR we have
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c min
Ad;a

jx� yjd�a
;
da=2x ðVRÞda=2y ðVRÞ

jx� yjd
minðjx�Qj; jy�QjÞ
maxðjx�Qj; jy�QjÞ

� �b�a=2
 !

aGVR
ðx; yÞ

amin
Ad;a

jx� yjd�a
;C

da=2x ðVRÞda=2y ðVRÞ
jx� yjd

minðjx�Qj; jy�QjÞ
maxðjx�Qj; jy�QjÞ

� �b�a=2
 !

:

Proof. Let R ¼ 2 and Q ¼ 0. We note that in this case the choice of R0

depends only on d and g. Assume that x; y A V2 and A ¼ Aðx; yÞ is as in

Theorem 2.3. From Lemma 3.4 we have

cda=2x ðV2Þjxjb�a=2
a fV2

ðxÞaCda=2x ðV2Þjxjb�a=2;

cda=2y ðV2Þjyjb�a=2
a fV2

ðyÞaCda=2y ðV2Þjyjb�a=2; ð29Þ

cd
a=2
A ðV2ÞjAjb�a=2

a fV2
ðAÞaCd

a=2
A ðV2ÞjAjb�a=2:

Recall that r ¼ maxðdxðV2Þ; dyðV2Þ; jx� yjÞ. We consider two cases.

Case 1. Let jx� yjb ð1=10Þ maxðdxðV2Þ; dyðV2ÞÞ. We have jx� yja
ra 10jx� yj. If raR0=32, then by definition, kra dAðV2Þa r. If r >

R0=32, then dAðV2Þ ¼ dx1ðV2Þ and 4b jx� yjbR0=320. This implies that

cjx� yja dAðV2ÞaCjx� yj: ð30Þ

Now, combining (25), (29), (30) and (8) we obtain

GV2
ðx; yÞb c

da=2x ðV2Þda=2y ðV2Þ
jx� yjd

minðjxj; jyjÞ
maxðjxj; jyjÞ

� �b�a=2

bmin
Ad;a

jx� yjd�a
; c

da=2x ðV2Þda=2y ðV2Þ
jx� yjd

minðjxj; jyjÞ
maxðjxj; jyjÞ

� �b�a=2
 !

;

and

GV2
ðx; yÞaC

da=2x ðV2Þda=2y ðV2Þ
jx� yjd

minðjxj; jyjÞ
maxðjxj; jyjÞ

� �b�a=2

:

Since GV2
ðx; yÞaAd;ajx� yja�d by definition, this completes the proof in

Case 1.

Case 2. Let jx� yja ð1=10Þ maxðdxðV2Þ; dyðV2ÞÞ. We may assume that

dxðV2Þb dyðV2Þ. This means that jx� yja ð1=10ÞdxðV2Þ. Let S A qV2 be a

point for which dyðV2Þ ¼ jy� Sj. Then we obtain dxðV2Þa jx� Sja jx� yj þ
jy� Sja ð1=10ÞdxðV2Þ þ dyðV2Þ. This implies that

dyðV2Þa dxðV2Þa ð10=9ÞdyðV2Þ; ð31Þ
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which leads to jx� yja ð1=9Þ minðdxðV2Þ; dyðV2ÞÞ. Hence, by [22, Lemma 11],

cjx� yja�d
aGV2

ðx; yÞaAd;ajx� yja�d ;

where c depends on d, a. Hence, immediately,

GV2
ðx; yÞb c min

Ad;a

jx� yjd�a
;
da=2x ðV2Þda=2y ðV2Þ

jx� yjd
minðjxj; jyjÞ
maxðjxj; jyjÞ

� �b�a=2
 !

:

Furthermore, using (31) we have jxja jx� yj þ jyja ð1=10ÞdxðV2Þ þ jyja
ð1=9ÞdyðV2Þ þ jyja ð10=9Þjyj and, similarly, jyja jx� yj þ jxja ð1=10ÞdxðV2Þ
þ jxja ð11=10Þjxj. This implies that

ð9=10Þjxja jyja ð11=10Þjxj:
This means that

ca
minðjxj; jyjÞ
maxðjxj; jyjÞ

� �b�a=2

aC:

As we have jx� yja a ðð1=9Þ minðdxðV2Þ; dyðV2ÞÞÞa a ð1=9Þada=2x ðV2Þda=2y ðV2Þ,

GV2
ðx; yÞa Ad;a

jx� yjd�a
aC

da=2x ðV2Þda=2y ðV2Þ
jx� yjd

minðjxj; jyjÞ
maxðjxj; jyjÞ

� �b�a=2

:

This completes the proof for GV2
. The scaling property (4) extends the

estimates to all GVR
. r

In an analogous way we can obtain estimates for PVR
as it is stated in the

next theorem. We present the proof for the convenience of the reader. The

estimates for PVR
ðx; yÞ when dyðVRÞaR0=32 are the same as in [14, Theorem

3.2] and they have been proved independently and simultaneously.

Theorem 3.7. Let R > 0. Then there exist constants c ¼ cðd; a; gÞ, C ¼
Cðd; a; gÞ such that for x A VR, y A int V c

R we have

c
da=2x ðVRÞ

da=2y ðVRÞjx� yjd
minðjx�Qj; jy�QjÞ
maxðjx�Qj; jy�QjÞ

� �b�a=2

aPVR
ðx; yÞ

aC
da=2x ðVRÞ

da=2y ðVRÞjx� yjd
minðjx�Qj; jy�QjÞ
maxðjx�Qj; jy�QjÞ

� �b�a=2

if dyðVRÞaR0=32, and

c
da=2x ðVRÞjx�Qjb�a=2

Ra�b

jyjdþa
aPVR

ðx; yÞaC
da=2x ðVRÞjx�Qjb�a=2

Ra�b

jyjdþa

if dyðVRÞ > R0=32.
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Proof. Let R ¼ 2 and Q ¼ 0. We note that in this case the choice of R0

depends only on d and g. Assume first that x A V2, y A int V c
R and dyðV2Þa

R0=32: Let y 0 and A ¼ Aðx; y 0Þ be as in Theorem 2.4. From Lemma 3.4 we

have

cda=2x ðV2Þjxjb�a=2
a fV2

ðxÞaCda=2x ðV2Þjxjb�a=2;

cd
a=2
y 0 ðV2Þjy 0jb�a=2

a fV2
ðy 0ÞaCd

a=2
y 0 ðV2Þjy 0jb�a=2; ð32Þ

cd
a=2
A ðV2ÞjAjb�a=2

a fV2
ðAÞaCd

a=2
A ðV2ÞjAjb�a=2:

First we prove that

cda=2y ðV2Þjyjb�a=2
a fV2

ðy 0ÞaCda=2y ðV2Þjyjb�a=2; ð33Þ

where c, C depend only on d, a, g. We observe that, by definition we

have kdyðV2Þa dy 0 ðV2Þa dyðV2Þ. Next, we see that if dyðV2Þ ¼ jy� Sj, then

jy� y 0ja jy� Sj þ jy 0 � Sja 2dyðV2Þ. This implies that jyja jy� y 0j þ jy 0j
a 2dyðV2Þ þ jy 0ja ð2=kÞdy 0 ðV2Þ þ jy 0ja ð3=kÞjy 0j and similarly jy 0ja jy� y 0j þ
jyja 2dyðV2Þ þ jyja 3jyj. This gives

ðk=3Þjyja jy 0ja 3jyj: ð34Þ

Hence, (33) follows from (32).

Recall that r ¼ maxðdxðV2Þ; dy 0 ðV2Þ; jx� y 0jÞ. We show that

ðk=ðkþ 2ÞÞjx� yja ra 3jx� yj: ð35Þ

First, notice that maxðdxðV2Þ; dyðV2ÞÞa jx� yj for all x A V2, y B V2. Hence

jx� y 0ja jx� yj þ jy� y 0ja jx� yj þ 2dyðV2Þa 3jx� yj and dy 0 ðV2Þa dyðV2Þ
a jx� yj. This gives the upper bound in (35). Next, jx� yja jx� y 0j þ
jy� y 0ja jx� y 0j þ 2dyðV2Þa rþ ð2=kÞdy 0 ðV2Þa ð1þ 2=kÞr. Hence, (35) is

proved.

From (35) by the same arguments as for (30) we obtain

cjx� yja dAðV2ÞaCjx� yj: ð36Þ

Finally, 1a 1þ dyðV2Þa 1þ R0=32. Now using (9) and combining this

with (25) and (32)–(36), we obtain the desired estimates for R ¼ 2.

Now let dyðV2Þ > R0=32. Then y 0 ¼ x1 and rb dx1ðV2ÞbR0=4 so

A ¼ x1, too. Next, R0=32a dyðV2Þa jyja jy� Sj þ jSja 2þ dyðV2Þa
ð1þ 64=R0ÞdyðV2Þ and dyðV2Þa jx� yja jxj þ jyja 2þ jyja ð1þ 64=R0Þjyj.
Combining this with (32) and (9), we complete the proof for R ¼ 2. The

scaling property (2) for the Poisson kernels completes the proof for every

R > 0. r
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As a simple application we estimate the probability that the process

starting ‘near’ the vertex of a cone VR exits the cone ‘far’ from the vertex. We

will use this result in further analysis.

Lemma 3.8. Let R > 1 and x A VR VBðQ;R=2Þ. Then there are constants

c ¼ cðd; a; gÞ, C ¼ Cðd; a; gÞ such that

cda=2x ðVRÞjx�Qjb�a=2=Rb
aPxðXtVR

A BcðQ; 3R=4ÞÞ

aCda=2x ðVRÞjx�Qjb�a=2=Rb:

Proof. Take Q ¼ 0. From the scaling property (2) we see that

PxðXtVR
A Bcð0; 3R=4ÞÞ ¼ Px=RðXtV1

A Bcð0; 3=4ÞÞ

¼
ð
jyjb3=4

PV1
ðx=R; yÞdy: ð37Þ

For jx=Rj < 1=2 and jyjb 3=4 we have ð1=3Þjyja jx=R� yja ð5=3Þjyj.
Since R > 1, ð1=2ÞdxðVRÞ=Ra dx=RðV1Þa 2dxðVRÞ=R. Let x 0 A V1=2. Com-

bining this with Theorem 3.7, we obtain

PV1
ðx=R; yÞ

PV1
ðx 0; yÞ aCd

a=2
x=RðV1Þðjxj=RÞb�a=2

a
C2a=2da=2x ðVRÞjxjb�a=2

Rb
:

Hence, by (37),

PxðXtVR
A Bcð0; 3R=4ÞÞaCPx 0 ðXtV1

A Bcð0; 3=4ÞÞ d
a=2
x ðVRÞjxjb�a=2

Rb
:

The proof is completed. r

Now we consider the case of unbounded cones. We have the following

Lemma 3.9. For all x A V we have PxðtV < yÞ ¼ 1 and PxðXtV A qVÞ
¼ 0.

Proof. Since b > 0, from [2, Theorem 4.1] we have Ext tV < y in case

t A ð0; b=aÞ. This implies that PxðtV < yÞ ¼ 1.

Now take x A V VBðQ;R=2Þ. Let R > 1. Since the Lebesgue measure of

qV is 0 and PxðXtVR
A qVRÞ ¼ 0, we obtain PxðXtVR

A qVÞ ¼ 0. Hence we have

PxðXtV A qVÞ ¼ PxðXtV A qV ;XtVR
A V cÞ þ PxðXtV A qV ;XtVR

A V nVRÞ

¼ PxðXtVR
A qVÞ þ PxðXtV A qV ;XtVR

A V nVRÞ

aPxðXtVR
A BcðQ; 3R=4ÞÞ

and, by Lemma 3.8, the last term tends to 0 as R ! y. This completes the

proof. r
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With this lemma we are able to describe the behaviour of the Green

function and the Poisson kernel of VR when R ! y. As an immediate

consequence of Lemma 2.5 we obtain

Lemma 3.10. For x; y A Rd we have limR!y GVR
ðx; yÞ ¼ GV ðx; yÞ and

limR!y PVR
ðx; yÞ ¼ PV ðx; yÞ.

By this result and Theorem 3.7 we easily obtain the following estimates for GV

and PV .

Theorem 3.11. There exist constants c ¼ cðd; a; gÞ, C ¼ Cðd; a; gÞ such

that

( i ) for x; y A V we have

c min
Ad;a

jx� yjd�a
;
da=2x ðVÞda=2y ðVÞ

jx� yjd
minðjx�Qj; jy�QjÞ
maxðjx�Qj; jy�QjÞ

� �b�a=2
 !

aGV ðx; yÞ

amin
Ad;a

jx� yjd�a
;C

da=2x ðVÞda=2y ðVÞ
jx� yjd

minðjx�Qj; jy�QjÞ
maxðjx�Qj; jy�QjÞ

� �b�a=2
 !

;

(ii) for x A V, y A int V c we have

c
da=2x ðVÞ

da=2y ðVÞjx� yjd
minðjx�Qj; jy�QjÞ
maxðjx�Qj; jy�QjÞ

� �b�a=2

aPV ðx; yÞ

aC
da=2x ðVÞ

da=2y ðVÞjx� yjd
minðjx�Qj; jy�QjÞ
maxðjx�Qj; jy�QjÞ

� �b�a=2

:

Remark 1. If V ¼ fð0; 0; . . . ; 0; xdÞ : xd > 0g, we know the explicit for-

mula of PV . This is equal to PV ðx; yÞ ¼ Cd;ax
a=2
d jyj�a=2jx� yj�d (see [9,

Example 2]). This confirms the estimates from Theorem 3.11 as b ¼ a=2 in

this case. Note that this formula can be found by choosing a sequence of balls

Bn % V , using the explicit formulas of the Poisson kernels for Bn and applying

Lemma 2.5.

Now let us focus on Martin kernels of cones. Since a bounded cone is a

bounded Lipschitz domain, its Martin kernel may be defined as in (6). Hence,

as an immediate consequence of Theorem 3.6 we obtain the following esti-

mates.

Theorem 3.12. Let R > 0. Every singular a-harmonic function on VR

admits the Martin representation in the sense of (5) with the Martin kernel MVR
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defined as in (6). There are constants c ¼ cðd; a; gÞ, C ¼ Cðd; a; gÞ such that for

x A VR, z A qVR we have

c
jx0 � zjd

jx� zjd
da=2x ðVRÞ
da=2x0

ðVRÞ
minðjx�Qj; jz�QjÞ �maxðjx0 �Qj; jz�QjÞ
maxðjx�Qj; jz�QjÞ �minðjx0 �Qj; jz�QjÞ

� �b�a=2

aMVR
ðx; zÞ

aC
jx0 � zjd

jx� zjd
da=2x ðVRÞ
da=2x0

ðVRÞ
minðjx�Qj; jz�QjÞ �maxðjx0 �Qj; jz�QjÞ
maxðjx�Qj; jz�QjÞ �minðjx0 �Qj; jz�QjÞ

� �b�a=2

if z0Q and

c
jx0 �Qjdþb�a=2

jx�Qjdþb�a=2

da=2x ðVRÞ
da=2x0

ðVRÞ
aMVR

ðx;QÞaC
jx0 �Qjdþb�a=2

jx�Qjdþb�a=2

da=2x ðVRÞ
da=2x0

ðVRÞ
:

The case of unbounded cones is more complicated. However, the results are

similar, with a natural extension fyg A qV .

Theorem 3.13. Every singular a-harmonic function on V admits Martin the

representation in the sense of (5) with the Martin kernel MV defined as in (6).

There are constants c ¼ cðd; a; gÞ, C ¼ Cðd; a; gÞ such that for x A V we have

c
jx0 � zjd

jx� zjd
da=2x ðVÞ
da=2x0

ðVÞ
minðjx�Qj; jz�QjÞ �maxðjx0 �Qj; jz�QjÞ
maxðjx�Qj; jz�QjÞ �minðjx0 �Qj; jz�QjÞ

� �b�a=2

aMV ðx; zÞ

aC
jx0 � zjd

jx� zjd
da=2x ðVÞ
da=2x0

ðVÞ
minðjx�Qj; jz�QjÞ �maxðjx0 �Qj; jz�QjÞ
maxðjx�Qj; jz�QjÞ �minðjx0 �Qj; jz�QjÞ

� �b�a=2

if z A qV nfQUyg and

c
jx0 �Qjdþb�a=2

jx�Qjdþb�a=2

da=2x ðVÞ
da=2x0

ðVÞ
aMV ðx;QÞaC

jx0 �Qjdþb�a=2

jx�Qjdþb�a=2

da=2x ðVÞ
da=2x0

ðVÞ
;

c
jx�Qjb�a=2

jx0 �Qjb�a=2

da=2x ðVÞ
da=2x0

ðVÞ
aMV ðx;yÞaC

jx�Qjb�a=2

jx0 �Qjb�a=2

da=2x ðVÞ
da=2x0

ðVÞ
:

Furthermore, we have

MV ðx;yÞ ¼ MV ðxÞ �MV ð1;yÞ:

Proof. The existence of the Martin representation is not immediate since

V is unbounded. To prove it, we introduce the Kelvin transform T (with pole

at 0) as

Tx ¼ x=jxj2; x0 0: ð38Þ
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We have T�1 ¼ T and jTxj ¼ 1=jxj. Next we introduce the Kelvin transform

of a function as

TuðxÞ ¼ jxja�d
uðTxÞ: ð39Þ

See [17] for further details.

We may assume that Q ¼ ð0; 0; . . . ; 0; 1Þ and 1 ¼ ð0; 0; . . . ; 0; 2Þ. V is a

circular domain and its profile consists of two half-lines starting from Q. By

symmetry, the image of V under T , TV is also circular and its profile is the

image of the profile of V . It is easy to check that the image of a line under T

is a circle provided the line does not pass through 0. Hence the profile of TV

consists of two arcs of the same radius and these arcs have two common points

Q and 0. It implies that TV is a bounded Lipchitz domain so, according to

[9], there exists the Martin representation on TV with classical Martin kernels

MTV ðx 0; z 0Þ, x 0 A TV , z 0 A qTV . Then, by [9, Lemma 8], the classes of singular

a-harmonic functions on V and TV are isomorphic and there exists Martin

representation on V with its kernel function TMTV ð�; z 0Þ. Since 0 B TV and

T�1 ¼ T , we have from [17, Proposition 2.6]

jxja�d jyja�d
GTV ðTx;TyÞ ¼ GV ðx; yÞ; x; y A V : ð40Þ

Let Tx0 be the reference point for the kernel MTV ð� ; �Þ. From (40) we

obtain

GV ðx; yÞ
GV ðx0; yÞ

¼ jxja�d

jx0ja�d

GTV ðTx;TyÞ
GTV ðTx0;TyÞ

: ð41Þ

If y ! z, then Ty ! Tz with a natural extension T0 ¼ y, Ty ¼ 0. Hence,

letting y ! z in (41) and using (6), we obtain

MV ðx; zÞ ¼
jxja�d

MTV ðTx;TzÞ
jx0ja�d

:

By (39) this implies that MV ðx; zÞ ¼ jx0jd�a
TMTV ðx;TzÞ. It means that

classical Martin kernels MV ð� ; �Þ exist and the kernels TMTV ð�; z 0Þ are their

constant multiples. Hence there exists the classical Martin representation on V

with the kernel functions MV ð� ; �Þ. The estimates of MV ð� ; �Þ are an imme-

diate consequence of (6) and Theorem 3.6.

It remains to prove the last part of the theorem. We see that the function

f ðxÞ ¼ MV ðx;yÞ=MV ð1;yÞ is nonnegative singular a-harmonic in V and

f ð1Þ ¼ 1. Moreover, the estimates of MV ð�;yÞ imply that f is locally

bounded. Hence, by [10, Lemma 17], f is regular a-harmonic on every open

bounded subset of V . From the uniqueness of MV ð�Þ ([2, Theorem 3.2]) we

obtain f 1MV ð�Þ, which completes the proof. r
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