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ABSTRACT. In [1] the notion of well centered spherical quadrangle (WCSQ) and their
properties were described. The study of dihedral f-tilings of the Riemannian sphere
S? by spherical triangles and WCSQ was initiated in [2], where the classification by
spherical triangles and equiangular spherical quadrangles was given. In [3] the clas-
sification of dihedral f-tilings by spherical triangles and spherical quadrangles of lozenge
type was done. Here we complete the classification of all dihedral f-tilings of S? by
triangles and well centered quadrangles, presenting the study of dihedral f-tilings by
triangles and WCSQ with distinct pairs of congruent opposite angles and with distinct
pairs of congruent opposite sides, Figure 80.

1. Introduction

Let us consider the Riemannian sphere S>. A spherical moon L is said
well centered if its vertices belong to the great circle S2N {(x, y,z) e R®|x = 0}
and the semi-great circle bisecting L contains the point (1,0,0). By a well
centered spherical quadrangle (WCSQ) we mean a spherical quadrangle which
is the intersection of two well centered spherical moons with distinct vertices.
In [1] it was established that any spherical quadrangle with congruent opposite
internal angles is congruent to a WCSQ.

By a dihedral f-tiling of the sphere S whose prototiles are a WCSQ Q and
a spherical triangle 7" we mean a polygonal subdivision 7 of S? such that each
cell of 7 is isometric either to Q or T and all vertices of 7 satisfy the angle-
folding relation.

F-tilings are intrinsically related to the theory of isometric foldings of
Riemannian manifolds. See [8] for the foundations of this subject.

Isometric foldings are locally isometries which send piecewise geodesic
segments into piecewise geodesic segments of the same length. These maps are
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continuous but not necessarily differentiable. The points where they fail to be
differentiable are called singular points. For surfaces, the singularity set gives
rise to a two-coloured graph whose vertices fulfill the angle-folding relation, i.e.,
each vertex is of even valency and the sum of alternating angles is =. For a
topological view of this theory see [9].
In [7], Lawrence and Spingarn show that the angle-folding relation is
generalized for isometric foldings of the euclidian space R?. Farran et al. [6]
present a study which involves a partition of a surface into polygons.
The complete classification of monohedral tilings of the sphere by triangles
(which obviously includes the monohedral triangular f-tilings [4]) was made
clear by Yukako Ueno and Yoshio Agaoka [I11]. This classification was
partially done by D. Sommerville [10], and an outline of the proof was
provided by H. Davies [5]. Some examples of spherical tilings by congruent
quadrangles are given by Yukako Ueno and Yoshio Agaoka in [12].
Here we discuss dihedral f-tilings by spherical triangles and spherical quad-
rangles with distinct pairs of congruent opposite internal angles and distinct
pairs of congruent opposite sides, completing the classification of dihedral f-
tilings by triangles and well centered quadrangles.
Two dihedral f-tilings of S?, 7; and 75, are isomorphic iff there is an
isometry ¥ of S? such that y(z;) = 7o. By “unique f-tiling”” we mean unique
up to an isomorphism. We shall denote by Q(Q, T) the set of all dihedral
f-tilings of S? up to an isomorphism whose prototiles are Q and T.
In [2] it was established that if t € Q(Q, T), then 7 has vertices of valency
fourand t < f+y+0 < % and o) + op > 7, where f, y and ¢ are the internal
angles of T and o; and o, are the pairs of opposite internal angles of Q.
We shall describe the set Q(Q, T'), by considering different cases separately
depending on the nature of Q and 7. If T is an equilateral spherical triangle,
then Q(Q,T) =& [3].
In order to get any dihedral f-tilings of Q(Q,T), we find it useful to
start by considering one of its planar representation (PR), beginning with a
common vertex to a spherical quadrangle and a spherical triangle in adjacent
positions.
We shall denote by WCSQ* a WCSQ with distinct pairs of congruent
opposite internal angles and with distinct pairs of congruent opposite sides.
For convenience we label any dihedral f-tiling 7 € Q(Q, T') according to the
following procedures:
1. Label 1 the tiles by which we begin the planar representation of the
dihedral f-tiling 7;

2. Label a tile j, if the knowledge of the PR of t by polygons labelled
(1,2,...,j—1) leads, in a unique way, to the extended planar rep-
resentation (1,2,..., ).
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2. Dihedral f-tilings by isosceles spherical triangles and WCSQ*

Through this section Q and T denote, respectively, a spherical quadrangle
and a spherical triangle; Q has, in cyclic order, angle measure (o, 0,01, 0)
with o) > o and distinct pairs of congruent opposite sides and 7 is an isosceles
triangle with internal angles f, y, y (f #y). It follows straightaway that
o+ >7n (o >3) and 2y +f > 7.

Any element of Q(Q,T) has at least two cells congruent, respectively, to
Q and T, such that they are in adjacent positions in one of the situations
illustrated in Figure 1.

oy Ogly (S5 %213 S 1 g |y

ag  Ooq|Y ag  oql|Y ag  oq|B

A B C

Fig. 1. Distinct cases of adjacency.

PROPOSITION 2.1.  If there are two cells congruent, respectively, to Q and T,
such that they are in adjacent positions as presented in Figure 1-A, then Q(Q, T)
is the empty set.

ProoF. Suppose that Q and T are in adjacent positions as illustrated in
Figure 1-A. Let us consider a vertex surrounded by adjacent angles o; and
y.  With the labelling of Figure 2-1, 0 = f or 0 =y, since o) + op > 7, o1 > 0p.

vz
o agly £ 1 Qg |y
v
| 1 1 B T 1 T 1 By 1
ag oclYe 2 .0g1ye:B2
5. BB4
3
I II

Fig. 2. Planar representations.

If oy +kf+1y=m, then k=0 or / =0. This fact easily follows from the
conditions f+2y > and oy > 3.

Suppose firstly that 0 = . Then in order to have the angle-folding re-
lation fulfilled, it must be o) + kf =7 =y + kf for some k > 1 (Figure 2-1I).
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And so y=«;. Now, there is no way to obey the angle-folding relation at
vertices v; and v, simultaneously.

Suppose now that 8 =y. If o) +y <z, then o) + ky = 7 for some k > 2
(Figure 3-I). It follows that y <%, and so f>2%, since f+ 2y >=n. Con-
sequently tile 4 is a triangle and it must be f+y==x. On the other hand,
according to the refereed Figure one gets f+ oy > f+y ==, which is an
absurd.

oq Ay /\O
o a4 ] 1
Y Oy “/y B
1 1 + 1 BB oLy o, O—Y; B
ag oy ooy 2 3 3 o
Y ¥ 1 2 \/ 6,
I II

Fig. 3. Planar representations.

If oy +y=m, then oy > oy >y (Figure 3-1I). With the labelling of this
Figure one gets

0, = op or 0=, or 0y =.

1) If 0 =, then oy +#f =7 for some ¢#>2. See Figure 4 below.
Now, f<y<oa <o and consequently ap +h =a, +y<zn<ay+y+p for
any p € {oy,0,7,f}, which is not possible.

Fig. 4. Planar representation.

ii) Suppose now that §; = f. If y > f, then we have oo + f < oy + y = 7.
But since op + S+ y > f+ 2y > n, the alternated angle sum of this vertex is
op +kff == (k>=2). Concerning the remaining alternated angle sum, it is of
the form y + kf = n. In fact it contains at least three angles, and if it contains
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another y, then by adding the least angle S, it exceeds = since 2y + f > n. And
so the remaining alternated angle sum must consist of one y and k f’s. Now,
it follows that oy + kff =y + kff = =, and so o = p, which is impossible.

If y < p, then we have necessarily oy + f = 7 (observe that op +f+p >
f+2y >=n and y is the least angle). As the quadrangle has distinct pairs of
opposite sides, the remaining alternated angle sum (which contains y) must be
y+ f ==, leading us to the contradiction oy = .

iii) Suppose finally that §; = y. If f <7y, then a + 6y = 7 and so o = o,
which is impossible. And so f > 7. Since an alternated angle sum contains
2f and since 28 +y > n, we have 2f ==, ie., f =7, and the PR illustrated
in Figure 3-I is extended as follows (Figure 5). (Observe that if ap > 7,
then ap + 61 = +y<nm<oy+y+p for any pe {o,0,y,f}, which is not
possible.)

5\
31 Ay v 91=V
1 1 4
2 L BNB N
g a 6=y B/ v/
3 2 5
oy ag\Y 92=Y
8y /2,
Fig. 5. Planar representation.
Under the above conditions one gets
v n
—<y<m<z-=f<o. (2.1)

4 2

One can easily verify that the alternated angle sum containing o, and 7y
(vertex v;) must be of the form 2a, + y or ay + 2y, by using the condition (2.1).
Since v; has valency six, the remaining alternated angle sum is also exclusively
surrounded by angles o, and 7.

Taking in account the length sides of 7" and Q, we may also conclude that
0, # y (otherwise, a vertex surrounded by angles f and o« takes place. On
account of the condition (2.1) the alternated angle sum containing the angle
o must be o +y=mn, and the valency of this vertex is four. Then by
considering the condition (2.1) and the length sides of 7 and Q, we can easily
arrive at a contradiction). Consequently 51 = oy and similarly HNZ = 0.

Now around the vertex v; (and v,) one has either oy +2y =7 or
y+ 20 =7m (0 > 7). In the first case, by (2.1), vertex vs is of the same type



240 Ana M. D’AzEvEDO BREDA and Altino F. SANTOS

as v; and v, and then it is easy to verify that we have no way to avoid another
vertex surrounded by (ap,f,f,...) that cannot be allowed. The second case is
illustrated in Figure 6.

Uy
91=u2a2 (e
o1 L2 /yNO=Y
1 1 4 v
Oz iy BNB L M\Nog
oLy a \6=Y ' B/ Y oy
3 5
B Y\ ag\Y 92—Y
9 Y oy ’emgd‘%a Oy

Fig. 6. Planar representation.

Once more, by considering the condition (2.1) and the length sides of the
prototiles, we have no way to fulfill the angle-folding relation. And so Q(Q,T)
is the empty set. O

PropPoSITION 2.2. Let Q and T be a spherical quadrangle and a spherical
triangle, respectively, such that they are in adjacent positions as illustrated
in Figure 1-B. Then, Q(Q,T)# & iff i +y=mn, w+f=mn and y=7
for some k>3. In this situation for each k >3 and o, € |%,2[\{o5} where
ok = arccos(2 cos £ — 1), there is a unique dihedral f-tiling denoted by . A
planar representation of ,@;‘2 is illustrated in Figure 9. 3D representations for
k=3 and k=4 are given in Figure 10.

ProOF. Suppose that Q and T are in adjacent positions as illustrated
below (or Figure 1-B). Consider also that this PR is contained in a complete
PR of any element of Q(Q,T). With the labelling used in Figure 7, we have
0 # o and 0 # o, and taking in account the length sides of Q and 7', we must
have 0 =y. Now, oy +y=m or oy +y < 7.

Fig. 7. Planar representation.
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1) Suppose that a; + y ==n. Then the initial PR is extended to the one
illustrated in Figure 8-I.

If <y, then oy >0y >y >f. Consider an alternated angle sum con-
taining o, at the vertex v;. We show that the angle adjacent to f is also f.
Clearly this angle cannot be o;. If it is p, then y+ oy < y+a; =7 and by
adding the least angle S, it exceeds #. And hence it is not y. If it is o, then
we have 20, < 7. If 20 < 7, then we have a contradiction by the same reason
as above. Hence we have 20, = 7, and the valency of v; is four. But this is
impossible because 7 = a; +y > a; + . Therefore this angle is . Then an
alternated angle sum at the vertex v, contains 2y, and we have 2y <zm. If
2y < m, then by adding the least angle f, we have f+ 2y > n, which is a
contradiction. Hence we have 2y = z, but this is also a contradiction because
we have o) +y==n and o) # .

If p>y, then o >0 >y and oy > >y (observe that if f > o, then
p+p>n=o0 +y for any p e {a1,,y,f}, which is not allowed). As Q has
distinct pairs of opposite sides, we have only one way to signalize the length
sides of tile 4 (Figure 8-II).

oy ]
1 Oz B B
1+ o1 ]
1
ag aqly LY g %Y Y
ag aq |y ! Y Uy Qg o Y 5 ' Y
2
3 3 3
R g B 531 Xy p
I 4% > m

Fig. 8. Planar representations.

With the labelling used in this Figure if 6 =y, then the angle of tile 5
adjacent to ay must be y, and we have y+ f <zn. If y+ f <z, then by adding
the least angle, it exceeds 7. And hence y + f = n. By considering the length
sides of the prototiles, the remaining alternated angle sum must be oy + ff = 7.
Consequently, op =7, which is not possible. And so 0 =«;. This infor-
mation permit us to conclude that o« +f =n and y =7 for some k > 3.

An extended PR is illustrated in Figure 9, where oy +y=mn, oo +f ==
and y =7 for some k > 3.

Let A(T) denote the area of T. Then

2 2
0<A(T) < ie. z<oc2<—n, k>3 (n—£<ﬁ<n—z).

k k k

>3
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Fig. 9. Planar representations.

Note that for any f € |n — 22,7 —Z[ and any k > 3, we have f >y =%, and if
k >4, then f>7% > a.
If oy =2 (f=m—F), then one gets a monohedral f-tiling with prototile T

of angles 7 — %, ¥ and £ (k > 3) obtained in [4] and [11].
In [3] it was established that if o = arccos(2 cos # — 1) = o4, then Q has

all congruent sides, and so océ‘ must be excluded. In fact, Q has all congruent

sides iff

cos p(14cos f)  cos (1 +cos a2)

sin y sin sin 3 sin o
ie.,
s 1 /3
cos Z(1 —cos o) _sin 7o (1 4 cos o)
o = .
sin 7 sin o cos - sin
And so
n T o
tan - - tan = = tan® . (2.2)
k 2k 2

The unique solution of (2.2) in the interval |%,Z[ is of, as seen in [3]. In
Figure 10 3D representations for kK =3 and k =4 are illustrated.

i) If oy + y < =, then in order to fulfill the angle-folding relation we must
have o) + ky = 7 for some k > 2. Consequently f > a; > o > y and so there
is no way to verify the angle-folding relation around any vertex surrounded by
op and f in adjacent positions (observe that there is at least one vertex in such
a condition). n

PrOPOSITION 2.3.  If there are two cells congruent to Q and T, respectively,
such that they are in adjacent positions as in Figure 1-C, then Q(Q,T) # &
iffy=%, wo+y=mand oy + kp = for some k > 1. In this situation for each
k=1 and [)’E]O,ﬁ([ there is a unique f-tiling denoted by b@;;‘ Planar repre-
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iy

/

2 Ay

Fig. 10. 3D representations.

sentations for k =1 and k =2 are given in Figure 14. Also 3D representations
are given in Figure 16.

Proor. We shall discern the following situations:

i y=>

NS}

and o +y < 7 ii) yzgand oty = iii) y<g.
i) Suppose firstly that y > 5 and o +y < 7. Let v be a vertex belonging

to adjacent tiles, congruent to Q and 7', and surrounded by o; and f, as shown
in Figure 11-I.

Qg X
3 B
ST Bt e b
! 1 ! E 1 E 1 Y $Y
oo o |B o o |p Y5
v 2 1 2
I II

Fig. 11. Planar representations.

As oy >%, > F and o) + oy > 7, the alternated angle sum containing o
at the vertex v is given by oy + kff = 7 for some k > 1. On the other hand, as
O has distinct pairs of opposite sides and, as o <5 <y, tile 3 is completely
determined as shown in Figure 11-II. Now, oy + a; > 7 and y 4+ a; > = and so
the tile 4 is also completely determined (see length sides), leading us to conclude
that y = 7. Using similar arguments, we may extend this PR to the one that
follows (Figure 12). This procedure leads us to a vertex surrounded by
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adjacent angles given by (y,y,0%,0,7,...) in cyclic order with y+a <7 <
y 4+ o + y, which is an absurd.

g g
ya2 3&1 7
Y FSB Oy o\ 7 4 P P
! oy g Y
v
+ 1 ES 1 Y >V
Y
(12 (11 B B 2 5
v /Y

Fig. 12. Planar representation.

ii) Suppose now that y > 7 and oy +y >n. Similarly to the previous
case we must have (Figure 13-1)

o) + kf =m, for some k > 1. (2.3)
6 4 3
o p Bv 0=y
1 “2v S BBal oy
L1+ 1y w
v [0 B R S
(o oy |B
B 2 Oy ay|P
v B 2y
I II

Fig. 13. Planar representations.

With the labelling of this Figure we may observe that 8 =y or 6 = ;.

If 6=y, then y =7 and the PR is extended as shown in Figure 13-IL.
One gets a vertex w such that the alternated angle sums around it are of the
form oy +kf=n=y+kf for some k>1. This is a contradiction since
n__
7= y<og.

If 0 = ay, then it is a straightforward exercise (see 2.3)) to show that for
each k > 1 the PR illustrated in Figure 13-I is extended in a unique way, where

the alternated angle sum around vertices satisfy

y+y=m, +y=m and o +kf=n k=>1.
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Complete PR’s for the cases k=1 and k =2 are given in Figure 14-1 and
Figure 14-II, respectively.

<2 “1 B
o Y|og 31
2 o h <31 Y, v AP B
v Y 3 B 7 Y
oy Og B B
6 Brag a4 ybY L BN%1 ] 4
N B Y / Y " B (251 ©ig 'Y %y\’}’
Y o7 1 = 1 /v:x Y N B 2N
v Y Y ¥
10 7|z a B*\/ 5 EANIR g B B, v
B\p 9 Y v:'xz oy B 2 y Y| %2 Ay 8 B Y
ay 4 8 e B\p v’
! o2 g o agly Y
I B o [e2) Y
II

Fig. 14. Planar representations.

Any extended planar representation contains a spherical moon (the dark
region) of angle y=7%. It is composed of one quadrangle at its center and
2k (k= 1) triangles.

Let b and ¢ denote the length sides of T opposite to f and y, respectively.
As y=7%and T is an isosceles triangle with angles f, y, y, we have ¢ =% and
b=p (Figure 15). Now, if ¢ is the side of the quadrangle, which is not
common to any side of the triangle, then ¢+ kb =c¢+kf =7%. Besides, we

may have 0 < kf <7.

c

Fig. 15. A tiled spherical moon.

In Figure 16-1 and Figure 16-I11 3D representations for kK =1 and k =2
are illustrated, respectively. They are obtained by reflecting the refereed tiled
spherical moon on its edges. We shall denote the correspondent f-tiling by @/’;,
pe ]O,ﬁ[, k>1. It is composed of 4 quadrangles and 8k triangles.

iii) Finally we shall suppose that y <%. Let v be a vertex belonging
to adjacent tiles congruent to Q and 7 and surrounded by f. A planar
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Fig. 16. 3D representations of 9/} and 9[2?

representation near v is illustrated in Figure 17. Since o; + o« > n, we have
0 € {y,p}, according to the labelling of the refereed Figure.

Bl Aa |y
= B 'y
a oy B
2 1 0
v

Fig. 17. Planar representation.

If 6=y and o; +y < &, then we must have o + ky =z for some k > 2.
Consequently y <7 and so y <ap <oy <. Now the alternated angle sum
containing f at the vertex v cannot be defined, since f+ 2y >n. If oy +y ==,
then we have no way to set up one fourth tile around v, since Q has distinct
pairs of congruent opposite sides.

Suppose then that 0=p. If wy+pf=n=x (ﬂ <i< ocl), then the PR
illustrated in Figure 17 is extended as follows (see Figure 18-1). With

U U
o1 2y o1 2y Y 5
v
= 1 =+ 1 Y = 1 =+ 1 Y
Y/0 Y
gy oq B ! g o B 0=y
oy apo=B 2 oy apo=B 2
3 v 3 v 4
oy ag\Y &1 o\
I II

Fig. 18. Planar representations.
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the labelling of this Figure, 0; € {o,y}. If 0; = oy, then y+ o <7. But,
since f# 7y, we have y+ oy <zm. Now, y4+a; <n<y+a +p for any pe
{a1,00,0,7}. Consequently 6, =y. Tt follows that the alternated angle sum
containing 0; is ky = n for some k > 3. In fact one has 2y <x. But, since
7<%, we must have 2y <nm. As o > >f (note that, we always have
o) +op > 7, and here, we also have o) +f ==n) and 2y+ f > =, we have
ky==n (k>3). And hence f >y (Figure 18-II). Considering now the
alternated angle sum containing o, at the vertex vy, one gets oy +y <7 <
or +y+p for any p e {a,0,f,y} which is a contradiction.

If oy + f < 7 (therefore oy > oy > f3), then one gets (ay, S, [, ..., 0, 01) with
o1 +tf=mn (t>2) as the cyclic sequence of angles around v (Figure 19-I).
Since o > %, we have 78 <7, and hence f <7 < 7. According to the labelling
of Figure 19-1, one has 6, #y (if 6, =y, then y+y<n<y+y+p for any
pefog,o,B,7}). It follows immediately that 6, = «; and the previous PR
is extended as illustrated in Figure 19-I1, where oy +y =7n. And so a; > o >
y>fB. A vertex w enclosed by the cyclic sequence (07,7,7,...) with o + 7 <

<oy +y+f must take place, which is an absurd. O
g gl g Azl
3 1 1 Y 8 1 1 Y
ay v P y ay oy P y
oLy o, Ne=p 2 o o, Ne=p 2
B\P B\p
AN AN
o1 %2y Y\t o1 %2yl EX W
0, o0y 2
6] 7
I II

Fig. 19. Planar representations.

REMARK. Considering k& =2 in Proposition 2.2 and permuting o; with
oy, one gets the f-tilings 9/1;, obtained in Proposition 2.3. Thus, attending to
the configuration of “%2*”, we may define 9202(2, as being @}; (0<p <% and
§<up <m), as long as a + f = 7.

3. Dihedral f-tilings by scalene spherical triangles and WCSQ*

Now T stands for a scalene spherical triangle of internal angles 5, y and J
with f >y >0 (f+7y+0 > =), and Q is a spherical quadrangle with distinct
pairs of congruent opposite sides and distinct pairs of congruent opposite
angles, o) and ay, such that o; > ap. It follows that o + o, > 7 and so, o > %.
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If 1€ Q(Q, T), then there are necessarily two cells of 7 congruent to Q and
T, respectively, such that they are in adjacent positions in one of the situations
illustrated in Figure 20.

oy G215 Ay Ogly A %208
Y 3 B
ag  oq|B (e aq|B ag  oq Y
A B C
o1 Caly o1 OGgip %1 G%2ig
B Y 3
as  oq|d ag  0q|d oy Oq|Y
D E F

Fig. 20. Distinct cases of adjacency.

PROPOSITION 3.1.  If there are two cells congruent to Q and T, respectively,
such that they are in adjacent positions as illustrated in Figure 20-A or Figure
20-B (cases when oy and [ are in adjacent positions), then Q(Q,T) = .

ProoF. A) Suppose firstly that there are two cells in adjacent positions as
illustrated in Figure 20-A. Let 6 be the angle adjacent to £ and opposite to
op. It follows that 8 =f or 6 =y.

i) If 6=p, then necessarily oy +f=mn. In fact if oy +f <=z (o >3),
then oy +f+p>pf+y+0>n for any pe {oy,0,p,7,6}, which is a con-
tradiction. The PR is then extended as illustrated in Figure 21.

Fig. 21. Planar representation.

The present relation between angles is o) > oy > f > y > J, which allows
tiles labelled by 4 to be completely determined. One gets a vertex surrounded
by at least four y angles. As o >%>f and f+y+0J > n, we have y+6 > %
and y >7%. Consequently this vertex is of valency six and surrounded by

exclusively angles y (see length sides), leading to y =%. By the present relation
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between angles we must have oy + ko =« for some k > 2. Now, if the tile
6 was a quadrangle (see Figure 22-1), then one would get at least a vertex
surrounded by angles oy, y and J. In fact, with the labelling of this Figure,
we have clearly ¢ # o) and ¢ # o, and if ¢, =9, then 0y +y <oy +f=7n<
o1 +y+p for any p e {oy,00,0,7,0}. And so g =f or ¢ =J. In any case,
it comes & =y, by using the length sides of 7" and Q. And so a vertex
surrounded by the cyclic sequence (J,0,02,7,d,...) takes place. Around this
vertex an incompatibility between sides can not be avoided. Hence the tile
6 must be a triangle permitting us to adjoin some more cells to get the PR
illustrated in Figure 22-II. This procedure gives rise to a vertex surrounded by
the cyclic sequence (f3,f,p,...), leading us to a contradiction since 2 < 7 <

26+ p for any p e {ay,0,p,7,0}.

Blp p
S
1 25 4 5 56 oy Az |3 8 4 B 5 %
U T 1 3 56
Y|y Y|y
B
0;2 o 0p 2 4 BB oLy oy BO:B 5 4 B
ag\ 2 xq sls S\O2 o B
o4 3 A2 5 3 Ly 38 ~ B
16 a\*1 g/ 6 P\*1 ag 5 8
>2 Q7 8 Bloa 7 S
I II

Fig. 22. Planar representations.

il) Suppose now that # = y. Taking in account the length sides of Q and
T, if a; + y = =, then we have necessarily o) +y =7 = f+ y (see Figure 23-I).
One has a vertex surrounded by o, and f in adjacent positions. Analyzing the
length sides of the prototiles we must have 4+ ké = = for some k > 2. The
alternated angle sum containing o, has to be oy + ko = n. Therefore o, = ff =
o1, which is a contradiction.

If 0=y and oy +y <z (Figure 23-1I), then oy +y+J <x, since J is
the least angle that we may add to complete such alternated angle sum. As
B+y+0>mn > o, and we also have o > oy >y > J. Since the valency of
this vertex is greater that four, the alternated angle sum containing £ must be
B+ t0 =n for some ¢t > 2. On the other hand Q has distinct pairs of opposite
sides, leading to an incompatibility between sides.

B) Suppose now that there are two cells in adjacent positions as illus-
trated in Figure 20-B. Let 6 be the angle adjacent to  and opposite to o;. It
follows that § = or 6 =9.
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531 Ao s o X |5
3 1 5 1 3 1 7 1 Y
Y
46 Y o |p B B
6 5 F2 1 - B
Shp " 3y o=y 2 S oy ‘ :1 o<1 2
S 7 3 A S 3
?
I II

Fig. 23. Planar representations.

i) If =4, then as before oy +f==n. And so o) >a > >y >0.
The PR illustrated in Figure 20-B is extended as shown in Figure 24-1. One
gets a vertex v surrounded by o« and y in adjacent positions. By the relation
between angles the valency of the vertex v is bigger than four. And in order
to fulfill the angle-folding relation we must have oy + k0 = n for some k > 2
(Figure 24-11). Now, regarding to the length sides, the alternated angle sum at
the vertex v containing y must be y +kd == (k >2). Consequently o =7,
which is a contradiction.

g Olg Y g (e Y
T 1 = 1 ) T 1T = 1 58
) o o | B
2 1
oy o |B ozp 2 oy o 0=p 2y i 4
oLy o v > 3 A
o 3 O] v 1 v/8
1 5
I II

Fig. 24. Planar representations.

ii) Suppose that 6 =¢ and consider firstly that o; +J = (Figure 25).
One gets o +0 = n = f§ + 6, in order to obey the angle-folding relation. With

3! Oz |y
= 1 = 1 S
B
¢ oy aq | B 625 2
B 3 3 v

Y

Fig. 25. Planar representation.
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the labelling indicated in this figure, we have ¢ #6. And so f+ ¢ > x, which
is an absurd.

Suppose now that o) +J < x, as illustrated in Figure 26-I. Using the
labelling of this figure, it must be 8 = oy or 8; =90. If 6 = «p, then y > oy
(because f+ar +0 <m < f+y+09), and so o) +kd == for some k >2. By
considering the length sides of 7 and Q, we can easily arrive at a contra-
diction. And so 8; =6. On the other hand, 0, is also ¢ because the alternated
angle sum containing o contains ¢,. Now, using similar argumentation, we
conclude that 03 =0 and so on. Finally, we obtain oy + 0 =nand f+ 10 ==x
(t >2) as the alternated angle sums around this vertex (Figure 26-I1). One
gets a vertex surrounded by angles f and «, in adjacent positions. Regarding
to the length sides, in order to obey the angle-folding relation, this vertex must
be surrounded by (f, 2,7, 7) in cyclic order with f+y=7n =0y +y==n. And

so oy = ff = ap, which is an absurd. O

o O"2y

E 1 = 1 5

B

Y| %2 | % BS 2

T\P g 5553 2,
Y y~4BB
II

Fig. 26. Planar representations.

ProposITION 3.2. Let 1€ Q(Q,T) such that T has two cells in adjacent
positions as illustrated in Figure 20-C. Then t has six cells in adjacent positions
as illustrated in Figure 27.

v
o Oy AN
1 i
17,3
) oy BBy
Oy a\Y BIB_" ¥
2
4 15
o, ayd|s
v

Fig. 27. Planar representation.

PrOOF. Suppose that there are two cells in adjacent positions as illus-
trated in Figure 20-C. With the labelling of Figure 28-1, let ; and 6, be the
angles of the tiles adjacent to the triangle 1, such that y and 6, are adjacent
angles as well as 0 and 6,.
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Fig. 28. Planar representations.

Taking in account the length sides of 7', we may conclude that 6; = f§ or
91 =7.

If 6, =0, then oy +f =n (otherwise o+ <nm <oy +pf+p for any
pefo,o,p8,7,0}). Now the alternated angle sum containing y cannot be
defined, since y+ p <z for any p € {oy,,[,y,0}. Consequently 6, =y and
the PR illustrated in Figure 28-1 is extended as shown in Figure 28-II.

If oy + 6 = oy +y <z, then f > a; (because o is the least angle, and then
o +y+0<m<f+y+9). Hence we have no way to set up the tile 3, which
is an absurd. Consequently o +y=n. And so 6, € {f,0}.

Suppose now, that 6, = f and oy + f =n. Taking in account the length
sides of Q and T, we must have o, + ff = 7 =J + 8, which is impossible, since
op > 0. The case ap + f < 7 also leads to a contradiction (note that oy + f + p
>+ f+0>y+p+5>n for any p e {oy,u,p,7,0}). And so 6, =9.

The PR illustrated in Figure 28-II is now extended to the one represented
before (Figure 27). It follows immediately that f=7%. O

ProrosiTiON 3.3. If the PR illustrated in Figure 27 is “‘contained” in a
complete PR of any element 1€ Q(Q,T), then

3 n 2n T
T_'%o(z’ OC2€:|§,?|:, “27’557

where o) = %’Z, B=75%,y=5, a+20=m and the angles around vertices are of
the form (with 24 triangles and 6 quadrangles).

o2
g oy BB o\ /3 Yy
YI|Y BB 566 yyy

Fig. 29. Distinct classes of congruent vertices.
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A planar representation of %;2 is given in Figure 32. Also 3D representations
are given in Figure 36.

Proor. We shall consider the cases oy > 7 and o, <5 separately.
A) Assume firstly that o > %, then

5<})<ﬂ: <o <o (31)

NS}

Let 6 be the angle of the tile 6, indicated in Figure 30.

(Xl 0(2 s 3
£ 1 £ 1 3
%2z My BNB T v
o P Ay

2 5 78
1 4 1 6
oy Qg 8

v

Fig. 30. Planar representation.

One has wp+y+o0=>p+y+d>n=o+y>0+y>F+7. Thus by
(3.1) we conclude that 0 € {J,a;,y}.

1) If 6=0, then with the labelling of the refereed Figure, the cyclic
sequence of angles around v is of the form (u,d,d,7,¢,...), where &> y.
Consequently the alternated angle sum containing o, at the vertex v must be
o +0+ée+---=p+0+y>mn which is a contradiction.

ii) If 0 =0y, then vertex v is surrounded by (03,0,9,0,,d,...) in cyclic
order such that oy +kd == for some k >2 (Figure 31-I). A vertex sur-

(’.1 (1.2 b 6
1 1 9
1 1 5 o %2 | N5 8 B A
R VA A R .
@2 oy 5 b/P s y9=a1 az oy OB\B 3 AN
L 4 1 a oy og|Y BB 5 v ve_ Yy 5
oy s 5 6 i 4 i 2 =Y 7
. B
v /5\*2 o Oy 58 6 B
7 %1 2
?
I I

Fig. 31. Planar representations.
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rounded by adjacent angles «; and f, where the angle-folding relation cannot
be fulfilled, takes place.

i) Finally we shall suppose that § = y. With similar argumentation to
the one given before, we conclude that the tile 8 (Figure 31-1I) is completely
determined, and so y+y+y<=m. As f=3%, we have y+6>7. Therefore
y =%, leading us to the construction represented in Figure 31-1I.

Having in consideration (3.1), we must have o, + td = = for some 7 > 2.
Since o > §, we have 6 < 7. Now, <y +0J < §+7 and so 7 = 2, allowing
the extension of the above PR and we obtain the one illustrated in Figure 32.
The alternated angle sum around vertices are of the form

o) +y=m, 2B =m, Jy=nm and o + 20 =m.

AV
3 o2
24 18 a1
Beh 15 AN
10
BiB Y 3] 1
) oy Oy 5 BN\ B 16 \ 27
19 1 P2 SNG Z
23\ 1 7 ° 5
< 1 3 N/ 9 \&
S \fy s\ 41y L PNBY yyy | s\% v BB
YA\Y ’s bba240t1“/2 B [35 YAANY 756(12 XY BB
21, a8 6 B
S B B /17
Bpx N *2n8 13 26
B 12
p 20 14 vy X
oy oLy
25 oy
) L]
8 /58
28

Fig. 32. Extended planar representation.

The vertices N and S (Figure 32) of valency six and surrounded by angles
y exclusively are in antipodal positions. The extended PR is composed of 6
spherical moons with vertices N and S. Each spherical moon has 4 triangles
and 1 quadrangle at its center.

Let A(Q) denote the area of Q. Then

2n . 7 2n Fis Fis
0<A(Q)<? 1.€. §<OC2<? (or 6<5<§)
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It was established in [3] that Q has all congruent sides iff o, =75. On the other
hand we are considering o, > 7. Therefore 7 < o < %’T

B) Suppose now that o <%. One has oj+oy>n f=3 and
o1 +y =mn. Therefore

u>p>a>y>0 (3.2)

and also y +J >%. The alternated angle sum containing «; at the vertex v (or
v’) (Figure 27, Page 17) must satisfy one of the following conditions:

i) w+d+ou=m i) om+o+y=m; i) op+kd=mn, k=2

i) Suppose firstly that the alternated angle sum containing o, at the vertex
vis oy +0+ oy =mn. Therefore the cyclic sequence of angles around v is of the
form

(062,5,5,017062,92), where ap +0+ oy =n =0+ 01 + 0>.
Taking in account the length sides of QO and 7, we may conclude that

(91,92) = (061,5) or (91,92) = (O(z, 062).

The first case is illustrated in Figure 33-1. With this choice of angles one
gets a vertex surrounded by o, £ and y in adjacent positions, where we have no
way to fulfill the angle-folding relation.

The second case is presented in Figure 33-1I. With the labelling of this
Figure, we have 6, # 6. In fact, if 6; =, then v; is surrounded by the cyclic

Yy
171
s BB
v 6\\BBH
a1 £ 1
Yy
ooy
oy 1 1
Qg |Og
I

Fig. 33. Planar representations.
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sequence (a1, 01,0,0,0,0,...), a1 + ko = = for some k > 2. Hence y =kJ. On
the other hand the alternated angle sum at the vertex w; must obey oy +
y+y = n (because it contains the angles o, and y, oy +y+0J < 7w = 20, + 6 and
wp has valency six). Therefore y <%, since o >7y. Now y+d=y +% <
5+%=7 that is an absurd. Consequently ¢; =y, as illustrated in refereed
Figure. This information leads us to obtain a vertex surrounded by the cyclic
sequence of angles (f3, 02,0,0,0,7). Taking in account that Q has distinct pairs
of opposite sides, the angle-folding relation fails at this vertex.

ii) Suppose now that the alternated angle sum containing o, at the vertex
vis op+0+y=mn It is a straightforward exercise to show that the cyclic
sequence of angles around v must be the one illustrated below—Figure 34-I (it is
enough to use (3.2) and the length sides of the prototiles).

This extension leads to a vertex vy surrounded by the cyclic sequence
of angles («;,9,d, 0,9, . . .) such that o) +t5 == for some ¢>2 and 0, e
{a1,00,0}. Considering firstly that 0, = oy, then we get a vertex w, such that f
and o, are in adjacent positions and similar to the previous case we have no
way to fulfill the angle-folding relation around w,. The case 672 = oy leads also
to an absurd (Proposition 3.1). In Figure 34-II we illustrate the case 6, = o.

Fig. 34. Planar representations.

This procedure gives rise to a vertex surrounded by the sequence of angles
(7,7,7,7,--.) as illustrated in refereed Figure. As2y+ay > oy +J+7y = and
7 +0>7%, we must have y=%. On the other hand o; +y =7 and so o; = F.
Therefore 6 < %, since a; + ¢t = n for some ¢ > 2 (vertex v;). Now, f+y+
0 < 5+5+%Z=m, which is an absurd.

iii) Finally we shall suppose that the alternated angle sum containing o,
at the vertex v (Figure 27, Page 17) is oy + kd = = for some k > 2.
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Using the labelling of Figure 35-1, one has 6 # o, (as seen in Proposition
3.1) and obviously 8 # «;. And so 6 = ¢ (see length sides). Applying the same
kind of reasoning around the vertex v, we may conclude that v is surrounded
by the cyclic sequence of angles (02,0,0,0,0,...,0), ar+kd=mn for some
k > 2. The same occurs around vertex v’, leading us to extend this PR to the
one as illustrated in Figure 35-I. We may also conclude that y =% and

consequently o =2, since o + y = 7.

YY
171
w5, BB se
5 5 .
Ly 113551 oLy v.
YY
7o
og 1 1 g
Oz |02 Oy |Oly
0, 0,
w
- . ZO
I II

Fig. 35. Planar representations.

Now using the labelling of Figure 35-11, the valency of w is bigger than
four. Let us verify that the vertex w can not contain the angle y. In fact if w
contains the angle y, then oy + y+J = 7, and necessarily 6; =y or 0, =y (see
length sides). Considering for instance 6; = y, one gets a vertex with angles
and J in adjacent positions. Hence we must have o) + né = = for some n > 2.
As oy =%, we have 6=2 < Z. Consequently f+y+0<%+%+%=m,
which is a contradiction. It follows that the alternated angle sum at the vertex
w must be of the form 20, +Jd=mn or op+kd=mx (k>2), by using the
condition (3.2). On the other hand w cannot be surrounded by the cyclic
sequence of angles (o, a,0,0,02,0) (otherwise, the vertex zy must be sur-
rounded by «; and f in adjacent positions, leading us to an absurd (by
Proposition 3.1 (Page 14) or, by using the length sides around z;)). The
pOSSibﬂitieS (Otz, 062,5,5, o, 062), ((Xz, o, 0{2,5,5, 062) and (062, 0, do, 062,5,5) lead to
one of the vertices z or z’ to be surrounded by three angles o, which is not
possible. Thus, we conclude that the cyclic sequence of angles around w must
be (062, 03,0,0,0,0, .. ) (k > 2).
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In order to determine k we proceed as follows: One has o) = %’Z, y=3,
p=5 and wy+kd=mn, y<oay<f for some k>2. On the other hand
y+0>Z%. Therefore Z<d<%. And so k=2 or k=3.

Consider firstly that k£ =3. Under these conditions the PR illustrated
in Figure 35-1 is extended in a unique way to a complete PR of a dihedral
f-tiling, in which all the angles are completely determined. In fact one gets
=%, 0=2%,=%,y="%and 6 =%, which implies that Q has all congruent
sides. This f-tiling was denoted by %3 (see [3] for a detailed study).

Suppose then that k =2. In this case the previous PR (Figure 35-1I) is
uniquely extended to a PR with the same configuration as the one illustrated in
Figure 32 (Page 20), where § <oy <% (or § <6 <3). O

ReMARK. In Figure 36 3D representations of ./ (3<on <Z) are
illustrated. It is composed of 24 triangles and 6 quadrangles. The limit case
ay =% leads to a monohedral f-tiling ([4], [11]), where the prototile is an
isosceles triangle of angles %, Z and 2. Observe that ./, is obtained from %,
(Page 8), by adding some edges, bisecting any triangle of 9?32 and preserving
the angle-folding relation.

Fig. 36. 3D representations.

PrOPOSITION 3.4. Let 1€ Q(Q,T) such that © has two cells in adjacent
positions as illustrated in Figure 20-D. Then t has six cells in adjacent positions
as illustrated in Figure 37.

ProOOF. Suppose that there are two cells in adjacent positions as illus-
trated in Figure 20-D. With the labelling of Figure 38-I, it follows imme-
diately that 0, € {f,6} and 6, € {f, 02,7}

If 0, =p, then we have necessarily oy +f =n. The case oy +f <=
leads to a contradiction as seen in the proof of Proposition 3.1—Case A)i).
The alternated angle sum containing 0 is of the form 0+ p < x, for all pe
{ay,00,p,7,0}, leading us to a contradiction. And so ) =J.
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Fig. 37. Planar representation.
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Fig. 38. Planar representations.

i) Let us suppose now that 6, = . Analyzing the length sides of Q and
T, we conclude that, if o, +f ==, then ap +f=n=y+f as illustrated in
Figure 38-II. It follows that o) >f>% >y =0 >0J. Now, considering a
vertex v in which o; and y are in adjacent positions, we must have o) + ko =
y+kdé (k>1) in order to fulfill the angle-folding relation around v. Thus
o =9, which is an absurd.

Suppose now that oy + 6, = an + f < 7w (Figure 39). Then o >f >y >
op >0. (In fact, the relation o) +J <7 < oy +ap implies oy >J. On the
other hand since ¢ is the least angle, we must have oo +f+0<n<f+y+0
and so y > ap. a; > f holds from the fact oo +f <7 < a; + .) Now, from
the PR it follows that f+y==. First consider the alternated angle sum
containing o, + f. Since an + f+y > f+ y + 0 > 7, the remaining angles must
be ap or 6. Similarly, the alternated angle sum containing y must be of the
form py+ qor + 1. In any case, this vertex does not contain more angles f.
Hence the adjacent edges around this vertex cannot be those of the angle f,
including the case of quadrangles. Then the edges between two angles y and o
appear alternately around this vertex, because the adjacent edges must have
different lengths, and also it cannot be those of the angle S, as stated above.
Then by an elementary combinatorial argument, we can easily arrive at a
contradiction since the valency of this vertex is even.
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Fig. 39. Planar representation.

ii) Consider now that 6, = o,. In this case the PR illustrated in Figure
38-1 is extended as follows (Figure 40-I). One has o; and f in adjacent
positions. By Proposition 3.1 we get an absurd.

Ca1

A2
G BB\
2 3
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Fig. 40. Planar representations.

i) Finally we shall suppose that 6, =y (Figure 40-1I). It follows
straightway that f=7.
In order to prove o; +0J =, we shall consider two cases separately:

() y+d<mand u+y=n (2) yyj+do<mand m+y<n

and we will show that both cases lead us to a contradiction.

(1) Assume that oy +d6<n and oy +y=mn. As f=35, we have
o >0y >f>y>0, and so oy +kd =n for some k> 2. The previous PR
(Figure 40-II) is uniquely extended as shown in Figure 41.

One gets a vertex v; surrounded by four y angles. In order to fulfill the
angle-folding relation at v; we must have 2y +J =n or 3y =xn. On the other
hand, the vertex v, cannot be surrounded by y, therefore v; must be surrounded
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Fig. 41. Planar representation.

by six angles y and so y =%. Now, one gets o) > o = ZT”, and as a1 +kd =7
for some k > 2, then 6 <%. Consequently f+y+06 <% +5+%=mn, which is
an absurd.

(2) Assume now that oy +0 <7 and o +y <z Since J is the least
angle, we have oo +y+d <zm. But, f+y+J> = and so > a. We shall
discern the cases oy >y and op < .

If ap >y, then oy > f=5> 0y >y >3 and so o + td = = for some ¢ > 2.
One has (op +2y) + (a1 +25) = (02 + o1) + (2y + ) > 2n, for some > 2.
Therefore o, +2y > n, and so oy +y+0J ==n. Taking in account the length
sides of the prototiles and by using Proposition 3.1 (Page 14), the PR illustrated
in Figure 40-1I is uniquely extended as illustrated below (see Figure 42).

Y % 5

Y JNG

V.

2 ﬁB B 3 75 9

3/ 1 53 BB O
8 } YYBSYVSS
oy %2V oqoy %2

! 6 | 10

g ‘ 1oy agloy &1

Fig. 42. Planar representation.

Now, as seen in the proof of Proposition 3.3 (Figure 32), the vertex v (as
vertex of the dark portion) cannot be surrounded by y, leading us in this way to
a contradiction.

If ar <7y, then

oc1>/)’:g>y>oc2>5. (3.3)
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And, hence o; + t0 = for some r>2. Now, one has:

(a) Since Q has distinct pairs of opposite sides, and since o; and f cannot
be in adjacent positions (Proposition 3.1), we have 6 # y and 6 # 0
(Figure 43-1). We immediately conclude that 6 = oy, leading to the
extension illustrated in Figure 43-11.

(b) As before, we have oy +2y > #, and so 0’ # 7. On the other hand,
we have 0’ # 6 (otherwise, the alternated angle sum containing «; at
the vertex z (Figure 43-I1) cannot be defined, by using the length sides
and (3.3)). And so 0’ = a,.

i 4 5 S ‘g 5=
P 2 B5f 3
& 1 3 v V6 1 VA
oy ! oLy o X Gg 9=q2 o VA
1 1 5
o o g 1oy oz
I II

Fig. 43. Planar representations.

Using alternately (a) and (b) around the vertex v, we conclude that v has
to be surrounded by the cyclic sequence (y,y, o, 02, 02,02, ...) With y + kay =7
(k = 2), allowing us to extend the last PR as shown in Figure 44. In fact, by
(3.3) tiles labelled 8 are uniquely determined. On the other hand, the angle ¢
(tile 9) adjacent to oy is also op. Clearly it is not oy, by using (3.3). If it is f5,
then f + y < = and by adding the least angle, it exceeds 7. An argumentation
as the one used in (a) shows that ¢ # y and ¢ #J. And so ¢ = oy, as indicated
in Figure 44. With similar argumentation one gets a vertex w; surrounded by
four angles y. As y+6>7% and 3y >2y+ o, >=n, we have 2y+dJ=rm as
illustrated in refereed Figure. A vertex w, surrounded by the cyclic sequence
of angles (1,0,0,y,...) must take place, leading us to a contradiction, since
there is no way to position other cells around w, in order to fulfill the angle-
folding relation.

The PR illustrated in Figure 38-1 (or Figure 20-D) is now extended to get
the one represented in Figure 37, where oy +d=n, f=7% and o +y <7

]

PrOPOSITION 3.5.  Suppose that the PR illustrated in Figure 37 is contained
in a complete PR of any element 1€ Q(Q,T).
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Fig. 44. Planar representation.

) Ifop+y<m thent= ), %< oy <Z (o # arccos(2 cos(n/k) — 1) = af),
k>4, where oy =n—F, f=3, y="52and 6 =%;

i) Ifop+y=m, then 1= 9?72(5, where oy +0 =m and f =5. The angles y and
0 obey, cosy = 4 (sin £ —cos ¢ sin x) and cosd = ? (sin 4 cos ¢ sin x)
for some x €0,3[ and 0 € ]2 arctan(sin x), z[\{3}. (In particular § < y <
T,0<3<Z (6<7y) and cosy+cosd < V2 (#1).)

The angles around vertices are positioned as illustrated in Figure 45.

1|0 BB a7y a2 S

5|8 BB EVZNG 66 56 ; ot k>4
O |0 BB Qg | Oy 2
Sls -5 5 R

3|90 BB Y| RES)

Fig. 45. Distinct classes of congruent vertices.

3D representations of /%;‘2 and 9?35 are given in Figure 47, and Figure 49-11,
respectively.

T

PrOOF. i) Suppose that ap +y <7m. As ay+d=mn and f =175, we have
o) >f>a >0 and f >y >9. Starting from the PR illustrated in Figure 37
(labelled 1), we extend in a unique way such PR to the one illustrated in Figure
46. Vertices surrounded by (op,a,y,7,7,7), o2 + 2y =n are forced to take
place. Besides, there are two vertices surrounded by angles & exclusively.
Hence, there exists k such that kd = 7.
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Fig. 46. Planar representation.

For any k > 4 we may ‘“close” this PR, obeying the angle-folding relation
(if k = 3, then 6 =% and so ay + 2y > 7 because a,, y > J), where the alternated
angle sum at vertices are

o +0 =m, 2p =m, w+2y=m and ké =m.

An extended PR can be also obtained from the PR illustrated in Figure 9
(Page 8, Proposition 2.2), bisecting through f any isosceles triangle of ﬂf,
(2 <o <2%). Such f-ilings are denoted by .4, < o <% and are com-
posed of 8k triangles and 2k quadrangles.

For any k >3 a 3D representation of ﬂ;‘z is then obtained from a 3D
representation of 9?52 (Figure 10), by adding some edges splitting asunder any
triangle of ,%fz and preserving the angle-folding relation (the case k =3 is in
Proposition 3.3). 3D representations of ,//;‘2 (k=4 and k = 5) are illustrated
in Figure 47.

Fig. 47. 3D representations.
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As Q has distinct pairs of opposite sides, we have o #
arccos(2 cos(m/k) — 1) [3]. Note also that if oy =%, then one gets a mono-
hedral f-tiling in which the prototile has angles § — 5%, 5 and 7, established in
[4] and [11].

ii) Suppose now that oy +y ==n. Then the PR illustrated in Figure 37
(Page 23) is extended in a unique way as shown in Figure 48, where «; +0 = =,
p=3%and oy > >f>y>0. Such an f-tiling is denoted by %7’/25

In order to determine y and & we proceed as follows: As Q is a spherical
quadrangle with distinct pairs of congruent opposite angles and distinct pairs of
congruent opposite sides, Q is congruent to a WCSQ* L N L,, where L and L,
are well centered non-orthogonal spherical moons with distinct angle measure ¢
and 0 (0 # 0,), respectively [1]. The PR illustrated in Figure 48 is composed
of four spherical moons with vertices surrounded by f; Each spherical moon
has two congruent triangles and one quadrangle at its center. Hence we may
suppose that ¢ =f =5 and 0 <0 <m, 0# 5 (Figure 49-I).

Fig. 49. A WCSQ and a 3D representation of 227
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With the labelling of Figure 49-1, one has

cos —Q sing—cosgsinx and cos&—iE sing—i—cosgsinx
7= 2 2 =9 2 2 ’

for some x€]0,3[ (x=%—4(Li,L>)) and 0€]0,n[, 0 # 3. And so

cos y 4 cos d = V2 sin g, for some 0 €]0,n[\{n/2} and J < .

Now, for all x e]0,3[ we must determine ¢ such that y(x,0) =y <%= .
In fact,

T .0 0 . .
y<§<:>cosy>0<:>sm§>cos§ sin x < 0 > 2 arctan(sin x).

It follows that:

n . T n
Vx e } 0,5[7 V6 € ]2 arctan(sin x), 7], 1<7<3

Vx e } 0,7;{, V0 € |2 arctan(sin x), z[, 0<o< g

The variation of the functions y and J are presented in Figure 50-1 and Figure
50-I1, respectively. The value of contour level is signalized into a circle. A
3D representation is illustrated in Figure 49-11.

@ @ @ @),

i T<y<i * ” 0<8<f ‘
ﬂ@ 77777777777 e e oo @ E@ 7777777777 4&*777777**:7@3
2 2 - ‘

U<y e 0<8<y o |

¥ ‘;,/‘L?*‘ v 2 o’ﬁa\c

| @

\ Tz \ Tz

I 2 I :

Fig. 50. y(x,60) and J(x,0).

REmMARK. Limit cases: Observe that

1. If x=0and 0 <68 < x, then 6 =y and so o; = o, which means that
O has all congruent internal angles, giving rise to a family of dihedral
f-tilings established in [2]. In addition
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(a) if 0=7%, then Q has all congruent sides (and all congruent
angles);

(b) if 6 =0, then one gets a monohedral f-tiling ([4], [11]). The

prototile is an equilateral spherical triangle with internal angle 7.

2. If 0=% and 0 <x <j, then Q has all congruent sides and distinct

pairs of opposite angles. Such a family of f-tilings was obtained in [3];

3. If 0 <x <% and 0 =2 arctan(sin x), then T is an isosceles triangle

with angles 7, 7, ¢, 0 <e<Z%. This family of dihedral f-tilings was
established in Proposition 2.3 (Page 9) for k = 1.

Next we obtain f-tilings 7 € Q(Q, T) coming from the adjacency illustrated

in Figure 20-E or Figure 20-F (Page 13). In both cases the angles o, and f

are in adjacent positions. With the labelling in Figure 51, (y,z) = (J,y) or

(y’ Z) = (j/,(;)

Cg oy

Fig. 51. Planar representation.

PropoSITION 3.6. With the above terminology, if Q(Q,T) # &, then
z=w, he{op,p} and wn +h=rm.

Proor. We shall distinguish the cases z =0 and z = .

A) Assume firstly that z=0 (Figure 52-I). Obviously we {y,0} and
he {yvﬁ’ 052}‘

Consider firstly that w =y. Taking in account the length sides of Q, we
must have a; +y < 7. Hence, it must be f > o) > ap >y >J. Now, by using
the length sides of Q and 7, the vertex surrounded by the cyclic sequence of
angles (o, f,h,...) cannot have valency four. Therefore ff + kd =z for some
k > 2 (see Figure 52-I1). Analyzing the length sides, one gets # = f. Now,
oy +h=o0y+f>0+a >mn which is an absurd. And so w=0J=z.

Consider now that A =1y. If oy +y == (Figure 53-I), then op +y=7n=
f + 7 (according to the length sides). One gets a vertex surrounded by o) and
f in adjacent positions. By Proposition 3.1 (Page 14) one gets an absurd.

If ap + y < = (Figure 53-11), then looking at the vertex v;, we conclude that
f + 7 has to be n (note that f+ y + p > = for all p € {o,02,5,7,0}). Therefore
the alternated angle sum containing f at the vertex v is f+¢ +é& + - =,
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+ 1 + 1 v
ag oy |0
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Fig. 52.
4 -3
B Y
o o h=y 3
B
=+ 1 + 1 Y
Y
S
ag oy s 2
I B
Fig. 53.

Planar representations.

Planar representations.

where ¢, = oy org; =0 forall ie {1,2,...,N}, N > 2.
way to avoid an incompatibility between sides as illustrated in refereed Figure.

And so h=pf or h= .
Suppose that 7= f.

i

then

g >p>y>a>0.

B
3 3
vy v 8 _
oy ‘ azﬁh_ﬁ 2
Y
1 + 1 Y
} Y
Oy ‘ ay|d 5 1
B

N

In any case we have no

Planar representations.

5
h=B 2
Y
1 Y
Y
3 1
B

If oo +h =0+ p <n (Figure 54-1 and 54-II),

(3.4)
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Surely the tile 3 is a triangle or a quadrangle. In the first case it must be
set up as illustrated in Figure 54-1 (observe that the cyclic sequence
(p,o0,p,h=p,...) (¢ €{y,p}) does not occur, since o +h <z and ¢+ f+
p > for any p e {ay,0,5,7,0}). Thus, one gets a vertex surrounded by o
and y in adjacent positions. By using the relation between angles (3.4) and the
length sides of T, the alternated angle sum containing o« around this vertex
cannot be defined. And hence the tile 3 has to be a quadrangle as illustrated
in Figure 54-I1. Using similar arguments, the tile labelled by 4 is also a
quadrangle. By using the condition (3.4), the tiles 5 and 6 have to be set up
as illustrated in refereed Figure. And so a vertex w surrounded by the cyclic
sequence (f5,02,7,...) must take place. Analyzing the length sides around w,
we conclude that w has valency bigger than four. But, on the other hand
p+y+p>nforany pe{u,u,p, 0}, which is an absurd. And so oy + 4 =
o+ p=mr

ii) Suppose that i = a,. Therefore the length sides of Q are common to
two length sides of 7 (Figure 55-1).

oy p XO1
Hi h:(lz 2 (o2} ft (o) 1;12 2 Ao
g a2 (B e X102
oy + 1 +1 YYOL13
1 P! yv ap 0195 T plas oy
oy oq|d 1 Sb 5 W,
H 3 = 4 Y
Y
B
I Im P

Fig. 55. Planar representations.

One has o) +0 < a1 + y < 7 (according to the Figure) and so op >7p. We
may also verify that if f > a;, then the alternated angle sum around v cannot
be defined. Therefore f < o;. And so

o +y=m= and o) + ko =mn, for some k> 2. (3.5)

The PR is then extended as shown in Figure 55-II.

One gets a vertex w; surrounded by the cyclic sequence (o,f,0,...). If
valency of w; is bigger than four, then oy + f < 7. But if we add the smallest
angle J, it exceeds 7 (note that op > 7). Therefore w; has valency four, i.e.,
o+ p=m

If oy <5, then f+15=mn for some #>2 (see the sequence of angles
around v). Taking in account the length sides of Q and T, this alternated angle
sum cannot be set up. Consequently oy =% = f, and so oy +h =2 = 7.
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] oy

Fig. 56. Planar representation.

B) Assume now that z = y (Figure 56). Then w e {0,y} and h € {0, [, 02}.

Consider that w =46. If a; +J ==, then analyzing the length sides, we
must have o) +d =7 =y+J. Consequently a; = y, leading us immediately to
an absurd.

Suppose then that o) +J6 < . With the labelling of Figure 57-I1 one has

X1 = o or X1 = o or X1 = 0.

Taking x; = o, one gets two adjacent tiles (labelled by 2 and 3) such that the
side of T opposite to y is common to Q and o; and S are in adjacent
positions. By Proposition 3.1 (Page 14) there is not any dihedral f-tiling
containing such adjacent tiles.

If x; = oy, then one gets two adjacent tiles (2 and 3) such that the side of
T opposite to y is common to Q and «; and J are in adjacent positions. As
seen in A), y and 0 cannot be in adjacent positions, which is an absurd.

Now, one has x; =, as illustrated in Figure 57-II, and it is clear that
Xy =y or xp;=0 (i >1).

Ay ] )
B o Ao B
* 1 ES 1 S
Y = 1 = 1 s
e oy Y
w=5 2 o oy |Y
.\ L1 - w=3 2
A 2 3 - T, Q}\\d\ B
5 6 3 22 3 U
I II

Fig. 57. Planar representations.

If x, =y, then oy +J+y <m and so f > oy >75. It follows that 6’~=y or
6 =0. The first situation leads to 7 = fi +y = o + f > 7 (absurd), according
to the length sides. If 6 = 5, then we must separate two distinct situations: 1)
If «; and y are in adjacent positions, then by Proposition 3.2 (Page 17), one has
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B =%, which is not possible. 2) If «; and f are in adjacent positions, then by
Proposition 3.1 there is not any f-tiling containing such tiles. And so x, =9.
A similar argumentation permit us to conclude that x,; =0 (i > 2). Now, by
using the length sides of the prototiles, we conclude that x,. 1 =J (i > 1).
And therefore x; =0 (i >1). Consequently o) +kd =n=7y+kd for some
k >2. This implies oy =y < . Using the labelling of Figure 57-II, we have
no way to position another cells around u in order to fulfill the angle-folding
relation. And so w=17p =1z.
Consider now that 1 =0 (w=y=2z) (see Figure 58).

B ? 45
vy 4 SU/s
o, } oLy h=5 3
E: 1 E: 1 s
)
Oy ay |V " 2
B

Fig. 58. Planar representation.

As op +0 < a1 +y < m, the valency of the vertex v is bigger than four and
oy > 7. Consequently the alternated angle sum containing f must be f+ 10 =
7 for some 7 > 2. As «; and f cannot be adjacent angles (Proposition 3.1), the
tile 4 is completely determined, as shown in refereed Figure. However we have
no way to avoid an incompatibility between sides. And so h=f or h = .

i) Suppose that 4= p. Then we achieve the PR below (Figure 59-I).
On the other hand, oy +y<n <o +ap and oy +f < <o +0op. And so
oy >y and a; > f. Therefore oy +y=n and ox +h =0 +f =7.

ii) Suppose that i = o, (Figure 59-1I). This situation is precisely the one
considered in Figure 55-1 (Page 34), in case A)ii). Consequently, as before, we

must have oo =f=7%. And so ay +h =20 =7. O

Y *1

oy az(g h=p 3 ; o o Bh:a2 3 o

E 1 E 1 S J | Q!

5 3 1 3 1 86
Oy o |7 7 2 oy oy |Y 5
B Y B
I II

Fig. 59. Planar representations.
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ProrosiTION 3.7.  With the terminology used in Figure 51 (Page 32),
i) if h=oo, then 1= k>2;

i) if h=p and z =20, then ©= M or T=Rp, k>2

i) if h=p and z=7y, then t=T" k=2 or 1=%, k>3,

where the internal angles of the prototiles are given by:

(k+ 1)z T T kn T ok
- 7 = — = — = 0= T  k>2:
MESrrr 2T PR vt o 2k+1 TR ES
3n s n 7 7
—_ — — = — = — 5 = — j ﬂ.
o1 5 %] 2 ﬂ 2 y 3 5 n
For ,%f* the following relations take place:

In 9?/%5, one has oy +0=m, o +f=mn and y=7%. The angles f§ and o
verify cos ff = 4 (sin § — cos 4 sin x) and cosé = ? (sin §+ cos § sin x)
for some x €03 and 0€ 0,2 arctan(sin x)[.  In particular, 0 <6 <
T p<i

In %gé, k>3, one has oy+d=mn ow+f=n and y=%;

o 7 0 ra Q . o T o Q
where cos f§ = sin 57 sin 5 — €0s 5 €0s 5 sin X and cos d = sin 5 sin 5 +

cos & cos § sin x for some (x,0) € Ry (Ry is the region of ]0,%[ x ]0, 7]
represented in Figure 73 (Page 45) and Figure 74). Here m— Z—k” <
p<n—ap, 0<6<E.
In 9?;;3, k>3, one has a1 +y=mn, oo+ =mn and 6 =%. The angles
B and y obey cospf =sinZ sin§—cosZ cosdsinx and cosy=
sin Z sin §+ cos & cos § sinx for some (x,0) € R| (the region R} is
represented in Figure 77 (Page 48) and Figure 18). Here § — 3 < fi <
n—2 < <z

ko kSTVS73

The angles around vertices are represented in Figure 60.

oy 0‘1‘0‘1 Oy | Ly (12‘0(2 a2‘ﬁ ] Tk E>9

N Y[y BB B Bl T

k&=m) X

1 BB %g| G2 Yy 66665. M

3% BB BB N A

oy AUg | AUy Y Y ke

5 re v/ RBB’ k>2
kvy=T1

o1 O | Ay 3 y ke

v Blp %: Rpy: k23
kd=m

Fig. 60. Distinct classes of congruent vertices.
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Figure 64 (Page 39) illustrates 3D representations of T* for k=3 and
k=4. Figure 69-1I1 (Page 42) illustrates a 3D representation of M. Figure
71 (Page 43) illustrates a 3D representation of ﬂé(s- Figure 75 (Page 46)
illustrates 3D representations of ,%;;‘(5 for k=3 and k =4. Figure 79 (Page 49)
illustrates 3D representations of 9’2;;" for k=3 and k =4.

PrOOF. i) Suppose that i = op. Then, as seen in Proposition 3.6 A)ii)
and B)ii), one gets the PR illustrated in Figure 55-II (Page 34), where
w+y=mn o0 +kd=n (k>2) and 0y =5=p.

If the cyclic sequence of angles around w; (Figure 55-I1) is (oo, f,f, ),
then one gets a vertex enclosed by at least three angles y in adjacent positions.
And, in order to obey the angle-folding relation we must have 3y = 7 (note that
the cyclic sequence (y,7,7,0,0,y) with 2y +J = = may not occur, since it leads
us to a vertex surrounded by (21,0, 7,...), where the angle-folding relation will
fail). It follows by (3.5) (Page 34) that y +6 =%+4; < %, which is not pos-
sible. Thus the cyclic sequence of angles around w must be (o, f,f, )
(062 +p= 7[).

The PR illustrated in Figure 55-1I is now extended as seen in Figure 61-1
(for k =2) or Figure 61-1I (for k =3). The case k >4 is similar.

(O oy 2 Oy 0
" o
o "oy Bz 2 oy 0 o, 3‘ o 3 PN
o0t oy g [51 v oy xo,
1 4 1 v 1 1 Pra,
Y T 1 T B
5.1 3 %s 7
%2 L, 126 ) Bymoy Y2, VLTS 7 Vi e
A2 o S S 5 B/og % Oy ay \ 58 Yoy "oy
Y 7 N B, 8
6 T4 yxoy T 8 T 7 pBA%2
aXoy 5 0Ly % Oty
oy ay B Otg N, w2B LY *
Ht Qg 8 g %2 o\ 9
e oy %10&2“2
I II

Fig. 61. Planar representations.

With the labelling of Figure 61, we have ¢ € {op, f}. Tt can be shown that
either ¢ = f§ or ¢ = a, lead to the same configuration. Considering for instance
e = f, a complete PR is uniquely achieved. In Figure 62 a complete PR of
such an f-tiling is presented. We consider £k =2 for commodity.

Bisecting Q through «;, one gets two congruent triangles 7 and 7, (see
Figure 63). The triangles 7, 77 and 7, have a common angle o, = f and
two congruent sides. Hence they are congruent triangles. And so xy =7y
and yo =0. This information shows that oy =y+J. By (3.5) (Page 34) we
conclude that
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Fig. 62. Extended planar representation of 7 2.

Fig. 63. Decomposition of Q.

= _ kn _(k+ )z
o=t 1 Ty d ow=

Such a family of dihedral f-tilings is denoted by 7%, k > 2 (composed of
8k triangles and 4(k + 1) quadrangles). In Figure 64 3D representations of
7% and 7° are illustrated, respectively.

Bisecting all congruent quadrangles of 7% by oy (k>2), one gets a
monohedral f-tiling established in [4] and [l11]. The prototile-triangle has
internal angles 7, 2,’(‘% and 57+. This justify the compatibility between angles
and sides of J .

ii) Suppose that 2= and z=9. By Proposition 3.6 the tiles labelled
by 1 and 2 (Figure 65-1 and Figure 65-11) are uniquely determined. Besides,
o2 +f =mn. (In fact, the inequality o, + f < x leads us to a contradiction, as
seen in case A)i) of the proof of Proposition 3.6). Now, one gets necessarily
one of the PRs illustrated in Figure 65 (by using the length sides and the
relation o) >0y >0). As oy +d<zm and og > f (note that o +op >n=
oy + ), we have oy + ké = for some k > I.

ki1 k=2
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Fig. 64. 3D representations.

o
5% ’ 3 3
3 a
L— P h=B o1 2h=B
oq %z g 2 aq % g 2
Y Y
3 1 1 Y 3 1 3 1 Y
Y Y
zZ=3 zZ=38
%2 . < 1 *2 “ 5 1
I B 1I B

Fig. 65. Planar representations.

(1) Suppose firstly that a; +J <= (i.e., oy +kd=m, k =2).

(1.1) If the tile 3 is a triangle (Figure 65-1), then one gets in a unique way
the PR illustrated in Figure 66, achieving o) +y=n, ;a =3=p8, 2y+d=nx
and y+ (k+ 1)0 = = for some k > 2 (hence o) = (]2‘1';1)1", 7 =52 and 6 = 5%9).
In Figure we took k=2 for commodity.

Note: On the construction of the PR illustrated in Figure 66, we recall
that: a) If we replace y by J in triangle 7, we get an incompatibility between
sides around such vertex. b) On the other hand if we replace J by y in the tile
8, then y =% (note that 2y +26 > =), and we have ko =% for some k >2
(because o +y=m=o0y+ko). It follows that f+y+d<Z+%+Z=n,
which is absurd. c¢) Taking in account the length sides and considering that
the cyclic sequence (y,d,01,...) may not occur, it follows that the tile 15 is also
completely determined. At the final step, one gets a vertex surrounded by the
sequence (y,7,7,7,7,...), leading us to an absurd, since 3y >2y+0 = 7.

(1.2) Suppose now that the tile 3 is a quadrangle (Figure 65-11). We

shall discern the cases y =% and y < 7.
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Fig. 66. Planar representation.

If y=7%, then f>%>a. Hence the PR illustrated in Figure 65-IT is
extended as shown in Figure 67-1. However, there is no way to avoid a vertex
surrounded by the cyclic sequence of angles (f,02,7,...), where the angle-
folding relation is violated, since f+ 7y > 2y = 7.

2B
24 17 T8\ v
"3 o - o D160\ g
o oy 8\5 Y14l3 * 3 F1/5N\8 BIN 19
o o P2 23 p) 13891 *2/B TP
1 2B o) B oy oy
1 Y 8 Szzﬁyy 5 P |, 11 \8
g7 1 1+ 1 Y 21 o4+ 1 = 17 2
Y 4 BTy Y)Y p,
Bl ay, oy |8 1 %2 T o8 8 /5
AR 20 \15p RO 1 3
7 "./8\oq B/p 8\0(2 o7 666 B/B
BB5YOL60‘2 oy o[BI NT_ s 10
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1% 26 2 PZSVY Y 28
oLy (1166 27B B

Fig. 67. Planar representations.

Let now y <%. Starting from the PR represented in Figure 65-1I and
taking in account that o) + kd = 7 for some k > 2, we get in a unique way the
PR composed by tiles labelled from 1 to 8 (contained in Figure 67-1I). The
crucial step here is to prove that the angle « in the tile 5 must be «;. In fact,



D. f-tilings of the sphere by triangles and WCSQ 277

we have clearly o # oy, and by Proposition 3.1 (Page 14) we also have o # f.
An argument using length sides shows that o cannot be J. Finally, if o =y,
then the cyclic sequence of angles (f5,0,,f,...) around the vertex x must take
place. Since the cyclic sequence (3,02, f, ) cannot occur (otherwise a partial
tiling in Figure 65-1 appears, which we already show the incompatibility), it
follows that x has to be surrounded by (f, o, f, o), and consequently there
must be a vertex surrounded by (o;,d,7,...), where the angle folding relation
fails. And hence o=o. One has, o =f=3% and 3y <zn. Consequently
y+0>7%. Asdis the least angle, we have 3y =7, ie, y=%. Now, if k > 3,
then 6 <% (because o; >7%). And so f+7y+J<Z+5+%F=mn which is an
absurd. Therefore k=2 and £ <6 <7j. The tiles labelled from 9 to 28
(Figure 67-1I) come in a unique way. And this PR is extended until it
“closes” (Figure 68). Such an extension is unique and leads us to conclude
that 6 =% since £ <0 < 7. The angles of Q and T are completely determined
and given by

3n

061:?7 Oy =

Fig. 68. Planar representation.

The previous extended PR was obtained from an extended PR of 93
(studied in [3]), deleting one pair of opposite sides of Q (compare Figure 69-11
with Figure 69-111) and preserving the angle-folding relation. We shall denote
such an f-tiling by .#. Its 3D representation is shown in Figure 69-III,
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composed of 60 triangles and 10 quadrangles. (Note: Bisecting by o; and by
op any quadrangle of %3, one gets a monohedral (f-)tiling (Figure 69-1), [4],

(11].)

I II III

Fig. 69. 3D representations of a monohedral tiling %3 and .#, respectively.

(2) Assume now that o +J = 7.

(2.1) If the tile 3 is a triangle (Figure 65-1, Page 40), then one gets o; and
y in adjacent positions, where the angle-folding relation fails. (Note that the
alternated angle sum containing o; must be oy +0 = #. But, this leads to an
incompatibility between sides.)

(2.2) Suppose now that the tile 3 is a quadrangle (Figure 65-1I). The
extension of the PR leads to y =7 for some k>2. Any extended PR is
composed of 2k spherical moons with vertices surrounded by y. Such f-tilings
are denoted by 9?/’;‘5. Each spherical moon has two congruent triangles and one
quadrangle at its center. In Figure 70 a complete PR for k = 2 is illustrated.

(2.2.1) Consider firstly that y =Z. In this case the PR is the same as the

2
one illustrated in Figure 48 (Page 30), permuting f with y.
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az | 2
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a6 1 8
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Fig. 70. Planar representation.
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With the terminology and notation used in the proof of Proposition 3.5 ii)
(Page 28), one has

cosﬂ—é sing—cosgsin and cosé—iE sing—l—cosgsinx
) 2 2 ) 2 2 ‘

And we have (Figure 50, Page 31)

Vx e O,E , V0¢e]0,2 arctan(sin x)], r <p< 3—”;
2 2 4
n . n

Vxe]O,E[, V0 €]0,2 arctan(sin x)], 0<9o <3

In Figure 71 a 3D representation of .9?/%5 is illustrated.

Fig. 71. 3D representation.

Note that (Figure 50, Page 31) if 6 =0 and 0 < x <7, then one gets a
family of monohedral f-tilings [4], [11]. The prototile is a spherical triangle T
with internal angles Z, f and J such that f+J =7 and £<J < f < 3.

(2.2.2) Suppose that y =7 for some k>3. The quadrangle Q is
congruent to a WCSQ* L;NL,, where L; and L, are two non-orthogonal
well centered spherical moons with distinct angle measure 6 and 6, (6 # 6,),
respectively Similar to Proposition 3.5 ii) (Page 28) we may suppose that
0y =y=7 for some k>3 and 0 <0< n, 0# % (Figure 72).

W1th the labelling of this Figure 72, one gets

0 0 .
cos 0 = sin ﬁ sin = + cosﬁ c0s 5 sin X (3.6)

and

cos § = sin Z in Q—cos a cosg sin
ok 2k S

for some x€]0,3[ (x=%—4(Li,Ly)) and 0€]0,n], 0 # %, k > 3.
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Fig. 72. A WCSQ.

For any x, xi, x;, x; <x, and 0, 0y, 05, 0; <0, such that x e ]0,%],
x;€]0,%[ and 0€]0,7[, 6;€]0,n[, i=1,2, one has

ﬂ(x, 01) >ﬂ(x,92), ﬁ(xl,H) <ﬂ()€279) and 5()61,0) >5(X279).

Extending the functions § and f to [0,%] x [0,7] it follows that

B(x,0) < B(x,0) g/s(g,o) S

and

S(x, 0) z&@,@):

n 0 T

ﬁ_i‘ 25(5%) =0

for all xe [0,2] and 0 € [0,n]. This inequality implies 6 < 3%, since J < Z.
Now, for each k >3 we must determine a region Ry < |0,%[ x ]0,#[ such

that
n .
5:5(x,0)<%:y iff (x,0) € Ry.
By (3.6),
cos Z — sin Z sin ¢
0 < T c0sd > COS - < X > arcsin k 2k 2 — x1(0), O<0<3—n.
k k cos £ cos § k

Observe that, for any k >3, x;(0) = arcsin :;:é. Besides, x;(3%) =%, if

k>4, and x3(n) =0. Z" ’
For any k > 3, one has
6 <Ziff x > xx(0);
0 =7 iff x = xx(0);
O>7iff x <x(0) or 32<0<x (in case k > 4).
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The region R; is then

R = {(x,@)e]o,g{x}O,n[:0<9<%,0¢% and x;(0) <x<g}. (3.7)

In Figure 73 we represent graphically Ry (k >4). (The case k =3 is some-

what different—the dash line x = x4(#) joins the points (arcsm N ) and

(0,7), Figure 74.) The case 0 =7 is excluded.

Fig. 73. Contour levels of d and f (k > 4).

For all (x,0) € R, and k >3 one gets

y:ggn —/3(” 3”)<ﬂ ﬁ(x9)<ﬂ< >:n—%.

The contour levels of ¢ and f are illustrated in Figure 73-1 and Figure
73-I1, respectively (if k = 3, see Figure 74-1 and Figure 74-II). The value of
contour level is signalized into a circle.

Limit cases: Note that

. If x=xx(0), 0< 9<3,7", 0#7%, then 6 =y=F%, giving rise to a

family of dihedral f-tilings established in Proposition 2.2 (Page 6).

In addition if 0=7%, then Q has all congruent sides and f=

arccos(1 — 2 cos %) = 2 arccos /1 —cos £ (see [3]);

cosZ

2. If =0 and arcsin — 2 <x <%, then one gets a family of mono-

hedral f-tilings (see [4], [11]) The prototile has internal angles ¥, o
and f such that 6 +f=mn and 5z <0< 7, n—7F <f<m—7.
Figure 75 illustrates 3D representatlons of j;;‘(; for k=3 and k= 4.
iii) Finally we shall suppose that #=pf and z=79. One has a; +y=1x
and o, + f ==, as seen in Proposition 3.6 B)i) (Figure 59-I, Page 36). We
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@i @ &

Fig. 74. Contour levels of 0 and f (k = 3).

Fig. 75. 3D representations.

shall consider two cases when the tile 5 (Figure 76) is a triangle or a
quadrangle.

(1) Suppose firstly that the tile 5 is a triangle. Then it has to be set up
as illustrated in Figure 76-1. Now, as we have a quadrangle (labelled 1) and a
triangle (labelled 5) in adjacent positions such that o; and J§ are adjacent angles
as well as o, and f, we must have ¢ = J by Proposition 3.6 A) (Page 32), and
with the labelling of Figure 76-1. One gets o +J6 < oy +y =7n. Now, as seen
in case ii) (Figure 65-1, Page 40) this PR cannot be contained in a complete PR
of any element of Q(Q,T).

(2) If the tile 5 is a quadrangle, then one gets the PR illustrated in Figure
76-11. With the labelling of this Figure, one has & = o or & = f.

The first case leads in a unique way to get an extended PR of 7% (Figure
64 in Page 39), where o) + kd = = for some k > 2 (obtained in case i)).
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L o
€ 5 v 5 ﬁ: 2 5 1:71/
Sy 1 1
oy Olg h=p 3 7 Y% 2 h=p 3
B S 3 Y% %218 3
E 1 = 01 ) 3 6 E 1 3 1 8
(e oy =y 2 ¥ Blog oy |F Y 2
oy oy Y B €2 [ag oy 2
o 4 Og = 4 £
1 oy Oy B
i II

Fig. 76. Planar representations.

We should then consider & = f and an extended PR is composed of
2k (k = 3) spherical moons (with two congruent triangles and one quadrangle
at its center), where 6 =%, oy +y=mn and o, +f =n. Such f-tilings are
denoted by 9?5/

With a similar procedure taken in case ii) (see (3.6), Page 44), for each
k =3 one has

cos y = sin . sin9+cos . cosg sin
) 2k S Y

and

cos f§ = sin ﬂ sinH cos = cosg sin
T 2k % MY

for some xe]0,%[ and 0 €]0,n[, 0 # E.
The set R = |0,%[ x]0,7[ such that

y = y(x,0) >%:5 iff (x,0) € R,

is given by the condition

R URLU G :}o,g[ X ]O,n[\{%},

where Ry is the set described in case ii) (see (3.7), Page 45) and

T

Ck{(x,@)e}o,g[x]o,n[:y(x,@) —=7.0# Z}

The dark zone of Figure 77 is the set R, (k >4). As before the case k =3
has to be considered separately (Figure 78). The line 6 =7 is excluded. For
all (x,0) e R, (k=3) one gets ¥ < y(x,0) <% and 5 — 7 < f(x,0) <m—F%.
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In Figure 77-1 and Figure 77-I1 the contour levels of y and f are
illustrated, respectively (for the case k = 3, see Figure 78-1 and Figure 78-1I).

Note that if k=3, then - F=n—-2=1.

—

T
& T €
2

Fig. 78. Contour levels of y and f (k = 3).

Figure 79 illustrates 3D representations of %/’f‘y for k=3 and k=4.
U

In Table 1 it is shown a complete list of all dihedral f-tilings, whose
prototiles are a scalene spherical triangle of angles f, y, 6 with f >y > and a
WCSQ#* (a spherical quadrangle with distinct pairs of congruent opposite sides
and distinct pairs of congruent opposite angles say o, ap, o > o). We have
used the following notation.
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Fig. 79. 3D representations.

f-tiling o o B y 0 |Vl M N
# | xs | ns s sl sl | 3 | 4 | s
R =0 n—p 5%l 5 jo3[ | 3 4 8

9?;;(5, k>3 n—0 n—p 16k, dic| 7 }07%[ 3 2k 4k
A, k=3 | n—y - laal | JE50 | % 3 k] 4k
M, H 15,503} : 3 . 6 aa
k=4 | SRR |8 | 5 | | 4| %k | s
Tk k=2 | GE z z drlEr | S | 44 | 8k
M iz z z z z 5 10 60

Table 1. Dihedral f-Tilings by Scalene Triangles and WCSQ*

Ca =i, bk=n—%, qg=n—Fand dy =7 -

- ok = arccos(2 cos Z—1);

+ The f-tilings .9?;;(/52 (k = 2) obey cos ¢ + cos ¢, = 2 sin 5 sin g for some
0,

+ |V| is the number of distinct classes of congruent vertices;

+ N and M are the number of triangles congruent to 7" and the number
of quadrangles congruent to @, respectively used in such dihedral
f-tilings.

In Figure 80 we present a complete list of all dihedral f-tilings, whose
prototiles are a spherical triangle 7 and a WCSQ Q. A detailed study of the
f-tilings is included in [2] and [3]. They consists of: (only one element of each
class or family is given).

I

2%
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v 7 [ ' |
14 o ' '
<
,
,

k k )
R¢1¢2: kz2 I, k22

L L S
o5

Fig. 80. Dihedral f-tilings of the sphere by triangles and WCSQ.

A family of square antiprisms (4y),c(,, »» in Which T is an isosceles
triangle iff o € {a9,%}, where o9 = arccos(l — v2) ~ 114.47° and o is
internal angle of Q;

For each k > 2 a family of 2k-polygonal radially elongated dipyramids,
Py

A class of f-tilings J* (k >2), in which Q is a square and T is a
scalene triangle. We illustrate .#2.

A class of f-tilings ¢* (k>2). Qis a spherical quadrangle with all
congruent angles and with distinct pairs of congruent opposite sides. 7'
is a scalene triangle. We consider k = 2.
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< F-tilings U;, i = 1,2,3,4, with the same prototiles. Q has all congruent

sides and distinct pairs of angles. 7 is an isosceles triangle (note: there
exists one another element of the form %;l 4, With such prototiles);

- For each k >3 a family of f-tilings .4} (%< o <25, in which Q has

o
distinct pairs of angles and T is a scalene triangle. In Figure we take

the minimum value of k;

« Two classes of f-tilings &% and %*~' (k >3) such that Q has all

congruent sides and distinct pairs of angles and 7 is a scalene triangle.
We illustrate &° and &3;

« F-tilings 9;, i =1,2,3, with the same prototiles. Q has all congruent

sides and distinct pairs of angles. T is scalene;

» For each k > 1 a family of f-ilings 7 (0 <p <3) in which Q has

distinct pairs of angles and distinct pairs of sides and T is isosceles. In
Figure 7 is illustrated;

A class of f-tilings T* (k >2) in which Q has distinct pairs of angles

and distinct pairs of sides and 7T is scalene. We illustrate 7 2;

« A f-tiling A such that Q has distinct pairs of angles and distinct pairs of

sides and T is scalene.
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