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REEIE, el [GrE b OERE ] MT2, TROBNDEIEI XD THE | %%
LTWA LI REETHD, FFDIZE A EVTZDHEFICBNT, BARIZZ O L ) etEiEn
HEIZAONDTZD, ZNOIENBILATES ZEEREBLORE ISR S, FFOE
WEHZBELT, BEECTHLERRIND L) ICholo =foMEETH L, B, B, 1K) %
BLT, REFOEBEZSONRZOROAMNTH D,

FEHONZ S Thole X oIz, MIFHEIE, BREFNRZO X ) ITHEE="BIZ X vtk s
Twém%ﬁf%i@_%%W%T%m&wkﬁﬁﬁ%ﬁm&woﬁ\ﬁﬂ1<5&:Mﬁ%
& b MET, BRITHSI R GIERE EbhoTL b,

BARE 222 THh D,

(ab)™t =a" b7} (1)
VWO RAKE, BRAERGISTWSHERS, ZI T, BRTIEKERD S HIT a,b 1LFEHT
HHEZEZDHILIZLTWD, LT, RFEFRETHLHRLTDH, LES, LTADB, a,b»
2x 2{THNE 7D & —RITIZAR Y SET= 720, BRSO DI

(ab)~t =b"ta? (2)

Thbd, ZLT, 2 DEILRDLE, a,bIHMEEDO——FMH THLT D,

T, ()R Q) IFEARBDICK LTHINE L, EARDDICK LTI LRV D2 &
WETOEETIE, (1) A FH ERELTIIRNLT 2B THI TR LW, 7Lk
@%’ﬂoogwﬁ&t& FHLWEOKRREEZD T LI, (1) BT D0 E 9 D72
WEZR BN,

BRECT I, BRI, F3 BEREER EREOHOELGEE 2 HRDVIC, b 3kE
W7z T HE TH-T [FHonnb o) 251%+5, 2L T, [ZboWE LT &
IMRLETT B, MIBFEHTE 50—(1) ° (2) ITFEHA TX 20— PN TEBL, FIEIhi
HOVMEE D Z L2 RABLE VW, 22D SN2 EE2EELE VS, 2O TR, #HiL
WEFERIE R EEXH LI &, ZNONR EORABE -3 0T, EOEENK Y Lo
ANy SV RV

FO b, AW ORDEGRATZZTTH LG, FEHT DRI (B2 D3
BRODTHST) S ELATLMEIDRDLNY LT, 72 & 20X, (1) BFEEUTx L CTRlrd
HINEI M, FEROKN e EONEFEEEZ E o< bR Thli b,

TR (2) 1TE /A RORXFEMEIN DM T 7e Tz o7 2 DONB A 7= 3% TiE
TELEHMTHD (ME2.22), LT, FEL, FH B 10N EPEICEL T
E/ A ROREERMZLTWD,

FMEIILAL, 2SN THMBILTERODBENRY, ZOEREFATHN 95

« HDIVIHELBRBCATEAB LT O BIZ, 2RO OFEMENED LWIEE Y720 |l
kmzf<é LR,



ZOREEINZY T2 T, EFHIX TASPD TREEZE 72 L IR U RN EE)Y
ZERWNHLOOBET L L OICHE LT, B BOZOERER S, ¥ ARBICESR
THON) EolEVbhbliehotz, A, SEIERRBEREA, T85O KgE2 %
SEERBH Y, ZORMIIHTENRVROITEE/LZENTE L, ZORTIEH, 0WA
WAL DOERY ANT 0T ) 3iZ T2 X 51208 TnD, 07D, @E O/
BOBRENENBED TH D, HHERE /) A FERHCESL> TEA L, /-, FHEEE
BARIZB LT, Z< OHFRENTIAZ L2 [HEE L ERICKT MR ER] TR OUE
[E B SN - g L 7=,

BEOMITRY 72 B, TLTH LV, 72 & 2ITRHESR 72 E g Lo ¢, 57—
HREIERT — X R ZAOREIZEE L, BfROHEESCAB R &L G 72 558) REBOBEEN
FRZRDZERHD, ZOXIBmnD Y, BHEOHFETITEEI NN G e 5L FE—
HE L2y, FHERIR L 137202k, TN AF T THDLEITEI NI T e, Il
—IZOWNWTC, YO TG L T Z Lz,



F1E HF46. 5R. BH

N

1.1 &&LER

UTOEXD R FHABRE L CTHDRLEERD D,
L 6, 5

2. 4, B4

SUIRCH NI BUIPANCR
4. BHFTH D Z L LHBEGEBFET D Z & LRI
5. WATHI & WL ORELR
6. £ DERS

B OFEHEAEEM L COUE, O8N L1 IETRIZL TRV,

1.1.1 &&

L (set) L1E. [HODEFY ) OZLTHD, THLUEEDBALERTHZ LT LA,
EAIBTHOEDVEODDLDE, FOHELGOILERITEHEL W,

{1,2,3}
EENES 12325200 ENb R AEREERT,
{1,2,2,3}

EENES NME—E 228, 32 —HECES] OXICRADEAIN, Z0LHIC
FLaBEELTCED LI REAITIEZZ R (290 bDIX, ZEES (multi-set) & FEE
NHN, 22T BENRW), BEELTEIRTLHOILEEZS, LN T,

{1,2,2,3} = {1,2,3}

Tho, NTHRBOES, Z TEROES, Q THHEDES, R TEKEDOES, C THE
BoOEEERT, LT,
N=1{1,2,3,...}
Th b,
z={0,1,-1,2,-2,...}



8 Fl1wm R£H, TR EHE

ThHo,
Q:{% | n € Z,m e N}

ThdH, ZORBOTLIETIE, M| O LICEIPNTVDELOIFEEEEL WD, T72b
L, (2R3 b05EDRI, ZELEHERHY £, n 3BEHT, 2o m TERETT
LWIHEKRTH D,

TTOBPHARETHD &5 BREAEZHARESG LV, ERETHD K5 REGLERES L
W9, NZ,QR,CIIVWTNHERES TH L2, {1,2,3} 1ITARESTH D,

H£45 ST L, S OIOMEEkE S ORE (cardinality) & W\, #(S) 7213 S| THET,
Z ORTIS| DIEIPFEASINTNDEN, MEXHMELHEDLLNOTI 2T #(S) &2 9,
#({1,2,3)) =3 Th v, #(N) =00 Th 2,

FEE 111 BREASL VS THEWVWANWAREEND D, RDTOMEEITN OTTOEE LY
BIZKREV, ZHUCHOWTE D IEMEICHD 7on0gid i, @eegfE (1] 2 L) 23R L
Ly,

TLEOEOLFERVESZEES LV, ) TERT, T7hbb

0:={}.
EE 1.1.2. FoXodo = 0FWE, (BB HLCEVERTD) OBRTH S,

1.1.2 EiE

EFE 1.1.3. —ODEASTIZHL, TOEHESXxT %, SOTE T OITLOMOEROES
LEFET D, Tbb,
SxT:={(s,t)|s€ S, teT}.
=OUEDOEAEDEE b REERIC,
SXxT xU:={(s,t,u)lse S, tecT,uecU}

LEERT D,

Sx8 % S?2LEL, nZERKLTHEE, nHOEMSxSx---x 8 & S LEL, =
ux, 1) oIz S oiiE nflit b DOESE] Thod,

C5ERBL. SUE{(s)lsC S} LRBOTHHA, S & FA—BTBONIEETH S,

SOIZE D ERTIHIRETHAIN? ETn=0,E25L, 0FERDDEBE1

5% ={0}
51 EETH D,

1.1.3 E#&

ZODHEE S, TIZXL, ShbH T ~DE (mapping) &1, S OILICK L TT Ozl
FOEDEDDLED DI EThHDH, GHOI & &I (function) & H 5, FOIELT %
EoT, B2 LITULIE f TET, seSITRLT, fREDDLT DD L% f(s) EFRL,
s D fIZ LA (image) &9,



1.1. #£H/ L5518 9
Bl 1.1.4. ERARETIILIZLIE
flz)=2% 2241

EENCEE (=518 2EHRT D, B, INETTE TEINDL EZ A~ BNixox
DLV, ERTIE, RO BIZEO LI 7 fz) IXTEHOELSDI D IBROELE~D G/
CHEL W, E a2 b 5o T, 2220+ 1 ZFHE L GRIMHA, Zhad Eo ki
EXXLTWZDOTH D,

KETIE, GBREV-STZE, EOEENL EOES~DBLRONEIT-> &) SETENR
<THERR B,

fRESESHOEART ~DEBRTHLZLabbbTDIT,
f:8-1T, Shr
nEERT, ZORWE, OEHODM (KK, diagram &V H) TELT

f+ s - T
s = f(s)

D EITFERT D, S & f OEHRK (domain) HDHWITEEES. T % f OfEk (codomain) &
DWVNTRES LT D, LolZe LOKH — 13, EFME N Z ST THLOITH L, Lo
ESEORHI =13, [ZOREIDOTIZTT] L) T Ea2RLTND,

Bl 1.1.5. ] 1.1.4 OB AR TH &I,

fr R — R
x = x2—2r+1

L5,
FE 1.1.6. M UAD, BRI ERBA~DFH

f: C — C
x = x2—-2x+1

ZEDIZD BT D, ZO fiE, B f EITERE - EARRD LD mDED BETH
HLEZD,

TE 1.1.7. S,TE2HEALT B, SHHT ~D SO f,g MELWEE, [LED s e S
ICH LT f(s) & g(s) BELWZ ETHD, DEV, PARsELL-TH, HEMETH
F(5) & g(s) BELWZ ETHB, “DEx, f=g&T,

meziE, S={0,1,2}, T={0,1} £925&, SHOT ~OM f(s)=s>—2s+1¢&
g(s)=ls—1| LiIFHELW, IT4bb f=g, 720, ALK TR2LR~OEKZEDD &
f#gThd,

FE 118 FoXoiz, f,g: ST L35, ZDkx,

f(s) =g(s)



10 1w 5, 5B, HE
EENEL, ZORED s e SIZONT f(s) =g(s) BV LD Z L ZEBWRTHDTH DM,
NZESTHE f=gDILZIDEHITELIERHY., HbbLW, TZT, f=gDZ L
Zf(s)=g(s) £ELZE LD D,
HFFe Y (for all, for any @ a O KLFOWNLE) Z HV LT
f(s)=g(s) e f=geVseS f(s)=g(s)
Thbd, ZIT, KEBEOMEIT [2TOse SITHL. f(s) =g(s) Bk o) &Fite,
EE 1.1.9. £8 S OB T ~OE5@REROEL %
Map(S,T) = {f | f: 8T}
TH BT, Map(S,T) % T7 L Hid,

f:S—=T,g:T—>URD_OOFHPEZbNTLE, TOEKFM gof: S = U %L
BEDseSizxtLT
(g0 f)(s)=g(f(s))
LD EMHLE LTERT D,
FORPLT, SHICh: UV RDFEBRPEHDHETH, ZDL X,
ho(go f)=(hog)of (1.1)
DRRNLT 5 (BB OB RIZE T 2561 associativity &\ 9), sEFIT2I121E, X Thse S
W% LT
(ho(go f))(s) = ((hog)o f)(s)
REZERVA, @LE D h(g(f(s) BT HDTE L5,
FIRE 1.1. (1.1) OFEA & e X,
F#E 1.1.10. ([E5548) S 2EA/A LT 5, idg T, SMH S ~DTaE 2 WG EFRT,
FThebb, ids: S — S TR Ew T 5H,
Vs €S, idg(s) = s.

seSIFE AEED S DT sIZHOWVT, DEK, ) idg & § LOE%T 4 (identity map) &
50

oy =2

£ 1111, [:S>TH»Hg:T— SOWGH (inverse map, WL HEFI) ThDHLIL,

filt

gof=ids, fog=idp

MEVNDZE, (ZO9WVIEWVWSHEZLEL, Foar~TRYISNTZAELDENEID AR
IS Z L2 BWT 5,)
ZOEE, SOTOEET OIEOEITELL 5,

T BRI, S D7k f CTIC¥k-T, KIC g TS IS ETITREY (2D go f = idg
LREME), $7-T Dtk g TEoT f TS LIRITHES (ZAD fog=idy LRME) L5 =
LThb,



L1. HAL5H4 11
Mg 1.2. f:S—T,9g:T—S TH>T

go f=idg, fog#idr
L7225 89 il a R,

EFE 1.1.12. f1: ST %2BH(ETH, ZoLE, fFILEDSDBEEF. fFITE-TSMD
¥hd T OLEDLETHD, Zhk, f(S) TET, Thbb,

f(S) :={f(s)|s € S}.
ZHIE. T OBMEATHS, bbb, f(S)C T,

EE 1.1.13. f: S = T 24 (surjection, epimorphism) Toh 5 &%, f(S) =T WELT
HZE, BWVZIE, TOEDILS, fITLX->TSDINHERTNSZ L,
DED, LEBEDOLteTIZHRL, HDHse SHENTt=f(s) EWIHIBIINTHZ LT, &
XTEFIX
VieT,3s € S, t = f(s).

FE 1.1.14. EoXGUL, EMICETIT
Vi e T[3s € S(t = f(9))]
EELIREBLDOTHD, T,
MEED te TITX L, [| OFHDALY D]

ZLEEEWLTWD,
ik, RUEWROHX %

3s € S(t = f(5)))(vt € T)
DEITFENEVTLILEbHLMR, ZZTIHATEDOLTRITHE —T 2,
&8 1.3. b L., HFz ANnEAT

ds e SVt e T(t = f(s))]

ETBE. EOWVOERIZZRD ), (&S, TNEELEETRNVWEXZIZ. TH—TEETHD
T, SELIIT NELELEORRCIZ. EH9RABTLE D)

BB 14. f[:S—>T,9:U—>S%EEHBLETD, foghBFNRDIE, fIFENTHIZLE
T~

BiEE 1.5. f:S—>T4u52HEL, g, T—>U%_DDFHBETH,
gof=gof=g=¢
o, (BFHIABIHETE S, right cancellable &5 ,)

R 1.1.15. 58 f: S > T RN THLLILEFSEME. D9 : T — S HFEELT
fog=idr 7252 & ThD,



12 Fl1m A, G HE
REFORNC, HEEEx—2HET %,
EE 1.1.16. 5B f: S T 42525, tcTIZxL, S OEHESR
) ={s e Slf(s) =t}
LD fICLAHBEND, THIE, fTEDRELICRDEI R SOTOELSTH D,

ZOERICLY, fREFTHIMEFSRMET, &2 TOt e TITxL f71(t) BZETRW
AR Rl ha s

AER. (A 1.1.15 )
VB - &t e TSkt L, f71(t) b —Hic s #3BOH L, Zhk g(t) L EHT 5,
ZIOLTHEST=g: T — Sk, EomBEEw=T, O

PRSE 1.6. +OME%RE, (Ev b ol 2 IERIE 14 2 ->CThTx 5, )

FE 1.1.17. f: S — T MPHH (injection, monomorphism) TH 5 &%, S DR DD f
X 2BIF TORRDIETHL LWV Z &,
#HATE 2,
Vs,s' € S,s# s = f(s) # f(s)

DL, EEHR- T,
Vs,s' €S, f(s)=f(s') =s=¢

EE-oTHRAIT,

MR8 1.7. [ ST ZzHFLL, g, :R—=S % - S>DOFHLT 5,
fog=fogd =g=¢

o, (BHHIENBHETE D, left cancellable &9 ,)

il 1.1.18. S EZZETHRWELALTH, BB f: S - T HNEHTHLILELNRMTIL. D
g: T —SHTFELCgof=idg &£2DZ L,

FEH. fFARHRETHH LN 2L, &2TOte TICHLTHES f71H(t) OO 0 £
1 ChoHENI L THD, T2T, TREAD LKL, g) € SEH L F71(t) Wl d
NIEZDILE L, £ TRIFUERATHE LD E gt) ZEDIIE, go f =idg &£72> T
%o ZIVCREMIIR ST, O

RORE 1.8. |-4rika 7t
EE 1.1.19. [:S - T HEGBREFOUEFSEMET. EBHISHFTHL Z L TH 2,
BRPOHRTH D &5 0G5 HhE, BHEELWVS, —H—FBE BV,

AERA. MEEVEIXAE 1.1.15, 1.118 Bt D, +aMElc oW T, f RN THDL Z b, M
111512k g: T - S ThoT fog=idp ERDLDNIFET D, —F. [ HHEKHTH
HZEND, MEL11I8ICEY ¢ T - S ThHoTg of=ids 72D HLDONFET D,



11 & LEEH 13
L, g=g¢ ZaREIE, IO fOMBEH LD, R, ZUIREERE (1.1) ZH N T
g =g oidr=go(fog)=(g0of)og=idsog=g
Ik RENnD, O

fRE 1.9. FEM1.1.19 O, KV EHENRIEHE 5 2 X,

fRE 1.1.20. f:S T EZHEETHE, f:5 = f(S)IZEBHFTHD, Lo THICT N
IREEA DKL, #(S) = #(f(9)) < #(T). LE=n-T

#(S) < #(T).
LLEBIZAS) =#4(T) 2 bIE, f:8 = TIHARKTHS,

FEW]. #(S) < #(T) £TIEHLD, SE5RMRNTDETHE, #(F(S) = #(T) L7220,
F(S) CT LEbETf(S) =T, LoTaELRDd, O

Rl 1.1.21. [: ST 28T 5L, ¢g:T - SRHOBEHNFEET D, Lo THIZS N
HIREG ORI, #(T) < #(59)s bLEBITH(S) = #(T) 2 biX, f: 8 = T IX&HFT
»HD,

FEM. M 11151280 fog=idr B g: T — SFIEL, ME1.1.18 XV g |3 HE, &
ATOAE 1.1.20 & ¢ 126 L CEMATIUER W, O

MIRE 1.10. oM 1.1.21 O &5l S ¥ X,
IR 1.11. S, T #HARELELTH L X,
#(S x T) = #(S) x #(T)
ALY K, EEAREOEROBZEITE 522
8 1.12. S\ T 2 (REGLTLHLEE,
#(T%) = #(T)#
ZREHE X,

MIRE 1.13. (o) LoREEIcEW T, ST NEEATHIBAEEELRTLZ LT, °
1 EERTDHIENRETHD Z L xEIT,

RiRE 1.14. SEHRER LT D & X,

5{1,2 ..... n} _ Sn

AEAE X, (ST IXEFK 113 2B, =" LV IHDEHL -2 T, [ALLDERRTZ
EMTED ] LI =a T AR LTND, ) HE1.3.3 23R,

fI7E 1.15. (Bernstein ®EEE [1, p.63], ¥ LWREICHLZ 72588 D7 9D12)
f:S—=TRHABHE, g: T — SHRLIEFRHNE, SO T ~OEHKNNTFET S,



14 FHl1E H£EH, BB, HE
1.1.4 EREEE

S, T, U Z8E4LL L,
f:SxT—U

D58 EELD, s€SteTIZXH LT f(s,t) eUNEEDDITTHDLN, HspeS&w—
O E LT,
teTw— f(so,t) €U

RBEBEEZDE, ZNIT U RDEBLTHD, b5,
fso(t) = f(SO’t)

EBITIE f, 1EMap(T,U) DIt Th S,
LU TR, sp e f
S — Map(T,U)

DB E SR,
WIT. g1 S — Map(T,U) 72 5 548735 % kL. g(so) : T — U Th Y. g(so)(t) € U
ThD, T, f(5,1) =g(s)t) EBFEfIXSXT - U R358E52 5,

EHE 1.1.22. LOXIRT,
Map(S x T,U) — Map(S, Map(T,U))
ROLBHRFNRELND,

fRE 1.16. LOEHZFEE L,

1.2 EE

E&E 1.2.1. SEHEL LT 5, S EOZIEEE (binary operation) & 1%,
SxS—S

RHEEHDOZETHD,

Bl 1.2.2. BIzIE, flo,y) =r+y T RxR -RAEDEHRE5250T, —“HERTHD,
ZOTHEEE AW, NEE VS, DR, CHEEEOM . CHEEEICRZTE O TRW
HODOHITH D,

1. BAEN Eofn, &, B GECIEML Wiy, FTOEE 1.23 23H)

2. Iz EoFn, 2, . (AT O RN, BITERTERNIERHD,)
3. FEHR EOF, #, M. HEBIIERTERVWIERHD, 10, ()" L)
4. () 17H0F, %, &

EE 1.2.3.



1.2, WA 15

1. BA SN THER o ICEAL TS, LIk, BRI BIZ S #ELe LV REREA T N
TFAHEL, T T THEA oY (FikE L) H5x2bhTnT,

S1,82€S=>81052€S

il 2, BlziE, BEOESET L+5L, TIIEERTESINL TS, HER
BOEARE S ET5HE, 1-4=-3¢S2DT THRFIEIC (DWVT) ALTHA
W oEn 9,

2. TS, TEA S OBLEDES So DICETNIIFEE o NERINTVDH, S LRI
ITEZRINR] 2% [SHER AL TWRW] Lo Z &b b,
Bz, FEEOMMKR ALY, THFEEL L TR 2225, ()" OILxE, &
IEHZEL T, BRIZIFRE S22, L, EOFEHOEL Ry DIt a,b ik L
TiE, a® DEFEAZ LITERTHEOEY ThH 5,

FEE 1.24. THEREZERTOIZ, —0fE (o x 2d) 2EDT, Zo0xoMicEns
L HE

(a,b) > aob

BbolbZVN, FHIT a® R ¢ DX RN LB D,

1.2.1 nBEE
HKESHhGabniclx, S LOBIERE (unary operation) & 154
S—= 5

DZEThDd, Bl LT, SHEHEDLE, 21T LT —x Zxtic S5 B ITHEER T
5,

—fKIZ, S D EHDOERND S ~DFH, ThHDH ST =SxSx-- x5S DEDOGH
DZ L% S EDnIEEE (n-ary operation) &9,

ZOEFRIIHED & 0HER (nullary, zeroary operation) & 1%

f:8°={0}—5

DEDEHDZ L ThD, Ziux, f(() e SERDDLZ LI blin, T7hbh, SITE
T2 0EERZ —DRDDZLiX, SOTLE—DRDDLILETHD, nHEEN, 1S DOIL%E
nfilb HoT, ZHUG LTS Ok LERDHHE] THhDHZENDBEZLT, ZIUIART
H5,

1.2.2 —fROEE

n HEHAEOPAAAICB S ELRWHAE G- EIZH D,
MILZERMOEREZ o TWHNE) BWHE, K2kl T5 (K LW FEZMOLAR
WA K FEEOES, EFEFERORE. £ EEoTHTnn),



16 Bl A, 5. A

& 1.2.5. (KK Eo (M%) SV &% MEe LT

VA (BEALMEND) E£5 W

VB (fn& M3 5)Vy b A

VC (AW T—fEEMHEND) K DTN L Vo Dol LTEED Aov eV

Tho>T, 8OOAREMETHLOEND, (AFNIEW, Hl 2 TRIK [2] 4 EBMH,)
Dth, Vo bELRELZAZFHREL TV 2 #EL, THE 2D T L TR B,

KxV =V

DIEDOEHTH Y, @HEDOERTO _IHERE TIERW,
—WRIz, T,S AL LIz &,
TxS—8

DD GMHE T DS ~DEREND (ZEBZN),
INTH, BRBRONENZWEARD S,

Bl 1.2.6. F~7 BVER R ORFI XX = x x|
R™ x R® - R
ROHBDOEHRTHY, 4 FE TORHAIIAS TR,
Bl 1.2.7. S,T,U 2B &5, BBROGHIE
Map(T,U) x Map(S,T) — Map(S,U), (g,f)+ gof
mHEMEEZD, Thh, HELRENZWE ZAER, A FE TORMHARIIAS TR,

—BIENWERETDH &
Si xSy x--x8, =T

DD EH{ERTHE L WS TH RV, 2, AETIIYE §1.2.1 OB®WTO n HEREO L%
mYko,

fRE 1.17. S ESERBMEOHIZZT L,

RRE 1.18. f: S = T,g: T —=U &35, UTEFEHE L,
1. go f BEFZRBIX, gldas
2. g, f NEKRGIE, go f XM
3. go f MHHZRHIE, fIZHEK

4. g, f DHE72H1X, go fIXHH
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1.3 [RMER®R ERELE
1.3.1 Z—IEME%

EE 1.3.1. X 2856475, X Lo IR (binary relation) R &3, xq,20 € X IZX LT
$1R$2
THDLIDRVDPBRD HILTND B D,

Bl 1.3.2. EERITITIK/DBEFRE KITNDBER > DERINTWNWD, 71 > 190 THIEIDR
D EHLONIEELINLTH D,

RPN X FOZHBEBRTHD & =,
R :={(r1,22) € X X X|z1Rx2}

EBLE X X X OFDEENEE D, 2T, BRRIZHD X OtOXT 2E2THEDD
DTHDH, W, X x X DD ELEREZTEDDH L.

1Ry & (1'1,1'2) eER

2k, X FOTHEHBR RBEE S, Lo T, X FOTHBEHRE . X x X OESES & 1T,
AEHNZIF CHEARTH 5D,

EE 1.3, [REMICFUCHEES] ST EIWIERTHDL), ENTRY, 28, KL, &
DRI AR
B DOEFRNBROES A L, BIOKENIRS B ORlic, THRAR, #ENE2ZTCLIE %
WS Ko e, iR, BV, WO L) A, Y0 ETD] —5—% SR TFEET D,
EofilcsxiX, X #8EA5LL-LX

A=X EOZHBROEKS, B=XxX OMNEAOES

ThHY, FIFER—R ThHD,

[E P72 (natural, canonical) & W9 ITKIRE LTIV LA, B B
HREFRDO TE RV, AHOE L AUKFELIZ b OROTZEER S, Bl LT S HITHFN
el n &S,

EoX oz, ZoDER A B ORMICHRR—H—BBRBME—DFET D L X,

A=B

LENTLEI ZELZ W, FIXITRE 114 DXL S RGATH D,
N, BEIITZE LS VWO TR LZIZE) RNEV, 2 2 Tid,

can

A=B

LRLY, (BEUERYIZ[FZAY, canonically isomorphic &5, )
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1.3.2 EE50O7E| &L REERR

EEX 2, ENIEDLRVWETROVESESIIHTT 22 L2525, FIATNIZ, &
BOER LTHBOERITHEEND, ZORRE,

N = B oks [ [ Foks

Thobd, [[1IFU EEEERORETHLN, [ ToRPNELICIER NN &

ZHEWRT LS T, (BAD) EF (direct sum), & 5 WEEEFN (disjoint union) & F 9,
bl LT, NiZ, 3 TESZR/VB0THDLLDODHEAR Cy, 1 THDHHLODEA C, 2

ThoLbDODOES Cy ITHFIEND, ZORWIT

TEREIND,
ERMEICHFSNDZEHHY 55, Cx, MHEHETHELT

Cr:={z€Cl|lz| =r}

EBTIE, Cp (riZ0 < r OHEHDOELRZEFIH<) 1TCOREEE 25, ZORI

c= J] ¢

reR,r>0
TRIND,

EE 1.34. X 2HELT D, X OMPEAKC (i€ 1) B X OPFETH D L1F,

x=Jc
el
MRV NLDZ &, o, ZRREMTHD LIZEHIUEED,j € 1,i # jIZLTCNC; =0
MK NEDZ L, ZoRE
x=[Jc

iel
TERT, 612, BTDi e [IZONWTC # DM T5EE, C (1 € 1) & X O4E
(partition) &9,
C; D—2>—2% Z D4y EIDH (class) L9,

AR 1.3.5. I Mg DENTRSBZ 200 e, N EHTH X OMGEETD
WZARTE DT D12 DAROEATE L Mo T, EOFITHE, 3 TEH-RY O%AIZIE
I={0,1,2} ThHo L., EFEHAMEMEORE I THEILIZEEIT I ={reR0<r} T
H%5,

X OWMBEAEE VD Lle LW, BIEED i € TISHL X OESES Ci NEE-T
WD EW DRI AETET,

7B, IEindex(JLH L) DEXFTH D, C; @ C T class D C,
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X OHEICy (i € I) G2 b b .
T1 ~ To &= T & T2 Zﬁlﬁj Liﬁb:ﬁj— (12)

I ko C IR ~ 2 ERT S L. AERIROAR (Fo [B1[E2][ES]) %77

E&E 1.3.6. X Lo “HBR R 23FEMEEILR (equivalence relation) Toh 5 &1E, RO =D% %
ed &,

E1 #BH aRb 7»> bRe 72 51X aRe
E2 o aRa
E3 5% aRb 72 513 bRa

Wiz, FERAMR R 352 bl & & AWICFEERRICH D L 5 70 X Ot LE2ED TR
2O bE, X OnEIREAOND, ZOX D REAREEE VD,

ETE 1.3.7. (X,~) AL 20 LORERRE T2, (X, ~) 2B DAMEFE (equivalence
class) C Lid, X OMHEECCX ThHh-T

CIFZETRW
21,22 EC BTz ~ 29
1 ECH Oz ~xa 72 bIX € C
Wiz 9 2 &,
Tbb, reCx—OEFELIZE X,
yelC s~y
EhbZ &,

EHE 1.3.8. (X,~) AL 20 LORERKRE L. C; (i € I) #2525 FERHOES
Eak. THUE X OREIL D, FRICK L (1.2) 2352 2 AEEGRIE ~ ICE D,

%8 1.19. FoOEH 1.3.8 ZFFAH L.
ZOBWT, X FIcfEMEGE—25252E . X ONEE—2E2 B LITFL
LThHD, (ML L] LITEINIZENTHONTIL, HE133 28RO L)
FE 1.3.9. FOEH 138 1B\ T, FEEOES%
X/ ~

EEL, XDO~ICEDHEESE V), T, X OREEO—D>—2% — Rl 25 L THDL
NLEATH D,

T EX KL, 2€CRAFMEREC € X/ ~ N —205%, Z0OC % [z] £1211 1 TF
L. e2N@T 58, £/-1XzsDEE WS,

A5

q: X =X/~ x|z
% P52 (quotient map) &9,
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5l 1.3.10. X %, 11O TADAFEDEEGELE L, 21 ~20 % (27 & 2 ITFGETH S |
EWVWORRIEET D, 22T, NFASEIAGETHD, LI ZEIZLT, B TAED
KEZIEKETHD) Ta L bIZKERDL, b alZKETHD ] LIET D E, ~ ZAMERMGE
L5,

7 7AXZ, TRGETN—T) IZnBIShD, X/ ~1E, KETNV—TOER LR,

il 1.3.11. (G405 2 2 [FMEBIER)
X YZEHEGEL, [ XY 254BLT5, Z0lE, X Lo HER ~f &
ry ~p g & f(rr) = f2)
THZ L&, THITFHEBIRICR D,
IRE 1.20. #11.3.11 ® ~; 23 AMEBIFRIC /2 5 2 L ZREIE X,

W2, X BIZFEMEBIR ~ 52 bNcb &, EOXOIRY, fAMR LT =~y &35
LIRFRETH D, Vi=X/~, f=q T EI, (BdoEH 1.3.24 D (1), )

1.3.3 RHEREZREBE/BDAVANFEY T4
HEHOB

(A PRER Y NE b ]
FiZxN=Q, mmma%

EERATHD, BI131LICEY, ~p R DREMERGRD Z x NIZAD, Zhud, BRI

n/

(n,m) ~¢ (n',m') &

/

n
m  m
ThHzZbh5,

ST, AHELIIELE LM THoTZD INFDZAE ST-DIE, (ADEITIA - TV
MO TZH) I BRHBLODEETHY, ELES L TR LOIERFRECHEE S, L0
bOThole, ZO MRILHDEES | EWOEER, PAEGZ & 2 L) BREITR B0y,

Bl 1.3.12. BB N R 2 1ZEMO DL LT, I I b EBEEZELBREIIIGES
(Z xN)/ ~,
DL ThHD, ZZICEMERG ~ 1T

(n,m) ~ (n',m') & nm' =n'm

o)

ERT Do
EE 1.3.13. FHEOES LT,

(ZxN)/ ~,
DZETHD, (n,m) DETHH [(n,m)] D L% 2 LEKTT 5,
EOEHRNGARKIC L =2 03055, RERLIE. ZHIT[(L,2)] = [(2,4)] [2flide A
N, 1-4=2-2, Thbb (1,2) ~ (2,4) PHEBICHED,
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1.3.4 Well-definedness
EOXSICLTERESNIAHEBOES
Q:=ZxN/~
XL, HRESEGEER LWL T 5, INERTIE, BT e mIn s “HEER x

n ll nm’ +n'm (13)

!

m  m mm
LEFRT D, EEI, LinL, BIIhN THhoA L ERIZR>TWD ] (=well-defined) =
LERTVEND S,
Bz X4, Q Lo “IEEKA « &
i/ n+n'
m’ m+m’

TEZELILELEY, T5H&,

1 1 2

— % — = —

2 3 5
AR,

2 1 3

2, 1.3

4 3 7

ThY, L=2IFET 5,
b o LM% 2 B,

il 1.3.14. GV L7544
QﬁZé&»n%mT%otﬁ
BERD, ZHUTEITHR AL BRITR > TWD DN,
Qe%%&%n%mf%otﬁw
EVIDIEFBREER LRV, $ 1202, 25206 THD,

EHE 1.3.15. (X,~) 28 EGL X0 LORERRLE L, ¢+ X — X/ ~ ZE5HBET 5,
[ X oY 2#EEOE5HBET D,
G h: X/ ~—Y ThoT,
J=hogq

B MEE L O ONGFET HMEFSFEMHE. TED 22" € X IZxL
veal = flo) = f()

CRDHZETHD, ZDLE, WFEFE—olcikEs (LITLIT f TEEND,)
ZoRE, G fIZRERR ~ 22 RFTATH D LV, E£72 f 28 well-defined T
5)6&1/\50
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COEBOBEWREGENIX, ROLBVTHDL, X TR DIroTWIELGLET D, 4. P
BB X/ ~IDY ~DEB R EER LIV, X 1 TbhoTnAHDT, f: X - Y Rd554%
EFRTDHIET, f: X/ ~= Y ZEHRLED, f & fEOBRIL,

ERBEIITLTIEY, qx) :=[z] THoTZNE, foq=fLtE>THLRILTHD, ZDLD
RIENTEDLEDITE, fR—2ORMEEETIEFCEEZ & D2 ERMELO>THHTH D,
EVWHZ DL RED z,x’ € X ITX LT

z~a' = f(z) = f(a)

WSTHZETHD, GEHAKDY)
oy EiFosTix,
X =7ZxN

ThY,
f(n,m) =n% m CTH-7=p4

Thbd, ZOfEE q=f(n,m) £ L LS, T7hbb,
n=mqg+r, 0<r<m.
T5HE
(n,m) ~ (n',m’)

AT E

n' = (nm')/m =m'q+rm’/m

Th b, n',m g ITEEIZNE rid/ /m BEEELT, 0 <rm//m <m/ 06, 0’ & m/ THI-T
i fin',m) X qg= f(n,m) T, &XVILrm//m TH 25,
Lo T,
(n,m) ~ (n',m') = f(n,m) = f(n',m’)

T BEMR 1.3.15 OEKT f 1% well-defined TH Y |
f:ZxN/~—17
TH->T f([n,m]) = f(n,m) £ 72D LONFET D,

8 1.21. EC. nZm TElo/=] & nZd m TE-=40 | [TV EZ S &, well-defined
AR YA AN s

FOEH13IS T, Y Z2Y/ vy KRV EZD L. ROEHZSED,

EH 1.3.16. (well-definedness) (X,~x), (Y,~y) ZHEH L 2O LORMEREKRE T 5, gx -
X *)X/ ~x,qy : Y —)Y/ ~y %%E{%k‘é‘éo
[+ X =Y ZEEDTBRET D, Bt h: X/ ~x— Y/ ~y TH-T,

qv o f=hogx
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RHMEEL O ONTFET DLEEMIE,
r~x o' = f(x) ~y f(2)

LRDHZETHD, ZDEE, WIFEE—olcikEs (LITLIT f TEEND,)
ZORME ., G4 fIZEMERIMR ~x, ~y I3 NTFTILTH D LWV, f 28 well-defined T
HDHEVD,

ﬁﬁﬁ% 1.3.17. (X7 NX)? (Y7 NY)7 (ZvNZ) %EOQ%é\k%@LODIﬂ'TEBg{%&Téo gx X —
X/ ~x,qy Y =Y/ oy qz i Z = 7)) ~g, BREBBRET D,
[:XXY 5 Z%5%BLT5L%

f_:X/ ~x XY/ ~Ny — Z/ ~g

ThHhoT, EED 2z X,y Y IZHL

flax(z),qv (y)) = gz o f(=,y)
EZT bOPIET DU HRE, FEEO z,0' € X, y,y € Y I LT

rxa, y~yy = flay) ~z f2y)

WNT HZ L, TOZE%E fllrx,~vy,~z EAVRTFTALTHD LWV, ET2 f 8 well-
defined THBH EWH, ZDOL&E fIEIl-Z—DIEE D,

% 1.3.18. (S,0) #fA L _HHEF L T2, ~% S LORMERKRE TS, Zo&E, S/~ Lk
DO IHER 6 Tho> T (&TD 81,80 € SIZXLT)

[s1 0 s2] = [s1]5[s2]
725 OVNFET DB+ 50T,
81~ 81,82 ~ §h => 851 08y ~ 8] 05,

LD EThHD, (T2 [s]iEse SOETD S/ ~ O (FMEH) #HHHd, E#% 1.3.9
Z,)

ZOFMETIZTEE, ok ~MIFTUNRTFTATHD EWV, 6 1T well-defined TH 5 &
11\50

FARE 1.22. #11.3.1212BVWT X :=Z x N ko “IHER § %
(n,m)+(n',m’) := (nm’ + n'm,mm’)
TEHRTDH L, ZIUTRLBIBDEKRT ~ AL RXFTALTHY, fiE>T
Q=(ZxN)/~

FOTIHERAERT L 2 L AR,
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1.3.5 &R%E

AEEOMIZ, BB 2 SR 22 [EEE & L Cm Z1E (modulo) &3 2 A 1A% (congru-
ence class). B4 FI4HH (residue class) 3BT S5,

EFE 1.3.19. mZBHET D, 2,y e ZITK L, 2 Ly mEELLTARTHL EIF, 2—y
Nm TEYVENDZ a2 NI, ZDLE

x =y mod m
EhHobT, ZITZ LORMEREKRE LD,
8 1.23. LOARERIL, FEEHRETH L Z & 2R,

rE€Z EmeNITHL,
r=mqg+r, 0<r<m

ERDEIMREE g & r BME—DFTET D, ¢ & v & m TEIS7P (quotient), r ZR Y
(residue) &9,

MR 1.24. ZOX OB q L r WHEETDHZ L, Ma—DTHD Z L 2R,
51 1.3.20. —1 % 7 THI-7ZRVIL6 THD,
—1=7x(-1)+6
7Znb,
FE 1.3.21. m AL T D, £ Z/m %
Z/m:={0,1,2,...,m — 1}

TEHRT D,
xEZITKL, % m THISTZRY % rp(z) E50T r 1

Tm : L — ZL/m
BROEFRTH D,

fiRd 1.3.22. FOARILT,

r=ymodm&x~, Y

n

(~p IR LTI 1311 2SO Z L),

ZHUE z—y B m TEIV I D MBS RN, B m THIoTeRD Ly & m THI-
RVER—HTEHZLETHD, EVIHZEEHATENITBE R,

RIRE 1.25. FomBELZIERY X,
il 1.3.23. m A BRI E L, =2 mEELTIAFRERET S, 2oL x,
7] =—17Z/m

RHHERREHRN DD, ZHICKY, Z) =L Z/m 2R (F 1.3.3 28) 45,
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. (Z,=) & vt Z— Z/m XERL 1.3.15 D&M E R T O T,
Tm 4] =—7Z/m

RDGREFET D, UL, 2 ORT DGR [2] 1K L. r(2) ZXIESELFHRTH D,
T WESROT, 7 BERTH D,
U2 RS, 7([2]) = Pm([y]) SEL T, [2] = [y] ZEFIE L, 23, EH1.3.15 1Y

Tm () = Tm([7])

ROT
rm(2) = Tm([2]) = Tm([y]) = rm (y)
FoTan~, yo ME1322L0 2=y, £oTla]=y O

%8 1.26. ZIZHJ 2 “HEAE TH LR, i, ZIThEhm 2EL T2 8RBERLE 223
FINTHY, LIENR->THR1L3I8 DEWRT Z/m BT 5 HEEZED D Z L &R,

ZHUCS LY Z/m 3B LRI S REEEN A D (b, E# 2.5.1),

FIRE 1.27. Z (2B D HIEEE v — |2 1X Z/m (BT 2 HIEERE 2 8 1.3.16 OEWRTE
HHNN?

1.3.6 K£EDERBFEHE
i 1.3.23 1%, —MROFEMEBIRICK LIKDEBDZ Y0 L 5 Ic—fkibaind,
FE 1.3.24. (L5 OHERBIER)
1 (X,~) %A L 20 LoRIEEGE T 5, a5
qg: X = X/~
L, Bl1311 DX~y ZEFRTDHE, ~v=~, TH D,

2. [ X 5 Y RIFBRNGABNZET D, f(X)CY T2k X 0gz®T, 2o
xR
X4 X/~ by

RHEWREIRDE I f. Tiabb
f="Toq
D RN —oHET D, 2 LT, ZORESE f(X) ICHIRLTEDRD
fi X/ ~p= f(X)
TEHF LR D,

AEHIE, B2 X READPTHETHANTERXTADLZ &,



2 w1 L. T W
PREE 1.28. P 1.3.24 % i\ C Al 1.3.23 & 30014 L.

T 1.3.25. (RERFR) (X,~) 2HA L ABEEL T3, X/ ~0fT (FabbRINE 0
R, ZRICRT B0 a € X & —EEICROHODTHELNEES R % (X,~) D—o0D

RFER (representative system) &\ 9,
Ffgr—[r]IckY., R— X/ ~R5EBHHABHLND,

fl 1.3.26. @ 1323 THONIE (Z,2) I Ly {01 ym — 1} B2 ORERTH S,
Fiz, {-m,—m+1,...,-1} b —DODORERTH 5,
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B2E TV, . E/AK B

2.1 TI<
2.1.1 TITETTTERE

WA o DREINIESR S &, ¥ 7~ (magma) &9,

EE& 2.1.1. ¥/~ (magma) 1%, £45 5 L. § Lo HEE
0:Sx8—S

DHL (S,0) DZ &,

Bz (Z, %), (Z,-), (N, 4), (N, %) 2EEF, v 7/ ~0fTh D,

MR8 2.1. (N, —), (Z, %) I~/ v ThRW\WI & &y,

FE 2.1.2. w7 =d, BITHEE (groupoid) & BFHIN TV, 28, ST@EHEEL S5
MOLD (ETORPAHETHL L BT A —) 2T LEBE,

EE 2.1.3. (v~ DEERM) (S, 0g), (T,or) & Z2>D~ T~ &T 25, (S,05) 225 (T,07) ™~
D(wT~)HERB fF L1, B f.S—>T ThoT

Vs,s' € S, f(s 05 8') = f(s) or f(5)) (2.1)
N AINASE NPU) RPN

5] 2.1.4. a € NIZxF L,
L,:N—=N 2z ax

LTEFRT Do Lo Y (N,4) 6 (N, +) ~D~ 7 HERTIDE S D,
Lo(z+2') = Ly(z) + Lo(2)
B (BTD 2,2 IZONT) RY ZONE I ERETH SR, ZAUIHELEA
a(z + ') = ax + az’

LRMETH D . 65T Lo 13 (N, 4) 205 (N, +) ~0~ Z<¥RHTH S, —F. WL L,
(N, x) 225 (N, x) ~OERITH 55 E 5 7k

Lo(x x 2') = Ly(x) x La(2')
DD SEOME I MMTHD, B, TiUTa#A 172D L2720,

PS2E 2.2. a €N L35, Bffo o a® 13, (N,4) 2D (N, x) O~ /< HAME 525 2 L&
A,
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BF: S
HRX(2.1) 2. O LD A (AT, commutative diagram) TRTZ L23H 5,

Sxs X rxr
los O Lor
s L
NEIZREAT 5, £
fxf:8SxS—=>TxT
e (5.8) o (F(9), £(5) CEET Do LD FAMINS “oOBMIL, ~ 7~ O IAHET
bb, MAOEALHD O X, ZORAR M THLZ L, ThbbE EOEEDOE, £ L
BHTHTICE->TH, EFRHATAFICE-TH, ALbDICREZEEZEKRLTNS,
EEDTE (s,8") E Lz &, HEICEDE (f(s), f(s) THY, TInbATFICkD &
f(8)o f(s) &b, —FH, RUILELETIZHED L sogs’, EINHHICIEDE f(sogs') &
775, ZOMARARTHD LIZ, ZOMER BT DHZ L. bbb (2.1) Il Heu,

iR 2.1.5. (S,05), (T,yor), (Uoy) &~vr~, L, f:S=T,g:T—>U &~ 7 ~HERA
LD &, Bk
gof:8—->U

L/ ~RIRTHDH, Zhr, ERAOAKRE WD,
FEH. BoN& Z kiR
(go f)(xosa’) = (go f)(z)ov (go f)(z)
7278,
go f(xosa’) =g(f(xosa')) =g(f(x)or f(z') = g(f(x)) ov g(f(z"))

FV V2D, —OHOHEFEIEEOEGMROER., “SRIT f AERETHLZ L, Z2HIF
g BERBTHDZ & LY, O

EE 2.1.6. 2O L) RFEFHEOGERHITIZ, IXEHWTHEW,

sxs X rxr 2 Uxu
los O lor O Jou
S EN T EN U

ERLHE EEOTETELA, ATFTEEBLIEZLOIEEZRE LT LD (BRAIOIEF O RHYE) . &
T, AAFEBLELOIEFELCLOTHD (HRMOIEFEO#ML), XoT, 2FK0ES
BIIr#Th 5, Lol >OERIZ

(gxg)o(fxf)=(g0f)*x(g0f)

ThHDHND, BIEORITTEOWHMENR go f O~ 7~ HEFRIMEIMZR 5720,
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TE 2.1.7. (S,05) Hv v LT 5, fHEGTG
idg: S — 8

B~ ~ERMTH D, O~ 7 ~HERMA S EOME%S (identity morphism) & PR,
(Tyor) b~ ~&32, ~/<¥ERB f: ST L g:T—SThHoT

gof=ids, fog=idr

LRBLOBBHEE, gk fO. fRgDOMEH LD, WAL 9 7R Z T,
IS, ARG, E R E D,
(S,05) & (T,or) PRI EEN S &5, ZNLO~ I~ EAMTHS L9,

FH 111912k, FREBIIEHES CTH D, RMERITS Oxe: T OEO—%—%IHT
HoT, MEBEEZ O LDOEEZX TS,

Bl 2.1.8. EEOEKDOESE R LT, FHEBI exp &
exp: R = Ryg, x—e”

TEHETD (e=2718---) L. Zhitlog (=log,) MG LT HLHNTH D,
exp i, (R, +) 735 (Rag, x) ~O~ 7 v HERBGETH S, (LED 2 FH z, 0 1K L

’ ’
T =" x e”

DRV NEONE TH D,
log 1% (Rso, X) 226 (R, +) ~O~ 7~ ¥R TH 5, fEEDOIED _FH x, 2/ ITH L

log(z x ') = logz + log 2’

BE DSOS TH D,
£oT, exp I~/ ~RABEEHETHY ., log lTZDHHFH TH 5,

AR 219 WHWE [(S0) v r~ET5) LELCDIFRV, OT, LITLIE, kO LD
ST ARl =LAV BN

(f:S o Th~7<UWRMET S| LEoT-b, ZNIETTSITIE~ 7/~ ORENRE 2
HNTEY, TIZHL /7 vOMERG 26N TEY, flIv/~H]RETHL, EWNWH T &%
BRLTWS Z LI2T %,

Bl IE, i 2.1.5 1%

(f:S—=T,g:T—U%~I7<HERMLTEE, ZOAKgo f b~/ ~HEREITH S, |

b TR= I d

@R 2.1.10. f: S - T R~/ ~HERBEITHORHEKFNTHDLLTDH, ZOLE, fOWERg
DIFEL, g: T = S b~ ~HRB LD, LR T fOWE LD,

FER. EFR 111910k 0, WE g WEET D, TD g, v /<R RMTHLZ L ES 2T
X, FhidiE, RO LY e TITxL

g(topt') =g(t) os g(t)
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N AV N~ = G A
ST, fFIFHRTHAND, EOEXEZENDDITIL f ThSTBEHRT
flg(tort)) = fg(t) os g(t'))

RREDDIUITHTHD, L1DIC, fog=idr THHMND, Eillldtort L5 L, il
T f DERBITHD Z 29 L f(g(t) or f(gt) &7V, topt IT—ET 5, O

FIRE 2.3. exp: R = Rog 28 (R, +) 25 (Rag, X) ~DO~ I <RI TH D Z L2 & -
T, ZOWER log 25z, 2" > 01ZxF L

log(z x a') = log(x) + log(a')
0 (o B A c
P%E 2.4. (S,x) &~/ ~ kL, T&EALT D, f,g€Map(T,S) Ik LT
fxgeMap(T,S), (fxg)(t):=f(t)xg(t)

LEFETDHE Map(T,S), x) I~/ ~Th b Lamnt, (w7 ~afEke T 5BkOESIT
~7~Thb,)

IR 2.1.11. WS TH O ER EOEBE AT Map(R,R) TH D, (R, +) T~ 7 <72
DT, EEEAEICHLTI + RELIND, UL, BHFES L 2A50 (B Tho,

212 #HIIT
EE 2.1.12. (S,0) 2~/ ~LT5, TCSEMNEGLT D, WK o & TICTHIRT L &
o:TxT— S
(RURS%fH-7) 2145, ZOBBTIZADELE, old
o TxT =T

BED. LEEBoT (T,0) d~r~Lib, ZhE (S,0) DS~ T~EWn), o (Fo|p &
FiE GRALZRD R & & (38E) o L7,

DED. T CSPHEAICMETND (E123 B, S, TAMTHSZ LICHH) L&, o
ZTICHIRLTHOND~ I~ EHN~ I~ EWVIDTH D,

RIRE 2.5. WA FEHIHE K,
L (N, 4) iF(Z,+) D, (Z,+) 1T (Q,+) DB~ T~ Th b,

2. FHI BT~ DO Map(R,R) (ZFNIE L T~ 7~ &7 b, FHD B FHA~DERE
R, ToMy~ T~ ind, (EBEROMITER I 5,)



21. <7~ 31

fIRE 2.6. (S,0)Z~/ <L L,. TCSET5H, Z0&E, teTxteSICETEHREHED
1A% (immersion, embedding) &V,

v: T — 8

ThobT,
CINYERIBNC 72D X 9 Ip~ 7~ OREEN T I AD LB 4EE, THRo L TWAZ L
ThHbHI L ERE,

2.1.3 ®EII~
EHE 2.1.13. (S,0) v/ ~vE L, ~% S LORMERBEKRET D, 5B
qg:S—58/~

M < HER & 725 £ 5 72 AW 6 18 S/ ~ ICEFRSND BB G, o & ~ iy
RFTLThD (R 1318 BR) = L Th s,

TOLE. SIFEEBYICEE D, (S ~5) B S D ~ICE BT S LV, g &b
AL S5,

ZuE, % 1.3.18 127 B 7R,

Bl 2.1.14. 122 BNE-5>TVHDIF, v~ (ZxN, 1) kL, (ZxN)/ ~,+) 1ZZD
F~/~Thbd L) EThD,

FASE 2.7. (Z, x) ISk L. (Z/m, X) ZZ O~ 7~ L7252 & 2Rt

EE 2.1.15. (X,ox) #~v7/~v, L, ~% X kD ox Lav XFT kMR ET 5,
(X/ ~,0) TR~V ~ERT, ¢: X = X/ ~ZFHERALL L, LEDO~ I~ (Y,oy) LEED
~JWERE X Y 2E 2D,

fIR~x ETURTFTLVTHDL, THROLEED z,2' € X I3 L

r~x ol = f(x) = f(a))

MR LTWD R BIE, EH 131512k VE8 f: X/ ~x— Y Tho T,

f=1Foq
RHMEEE L ObLONME—DFET D, ZO L&, flI~v I~ RIS,
ZOWRME, < <R fIXEERIR ~x I3 XFTATH D LV, T2 f A well-
defined TH B &9,

FEH. EEL 1315 LV ERE L THEALNE f A~ ~HERBICARD Z S 2 F AL
I/\o zﬁ\

F(zlole]) = f(lw ox 2']) = fz ox &) = f(x) oy f(2) = f([z]) oy f([2])

rVERT O
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EHE 2.1.16. (v 7 v OHERER) (X,0x). Yoy)Zz~v/~L L, [ XY D~ I~
YRS G2 b e+, f(X)CY TFICLs X ogseHd, oLk,
L f(X) XY ooy~ 7 ~Thd,
9. ~plEo k3L AFTARRIERIECH 5,
3. f M
X% X/l y
ROEBMERD LI fL Thbb
f="Foq
B J N —oAHET B, 2 LT, TOKESE F(X) ITHIRLTELAD
fi X/ ~p= f(X)
F~ 7~ s,
FIEEA.
L f(X) D J6 f(2), f(x)) L SHbED, f(z)oy f(a') = flzox a’) € f(X) T DM
5. f(X)CY oy KL TV,
2. @~y i mo ~p ah IO f(a) = (&), flae) = f(xh), HERBMEXD f(xi0x0) =
F@h oxh)e LI=AoT 2y 09~y @) 0 The

3. EHL2.1.15 L 0~/ ~HERFER
fiX/)~p= f(X)
WME—DTFET D, ZNREHFTH D Z Lix, EAOUEREH 1.3.24 75 LN
Y. THE, fIRHERBITHORHEHFTH LN HME2.1.10 LV [RAEIL 2 5,

&8 2.8.

T={zeCl|lz| =1}

EBL, x BEFEEORETDE, (Cx) I~ I ~ThbD, T CCIEZDED~T~T
bbHIEERE,

Exp: (R,4) = (C, x), x> 2™
I~ 7~ R TH D 2 Lt
3. v/~
R/ =,+) = (T, x)
o, 222 =13
r=2'sz—-1'€Z
TEHRIND R FORERETH 5,
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2.2 F3#

2.2.1 #EEEEFEH

FE 2.2.1. LI (semigroup)G & 1E. M LT

GA (BEARELIND) £ Go

GB (f. Ak L LIHEN5)Gy o "I o

BEZ BT, WOWE CEREOAT L IFIEN D) 2+ b o,
G1 (#&1ERI, associative law)

91,92,93 € Go = (91 092) 093 = g1 © (92 © g3)-

FThbb¥tlid, [~ 7~ (Go,0) TH-o T  HHER o MEGENIZH-T b0 Oz &
Thod, BFELIFLIE, BEAG OILEG EENTLEY, LENST, g€ Gy ZHIZ
GEGLEX B f:Goy—= ST f:G— 8 EE, B, FEIITFEEELITHM G = (Gy,0)
Th s,

Bl 2.2.2. 1 (Z.+), (N+), (n KESFHIOESE FHIOR) L TH 5.
2. (Z,—) I RARETT, — RIS
(a—b)—c#a—(b—c)
ErbThb,

3. (N, <) JRERECA L,
2(12) £ (21)2

72k,
4. SEHEE LT 2, ShHLEZNAHF~DEHROES L. BROEMK
(Map(S, S), o)
EHTH D, 113X (1.1) Lot

FEEERANTE S LTHAT, RUEHEEZERON?2FZHITHL L DGRV, 23, FIIETEO
BRI EE 272 L, ROMEL, #aElle, H25808~ 7 ~OWRRETHD Z &
LWFEETHD Z L ERL TN D,

8 2.9. (S,) &~/ ~&d 5, T 1.1.2212L0,

- Sx 85— S

L:S — Map(S,S)
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ERIEL TS, Z I, L(s) 1342 (left) v D s & - T 5544
L(s):t—s-t

Th b,
L7 (S,-) 75 (Map(S, S),0) ~D~ 7~ WAMTH S = & & FEAER L BRI THS =
L%,

~ I HERBTH D Z LT,
Vs,s' € S L(s-s") = L(s)o L(s")

LEWHZ DD, ZTOMILIZs" € SRS ED L MAENELND,

2.2.2 FEHOERH

FE 2.2.3. LBEG = (Go,0) 5 LEEG! = (G)), ) ~DLBEHERIH L 13, BEADOEOT
& f:Go— Gl Tho>T,

Vs, s' € Gy f(sos') = f(s)o f(s)
MRALT D HEDEV D,

Thbh, FHOMOHERT X, TNo0 e~ s~ bR Lzt &~ <R T
HDH, TIE FHELERTLIAH G IZEHRL TOLLON? E50b0nnb Ly, BT, E
A RRPHEPBROUERAOFERTHREETH L), ERBICEH SN LIDOFEA L Da xR
FEVT AT THY, AFIIEE I, ZIUIREN, LIPS &, EFICITL D)
520, ERIHOERICBEWTABEEZBEA LWL S Mt b o0 b,

M 2.2.4. FHEG GG EENGOMOEERM fF: G- G'g: G - G'"BbbHLX, £
nNoo&kgof:G— G HLUERMTH 5,
SERH. ORI L X~~~ DR O Z L7206, i 2.1.5 LD EBITHE Y, O

v I~ DHEADER 217 ERABICFALEIIC, WOXLHIBRERET D, (EE, w7~
WO HGEAST e LEXBIT-T5THS,)

EE 2.2.5. (S,09) Z¥HEL T D, 1HEFGH
idg: S5 — S

ERRERICH D, ZOFREREAZ S EoOtE%ST (identity morphism) & FES,
(T,or) LARELT D, FHEEREL f: S T L g: T >S5S TH-T

go f=idg, fog=idr

LRABLDBRDBEX, g& O, fEgOUH LD, WAL S 7 R & W
ESREICEA] SN2 N SR EL A TR
(S,05) & (T,or) ORICABM GG HSH L5, ZREOLBIAMTHS &£,
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i 2.2.6. f:S - T APEHERAITOOEHEFTHLETDH, ZOLE, fOWEH g»n
fFAEL, g: T — S bPREUERTL L 70 . LIedo T f O & 725,

AERH. CEREER L (I~ 7~ RO Z L Th o0 b, i 2.1.10 N HEBIZHE D, O

EE 2.2.7. 1.8, 58%&~r~ET5, SHb S ~D~ 7 ~HERME (magma homomorphism)

Homyagma (S, S”)
TET, Frlz, S=9 nLx
Endmagma(S) := Hompmagma (S, S)
ERBNWT S O~ 7~ HAHERM (magma endomorphism) DA L\,
2. 8,8 BYHLT D, SD S ~DOFFEERE (semigroup homomorphism) DA %
Homtsumi (5. 5"
TET, FrZ, S=9 nLx
Endsemigp (S) := HoMgemigp (S, 5)

ERBVNT S OFREA CHEFRE (semigroup endomorphism) DA L5,

2.2.3 EoFEE

EE 2.2.8. (T8 - G = (Go,0) DI HAEEL 1L, Go DEHEAR S TH-T, S»
CHZOWTHLETWTHREE > TWNDHDEF 9,

izl 2.2.9. ET, SC Gy B HREL DM DFEBIL S BolZB AL TWVWAZ ETH D,

SEHH. EFR LD, olZOWTH L TWAZ LIINETH DL, +oME R, AL TWA LKE
LT, B fEice 5 2 L 2mtid v, L TCWEDENG, o lTHIRBIcE Y Sickirs
EHEEZTED D, INNESENZREZEIEL VR, 2

ao(boc)=(aob)oc

MEED S OITICOWTHR Y LD Z 2RI, L, Gy B EHTHLZ DT
TITEED Gy DITLIZOWVWTI Y SE>DTH Y, L7zRN->T S C Gy DITLIZTHOWTHELY 3T
2, 0

Tabb, G OMOEHEL. G~ I~ L&Dy~ T~ —FKT 5,
ZZTHRM [GIIFHEERICRILLTLE ),
Bl 2.2.10. 1222 TRI-LBD, £H SITHL S NEZNHI~DGHDO 2K Map(S, S)
TEBROBR o ITOWTHEEL 2 B,

1. Map(R,R) OH T, #EEHR 25002 EKE C L35, ClE (Map(R,R),0) DI
THHETH D,
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2. S #~ v T B, (Endmagma(S), o) 1 (Map(S, S), 0) OHAHRETH 5.
3. S &HRELT D, (Endsemigp(s)ao) (e (Map(sa S)u O) D THFRETH B,

I8 2.10. EOFICHBWT, H0EHETH D Z &2 FNEIEHE X,

2.2.4 EFE

PEC, THEE L 2 XTI ARREEBRS D D & & EEAITHBINICEREE D, 2
NEFELREE VY, <~/ ~DBEADTH 2.1.13 B,

EH 2.2.11. (S,0) 2L L, ~ % S LORMERET 2, MR
q:8— S/~

DEREER L 2 5 X5 72 B 0 8 S/ ~ ITER SN D MBEFAERMIT, 0 & ~ TR
FILTHD (R 1LIISBM) 2L Th A,
ZOLE, DI EVICEE D, (S) ~,0) &S D ~IZKDREEREE WO, g ZPETER

BMEZE9,
FEH. AL @ DVEHEERTLE 2D X o MEXRTE LT HE, v/ ~OREOFER 2.1.13
IZXV ol ~ T RXFTATRITFIE RS0,

W2, 0o & ~mMAVNRTTAThHoTe b &, ¢ NP HERIA LD L) Mo BNEHFRTEDH
LEEIDTHIHN, ~ 7 ~OBPADOTEH 2113 I LV~ S~ R L 25 L9 72 0 1IXER
TEDLOTHLIND, bLIXINPFEEIER [GL] 273 2 & 27tHE L, S/ ~ DIEED
JCiX [g] (g € S) DIRIZE T 205,

([g1]0[g2])o[g3] = [g1]5([g2]5[g3])
ERHEIODOTHDLN, THIE (S, 0) BEHTH LD Z
(91 092) ©0gs3 =4gi1° (92 o 93)
W OT, WIC[2IFEIL, ¢=[:85 =8/~ B I~OHERMTHS, Thbb
[91 0 g2] = [91]5]g2]

ThbdI LafbiR X ITRED, O

ZIThH. (S ~,5) OREAER [GL] 1 EBIRICRE .

2.2.5 #XRERTEH

EH 2.2.12. (X,ox) Z¥HEL L, ~ % X EDoy L av F 7 RRER%E TS, (X/ ~,0)
TR ERT, ¢ X — X/ ~ ZFERAE U, LB DR (Y, oy) LALE O REHER
[ X =Y ®EZD.
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~x & fRAUANTF TN FTROBEED v’ € X ITHL
x~x o' = f(z) = f(2)
ERBHETHE, EHI3ASICEVER [ X/ ~x— Y THoT,
f=1Foq

ROHMEELOLORME—DIFET D, DL &, fITERERMTH D,
ORI A, CEREERR £ IXREMERIER ~x (IS NF T A THD LWV, E72 f 8 well-
defined TH D V95,

FEA. EER2.1.15 LB L [~/ < HEEM f AVERHERICH D Z L) ZaEE LV,
Ziu DEEMO~ 7 HERBUIEHEER TH L2 &) 26H 60, O

EH 2.2.13. (CFHEOUERRER)
(X,ox). (Yioy) ZREL L, f: X =Y RO PERHERANGZ bzt T 5, f(X)CY
TLIZED X OBERYT, ZDLx,

L f(X) 1Y QW ERTH S,
2. ~plo kY RFTARFEBETH S,

3. )
X% x/ ol y
RBHAERD LD f. Tbb

f=/foq
% f =T 50, JHURERERBTH S, £ LT, TOKESE f(X)
ZHIR L TR B
[ X/ ~p= f(X)
ERERIRL L 72 B,

SFY, FH2LIGITEHICH L TCHLEFDEEMV IO, ZhUL, v I ~ERA, ~ 7~
FRL, f~ 7~ o~ ~<id, B2 TWH~ IR EREOME (Gl 2677846, B8N
WOV, CEREFTY, PBERE. IR D DB,

2.2.6 BAR#LIEEHMTEE
EREC W CIE, FEAERNC LY

(g1092)0((93094)0gs5) = ((g1092) ©(g3094)) 0 g5 = (((91092) ©g3) ©ga) © g5

Thbd, —fMRIZ, nHOTLOFEE L o7&, NoZDODTFNIC LIS TRERIIFEC & 725,
FIT, Fo Xy B HIC

g1©9209g3z0©gsa°0gs
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LT 5, R, n BERKD L &

gogogo---og (nfA)
&gt EFRET

EHE 2.2.14. (FEEUEP) (Go,0) ZH¥HEL L, g€ Go Z—2DItE T 5, BARE n,m Tk L
Y N RYAC R
(g")o(g™) =g"*™

RARE 2.11. FOEHEAZEHE L, RO~ <IC L TiE, ED &) REENEL H)EE
X,

% 2.2.15. (Go,0) Z¥HEL L, g€ Go Z—2DILET5H, ZDL X,

f:(N,4+) = (Go,0)
RBHREERIAICTH AT, In— g &2 D HLONRME—DHFEIET D,
FE. b LATELTZE T2 &

f@)=fa+1)=f1)of(1)=gog=g*

RPIZLY,

fn)=g"
Lirh, THT—EUENS X, CHASEREERANCR D B ) 2 &Y, FECEFLO EIET S
LI ATHD, 0
2.3 E/AFK

2.3.1 BfIimEE/ MK

EE 2.3.1. (S,0) 2~ ~LT5, 2O~ ~vDEBNIE (left unit) &ix, S DIt a ThH-T,
VseS aos=s

=T HOTH Y AHALIT (right unit) & 1X S DL b TH- T,
VseS sob=s

Pl LD TH D,
JHAE 5 C AN B TE C b 8 2 70 A B BT (umit) &0 5,

RMIRE 2.12. b L~/ <ICEBA T EFBEMNITBFEETIVUR, TNHIT—HT 5 Z & 2R,
FRZ, < /< ICHEM E R b IUEE NI —oTh 5,

by I, FOERTEZITaobZEHELTAHBILTHSD,
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EE 2.3.2. HAcid b o REE2E /A K (monoid, HAZAHFEE) Lo,
Thbb, /4 KRG &I3HEE LTI

GA (BHEARELMEIND) £EA Gy
GB (fi. B2 & LIEN5)Gy Eo " IHEH o
GC (Bt L Eh5)e € Gy
DL (G, 0,€) Tdh>T, KOMWE (F /A ROAFEETNG) &= b0,
G1 (f5&ikRl, associative law)

V91,92,93 € Go (91 °92) 93 = g1 ° (g2 0 g3).
G2 (BAFCIEHI, unit law)

Vge Gy goe=g,eog=g.

EE 2.3.3. /A LT (Go,0,e) DIDOZ L THD, M. LIZLIE [(Go,0) IFE /A R T
HDH] EVIFWFET S, Ziuk, EoME 21212k, BEASTIEAE T BRI R
FoTLEINLTHD, 2FY., [F/ A K (Go,0)) EExIE. BITTIIME—DIZRED D
T, F/R LN Z ERZ0,

fl 2.34. 1. N,x,)IFE/A FTHh2D,
2. FHE (N, ) 1TF /A iz b2y, FUCBET 2B NIZRWINS TH D,
3.0 I MAT, (NU{0},+,0) &35 & ZHUTE/ A K,
4. 0 U EOFHEOESIT, MIEHLTE/ A FERD,

5. (Map(S,S),o0,idg) IZE /A R TH D,

2.3.2 E/ A F#H£RE

FEH 2.3.5. (S,0g,e5), (T,or,er) E /A RET D, Sind T ~DF /A RUEFR & 1%,
[:S—=T75EHTH>T, v/ ~HERATHOBMNITEZENITIZET LD, Thbb,

HB Vs,s' €S, f(soss')= f(s)or f(s)
HC f(es) =er
D DEHRTT H D,

5 2.8.6. JLIZ 7.7
exp: (R,+,0) — (R, x,1)
IEE /A REERTHDL, v/ <R THY, »OBEMT 0L = 1 ITBENDINLT

Ho,
WEE TRIERERIO L S NE /A FEFRE 72> T2,
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FoE# T, [HB] X [GB] 2, HC] X [GCl TR L TWD, 1.2.1 Hio HiE4fE 21X, [GB]
X MEARICZHEREN G2 DN TS &) ZEenTEx s L, [GC) I MHEAIC 0 HEERE N
HEzbhb] EWHZEeBTED,

[HB] (X 2.1.1 i TR X ICRDO AKX TET Z LN TE 5,

S xS fif TxT
los O Lor
s 4L

FU L5, & LR % g [HC) ko TR L 0 ik S s,

so Lo
les O ler
s 4o

EITIX
SO={0}=1° (0~
ThHO, EMDOGHIL () & es ITBTHEH., HMOTHRIL() & er BT TR THDL, £ LD
)%z, ETRETAETIZESTW & fles) THY., A ERATRHE TV Ler &5,
D AL X
f(GS)ZGT
LFRETH 5,

2.3.3 BEELEHOOVNFEYT«

Yoz, koI TEELEGHBOa L XFEIVT 1] 2ERT D,
& 23.7. SenHilifias: S" > SOEXONTVLIES. TxnHf S ar : T" - T
DEZONTWBHERLETS, BB f: S =T »ag,ar £ I RXFTNLTHD LT,

Vs1,82,...,8,  flas(si,s2,...,80) = ar(f(s1), f(s2),.-., f(sn))

MBRANLT B L,

ZOEFEIT, KX ,

sn Lo

las lar

s L7

DA THDLELEVBRZ NS, ZZICEDITD 7 8™ — T™ i,
(81, 580) = (f(51),-- 5 f(sn))

TEZIND,
COFFEEEI DI, [~ ~ERA L 1T, FEAOBOEBSRTH- T, BEIN IR
BRoLa v FTNARELD] EEWHZONE L, [F /4 FERAL L IZ, BEESOROE
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BThHhoT, EESNTE R o L a U NFTNT, MOWEINTZOEER e L a1 F
TN bD] EEVZ HbND,

BCRDBETHLIRTOR LD THL, R 2ERT D & T EBRICEE I N DL &M
X, HEESNIEROBER L O RF VT 4| ORROTHY, ABIFHEDR TRW,

EE 2.3.8. f" EWHRIAEL, RELL TV D, EOSEITE
frest T
THDHDOTHLHH, —J7 f € Map(S,S) DRFIZIT
f":i=fofo---ofeMap(S,S9)
EHbDT, (EHE2.2142M, ) RIS T, EHHD T LD 245 H¥IE L TH L,

@ 2.3.9. (S,a9), (T,ar), (Uay) #4520 EICn HEROERSINTELG LT 5.
f:S—=T%ag,ap &AL XFTINREH g: T -U%ap,ay E2XFTNREBRE
T5HE,

gof:8—->U
T ag,ay L RXFTLTHB,

BT 52 L 072070, ROKXZES Z L HTEX B,

o L om 5 g
las O lar © lay
s 4L o 4% oy

H216Z2BOZ L,
RIRE 2.13. EOME 2.3.9 Z#3EAR L,
% 2.3.10. —>DF /A RO AKX, T/ 4 FERRITH B,

FREOYE (M 2.2.4) ZZRLUTHRLWY, GET 5 _& Z L3 THEE o (ICBT 53 8
FEV T4 L 0HEER e T2 3F U T4 ThD, B3, 239 06 ELL B,

fiRE 2.14. LORAZFEHAE X,

EE 2.3.11. 1.3.38iClE TRMERGREE/ROa L FE YT ¢ &2, R 1.3.18 T IEH L
FMERRD L XF VT 4] &, 22T NEREBEHEDa L FE U T 4] 2ol

WL, ZHEEICET 5% 1318 O— b TH Y, EMITELFE L TH D,

FTH 2.3.12. SEnHEER:S" > SOEZ2NTWAEARLL, ~Fa bta FT
72 S FORMERFR. T72ROB(EED s1,8),...,5n,8, € SIZxL

S1 ~ 81,82 ~ Shy .. Sy~ Sy = aS1,. .., 8n) ~als], ..., 8)
T %, ZOLE BESS/ ~IEnEHER a ThoT
a([s1], ..., [sn]) = a(s1,...,8n)

LD L DRME—DIFET D,
Thbb, BES gN a,a LA NFINIRD X7 a BME—DTFIET D,
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5 2.3.13. (M, (R), x,E,) IZF /A R THD, ZZIZ E, 1 En KRENATHITH D,

n RIEFITHID FIZ—AT EHIZ—F, 0 DHNLR DT EFNETMZ D54 f: M, (R) —
M1 (R) 13, BB L CEROERBITH DT /A ROEERBLTIIA, HALTTAHNLT
W2 DIN2NNHTH D,

RIRE 2.15. LOFEFELZFEFT X,

EE 2.3.14. (S,05,e5) £/ A FET 5, idg: S — SIEE /A FUERM E 720, (G454 &
NS,
(T,op,er) bE/ A FET D, £/ FHERBLf:S T L g:T—STHoT

gof=ids, fog=idr

ERDEDODBBHDHEE, gk fD, f& gDHFEHEND, WHEZRDL D RYERBZ AIHiG,
FREEAE, FIREG, FRTBEICERRE VNS, /A4 RTHEHZEEZMFLTE /A FFA
BEHN D,

ZOXIRRMOLE, T/ ARSETIEE/ A FELTCRATHD LV,

FREDOBAEDEFR 225 EE2KRILTHD Z EITHEBE L TIZELYY,
EE 2.3.15. A7 3V =i (B 2%5E. WHOTEEEK—TDHZLENTE S,

@ 2.3.16. f: S > THE /A RERBTHORBEFTHEL LT, ZOLE, fOWE
BgPHFEL, g: T — S HE/A RERBLLRY, LIeBoT f oMl s,

EE 2.3.17. S, /A K&T5D, SnE S ~DF /A FHEFR (monoid homomorphism)
DEEE

Hommonoid(Sa S/)
TET, R, S=85 DLz

Endmonoid (S> = Hommonoid (S; S)

EBWTSDE /A FECHERAE (monoid endomorphism) DA &9, (Endmoenoia(S), 0, ids)
X'/ A NERD,

2.3.4 EHE/ ALK

E& 2.3.18. (fHE /A K)

A R (S 0,e5) DESYE /A REiE, S OWHEAT ThoT, THRolZOWTHLET
WTC, Des €T THHLDEE D, ZDEX (Tyoes) IFET/A NEAD, ZOE/ANR
BEE A REWD,

FERH. FEBAT B NE 2 L IE (T, o,e5) WE/ A RIZRDEVD 2 EThHD, FHOBAOME
2291250, DX LT eg MR (T, 0) DHAIETHS = & ([G2)) AT EThHD,
2. ZHUTAME2.2.9 OFEATH Bz 18 TRV TWBAATENL, TN THDH T
THEY D) &) ERIZ L0 BEINIZEY Lo,

ZZTCHAM G2 IXHBMICK Y Lo TLE 9, O
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MR8 2.16. (M, (R), x, E,,) Z ESF{THIBFEICOWTRTE /A RETDH, ZOEMHEAT &
LT, AlmDFN & TEDIIN0 THLEIBRbDEEZ D, (S, %) 1% (M, (R), x) OB
FETHLIN, T/ A RTIERNI L A7,

EE 2.3.19. ZOMBENTET S E AL, v /R HOBRS (M 229) LERY, o
THLTCWAETTIEHHDE /A RIZEDPRLTLERLRNENI ZETHD, Z0EN
X, F A RICIEENLIE &0 D iz 25 (0 HER) MEESNTWD Z LICENT D, #
DEEDEIE /A RTHLHEDITE, HBESNTZ ZOOBHEIZOWTHE TS Z LA
ENOF+3ROTH D,

MR8 2.17. SZHES, a:S" > SEnHEE L TD, TCSHalZPLTND &I,
Vii,...stn €T altr,...,tn) €T

MWD SIDZ ETHD, n=0DEEEELZTHI LT, BT/ A ROERIZHNZes e T
RAGMEN, TR OEBEE e ITHALTWS ] EEWHRZ Hb 2 & 7Rt

51 2.3.20. 51 2.2.10 TR EHEE O PLREIL, B TE/ A FEZDOWDE/ A RETzo
TW5,

2.3.5 BE/AF

/A NIZ, THER (BXO, BRIAREICRDBO0HEK) &2 3 F 7 REEE
WhoLE, MEGIIHBNICE /A Nehd, TNEFET/ A FEW), FHOBEOEH
2.2.11 B,

FHE 2.3.21. (S,0,e5) #E /A REL, ~% S EORERERET S, FE5H
qg:S— 8/~

WE A RUERIBIL 72 L5 7 “HHHE 6 L eg NS/ ~ ICERSNDMEHEMFIX, o &
~WAUARFTIATHD (1318 B M) Z L Th b,

ZOEE, oI WVICEE D, (S ~,0,65) B S D ~ICKDEE/A FEWVW, g%
PAYERIL &5 9,
AER. EEE 2.2.11 OFE O EEZ o R EWH L TES A 7ETE 250613, €5 = [eg]
ERDULMNRNT L L, (8] ~,5,65) B [G2] ZilT=T 2 L & BEWgles) = €5 ZREEN
NWEWS ZEBRDODLITTTH D,

ENHMHEZEN, BILLABARZETHD, SIXWVZFEHIEHE IEE 0, O

Bl 2.3.22. HRE m I L, ZIZBITATEm 2ELTHEFBEREa L RFTITLTHD
(578 1.26), ft-> CTERL 2.3.21 12k Y

q:Z—=7Z/m, nw—|n

B A FHERB L5 &9 R ) A ROME (Z/m, T, [0]) BEEEAIIA S,
TN DR, L/m T [a] TB] = [a+ b TRIZEHT D2 LATE, [0] ZHAIEE T
A RETRD,
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1 2.3.23. LT, FIEBIIEZTHLFOEE I EL 0L,
BRE m L, ZIZBT 2B x iEdm 2B T28RBKREa L AFTLTHD (ME
1.26), > TE/ A ROUERAEER 2.3.21 125V

q:Z—Z/m, n—n

BE)A RERBIET DX 72E /A4 RO (Z/m, %, [1]) BREaEEICAD,
T WD b, Z/m T [a]X[D] := [a x b] THEEEHERTDH LN T, 1] ZHALET D
E/ANERD,

EE 2.83.24. RIS, ERRIZERTDHIEXICIEE O XFEI T 4723 TEY, £
7o, ERREBRICH 5 bN D FRMEERICERSNLDOL, ROV AXFEV T L DA TH
D, ABIFHNTI 20,

LDIZE /A ROGE, ¥ERBERIZEWNT Bt ~ 0 3F U 7 1] BENh
TRV, ZHUE 0 HEROBEFEE CH- T, [OHER L RMEREFRIL, Ficar F7
Thbd| PHTHD,

RRE 2.18. OHJEM L [RMERIRIZ. ®WIlIca v "FTNLTHDH I L Ert,

2.3.6 ERTTEE

EHE 2.83.25. (X,ox,ex) ZE /A REL, ~%2 X EDox Lar R XF7ARFEMEBERET
%o (X/ ~,0,ex) TRE /A REET, ¢: X = X/ ~ ZFEEREL L, (LEOE /AR
(Y,oy,ey) LAEEDE /A FERM f: X Y 2525,

~W LAy RFTAThHD, TROBLED z,2’ € X T3 L

x ' = flr) = f(@')

LB bIE, FEE 13151k EH [ X/~ Y Tho T,

f=Ffoq
ROMWEBZEZ L O DONFEMAET DN, ZHUTE /A RERBTH D,
ZORIE, T A RERB FIXEERG ~ a2 XFTATHD E WV, £72 f 25 well-
defined THH L9,

AERH. EFEL2.2.12 LD L, BEMITHE S, otk DEREERT f 23 ) A NYERF
BTHDHZ &) RV,

f(lex]) = flex) = ey
LB, O

EHE 2.3.26. (E/ A FOERTEH)
(X,ox,ex). (Yioy,ey)ZE /A RKEL, f: X =Y 725% /A NERBING 2 bz b
T2, f(X)CY TFICLD X DBERT, 20X,
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1. f(X)IXY OEGE /A RTHD,
2. ~pldo LU NFITNREMBKRTH D,
3. f M
X4 X/~ by
RHGRERD X R f. Thbb
f=Ffoq
2D f Wl —2fFET D08, 2T/ A NERBRILE 25, LT, TORESE
FX)ICHIRLTHLND
[ X/)~p= f(X)
T/ A FRELL 725,
SFV, FHE22131FFT /A FIZXHLTHZEDEFERMY LD,
FERH. B 2213 IZMA TMERFHIREI RN E R LR WO AR5,

1. EAERETH D 2 LIIVE, BT A RTHBZ L, Thbbey € f(X) ZRER
WALV, B, flex) =ey KOS,

2. REHIRERWE R BN T S IFFEE LRV,

3. [AVERERAICTH D Z LTV, B A REERBICH D Z L 2R S 7 Ut b

AT/ f([ex])zey X0,

2.3.7 0ZELBEAEEHTEE
PREZBWTIE, ne NIZxf LT
g":=gogogo---og (nfH)

MEFINTZ, TNE =00 L EIHLRET DT E I TL2O0ZE), (N, +) 1T THY |
E/A RTEAR»o7, 0 bz 5 & (NU{0},4,0)1FE /A KE&7D, £Z T, (5,0,e5)
HE/ANLTDEE,

(NU{0},+,0) — (S,0,e5), n—g"

ME ) A ROWERME 2% X 91T g° 2 ERTH LM, F2215 LORIENDT S L ZHSIC
B 5, 5L BAEEEAIEIATAR < T B2V ([HC)) 25,

0
g =e€g

LERTDHILITRD,
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EH 2.3.27. (FEHUEHE)
(S,0,e5) HE /A KEL, ge S&—oDILET S, 0L EDHES n, m 5t LIRABHALT 5,
(") o(g™) =g""m.
HL, ¢ =es LEFRT D,
R 2.19. £ 2.2.14 2> T, LOEHETEHE X,
% 2.3.28. (S,0,e5) 5/ A REL, geSE—DODTETH, DL X,
f:(NU{0},+,0) = (S,0,e5)
RDE A FERBTH T, Iy = g L7285 bORKE—IHET 5,

A, AEHELTZET B &, B A RUERBILERRERRIC YL 55 0T, fIRERRERR, (N, +) C
(NU{0},+) 38 Th D, LoT, fln (f & NICHIRLZ B D) 1L (N, +) — (5,0) 72
BALREOERM TH %, n> 01 LTIHR 221512 LY

f(n)=g"

Ln, File, B A RERFBITHD LW ZENLHENIE 01T T eg ICBEND, T/
bH f(0) =g =ese TNTEWNE R,
INMRE /A FERBIZZ2D VD ZERN, FOBREER 2321 OXETHEZATH

%, O
2.4 ¥
2.4.1 WwLE

F&E 2.4.1. (S,0) TN eg RO~V I~ ET 2, (BfiniEdbiE—oThHo &, T/
DOOHME212ICHE,) ge S D (elcf3 %) Lifizta &3,

aog=eg
iz ae SO L&D, ge SOAWTD &I,
gob=eg

BT bhbe SO EE NI,
g DEHILTH->T, DOFYILTHDE IR E g DHILE VS, ThbL,
acg=e€s,goa=Eeg
DI a DT ETHD,
W EF O E v o,

il 2.4.2. (S,0,e5) ZE /A N&T 5, glTheWiota &EAWIL b BFET D DIE, Thb
=T 5, FFlZ, g OWTCIIFETIUTHE—>, ZhE g TR,
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AIER.
a=aoeg=aoc(gob)=(aog)ob=egob=h.

Ko Tl & A#otix, mAFETIE ST 5,
Bz, Wih —obolzb LIS, FNbEa b TE, alFEH T THHS L, biThH
WIRETHHEND, EOFELY —HEI 5285700, O

78 2.20. £/ A FORbLYIZ, 25O T THENTTEZ O~ I LTH, RN
FETHISHE D TH D Z ENFHTE E 0?2

By b EE KBTS SABH Y YRFERITTE 2, BT (R, %) &
Txy=z+y+ 2y’
TERTDEINFIVI~THY, 0 NE{ITL > TN D,
rxy=20

# " WRGTBRAOOAREZ N THES L, WA OFET L ERHD I ERDID,

2.4.2 HBOEE

FIORKHOERE (BELEHWI) BB oT-, BELlX, /4 R TH-T, &7T
DI TENTFET I HDOEF D,

EE 2.4.3. FEG LiX, MEIE LT

GA (BHEARELMIND) £E Gy

GB (. Ak L LIHEN5)Gy Lo "I o

GC (B MEInd)e e Gy (0 HEFEAE B FE X D)

GD (¥t & MEEN5)Gy EOHIAHKE g — g1

WEZ BT, WOZSOWE (BEOABE TN D) Zi-T b0,
G1 (F547:H], associative law)

91,92,93 € Go = (91 092) 093 = g1 0 (92 © g3)

G2 (WAL, unit law)
g€Gy=goe=g,eog=g

G3 (Wiocikfl, inverse law)

gog l=eoglog=e
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FE 2.4.4. (Go,0) ZFEEET D, bL, ZHICHALIER H -T2 D ZIUIHE—DTH D DI
B, BT EAELZ THRERTIC [(Ge,0) IZE /A4 FTHDH) LISV HE L, i,
EHEThHo TR IR H D, L) T EEELTWND,

EBIT, (Go,0) BE/A RETDHLEE, [Goy DETORICH TN HDH ] L) Z b
AT, WTTIRFEETIEME— DI £ D (M 2.4.2) DTHDID, Gy — Gy, gr g ' 72
% MIEEH AR E D,

IO, ZLOERETIE HEFTH- T, Biinzd b b, 2 TOXNTnriobDx
HEWno] WO EREZBEHL TV,

ZDOX DI TE, HRERPT /A RGN E &, TNDBBEIR DN E 5 D&
THZLERTE S,

RARE 2.21. #2342 FHNT /A R3, BETHDENE I i~ K,
EE 2.4.5. BOBENELANIRE L TE k1T, BT/ A4 Rl v ootk
IZAFIPIZ KIS LT 5,

B (N, +) HERECH D03/ A RCIEARY, B EREE LRV NS Th D, £ 2T,
0L WHBEAZRY] GER?) LT NU{0},+,0) 2 FT2&, ZHUFTE/ A FEAD,

LovL, ZAUFBEICIE 2 7220 FICBT 20, 3700 H o 12k 5 —x BMFIE L 720
LTHDH, TI T, ADEERE ER?) LT(Z,+,0) 2 T25&, ZHUIRECR-o72,

=5, (N, x,)ITE/ A RThHD, 25, BFETIEIRY, BT 0n, $7habbn e Nioxt
THN L BRONETHD, 2T, n 2B HMENRHTL %, EIZOVWTHETWATZ
WIZIE, n~lxm bRELRD, ZALEADETEOFEEK Qu 2525 L. (Qso, x,1)
e e D,

EE 2.4.6. B (G, o) NETH#LEE (commutative group) TH 5 &iE, [G1]-[G3] DIEMITE BT
G4 (v[#aHl, commutativity law)

V91,92 € G g1og2=g200
DERANLT D2 &,

AHARED Z & & T —~ULEE (abelian group) & HV 9, ZiUE, BEROAIBGE D— AN TH D
Abel ITH R AT TH D,

AR 247 T-UVBHCB L T, CHEE A + TEL 2 E BB, IR THEA ERT
TH 5N, CHEEE A + TR LT —LEEO Z L AR L L5,

NI CH> THESNZ HEREZ + TEN TV X, TabbIMERHCH LT
X, Bt x2 0 T, g DMk —g THHDT,

5l 2.4.8. #2322 1CRZFE /A K
(Z/m,+,[0])
HHETHD, ETCOTNAHMTHHI LEZ2ZF2IELVOTH D0,

[al+[=d] = [a+ (=a)] = [0]
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Th BN [a] DHILE LT [—a] BEILD,
Z/m OFTLETHD I ERDN>TWVBIGEITIE, + IFHIC + TREIN, F-LIELIE [o &
BlZa EEBENTLES72T5, BlziE, [Z/5 1280 TIE1+4=0) & EE, AKiD

(F[4] =[5] = [0]) LB/ REEZAHTIEDS,

A 2.22.
1. (Go)E /A KT D, g he GRELLBLANMDLE X, goh HAWTHY,
(goh) ' =h"log™!
Th D T L EF,

2. (Go)BE/ARET D, ge GRAMTHDLEE, g7 LAMTHY . TOWIE (g71) !
Zg &% L EmRt,
LD 22270050 RO Z ERDND,
8 2.4.9. (G,0e) ZE /A NI 5, GOWMTOKEZ H LT5E, (H,o,e) TRt

5,
ZOME, B/ A RGORASILORTHEWVD, LIFLIEGX Th bbb,

AIERA.

HBE0E /A RTHDHZ L
g 2.22 D 1 I2kiE, ghe H 2bliEgohe H THD, £i-, e DWitiTe HF T
HHMhbee H, £7%23.181C&0, HIZGDOEHBE/ A K7D,
HPHEETHHZ L
HODOlIE /A FGORWIILTHDHDN, EiXE/ A NHOWWLTHLHD, he H7”

SIX A~ LA (R 2.22 0 2) THDHH HDERICEY hle H Led, T7kb
HheHOWTN HOFIZHDDT, (H,o,e) IIREL 2D,

O

5 2.4.10. E n KIEFITHIEEIT, FEIZOWTE /A RiZoTWnWd, ZHUTH L CHiE 2.4.9
ZAE 9 L TA[#i7e n IIEFATHIRRITREICOWCREZ 70 2 Edbind, ZOR%E GL,(R)
Th bbb L, 1THIREE 21X FE—MHRIERE (general linear group) &\ 9,

(M, (R), ) ZATHIRFECE L TRTE /A FETHUL,

GLn(R) := M, (R)*
Th b,

AEE 2,411 Loz ik, —RICIIER K 20 LT 2175CODVWTEADHZ ETH D, Bz
X, RO ETHEETH D L5 e fifiZe n IREFITHIOREKITFEIZOVWT GL,(Q) £ FS
NHEEE 729,

EE 2,402, ATWRATANE, EEHETAE BTN D,
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5] 2.4.13. X #HE AL L, Map(X, X) % X D X ~OFHEOEEKET DL (Map(X, X),0)
IXE /A4 KT (#1234 5H),

ZHUICH LT EOMBE 249 265 &, Map(X, X)X, T7bH X b X ~O 754
BRITBRICOWTHERTZ b, ZOHE X LORFHEL WV, Sy ThHbT,
Bz, X ={1,2,...,n} DL &, ZOMEZn RAFEL VWS, THHDT,

5l 2.4.14. (Z/m, x,[1])IFE/ A RTHDLDOT, M 2.4.9 XV ZDOAGSTLORE (Z/m™, X, [1])
IHETH D,

5l 2.4.15. 1. (Z,x,1) OAHGTER R THE 27 1% {1, -1} 725 B EICOW TR THET
Bb%,
ZIZBITHRICET 5T ¢ LI,

ar =za =1
ERDaELDBFET DO e Z THD, ZHUT £1 1Ml b,
2. (Q, x,1) OFHEFTA TR QX 1T
Q" ={z € Qlz #0}
Tho, 0 SNDHBENIABRBEOW L2 RO G TH D,

Rk, R*, C* bZNENR, C2b 0 ZRW\ZbD LR D,

A 2.4.9 1IZAPITIEVE D TH DA, Tk Bla s & 1< 5E S MK ORE] DRk
3

2.
2y EICHEX D 2 300D, T A RRMR ED THRIL) BADR, —20fITH o,

fizE 2.23.

1. /A4 F(G,0) £ g,he G THST, gohlZA[HTHDLN, gb h bA[ETHRWHE
A

2. A,B % n REIEFTINET D, ABPIEARTHITHIE, A B bIEARTIITH S
& a2,

E /A NIZBWTIE, RIWUTidBHETE 5,
e 2.4.16. (G,0,e) ZE /A F&T5, ac GHRAHILTHD L&, HfEA
aox=0»

DFRIIME—DIEE L
r=a"tob
Thbd, EVUT

aorx=bor=atob.
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AIERA.
aox=b=>ato(aox)=a'ob
ZZT
alo(aozx)=(a"toa)or=cox=u2x
IV z=atob.
ORI EHICT- DL e =a"ob= a0z =bRE XD, H

RO Z AN BIENVE LA TR EWwolalt, UToET /A4 F— IOV ToEE
RO TH-oT,

RIRE 2.24. £/ A FIZBW T, BALTOWTIZFNAHT TH Y, & ATHEMTIX AT TH
5 & ERHE,

2.4.3 HERZE

B O RE~OREERT L 13, AEAMO TR ThH -T2 bk 3 MO [GB][GC)[GD]
LA  SRFTAREOTHS,

E&E 2.4.17. (S,05,¢5), (T,op,er) ZHELT D, SO T ~ORERBLIL, f: S > T 7%
BB THH>T

HB Vs,s' €5, f(soss') = f(s)or f(s)
HC f(es) =er
HD Vse S, f(s7)=f(s)™"!
D=2 BT HD,
il 2.4.18. SR 2.3.6 (IZHB TS
exp: (R,+,0) = (R, x,1)
THERECH D, T/ A FERBITH D Z LITEICAT, W asFnicBd 2 &
exp(—a) = exp(a) ™"
XVHES,

iRE 2.4.19. (S,05,e5) & (T,op,er) BHETHDLETDH, DL &, ThbE~v/~vERT
D~ Z YRR f 1 S = T IIRERE Ch 5,
SV 57 51F, [HB] 720 2O ERERA Th 25 &1 2 5,

AEW. ~ 7R TH SO [HB] HE 2TV, [HC] 28 5.

fles) = flesoses) = fles) or f(es)
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ThhH, 22T, THHTHLIDEND fles) ! BB, Nz EOERO DDA G
5 &

fles)or (fles)™) = (f(es) or f(es)) or (f(es) ™)
FEEHTEOER LY ep, ADITREEHEH - AT 5 &

fles)or (fles) or (fles)™)) = fes) or er = f(es)s

fles) = f(sogs™') = f(s™ ' ogs)
ThH D, I [HC] Z v, 8 &A1 [HB] 2 FHviud
er = f(s)or f(s71) = f(s™") or f(5)
LD, ZHUTWITLDOEFK 2.4.1 £V f(sTH B f(s) DHLTHHZ L ERLTND, T
bbb
F(s™h) = fls)h
O
R 2.4.20. (S,0g), (Tyor) ®E/A KL L, f:S—>T%E/A NERMLET D, T5H&
sES* DL X f(s7h) = f(s)7 BT B,
BRIZ fI3 8% Otk T Ol L, f: 8% = TX 5 R 25 X 2§,

A, s e S* &5,
er = f(es) = f(soss™') = f(s7 " og 5)
S B, [HB] %5 &
er = f(s)or f(s71) = f(s™") or f(5)
Ch B f(51) 1% f(s) DHTETH B, SVHAB L
fl&)7 = F(s7h.

RRZ f(s) X T OF TR E 720 f(s) € T,
T5E f ORI DBEA~DOGS f: S% - T 72 25%% 52 508, ik [HB] &1
72O THIE2.4.19 L 0 BEHERI L 70 5, O

E&E 2.4.21. (S,05,e5) BVHETH D & &, HEGH idg ITHHER TH D, S DEEH L&V
9o (Tyor,er) b#EET D, HMERA .S T L g: T >S5S ThoT
gof=ids, fog=idr
ERDBONRDHDHEE, g fO, & gDUFE NS, WRERO K O RUERTL A r[ i,
FIIERN, FAES, ERITHEICEREVWD, BTHDH I EEMFAL TR E I,
(S,0g,e5) & (T,or,er) DEICEMEE R HD & X, ZNALORITIFMTHD LS,

i 2.4.22. (S,0g,e5) 25 (T,op, er) ~OFHMERT GG f N RHS 72 D IXEFTH D,
AER. BRYERT & (IR OB O~ 7 RO Z L Th D (M 2.4.19), P2 ITME2.1.10 25
EHIZHE D, O
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2.4.4 EOEE

EE 2.4.23. (FBEE)

BE (S, 0,e5) DERIREEL 1T, S DMDEAT Tho>T, TN 3FEDOEF o, e, )"HIZHALT
NWHHLDEN,

Pl F AR

SIVi,t' e TIZXLTtot' €T,
S2eeT,
S3vteTizxLCtteT

ThHHDEE D, ZDELE (T,o,es, () IFHEE 2D, ZDOX I RBEEZHIEEE VD,
HHIALEM T — S, t— tITFERA L 25,
TNRSOEGHETHEIEE, TEELDLLVWERTIELINT <S EH LT,

FERH. (T,0,e5) IXEFK 2423 ICEVE /A RTHEND, BEIRD Z & 2R TITITW LT
ETHZ R, teTIZH Lt e TIEHRESNTHWDDOENS, H LI
WtlZ2 5 2 L (G ntid kv, LonLEREHR (EF24.23 D FOGEH L FEIL L 51D,
[S TRV S TWNDATENSL, TOESTHD T THREY D) LW HEBIZL Y BEIIC
RO, ZZTHAH (G IXHBICK Y o T LE D,

CBEERRITH D Z LIXES IO BRD, O

2.4.5 EEEE

HOREAIC, “HER (BLO, BIIAREIZRLN0HEE ¢ L HIEHEEAE ()7 Lav
NRFTNREMEERR S D & &, FEAIIEEICEEL 2D, THEFEHE VD, T/ A KD
LA DEH 2.3.21 B4,

EI 2.4.24. (S,0,e5) ZREL L, ~ % S LOREREKE T2, EHEH4
qg:S— 8/~

DSFEUERIRL & 720 2 L5 72 A o L O THE A eg E A ()71 B S/ ~ ITER SN HMNE
FEIEE, ok ~ BRI RFTATHD (R 1IISEM) Z L THD,

ZOLE, SIFETE—EVIZEE D, (S) ~,0,65) &S D ~IZKDEREE WV, ¢ & RGYE[R]
MEEZ9,

AERA. EEE2.3.21 O L EFEAE ST o b, SEEHLRALER S THR LI, T, g B
FARNC 725 K05 7e I, O A, HIHEEN S/ ~ ICERTELETH L, Thud~
< WFRTTHHEOLTEH 21131080 ~ & ZIEHEE o 1T XF T TR TUIR B0,
TITRENEIIRE T,

TR LDZE I, ~ L o BT TN LRE LTINS, EH 2.1.13 1281 5+
£V (S) ~,0) b~ ~ThHoT

q(sos s") = q(s)oq(s")
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ERDLONERIND, qles) 1T
q(s)ogles) = q(soes) =q(s) = qles o0 s) = q(es) o q(s)

BT, CHULL (AR THH L EADES L, gles) B (S/ ~,5) ICBT AHTETH
5oL EERT S,

HLiE, (S) ~,8) KBV TEARTES THTHS = L ARRITL, A, g(s) DFTEE L
Tq(s ) MEND Z LIIERICHAD B, q DAFIEND EOT L AHTH D 2 &R
5. O

2.4.6 EEBRHK

ZOFOER 2.4.24, 2.3.21, 2.2.11, 2.1.13 13, EiIH ISR T 5,

(REAEEDH 2 GNTZES] LWVWIBET, RO LI RMEE AHOMESZ XD, FTH
BHZ (S, 01,5, ..., am.g) Thd, ZII S IHED. apg (FHEE (MHEEETH B, n, HE
HThdllLEy) THD,

Bl Z1E, BE (S, 0,e5,()71) TlX, ag D IAHE, ap 23 0 HHE, a3 DHIEHEE TH D,
Wiz, NEEEZD, NEIE, T2TD s1,89,...,5 €SIZRL. ZNOHNLIEI N
HaEbHDLFEDIRETHRIIERLTELNLLILE, MOIEETHY IEL THLND LN, HIZHE
LW EWIHIEOLD (BEMEFRONBEMES) OEOHON, W 25256 Tn5D
L9 5,

BIZ1E, <7< (S,0) Bih 2 bk & X,

Va,b,ce S (aob)oc=ao(boc)

X, BEMHEBROANEOBTH D, FEOABICHEND G1, G2, G3n#i: G4 L 2D L D
RANBOB & 725> TN D,
SNSRI TIRWNAB OB E LTIE, b ro LiedE> TOWTH LRV, [KOAHIZSH
Hbhd

s#£0=>s1ecS

NHTHND,

EE 2.4.25. REHEE L1, ny,no, ..,y 25 0LLEO AR EZ O, ZNETEEICH O
Hi-beE, ZNONMETREABERDIZH O,

LM BRI OREHEE L 13, ZNOOABEMNESRMEERTHDL Z &,

ZOREREE R FHHOES S L1, (S,on,...,00m) BREMTH-T, & a; 1E n; HEET,
52 5NN EwmEZT b0,

(20, BEREE & TN B RAHEEL, o, e, ()7 725 29H, 0JH, HIEAMM L, ZhoIC
BILT (EAMESERD) A GL, G2, G3 25X bDTHS,

BERERE 2 B DA LI, (S,08,e5,() 7)) DMTH-T, G1, G2, G3 ilil=T HDOTH .
Thbb, HTho,
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EE 2.4.26. C #REGEEL L, S, T 22 0REEEZFROELG LT D, SHHT ~DCHE
ALV, S > T R25HBThoT, HHESNTERTOEE L 2 F T (EE2.3.7
W) b0, ThRbbH,

I S A

\L (o785 \lx ;T

s EN T
NETDi=1,2,... mITF LT LD,

ZODOEFEME239 LW IREBD,

% 2.4.27. C HERB —HS>OEKRIL. C ¥ERAEITH 5,
EIE 2.4.28. C ZEELMEFRONREREEL L, SE2F0OMEr 52 bNn-E5LT5, TCS

N, BEZ20NTEE o, ..., ICOWTHLETWARLIE, TIZZNLOEAEICL->TCHE
EERo, S&ET OWy CHEL VI,

A, MESRIESE SR OAERIT,

pels

B EAIZOWTHALY SO0 5, O

FHE 2.4.29. C#EREEL L, SEZOMELZ G2 ONTER LT D, S LORERMKR ~
B, GAONEER ars,. .., ams BCEALRFTARGIE, S/ ~ITIXEA a1, ..., @, T
HoTq:8S =8/~ EINHLDERP I ANTFTALTHLLIRLORHE—DERIND,
C WEFMEZMR T, S/~ IFINHDOHEBEIC L > TCMELR D, ¢ 13 C HEFRM L 72
Do ZOLES/~%SOECHEEE NS,

AERA. A @ OFEIXEEE 2.3.12 O LN Y, ME—MELZ 20D L H, a v 3Fe Y
TAHBEINBLEN I,

HEIFICPEEHEFRTHLEE, S/~ NEOHEZFOZ L I X FANE, g BHER
MChnZLiZar R RFe T 40nb LRI,

S/~ & a; DABEMTETIEEZSZERVDOTH AN, iUt q DERMEE, AR S
BRI TH L LS LR 9,

BEPICAHLE D, RNEG3EMHENDTHD, g DNERTHLZ D, S/ ~ DIEEDICIX
[a) LHBDEND, DIRVRFL (?2) T57DIC, ok af(—,—) T, ez )T, )L %
V(=) TELTHLED, L INLOEBEEZO DAL RAFEYF41EL IR LEOTHD,
Zhux

q(a(a, b)) = a(q(a),q(b), q(B() = B0, a(v(a)) = (q(a))

LEED, DRUDNOEEIE, G383 S/ ~ THILTHZ &, T7abb
(z,7(x)) = a(y(z),z) = B()

WAL THZ L HRTIETHD, 22T, qDEFMEICEY 2 =9q(a) 725X 57ae S
PAET D2DENDL, 2O X 97 2 12OV T EOEXEZREIT L,
L2321z, SIZBWTIE G3 BV LDDTH D7D

Ql



56 Fow ~ T~ P E/A KB

2T q() 2T &
q(a(a,(a))) = q(a(y(a), a)) = q(5())
TN, q EHEZ LD RFEU T 400 g ITFICAD BB LHEEO Bl 2200 T, F
b5
q(a(a,~(a))) = alq(a), q(v(a))) = alq(a), ¥(q(a)))
THHNL, IZDOELHETIL

a(q(a),7(g(a)) = a(3(q(a)), a(a)) = B()
Thod, TNHRLTIZWV, §/ ~IZB TS G3 ThoT, O

ZO LI, REEEE M2 O BF D538 2 Bk L (universal algebra) &9,

2.4.7 FEEETEE . E{RRE

FHE 2.4.30. (X,ox,ex) ZHE L, ~% X EDox Lar XFTARRERBFRE TS, (X/ ~
(5, 6x) CRBEEZ T, ¢ X — X/ ~ ZRHERELL L, (LEORE (Y, oy, ey) LALE OREHENR
M X oY %25,

fE~RarvAFTN, TROLLEED ¢,z € X ITHL

z~x 3’ = f(z) = f(2)
THIEEH 13151280 f: X/ ~x—= Y TH-T,
f="Toq

RHMEELOLONPME—DFTET 50, THIXREERETH 5,
ORI A, BEREREP £ IZEMERIR ~x I RTF T TH D WV, £ 72 f 8 well-defined
ThdENI,

AERH. EEL2.3.25 LB L [ A RUER f ARHERLCH D Z L) i LV,
FRE2.4.19 X 05, H

AR 2.4.31. ZOERS, WEEL (§2.4.6) OFEA TRINICE BN D,
CuafHEL L, S\ T2 Z0HBEDHEZ bNIEGETH, f:S T % CHERELLE L,
~% S FOREEBRTEZONEZETOHRE LI XF TR LD LTS,
ZDEE, f:8) v TRDEHBTf=foq/edbORMe—DIFET DM, ZHUTETO
R a5, EAVRFTLTHD, FEE,

fais(a(s1),---5q(sn,))) = fla(ais(s1,- - 8n,) = flais(s15- 5 80,))

=air(f(s1),---, f(sn,) = ir(flq(s1)), .-, fla(sn,)))

Th s,
FRlZ, C PWEEMESRONREMEE THIUL, S/ ~ITEH 24201280 C OMEEZ L B,
flECHRAL 22,
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EHE 2.4.32. (oo MR B MEfi BLRE)
(X,ox,ex). (Y,oy,ey)ZHE L, [: X - Y RIFHERANEZ ONEETD, (X)) CY
TrIZED X OBERYT, ZDLx,

L f(X) XY OMHETH 5,
2. ~pldo L AU ANFTAREERBGE TH D,
3. f M ,
X% X/l y
BRHEKERD LR f. ThRbb
f=1Foq
B fNE—DIHET B, £ LT, TORESE f(X) ICHIRLTHOR S
fi X/ ~p= f(X)
THERIY & 72 D,
SOFD, FH 2.3.26 (FFRCK L THZDOE EAMY LD,
FEF. ERE 2.3.26 1IN A TIT A RFHIR I RN E R BN O A HLITE R D,

L MNE /A RTHHZEIRSNT VD, BOBETHSZ EaRTOI, f(X) BT
AEBILHLTWAZEAEXELV, THUL, f(o) "l = flal) KVELICHES.,

2. REHTRERWE R L ARWNWT LIFFEE LRV,

3. M 24192k 0, REHIRE RV ER LRI LITFEE LRV,

O

EE 2.4.33. 2O OERTER 2.4.32, 2.3.26, 2.2.13, 2.1.16 &, FEiTEHE KD
—HizR 5N 5,

CHMEAMESROREMEE L, S, T 2Z0OMED 52 bNEA, f: 5 — T &R
&?éo_®k% FS) X T OEY CHEL R, ~pIXCICRVIEESNE S D4 f@@
L arR_FTNR THBAR T, o TR CHEE S/ ~ 28D D, I T, £HEDOHERBE

1.3.24 I2L VW B2 b b 54

&

ETHE

HH[L

8/~ £(9)
%, CHEORATH S,

FER. F(S) T ORESNIZHEEIZOWTH U TWAS Z &iE, fRZOHEFE L a v "FT L
THHZENDRED, ZHEEH 2428 05, f(9) X T Oy C s %R,

FAERIER ~f DMRESNHA L 2 XF T THDHIE L, TOHEL fLoar T
UT 46 HED, THEEH 24290005, S/~ XS DB CHETH D,

FIEEHEKNTHHN, H2431 1280 2T C ERATH S,

CHRITH-T, HEHE CHFRMTHLbOZ CRALE WD, —fRIT, fARHS C %
FRICHIUEX, ZOWER/RE CHERMTH D > TRBL L 725 Z L3 2.1.10 OFEH & [
FRIC L CTHED O B D, O
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filR8 2.25. [ 2.8 (2B T,
Exp: (R,+,0) = (C, x,1)
FRFERCH D | BEOMERER (W) 2HnsZLick-T
(R/ =,4+,0) = (T, x,1)

OB E 525 2 L B,

2.4.8 [EIERR & BB R

RO X, HOESEENEAONZEE, WIXEHNTNDLOT, FETRVE TSR
Wk o) THESROEREZL LD,

EE 2.4.34. (G,o,e) ZHEL L, HC G % GORER) ODEMBESLET D, Z0LE, GO
HER) O Lo HEBG ~L &

Va,b€ G a~hbesatobe H

TEHT D, Lixs (left) ® L TH D,
[iE=J N
Va,b€ G a~Rbsaob e H

T B RERET B,
il 2.4.35. H ={e} D& x|
a~bEbesalobe{elsalob=cab=a.

LEoTImE X~k 3R e —BT 5,

KOEIIE, ~L RAEEHECHB L5 2k b HRAHAEETHS L5 = & RFET
L rFERT D,
R 2.4.36. (G,0,0) #REL L. H 22 DWNED LT 5, ~b SRR CH 5 %I 5
ST, H BEAHTHLZ L Th D,
FE. L A HC ~ T BT

o ~ 78 [E2] AT b L. H A [S2) Al s L AR CEH S D b

1

Va a~a<a oca€ HESec H.

o ~ 7% [E3] &M T T L& H Y [S3] &7 & DRAEE: -
[E3] %713

e~a<>ane.
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i HDEETHTIX

1

e loae Hea toee H.

e=et*XVaceH=a'leH, #>THIX[S3] &7,
W H A3 [S3] Adwl=d 72 61
[E3]

a~b=atlobeH = (atob)teH
ZZCMIE2.22 2D &

(@ tob)y t=blo(a ) t=b"toa.
IABNHIZADDENL b~a, T [E3] RNE 277,

o ~ T [E3| ZRE (7L, FMETHD H T [S3] ZKE) Lz ETh, ~ 2 [El] &7
& & H WS Al 2 & ORMfENE
~ 3 [E3] Zili7= 3 DT, ~ W [El] &iilcd LT 5, a,be HETHL[S3] LV ateH
koTe~at, Flme~b, [E3E ZE-Tat~b, EoT@Htobe H, T
2B aobe H T[Sl &=

H 73 [83)[S1] 2074 L+ 5.,
[S1]

a~bb~c=atobb loce H =" (a 'ob)o(bloc)e H=atocec H=a~c.

O
EE 2.4.37. WIS, ~F SRR E AR5 R H<G LD L ThD,

EE 24.38. GEML L, H<GA2ZOHNRELT D, 24361050, ~L12G Lo
FERR CTH D, ZORMEREGRE H ZiELT2EARBRE VI,
G(DBEEDR) % Z OREEFRTEH > TH LN D RES %

G/H =G/ ~%

Thobbl, ZO—D—2D5u% GO HIZXHERKEE WS, G/H % G %400 HD
ERCHEl->THEONDE., £72013 1GO HICKDERAEES) LV,
FRRIC ~B % H 2B T2HARBE/RE VD, GOZNZ L IEEET

H\G :=G/~%

Thobbl, GO HIZEDARMNEES., ®DH0NEG 2ENS H OEATE-THLND
EH LW,

FEOEFEORIT, ~LIZBELTae G OET 2 FEMEHE [a] 1X
la] ={geGla~f gt ={9€Glatoge H} ={geGlgcaoH} =aoH

Thd, TIT, ao HIFRIZERTDEATH D,
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EE 2.4.39. (G,0) &~/ ~tT5, SCG,acGDLE
aoS:={aos|lseS}
T2, FARICbe GlzxtL
Sob:={soblse S}
Thbd, GP¥HOL XX
aoSob:={aosoblse S}
Th b,
Flov/~vOBEEICHLEST, SSTCGDLX
SoT :={sotlse S, teT}

RELORRN DD 720G o 1T LI LITARE SN D, aob DRV IZ ab, ao Hob DY
2 aHb EEPND,
EoFREEFRVIUR, RERLIEZ &R D,

i 2.4.40. G %, H #Z O HEET D, a € G DETH ~4 BT 2 MMEHE. 3720
HaDETLERRETaH TH D,
a€GDBETD~R T 2RMEHE,. T2bbARAREIT Ha Th 5,
2, EHLOEATHLEMIL e BT HREEIL () = H TH 5,)

COHFEFZIZEE 138 ZWHT L EkELD,
% 2.4.41. G%F:, HE2ZOHNREET D, EED a,be GITHL,

aH =bH 7713 aHNbH =0
DEBBLMPPILT 5,
Gl aH OFEOERIZHYEIENS -

GzHaH

aHeG/H

EE 2.4.42.

G:HaH

aHeG/H
DORIFD 2 NIV, G/H D—>—DD5uidET aH L WO TBEOESTH S, aH =ad'H
DL D Ma,d bHLPLMNIROA, £OWH BLOEFLEEST, G/HD—>—2D
TEEGLEI L, GEENNIIRDY R FEILTNDLNS 2L THD,
ERERBEOLETHL, ARAKRBHTLRILZENEZD

B8 2.26.
a~BEbesbcaoH

ffi—“‘ﬂ_o
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fIRE 2.27. (Z,+,0) ZBEORTIMERFE L. m ZBREE T D, H :=ml = {mz|z € Z}
m OEROERET D, (ZOFREIL24.39 To=x DLEEHANTNS,)
ITEORECH D Z LR,
2. ~BEL =, B m RIELT ARG (R 1.3.19) &8T5 L AR,

7= H (a +mZ)

a=0,1,..., m—1

o, (Z0FEIX2.4.39 To=+ OELEEHNTNS,)

2.49 HBOR#HESITIUOLIDTEE

EE 2.4.43. (FFREE, finite group)
(Gyo,e) ZFEL T2, BHRE GPARESTH DL L EHEG AR, ERESTHLIGH
BERREE L VN D,

AR 2.4.44. E111 THRAZ XSS, ERICLWAWARTENH S, TAUTISET, W5
HERAF (countably infinite group) AR (continuum infinity group) 72 EDEFENH 5,

EE 2.4.45. BHELG GO0 (RELWoT) #(G) %, B G O (order) &5,

EHE 2.4.46. (77 7 ¥ =2 Lagrange O ERE)
GZht, HEZDOMAREET D, ZOLE

#(G) = #(G/H) x #(H)
MRS 5, FR2. G/H, H D_OREARERZLIE. G bARES

AIERH.
G= H aH
aHeG/H
EHEIZLTWDEDITFIENG,
> #(aH)
aHeG/H
Thod, ZIT,
L,:H — aH, h+— ah
L

La—1 caH — H,hn—) a_lh
REWCHGRTH Y, 5t HEE 525, L-T, aeGILEbPIc

#(H) = #(aH)
Thd, LWLk, #(G) IE#(G/H) D #(H) oOfThd, 37705
= > #H)= Y #(H) =#(G/H)x #(H).
aHeG/H aHeG/H
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% 2.4.47. GEAWEE, HEZZTOMORELET D L&, GOMEE H OMEITEV LIS,
EE 2.4.48. —nfES {o} IS LT, CHEBEEIX

ror=ux

LEHRTHIENEIR, COLE X ({z),0,2) HBETHD, DX I RBEEHBAREEE VS,
(Gyo,e) #BELT D&, ({e},0,e) ITMOBETH D, i GOHEBRIHREE VI,

RiEE 2.28. G 2 HPBHETHLLORBEET D, G OWMHEEIT. G BF X8R
FEOAHRTH D Z & amt,

2.4.10 EHTEETORME

PREZR LT (n=1,2,..) BEEY, T/ A RIZx LTI g* bEF 7= (EH 2.3.27),
FIERIC, BEICXT LT g™ (n€Z) WERIND,

T 2.4.49. (FEHUE)
(Gyo,e) ZBEL L, g€ S E—DDILET D, Bl nlZxL,

LERTDE. WPRNLT D,
(g") o (g™) =gt

FEBHIX, n,m > 0 O L XILEH 2.3.27, TOMOFEIL, WAWNWAEEDIT L Tk
L7V, 72k zidn > —m > 0 OEFE,

(") (g™) =((g" Noeglolg T og™ ) =(g" ) ogmt =-.. = gm .
% 2.4.50. (G,o,e) ZBEE L, geSE—DDILETDH, ZDL X,
f:(Z,4,0) = (G,o0,e)
RABHERBTH - T, 1z g E70DLOBME—DIFET D,

FHET D DIE, WnaWinlcBd & (EF24.17D [HD]) L0 f(-1)=f(1)t=g"1
LoTn>0mEx

L7eo THEETIUE n OTFEAIZ» DD BT f(n) = g™ L7225 L7V, ZHEEERSL T
BB LITER 2.4.49 1272 5720,

AR 2.4.51. O XD, ERECET D (N, +), B/ A FiZEIT 5 (NU{0},+,0), #Eld1T
% (Z,+,0) 1ER LEEZH-TWD, Zhbid, 11 adRoBlR%) EEhs, (N, +)
AR EREETH Y, (Z,+,0) 1T —m KB HRETH D,
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FH5E 2.29. ~ /< |12BNT. FOEICER~NSN L 5 AT L2 b oxts (—odkam~ 2
T EMSENETHO) Rt X,

gbi‘ (((171)71)3(1a1))0)£5f£ F%Eﬂl@oﬁ?)\f:é\{j&@fgﬂ‘vﬂvj “C&')Z\)O

fi&8 2.30. (G,0,e) 2L L, ge GEZDILET D, mn € ZITHK LT,

%ﬁ_\“)d—o
EE 2.4.52. (G,0,e) EE/ARFEL, geGEZDIET D, g DAHEL (order) ord(g) %
ord(g) := min{n € Njn > 1,¢" = e}

TERT D, TRDL, g 2R LIELBNICIZRD . £ DR/MEZ g DAEE W,
g EZMELTHLHEMITCIIRLRNEZ T {njn > 1,¢" =} ITEEATHY, ZDOH/MET
&5 ord(g) IEHERK co LEFT D,

EE 2.4.53. (G,o0,e) ZBEL L, g GEZDILET D, %2450V EZBND (Z,+,0)
Mo (G o,e) ~ORHERMELL 7 — G, f(n)=g" D

{g"In € Z}

g DERTDGOEBEELE VDD, < g>TET, TN G OISR/ D 2 L3, TR
RIR BB OB ITESEE] L WO EH 24320 1 02609,
EE 2.4.54. GfE, g GEZDOILET D, EF2.4.53 LEF 2432 LY
L] ~p—< g >

% BHBERMN G A N5,

H L g DB ERKTH D72 01E, ~p 13F ST —8 L,

(Z,+,0) = (< g >,0,e), 1+g

RAOMERIEN G2 615,

H L g ONBEBEROME m 72 51E, ~p 1Em ZikE LIZARBEFE = modm & —%L, L
7= o>

(Z/m,+,0) = (< g >,05e), [l]—g

ROMEREINE Z 55,
AR, BEYERIRIERL 2.4.32 D2 D Z) ~p—< g > BEEFRBITH D Z L1369,

HLWE ~p NEFRRE -T2, T2D5

v~ =1

ThLERETDE, ~p IR DAMEEHITET—REG LR, Z) ~y=2 (1£1.3.3) &£722%,
bL, £ TRVWET DL

e~y IO x#E
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PRI o PIFIET D, f(x) = f(2') X0 g% = g% MFELD 2> 2 LEELTEVO
TBELTG ™ =e, ZIIED, g DMEIZERTH D, TN TARENE 272, (W3
IRCHIUE ~f 13550 —%k,)

g DREEBAREm 728 L5,

xzx'modmﬁxfx':mtigz*ﬂ:gmt:(gm)t:et:eég"’”:gz/:>ac~fw’.
W, x~p ol SRETDE, W5 T g% =e £TROND, MHEND 2 —2' >0
ELTEW, 22T, MY Z WS EUTIED DD,

r—a'=mg+r, 0<r<m

RO qr 2l (ME1L24), T5&

z—x'

e=g"" =(g")1og" =elog"=g".
miLgn=e ERDBNIDOM>1THSTZDIZ, r<m ThHhDg' =e THD, ZIUTFEL
TWEDTIERL, r=0THHLEVIZEEZERL TS, miT1BEICE o7 T D5
IMETH 7255, )
T7ebb o -2 1Im OEK. T78bb

x = 2’ mod m.
EoT, ~f &= mod miT—&H7T %, O

% 2.4.55. g» (G LTO) i, <g>D #EELTO) (MEic—ET 5,

FE. g DN m BDARD L & Z/m =< g > THLNOWIBOTLOHIT—E L, £hidm
Th b, O

F 2.4.56. FGREE (G, 0,e) DIt g DMBUITARTH Y, G DNEOKE L 70D, Lizhio>T
g @) — ¢

NS AT AS R
FEH. 770V aDER 2446 % G & H=<g>IZXLTEHATITI, O

FT IV aDERTIE, GRHTHLZERTMUEDLN TS, /4 RTIXZDLD
7eMEEIIRE D ST 72wy, (Goe) ZE /A RE L, 00 % G OILTIHERWMEEDFR S T 5, o
e

VgeG gooo=000¢g =0
T oo b IEIRT L, (GU{oo},0,e) ITE/A RTHY, GEEHDE/ A RELTED, L
Teno7T, 1GONEE 1EPED ) DT, E/A4 ROEEE LT G OMEEZEDILDONMED
FHCEEERBIRAVRE D 2 L ideuy,
EE 2.4.57. (Z,+,0) 721X (Z/m, +,0) IR 728 E 2 3K [ERE (cyclic group) &V,

INGOREE, 1 EFRF ]IV AEkSD, B 2454 I2XUE, BEG O—JL g TH
BRENAE DR < g > ITKEFETH D, LIeN-> T, — I TERINDBEZKERE LIRS D
L%,
fIRE 2.31. £ (Z,+,0) ® + L 2> "F TR 7 FORMERMR ~ 15t L, $5 0 L EosEsk
mMPHFELT ~E= mod miZ—ET5Z & a2,
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1/2=0.5 AR, FEFEERD 1
1/3=10.3333- JEH 1
1/4=0.25 AR HEFEBRET 2
1/5=0.2 AR, FEIEERED 1
1/6 = 0.16666 - - - JEI91 1 FEPEERES 1
1/7 = 0.142857142857---  JEAH#1 6
1/8 = 0.125 AR FETEERED 3
1/9=0.111111111--- JE3 1
1/10=0.1 AR, HEAEERED 1
1/11 = 0.0101010 - - - JEI ] 2
1/12 = 0.08333 - - - JAH 1 BB 2
1/13 = 0.076923076923 - - - JA#i 6
1/14 = 0.0714285714285 - - - JAH 6 FEAEED 1
1/15 = 0.06666 - - - JEIH 1 FEPEBRER 1
1/16 = 0.0625 A IR, FEVEERED 4
1/17 = 0.058823529411764

7058823529 - - - JEIH1 16

X 2.1: 1/n OV
2.4.11 ER/MH#

BEOAHT, MEHBARLDOTHD, 8, ZARMEIET X 5 258 b0aHb <
TIEHRBRNDD, EWVD D, BPEINCEHEOABRIZfitie & DB N TH o7,

ZOHITIE, MEER/ILDJE) &S INFRRENC BN DB EE & BRI b o T
HZEERD,

1/n OFOFESZ /NEEHT 2 &, AR/NIICR 208N 50y, EHoNTHD
ZERMBNTND, EBICHEL TALE, K21 0X51ks, 22, THIR) £EN
TOFAR N E e p L&, TEW) EENZOREZLLEBNICARD L& T, ZOEH
DRI EZDO®RIZE N, TR & BN, /INELLTRYIO T ITIGER L7220 A3
boHLED, TOEIEET, HIZIE1/12 T, /ERIL 083333 -+ - 72D T, FEIEERERIT 08
ThYZOEST2 T, FAIX1 Thod, 1/16 = 0.0625 TiE, 0625 ZIEMERE & Al LE D
ESl34 &35,

OV LEHORWIZ ST S & 1/23 13EH] 22 TSR L, 1/113 1388 112 TR 5.

RRE 2.32. EORZR T, n & ZO/NIRBAOET L ORBRICONWTEIE I TAE L TL,

FRZ. n 232 TH 5 THRWERORHZIE, 1/n (ZFFEERERS 72 <ER L, ZOIIEn -1
ARV EDHZLEBRAD,
ZOHITIE, ZOFEZEHL THDL, TOE, HOMENERICHLDRD,
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B ZIE, RO LD B2 0 1o,
A 2.4.58. 1/n O/NEERIIITHR L TIRASK Y S,

1. B#liEn —1L0F,

2. n BRBUAORHZIZ, T n — 1127025 2 &iFewn,

3. n BRBOFFTIX, AMiEn-1%2%12, (Z0 TH#L) 0501k TEHV X5 L)
BHRTHD,)

4. BRI o(n) BB, T U0, o(n) 1ZAA T — OB E IR AT, 0,1,2,...,n—1
DHHTn L ENCERMOEREHbbT. (Zhhb 1,2, 313 bIci). )

5. ABR/INKIZIR D DX, n 23 2% x 5 (st 1X 0 LAEDOEEE) DL &, MhOZTDRHIIRD,

6. HFEREB T ORSIE, ROEIIZLTKRED, n& 2 &5 THNDIZTE > TERES

fie LT

n=2%x5"xm,
ZIZTmiE27TH 5 THENRY, EWIHITRIZT B, EMEBOE I, s, t DRI
F9,

2.4.12 W Z/n & (Z/n)~

/7 DBURBZER TITH &, DK HIT22 D,
1/7 D% (K 2.2) Z LOENBRTHL &, RO LS IZ2->T5,

1x10=7=1 493
3Ix10+-7=4 £V 2
2x10+7=2 %96
6x10-7=8 404

4x10+7=5 ®RYV5 (2.2)
5x10+7=7 &Y 1
Ix10+7=1 &Y 3
FO#VIRLD, R O EZWIEADEHETES L, KOEIIZHHbE D,
z1=1, =z :=(2;-1 x10) mod 7 (i=2,3,4,...) (2.3)
ZZT, imamodbid la % b THAZERY ] 2HbDT, ZOXEFNL,

(z)7,%,[1])
BE A RizBWT, #ie

21 = [1], Zm = Tym—1 X [10]
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IRV R TY W)
0O

[
~ @

MW
o=

[ 2.2: 1/7 O 10 H/NEURBH OEH

RN TR BN D EINIED 2 B2, fiEo T
xy = [1], 25 = [1] x [10] = [10], 23 = 2 x [10] = [10]?,... 2, = [10]™7 ...
L%,
X0~ 1/n O/NEURBIIZIE

z1=1, x;=(zi-1x10)modn (i=23,4,...)
DHERDLDOND, ZHUXE /A R (Z/n*, x,1) IZFBT
;= [10]71 (i=1,2,...)

ZEELTWD Z LT b,
ZLTC, /IMEERO iHMiBE%E a; &35 L 1/n=0.a1a0a3 - 1X

a; = (x; x 10) +n OB (i=1,2,3,...)

IZ&m Z; NHRE Do ifiﬂ”:\ a; ND Z; X
x; = 10771 x (1 — 0.a1a2---a;_1 X n)
={10"t x (1/n — 0.a1a2 - -a;—1)} xn
= {O.Gi+1ai+2 . } Xn
TRED, i ZHPL TV o7z L&D {} OFBROFEERD L 2lE, a; DTEERO LA &R L
PR T OHTOHF a; DIRD FWVIZRICTH S, BlZX, FAHNIFEICZ L, RS OE
SHLELTH D,
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WE D L [10] BRSO MEDRE (Ml 2.4.9 Z2]) (Z/n*, x, 1) ITA->TWe T 5 &, [10]
DNEUIERME s &7 b, ZOMNEDES x, ODFEMITH Y, FEEREH 2 < A5 2 &
MEH 2454 DIFFETH D, (e=4¢%g" 9% ...,9° L, g* =e,... ETERT D, )

ZHIC KD, ROMBENE 2T,

e 2.4.59. n Z AR E T 5, [10] € Z/n BDFEICE L TAHTHD L&, 1/n OOEERH
TEMUE I 72 0 2 OJEHIE [10] © Z/n> 2B 5 (BT %) fifkic—%T 5,

F 2.4.56 ZEZATHR BB D,

% 2.4.60. LOZMEOH LT, AT Z/n* ODNEOKE LT85,

WOEHITE LS, PIEBEEGR Oz LE LT 5,

EH 2.4.61. (Z/n)* ={meZ/n|m & nlTAWNIHK}

0& nDERRAIEIEN THY, 0L n>2FANVICETRNI LITEELTEL,
AEH.

CEED, (EWnonunmiza Lz, [(Z/n)* C{meZ/nim & nIEAHWIZHE } ZiEH L

EFT EVOEKRTHD,) me (Z/n)* 2L>TZ LI mEnPNEWVWIERTHDZ
EEREIER VY,
HHEZAWD, L, mEnDBAEWVICRETRNP-T2ETDHEm & nlZITAKEd > 1
DFELTm = mod, n = nod £72%5, m OR[N L, D a € Z/n BFIELT
a-m=1M0NZ/nTHEYNLD, a ZBHEES L, (a-m)modn=1&1HZLThH
Do ZhUE, HOEE b NFELT

am—+bn =1
ERBIEEBERLTWD, (am & n THSOLEROVB1END, am—11En THNS,
am—1=qgn tFENLE, —qZ b ETHITRY, )

2T, am+bniEd TEVENDEDIZ, 11Ed>1 TEYEN2OWNLTETH D,
. m = mod > n =ngd 72D T am + bn = amod + bnogd = (amg + bng)d TH Y
d DfEEE 72D,

DEE I, AUNLILEESTLDE, meZ/n ThHhoTn EHEWIETHD, ROEHE
2.4.62 12 L
am+bn=1

DTS a0, b DIFET D, ZDEE
am = (=bn+1
)

am mod n =1

¢ :=amodn



24. R 69

L3 L Lin DiE LT

adm=mad =1

b LANS m T T, m e (Z/n)%,

FH 2.4.62. mn 2EHRLE L, ZORKANEEdE=TH L,
{am + bn|a,b € Z} = {cd|c € Z}
MKV LD,
% 2.4.63. tTd=1, bbb mn NEWVIERE XTI am+bn OFICETE BT, &
TOEETHD, FFIT
am+bn =1
DX ab 3B D,

FERH. am 4 bn OFRIZHIT DEEIE., 2TdoERTH D, TN TClIEAT,

DEWI, am+bn DBIZNHTHIEDERD S L, /hObD%EE 5 Te=aym+byn &35
Ko elTdDEBTHLIND e>d, eDNmn DA THLZ 2R, dITFDOLH R
HLODRENPTRRKDODLEDZDOTd>e, o Td=et72b, agm+bn=d &72>7=DT,
(cag)m + (cbo)n =cds > TDIEFHNR D,

eNm,n DB THDHZ &a2F LRI’ DD, WE, mZ e TERLT

m=gqe+r, 0<r<e-—1
LTED, T5&,
r=m—qge=m— qlagm + bon) = (1 — qag)m + (—qbo)n

RV rbdm+bn DIZRED, eld. ZTOLHTHLDOEIEOE-IOHTRID L
DTHST=DIZ, 0<r<e—1Thd, r>072ELEL, eDDOVIZr RENTZITTRD
T, FETHD, bbb, r=0LSMNIHY 2720, ZHIEm e TED XD Z &R

LTW5,
FIERIZ, m En DEBEZWVLDZDE NN e TRV ENDZ DD D, Lo Teldm,n
DK TH D, O

FE 2.4.64. FOTEHE T, HEA T T VEBOERE LTEDLZ 2008 R N (§4.7.3),

AR 2.4.65. LOEHOFERITIE, NISRERH D, n=0m=00DLE, TORNA
BT E I BETDIREN2n=m=0DRFFIEITEHMN?

BHEIL. 0 & mOBRIAMERITIm & T2, 1oT, 0&0DHRNMERIZOTHDS, m=n=0
DOFFIZIE EOGEINIE X 22y (EZTHHEST 2202) 2, fiamlZiE LWy (B HAED O X)),
% 2.4.66. #(Z/n)* = p(n). ZZIZ, ¢(n)1%£0,1,2,...,n—1D5HTn LHWIZHERH
DOEHT, A4 Z—DBEBEMFITIND, (M 2458 1ICHbHHDILTND, )

FRZ n NFEBe 61X

(Z/n)* ={1,2,--- ,n—1} CZ/n

Teon)=n-1
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TAUCAIE 2.4.59 L ZEDOREME S, KM [10] € (Z/n) 1E, 10 & n REWCHETH D, T
bbb n BEREELT2H5 bEEANENS ZEThD, ZO&MFEDL & T, [10] DA%
13 @(n) OKIFL 720 1/n O/INEIRBIZZ OMEAEEAR S LTERT 5, 2hTn & 10 °3A
WIZHETH D & XD, M 2.4.58 BRI,

RIRE 2.33. (0o08)
A EE 2.4.58 ZREAHE X,

2.4.13 ERBHBFLERBEE

FEDSPFEOE /) A RICHARTEEREBHIIN 2055, TDOHHLO—2F, ETHRIELD
BB WTIE e WO ZNENOIeOMWED, HEREROME] &V 2RO
BLBBIIEEL WA Z N TN,

OB O—2z, TTHER & a XFTREERR] &) bon NESSEE &
WDIOENR TS EAEMICFEIC (E1.3.3) THDHEWH ZENEF LN D,

EI. BEEREA

f:(Gr,01,e1) = (Ga,02,€2)
REZBNL X~ BEDE S ICREDDERE D,
IFE%:; 2.4.67. (Gl,ol,el), (GQ,OQ,EQ) ffﬁ& L/\ f : G1 — GQ %ﬁﬁﬁﬁgkj—éo f ) €9
DG % f O (kernel) &0 Kerf &L, T7hbb,
Kerf := /7 (e2) = {& € G1|f(z) = e2}.
ﬁ%l&%.i@ﬁmf\mﬁbﬁawhwh
FERA.

a~pbe fla)=f(b) & fla) ' f(b) =e2 < fla™'b) = e2 < a™'b € Kerf.

% 2.4.69. LT fRHEHNTHLIMNEFEMIT, Kerf ={e} THDHZ L THD,

ST, —MRICEHERAB ORI o RE L 72 D0, FITIEHER O RE & MR 2 Bk il ot &
B,

EE 2.4.70. # (G, o0,e) DEBIEE H DN IEHLHSHE (normal subgroup) THh 5 &I,
YVaeG aHa '=H
ThbdZ L,

EE 2.4.71. LoEEE
YVaeG aHa 'Cc H

LLTHAMETH D, 28RS, aHa ' CH THDHIN, ZOLZE QIIEETHEINE a DR
bhicalZLne
a 'HacC H
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LB, DD a BT THEND a7 RN D &
H CaHa™!
L7 BAOBERGRE GhET
H=aHa"
MEZLMBTH D,
WEE 2.4.72. f: G — Gy ZRERBLE T2 & Kerf 13 Gy OEREOEEE 725,
AEW. [S1]:
a,b € Kerf = f(aoy b) = f(a)os f(b) = ez 09 €2 =3 = ao1 b€ Kerf.

[S2]: €1 € Kerf X [HC]f(e1) = ea MBIED,
[S3]:
ac€Kerf= fla™) = fla) ™' = ey

> Ta ' € Kerf.
PLEX0ESEE, 7o, ERICgeKerf ZRioTE Tz L &,

flaogoa™) = f(a)o f(g)o f(a)™' = fla)oezo f(a)™" = ea.
Lo Tagat € Kerf, 77205
a(Kerf)a™' C Kerf.
FoEXY Kerf IZERE DB E 2D, [

BE(Go,e)IZxt L, ~DNZEDOBEE EOFER o L a v RF TR THBRTHH ETH, T
AL ER2.4.24 12 X0 RERE~O PG YERAY

q:G—>G/~
MEF S, ~=~y ThHD, Kerg=[e] THDND, A 2.4.68 LV IROEHDHENE 2 D,

T 2.4.73. (G,0,¢) M, ~F o LAV RFIARHMKET L. H =[] 1XG OF
BEBETH D, ~ & b 1T BT B, EoT

G/ ~=G/H

L%,
W, H G OEHBAETHIUEL, ~El1To La "FTARTHBEKRTHY .

G/ ~L=aG/H

FHEE RV, ¢: G — G/H IFHERGHR L 705,



72 Bomm ~r~, EHE B/ BB
AR, B0, H BEBEAHEO L&~ Lo Rar RF TN EOHBREIT L,
a~ba hob~b Y BRI,
(ab)~H (@) = b~ (¢ ra )b = (bW (V' ra') € Ho b HY ™' C H
L0 ab~L . Wiz o & AL Zar T T ERD, O

PLEIZX Y, paBEDEM 2.4.24, well-definedness D EH 2.4.30 35 L OBEO HEFRIE IR 2.4.32
RO XL IIZEWVRZ 5D,

EHE 2.4.74. (G,o,eq) ML L. N % G OIEREMHEL T DL, M5
q:G— G/N

DEEYERAL L 705 K5 7 IR 6 & O THHE e L HIEMEE ()7 M G/N IEZRSND,
ZDLE, (G/N,s,éq) % GO NIZXDREREE W, q ZRFHERTLE S 5,

EE 2.4.75. (X,ox,ex) &R L L, N % X OEBHDEEL T 5, ¢: X — X/N #iHERL
L L. REDHE (Y,oy,ey) CEEDOHERE f: X Y &2 5,
BEEREL h: X/N - Y ThH-o T,

f=hog

ROME % O OPFIET D73 SR,
N C Kerf

ERDHIETHD, ZOLEE, hITFFE—2IZES (LIZLIT f THRENS,)
Z DRI E f 8 well-defined TH 5 &9,

EHH. EFE 2430 LD HLDIRETH S,
an~g b= f(a)= f(b)

ZNSESLRAN
athbe N= f(a™'b)=e

LEWHZ b, N CKerf EEVWHMA LN THD, O

FHE 2.4.76. (BEOERBEI) (X, 0x,ex). (Y,oy,ey) ZBEE L, f: X = Y 72 2 BEYER
MREZ BN ET D, f(X)CY TLIiksd X 0z, obx,

1 f(X) XY OEHBETH D,
2. N:=Kerf I3 X OEBEHDEET, ~k 1do & ar F T ARRAEBEFRTH D,

3. [

RHGRERD X . Thbb
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G fNE o ET B, T LT, ZORESE F(X) ICHIIRLTHELNRD
f:X/N = f(X)
THERIY & 72 D,
W, ZNERERIER LV D,

NX»GOEHTESHETHLZ L%
N«G

Thbid,
fERE 2.34. [ 2.25 28T,
Exp: (R,+,0) — (C*, x,1)
(CREERALERE 2.4.76 AV D Z & T,
(R/Z,+,0) — (T, x,1)
ANAY ke s i
fERE 2.35. #EXHEAZ & 2 LD 5K
f(Cx 1) = (R, x, 1), f(z) =]

DEMERRICH D Z L a2 R L, BEERAERL A VT

C*/T — Rxg
TR D RERR AT L, T IS R ISIEOEENEICE L TRIHEH 5T,

FId 2.36. HHH 2 € CUTH LT HEMESED I LT .CY/Rug — T 75 HRERILZ AR
NN

filRE 2.37. K #FHOEER T2 (—fROETH LW), 1751 A — det(A4) 23
(GL,(K), x,I,) — (K*, x,1)

ROBER CThH D Z & 2t

THRNR 1 Th D L9 175073 GL,(K) DEHES % SL,(K) (FriERE, special
linear group) C&J, SL,(K) 2 GL,(K) DIEEREHGHTHL Z L %R L, GL,(K)/SL,(K)
N E TR L RN 72 D HEiiR &

2.5 IR, {K

BRLRDERIT, B LTHBIZE~NTELS, LT TR, RESE-70b THABR &R
T (&),
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EE 2.5.1. B (Fifiring) R 13, £E R XD EO 50 “HEE +, - O (R, +,-) T
boT, WOD=D>DRH BROKHEEVD,) ZwZTHOD,

1 (R, +)13NiEMz2d, ZOHMTZ0e R ThbbT,
R2 (R, ) 3% /A &k, Otz 1 R TET,
R3 (HEER)) AEED a,b,c € RIZKH LT (a+b)-c= (a-c)+(b-c),a-(b+c) = (a-b)+(a-c)

DSRRALT D,

S biZ,
R4 (FEOA#tE) (R, ) WAH#HR2E /A4 R CThHDH, THROBILED a,be RIZHLTa-b=b-a
MDD E &, REAHAER &V D, B TRVWBZIEHE LV ),

(R, +,-) 38 (1€-> T [R1)-[R3] Ziil=d) ThHHLE, EHIZ
F £/4 F(R,,1)IZBNT, 0DHiEA R— {0} TR W TR AT
iz L& (R, 4+, ) ZRHAE (skew field) &V 9, FENAHATH D X 57 (T7205 [R4] &
729 & 9 72) RUAZ AR (commutative field), F72ITHIZIK (field, JR Korper) &9,

5 2.5.2. Z/n (TR L 72D, ZITIMERETH V| Z/n \ZITINE + DER S IVTINEREC 7e
% (B12.4.8), (Z/n,x,[1]) B3E /A RTHDHZ &bl 2.3.23 THRIZ, HEER [R3] 277
SV &

([a]+[b])[e] = (lal-[¢]) + ([b][¢])
TH DN, Ll

([a + b)) el = [(a +b) - ] == la- J+[b- ] = [a]]c]+[b][c]

THBIC—ET 5, (q:aw [a) P_2OEEL 2 RFTALTHLI EEMESL AV, )
FEO AN [R4] 27”7 OIE, Hi8 ITEE 2,
Z/n\ZBF 5 +, %, (0], [1] &, B@EHIZ +, x,0,1 &EFENiLD.

M 2.5.3. (Z/n,+,x) [LAMABRCTH D, M AR E 72 5 B+ 3 GefFix, n BHEEKT
HHTZETHD,

RERA. FTHAR & 722 5121E, 0 LISy (1 25 H) FEICOWTRIIZ R D 2 & RSB0+
DTHD, K 24.66I12ENULX, Z/n BT HMOIETHILIEL, 0,1,...,n—1D>HTn &AH
WIZETRNLODODERETH D, n BEELRDIZENTI0DOHRTHY, n BEETRITIIR
0 LISMT O AFAET D, ZHUC kD, FERETEA 0 721 THLME 5T, n NFEHKTHD
ZEThD, O

EE 2.5.4. BOHGRIZBIT S, AT TNV ERIRRO—GmEE> &, Z/n BNBRTHDHZ LD
FEBIZ X BB/ D, ZEH & T D,

FESLICIE, BE - B I L RTERE ML 2dICh bbbt 25, (N, +) RN
F/ARTRV, 0BERSAT (NU{0},+) L7420 T, £/ A Fichorz, ADKNFERS
T (Z,+) W ERTHRE L 2o T2,



2.6. [EAH 75

ZoLE (N4, ) 3O T(Z,+,) e bR L 72 o7z, LinL, ZHULERZERTIEZR
WV, 0 BISN DT, FEICBET 2T A R R T UXE TIER VWO TH D,

ZIT, AEOFERICEY, (Q+,) 13K E ot ZOERZEFHEIA (rational number
field) £\ 9, (R, +,-) HIKT, FE4(K (real number field) & FEHEN S, (C,+,-) biAT, #
FHUK (complex number field) & FEEN S,

2.6 EfE
EhH, v, B E/A R BB AL EE ENED EITHTZIZE D W o Taxt g
EARERRT D FIEDR W O b B,
EE 2.6.1. G1,Go B~ 7~ (L3 0E, £/ A K B 2 T5L&, TNOLOEME T
. Gy x Gy LREEND~ 7~ (EITRE B/ 4 KB BDRO LD IR IS,
1. BEAIE. GL OBEL L G DEEGOER L LTOEM, T/hbb,
G1 x Gy ={(91,92)|l91 € G1,92 € G2}
2. ZHBEEIX, OmIcATY, T4abb
(91,92) © (91, 92) := (91 °1 91, 92 ©2 92)-
3. /A FOBE, EREOBNIGIL Gy, Gy DBEAITTEZI T2 H D (e1,€2),
4. IE%;E//]) }‘W:ﬁb\f (g1,g2) ﬁ‘ﬂ‘ﬁf&)éﬂ\g“{*%%ﬁiﬂi\ g1 i G1 VC‘\ g2 75§ G2 <
AHThorE, 2O, WX (¢t 9 ") THEABND,
R, HEOEBITFIZZR S,
ZODRE G1,Go,G3 NhHE 26N E X, G1 x Gy x G3 bERICERSND,
G1XG2XG3§(G1XGQ)XG3§G1X(G2XG3)

L%, (ZITHEDFRAL, )
RMEOER LB 5D, AEHEAL L. (Gh)aes ZHE(BHDWEI~ T~ PR £/ A4
R) LTS, s O
[I 6

AEA
Lid, BEALLTUIG 0BREGOEME LY, HEARSETERL THELND, Thb
B, TEHE (ga)aea RDFITHY (BTDO X E ATK LT gy € Gy Z—DFOBATIEATZ
D). HEEEIX
(9x)ren © (g3)rea = (gr © g\)ren

THEZbND,
G, Go DZ ER+HoniuE, Gix Gy DZ ELRLI oz AED, Z0=d, K
HORE G 2O G, G, ...,G, DEFELFE—HT 2 (ARZET) ZELNEELRD,
Bz X, Gy IZBT DIEDMEL, Go (BT HIEDONEN G, EDEFEIZIIT D IuOMEIIIR
DEHCLTHEES,
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il 2.6.2. G1,Ge LT 5, ZDLE, (g1,92) € G1 x Go DLLEIT, g1 DAL go D
NEE DI/ INAEE L 72 B,

FIERA.
(91792)m =e<= (g{nmggn) = (61762) <~ g{n = elaggn = €2.

ZOEBDEIIL m B g1 ORELTED 20, 7o m B go ORI TED NG LV H Z & T
b5, (L, HEEKTEY XNAHITEREROLLET5,) Z0L 5 RENO m BERL
0 (g1, g0) ORETED . ZHUT g1, go DETERD B NAREITIED 2 B 720, 0

WEMRIZ, G2 G x Gy &7 5,
G1 2 {(g1,€2)|g1 € G1} C G1 x Gy

THBENE, 1 G — G2 B EHTEERMN 5 5, FERIC, 10 Gy — G 72 % BT REHERT
Rind, HoT, GGy x Gy LB bDO—>OUELME LT, G2 Gy & FBAEY
BE 11 (Gh) & Go ICARZRERAEE 1(Go) B END Z ERBIF BB,

ZITHIT, G, Ga < G RD ODEMMSBENR G BRI E X, Bl (g1,02) — g1 0 ga I

G1 x G =2 G
ORI EEZ DT DEGEEE X L D,
i 2.6.3. G1,Ge < G Ex bl b &,
h:Gy x Ga—G, (g1,92) — g1 092

IS & 70 2 By SRR 1T

1. G1 DIt e Gy DITIT AT

2. G1NGy = {e}

3. GOEEDITLN grogs DE (g1 € G1,92 € Go) EETD
D 3 EMENWT-T L Th D,

EEE'EDEJ %‘E‘fﬁ&i&@@@o h: G1 X G2 -G ﬁ‘lﬁlfjﬂif&)é &j‘éo g1 € Gl, gs € G2 G:ﬂ L\
G1 X Go IZBWNWT

(91,62) © (61792) = (91,92) = (61,92) © (91,62)
ThHbd, TNHEAIZE-TGIZED L, h OHERMENS

h((g1;e2)) o h((e1,92)) = h((e1, 92)) o h((g1, €2))

T2, T grogs = googr MR B (e = e3 = eg IZHEE),
h BHFTHDHITIE, $ 2.4.69 KV Kerh = {(e,e)} BLEEA55TH DD,

(gl,gg)6Kerh®910g226®g12951eGl,Gg

LR DDT, GiNGy = {e} TRIFIUXZ OIETRST OHALIL TRVIE g ZHWT (9,971 €
Kerh L7220, HETRW,



2.6. [EAH 7

BEOHWEIX, h ORKEHEZOLOTH D,

W2, TS 3ODOMEBRILLT2E LK D, h OFEEREMEIL Gy OIte Gy DIhs al i
THDHZENLEGITHE D,

BRMEIT ETREZE I G NG = {e} £V % 24.69 2 \TRED,

EFHEIX 3 FHOKMEZDO LD, O

EFx 2.6.4. G17G2 < GIlZxr L, LTE%éﬂfl
h:Gy x Go—=G,  (g1,92) — 91092
BEERIAL E 7o TWA L& TGITHIEEGL & Gy DEETH D] L),

EE 2.6.5. LlTEFRLE TEM X, 00O LS EEABRT A HFEThHoT-, 22
TEZLZ THEM . DOIHOEEICHOWTOEH (AT —FA ) ThHd, LEEN-T,
ZOWEFITED bOROTHL)N, RUEEL W) SEMEDNL TV D,

ST, XU RICIRDANLT D, GERIEREE IS E0E D,

Wi 2.6.6. G OEHHEG,...,.G, BNE2oNT=ET D, f(g1,...,0n) =g10g20---0g, T
LV 26558 ERBLEIXRO RN LICHER)

f2G1><G2><"'><Gn—>G

DHEERR CTh 5 7o O DEAGRIL, EEOHELRD G, G 1T L, G DfEEDILE
G DIEBEO TR THD Z L Th D,

ZOLE, FRERNTHLIMNELSSEME, (geGi(i=1,...,n)IZxLg--gn=e&
RHDIX, BT g MENITLTHDH EXIZRD] 2L THD,
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ZOETIL, BIETER LRI OWTEBZHT TH~>o, EET 58S 28 AT 5,

3.1 XFREE
3.1.1 KEEBADHFE

A X LOMHRESy 2525, ZHiE. X 15 X ~OEHKROESIT, FHOAR T
HEAAZERLELOTHo7 (B12.4.13), WE, X 2RXDELRWES T,U OEF (§1.3.2)
W2z 3%, 3kbb

X=TUuU, TnU=0.

ST, Sx DI f THH-T, TOREFET Oeil, UDmiE U OTICBET L O 72 b DD2K
fZ ST,U Ti‘é—o
Sru={feSx|f(T)=T,f({U)=U} C Sy.

TN Sx OFRREL 72D Z L IIRBITRED, Sp Oyl U ETRHEFEFHRIZTD (T2
PHbueU—ulEDHD) TEIE>T Sy DILEES ZLNTE D, FfRIZ, Sy Dk
ST,U DOILEES T ENTED, ZHUTEDY ST,SU <ST,U CRTZENTED, ZDE X,

St x Sy = Stu
Thd, 263 FZHNURTEBITRTZENTE D,
R9RE 3.1. LRI T, feSx 2biE
) =T« fU)=U

%ﬁ_\‘“@:o
FRIZ X WHIRESD & X213,

JT) CTo f(T) =T
ThbHIEart, ERES DA DR ZEN,

IR 3.2. X ={1,2,3,...,n} DK Sx & S, L HFE W, HDHiLo e S, NGz bhicl &, o
ED X D7 Sp, x Sty X+ X S ICAS TSI Z D OHKESHiE (cyclic decomposition)
Thsb, WE, X =[], T, ofEnT

(TEST1XST2X~-~XSTk

ETERET D, BRIE, 20X X O5EO I L TRUMNPNLOEGEL Z L THD,
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1. X Oyt t) ZIEEIZE D, t1 € Ty ERELT—REE KDV, 0™(t) € Th (m €N)
%Zﬁﬂ_o

2. {o™(a)lm = 0,1,2,...} & a ® o-#lig (orbit) £ \VH, Ty Z a D o-BuEE L= & X
o €8, x Spe B, ZIWZTIE, T O X BT HiEAETHD,

3. T =0 262N TKRDY, 22 TRVNE LT, T MOERICt, 2L D, ty ® o-BliE
2Ty &35, T5&,

o € Sty X S1, X S(1yuTy)e
Thd L rErRY,
4. ZOFGET, WA o-WuEZ L >TSS Z LIk,
o€ S X xSt
T XN o-i, &V KOITnREND, ZUPITLEDONRE G525 Z & &R,

LD EATO L,

Y

0 =0100920---00f

EORER, o RITIEAHE T, % 0 13 T, EOTEMBICERT—2FToF 52 (T;
L oK[EIEHE (cyclic permutation) & KITND) (Th>TWD, T XKD iR, o DIEE
WEED>TWDbDEXR LRTIUIZE—BY Th2d, Ik o OKEEHRA~DE, £
T3[R Sy iR & 9

MR8 3.3. £T, o ONEUZ, oy DNEDFRNAEEK, T72D5 #(T;) Oi/MAEETH D Z
& aRt,

KIFARE S, DILZ B (permutation) &5, B L BARIZFEERT 5720, W< OO
B BT D,

E 3.1.1.

Bt MRe5 "0 1<ij<nicxl, (ij) Thi&jzx ANz, idzoEE) L0)
S, DEFRL, i & j OHEM (transposition of ¢ and j) &9,

()(@) =3, (@)G) =14 ()k) =k (fk#i7j).

WEIEH HRRD m EOBEREL < iy,... 0, <nIZHLL (Gie- - im) T lip &g 1235
D, i3 & ig lTEY ., ) Gyt B gy (ZIED | i 1T i (D, OTITEO T TEMNE
RN ] WD EHRAZR L, m kOK[EEH (cyclic permutation of order m) &9,

H#iX, m=2DFEETHD,

— 1o n EFTOHEWNAFEXTZb0% ZMHAE L, i1, .., 0p BED 1,02,y Jn &

T 5,
7;1 i2 e Zn
Ji J2  n

EWVVIFRIET, i1 & j1 ITED | dg B o ITEY ., oy iy B, ICEDEMRERT,
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b
w
i
H

fi 3.1.2.
(1)

ZKE RS D, 1 OfLEE LD &

1—-3—5—1
Lo TnD 0D, T={1,35} 31 DHETHY

olr = (135)
Thbd, ZOWEDIMIHL 2% LY, TOHEEHDH &

242

Lt mn U ={2,4} &Lt
oly = (24)
Thbd, ZTO_DOOHIET {1,2,3,4,5} ZRI LTWVWHDT,
o = (135)(24) = (24)(145).
ZOONEIE, M 3.31I2LY LCM(3,2) =6 TH D,

KEF RO LovTziE, & 6 b 25K EEMROIEF DO AR Z (LOfITE 9 L (135)(24) =
(24)(145) 725 3@V ) ZFRVWC—ERNTH D, UL, THLUBEIZHET 51 L) KESRD
RO NOH LN THA S,

Sy DILONEZRD LD, 1 DITELROEROCHIFEn @ HDH, TNERDI LT, 2017
FrmBEZDE1IOITEREHERELRENEIICLARANERLRNDOTn -1V 55, 3DITX
Felx, 1,2 017& oL EE LAV E )ISGRIZ RV ERLRNDOTn—-218Y 5, m otk
A{1,2,...,m} 7 ntEA {1,2,...,n} ~OHEKFOHIE

wPmn=nn—1)n-2)--(n—m+1)
BYHD, S, DIEOEITm=nDLE72DT
#(Sp)=n(n—-1)---2-1=n!

TH D,

3.2 H&%E
GO abBENCHETHD LI, D ge G PIFIELT
a=gbg"

BRONHDZ ETH D, ZOHERIL G LORMEREBRTH L Z L BEGITHEND b, #
‘EBRLFEIND, 22T

@ ~conj b

TET, ZORMERRIC X D FEEZ, B LIS,



3.3, WEARISEE 81

fRE 3.4. LA COMEITAEWVIZE LW & 2R,
EE 3.2.1. 0 € S, ITH L, o 25 L T
o= (B r OXKEER)(ES ry OKEELR) - (B S rp OKIEER)
ElizeT5, 22T, IHEEEZANEZR T
P> > > > 1

LT D, ZIZT, o BEI VI LICH L TTE, BLEIFE—ETH Y (0) IXHEALIE & 72 0 K]
SRR AN D MBI 720N, BRI ZINOT_RTEETLT, 106 n02Toxn (brx
) E—ET) LOSMIIEND X IICRRTDHZEICTD, Thbb

rntrot--+rp=n
LB, TOEE KOOI (1,1, ... 1) o OB LN,
i 3.2.2. S, D ODOIENIRTH DM EADHMT, KEISHERFRCTHLZ L TH D,
FET. (145HE) a,b € S, ORESIRAFEL &F5 &
a:(i1i2"'ih)"'(jle"'jm)a b:(5152...Sm)...(tlt2...tm)7
LB, TZT,geS, &
G :ily W 81,00 > 89,13 > 83, ..., by PP Spy, e, J1 Fr B, g2 Ty e, Gy o

TERTD L,
g g =a

LRBIENRDID., GRS, E5LTEIRDEMEND &, BT i © g lag 10 &
DI EEE BT D L

. g b gfl.
13 > S3 > S4 > 14

AN

ig H iy
E—HLTWE, EOTTHREEIZ, g tbg I ENFHE alZX DB FR—ET 52 LR
L, FERANSERT B, O

3.3 HEABRTE

m,n & BREEET D g 1 Z — Z/m EINERED DINERE~ORFHERITL L 35, Kerq = mZ
THYU., mnZ CmZ THDHNHTER 2475 L0

Gm : Z/(mn) = Z/m
IROMERN G2 bD, ZDGHKIT

[a]mn = [a]m



82 HIE B

THZBND, FIz<FAIE, mn THOZRD Z, SHITm THAERVITELT LN
BBThHD,
[RIERIC
Gn : Z/(mn) = Z/n

NEZBND,
EHE 3.3.1. (PEARREE)

(s ) < 2/ (mm) = Z/m x Zfn, (@l = ([alms [al)
INEHETHDMELSEMEE, m En DEVCETHDHZ L TH D,

FER. 0t L ZOBBOBDOT [alm, B ZDE [a)m =0, [al, =0 725, ZiUL, a B
mTHn THLEIVUNDZ LEZEWT S, ZHuTalmn ORFEREND ZETHDHN, A
WIZETHLNE mn OFEEE2D . 65T [amn =0, % 2.4.69 X0, HEHENE 272,
W ICDED mn ORBESTH LMD, BFEN D ERERWE S (M 1.1.20),
MEEVE - mn WEWIETRWET D E mn ODFR/DAMER el mn RETHY, /it~ T
[a)mn £ 0 THD, ENRAEHTHLND [alm =0, [al, =0 TH Y, &> TEIZA D HAIT
TR, it THEHZ R 7220, O

FE 3.3.20 (G, Gn) IFRIEBHE LI NNTFTLTHD, 15T, myn BAEWVIIHERE X
IINEREE LCORBTHY, HICEATL2E /A4 FELTORETH D,
(B4 2 LI ICRARTHS,)

INEHWD L, AT B o(n) EVEICHET S D LN TE B,
#E 3.33. G, Go BE /A RETH L,
(Gy x G2)* = G x G¥.
fEIRE 3.5. oA X,
% 3.3.4. mn ZHWVIHERERBLET DL E,
(Z/(mn))* = Z/m™ x Z/n".

W3 D E DE R A R T
p(mn) = p(m)p(n).

FERA. EEE 3.3.1 OEHHIFICETHE /A FORMTH-T-, £/ A FEFRIZBWNT, 7]
WA E & 5T 2005 LR EH S, O

#RE 3.3.5. (Z/(p™)* 1L p"* —p" HEOTN LD, Thbb o(pt) =p —p L,

iU, p DfEEE D 0 LLE pn RSO OMWEE, 2ED 1/p THHE pnTHEHTH
HZEEVRED,

BRE 3.3.6. n= St pl LHERBHMRLIZL X, on) = (P — pfh) - (pos — pe 1),

AW o(n) = o(p7")---es) £V, O
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3.4 1EH

HEE S DES X ~DIEM &1
f:SxX—=>X

DOFRDEHDZ L ThoT-, EF1.1.22I1CLE. chixEzxszL
p:S— Map(X, X)

BHEABI L LIERAETHD, seSIHL p(s): X = X ThHMD p(s)(z) € Xo “hi

LELT DI LENZ,
%l 3.4.1.
X 2HES. Sx 2 X FotHEELE 5,

Sx xX =X, (o,2)—o(x)

zh52%,
K k&3 2, 1THIB LHEN 2 PO FIT,

GL,(K)x K" - K", (A,x)— Ax
52 %,
EE 3.4.2. HA S, X L S DX ~DEA
p: S — Map(X, X)
BHEZHNTWD ET D,

1. S~ (S,05) THHEX, pN [wIT~ELTDOSDX ~DIEH] ThHdHLiTp
2
(S,OS) — (Map(X,X),o)

RO IR THDLZ L THD, SHICSNEHETHDHEX [S DX ~DFHEE
Al v,

2. SNE A K (S, 05,e5) £ET 5. pi
(S,05,e5) = (Map(X, X),o0,idx)
BHE)A FERMTHDLLE, TSSO X ~DE /A FMEH] Lo,
3. S EE (S, 05,e5) £ T 5, p i
(S,05,e5) = (Map(X, X)*,0,idx)

AR THD L E, [SD X ~ORER] o,
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iR 3.6. E# 342 LRILKRELT D, UTZMEND L,

1. S~ T~ (HDWTFR) THDEX, pBR~T~E LTOER (HDWITEEER)
TH B MEHRMT

AB Vsy, 89 € S,Vx € X, p(s1)(p(s2)(z)) = p(s1 05 s2)(7)
EHTLETHD, SR D L,
s1-(s2-7) = (s10582) @
LB EThD,
2. SHE/A RTHDLEE, pE A FMEM & 2D MEA3RFT. O AB AT
AC ples) = idy
Wil T e ThD, SR L
Ve e X,es-x==x
=T & Th D,
3. SHHETHLLLE, pPFEMTH D LIT LTI T
AD p(s7!) = p(s)~!
WEALT HZ L THD,

LocL., 24201280, SHHETHDEZITIZTAB & ACH ADIHEH Z &n
bbb,

X ITREEED A>T D &, HEHERM (endomorphism) €/ 4 N End(X) BEHRTE
Do BIZIE X DIMERETHIUE End(X) 1 X 005 X ~O¥RBOELSTHY, X MAK L
D#IEZEM THAUT End(X) 13 X 726 X B ~OHEEGH O 2L TH S, End(X) TG o
CHN T iIdx IZEVE /A RERD, End(X) OFHTOES End(X)* XM 2.4.9 1280
BL72D, ZOHAE Aut(X) LW, X o F U EAEE (automorphism group) & VY9,

B 3.4.3. K #tkET %, X % n kel s MVZEE K L4% &% Endg(X) 12 K" 5%
NAE~D K SO TH D, n REFITHIOESE M, (K) Thobbd, Ac M,(K)
WL, A% X OFTICENSEIT 2548 %

Ly: X —X, x— Ax

LRI L,
p:My(K)— Endg(X),A— La

RHERBEE S,

p BB THD T LIE, BBRE T MbNEHETHD,

M,(K) 138 Ch 5, Endg(X) bETH Y, p R E 25 TWS (%ik?777),

Autg (X) := (Endg (X))* 1300573 B CHERBEGHEOLETHY . GL,(K) & AR/ -
T5,
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E#E 3.4.4. X ZINERFE L, SE~7~ (B, B/ANK) &T5, ~7~ (B /4
) HEFR

p:S — End(X)

Z S ONNERE X ~O~ 7~ (. /A F)EHEW S, SHBHETHL EEIE, /A N
ki)
p: S — End(X)

%z S OINERE X ~OFAE (group action) &5, Zd & & X % S-MEE (S-module) &
I pESOXIZBTFLRIL NI,
p DI Aut(X) IZAD (BIZIXME2.4.20 % f = p TR L THEZXIXIVY) OT, BEHERS

p:S — Aut(X)
ZSDX ~OREHENS Lo THREL,

FOEFRT, X IZIMEREE Lz, MIEZERE L TCHRBEOERND R EIND, HDHWIEE
JA R, BEELTH I,

5l 3.4.5. (S,") A~/ ~,T 5D, a,be SITH LT Ly(b) :=a-b B & L, € Map(S,5).
ZoLThExbNnD
p: S — Map(S,S), aw— L,
Z S OFIEHIEM (left regular action) &\ 9,
p M (S,-) = (Map(S,S),0) o~ ~HERMTH LD L) FfFZiidk+ 5 &
La-b = La o Lb
TRbb
Ly.y(c) = Lg o Ly(c)

THLH, Zhix
(a-b)y-c=a-(b-c)

LEEXEED, Thbb, (S,) MERETHDL L E SOEEAERAN~/~ERTHD Z &
LIFAETH B,

M34ﬁ.@4+ﬁ)%m%ﬁk¢éoﬁgEEmﬁM)Kﬁbff+mﬂmﬂgemmwn%
(f +Endan 9)@) = f(@) +ar 9(2)

TEHTD L. MERHICAR S,
—J5. B0k Y (End(M),o,idy) EE /A KT %,

folg+th)=fog+foh, (f+g)oh=foh+goh

DAECE DT, End(M) 38R &7 5,
M 3 K #PZERITH D & RO Z L NE XD, FHZ Endg (K™) 1388 TH S, Endg (K™)
& My (K) ORICIZARZR—X— ISR H Y. ZhBTHIORENERL RLHHATH D,
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5 3.4.7. (M, +,0) ZIHEREE L, (M, -, 1) Z[R CEBIZASTZE ) A ROMIE LT 5, La(b) =
a-b& L,
p: M — Map(M,M), aw~— L,

HEZD, D p N
p: M — End(M) (C Map(M,M))

IR IMEREDWERBI CTH L F M EEETLTHDLE “ODOZM

1. p O End(M) 1A%

2. p DHEFTH S
o ensg,

AiFE L pla) : M — M PHER 258 TERSERBTHLENWI ZETHLIND

p(a)(b+ ) = pla) (b) + pla)(c)
LWHZLTHY, SVHRD L
a-(b+c)=a-bta-c

THHZLETHD,
BHE DM
pla+b)(c) = (p(a) + p(b))(c)

ThRbb
(a+b)-c=a-c+b-c

Thbd, HEEANFZZO LS ICLTHARICH NS,

3.5 Eu&E

F&E 3.5.1. - IxX - XEHESESDOX ~OEMET S, v € XIZxL, 2@ S #A
(S-orbit) %

S-x:={s-xz|se€ S}
TEHT 2.
e 3.5.2. (G,o) &ML L, :GxX > XEGOHELTOX ~DIERLT L, 2oL
&, CHBR s~ o e Goa) TERT DL RMEBRICR D, ¢ OB 2 REEIXHE
G-z Thasb,

. [E1), [B2), [B3] 2T Ly, ERbEEL < 2, O

EFE 3.5.3. ~g IHLTX Z2REREICHEILIZbDE, X O GIZLDHENRE VD, G\X
TRDOT, PUENME—DICR D & &, MEFHDBHEBR (transitive) THD LV 9,

% 3.7. G 2L 9%, GO G ~OEFAVERITHBIN TH D Z & 2mtd, (GIEAEA
WBHITH D),
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EE 3.5.4. G xX = X ZHOEEG~OEALT D, r e X IZH L, GDalZBITDHL
TEALHE /7 BE (stabilizer of x, stabilizing subgroup of z) %

Gy i={geGlg-z=ux}
THEET 5.
%8 3.8. G, NG DB TH D = L &R,
i 3.5.5.

f:G—=>G -z, g—g-x

725 581X
f:G/G, —G-x

AR SECT TR 3 Rt
HLEOUERTER 1.3.24 £V
fl9)=flg) &g ogel,
EEZERON, flg)=gr=gr=f(g) Tg 2BETDHL ¢ lgeCGpe TNEVHD,

5l 3.5.6. K #{k: L, G=GL,(K) % n RIEATHIOES, M = M, (K) % n IRIEF1T5
DEE LT D, 1THIDOFE
w:GxM—>M

TG OERTH L L, EH LTS
c:GxM— M, (P,A)+— PAP™!

HGOERTHD, UT, fEfIZcEEZD, Ac M OEEIX A L3R 1TH, T7abb
P7YAP OFEOITHIORIRTH 5.

Jordan HEYESE L MEINHB AL HBWE L, K=C DL X%, P AP % Jordan 2%
EWVITBIZTED Z LD, Ziux, FENDL —DRETLEHEL TR-TL 5, L)
HED—>TH 5,

FThebb, ZOEMICE2HESR G\M &, Jordan ¥R (D7 1w 7 O AN Z % |6
—RL7b?D) ENTRLITHIEL TS,

A DHEIZOWT, A e M OEFELIIEE Ga 13, A LR FEAFTYIO 2K TH B, iE-o
T, AL LTOEHY

{PAPT'Pc G} =G/G4

VAL SXAR
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F4E Im

4.1 BROEE

BRLADTEHRITTE25.1 THEZ, N, REBEMMBREZXILEZLOEL ) —EEFELT
k<,

EE 4.1.1. B (¥ihring) R &3, £E R XD L0 >0 "HEE +, - Of (R, +,-) T
HoT, WOZODAHE BOAELW,) Zi=TH0,

1 (R, +) 13NiEREZ 22, ZOHMTEZ 0 R THLDT,
R2 (R,) IZ¥BE2 727,

R3 (AIER)) fEED a,b,c € RIZX LT (a+b)-¢c= (a-¢)+(b-c), a-(b+c¢) = (a-b)+(a-c)
VI AYAS R

S BT, ROFEM:
R2’ (ROMATE L IHEND)L € R BHEL, (R, 1) N1 WA ETHE ) A RE/D

B9 L&, (R, +,0,-,1) ZBEALAER (B8 ring with unit) &5,
B (R, +,0,-) (o%h LT

R4 (FEOWHNE) (R,-) DA TH D, TRODHEED a,be RIZKHLTa-b=b-a

IRV LD L & R Z AR (commutative ring) &V 9, AHRER TARWVERAZIEFHER £ D,
HALAYER TR S O 2 BALAYRIHEE & 5,
HMFHER TH-> T, OLANOLAHICEH L Tz T b0, $2bLEM:

F /4 F (R, 1) I250 T, 140 Tio 0 LD eix4 Calie
Zi7e & &, RILAMHAA (commutative field), F7213K (field) THDH E W9,

R LA, B DR E N ER ST, AN UTaHRE, B LT T, ohd
BRI SND bOZERE VD, FICBET 2 BALTMAET D L &, BARERE V), IS
L CrlfiZp b &, WHERE V),

EE 4.1.2. FFH 251 TERLERIT, 2HLTWHHENNERTH D, BUIE, HIC T8 &
WO T2 BEA AR A5 2 E RO, BT OB Lo TEEDE S, WIFEEICITIREL
THELEZATHD,

FElZ, THQZRY ) L0 SEEITEIREND 2 E 0%,



4.2. BROBI & B UE[R 89

4.2 ROF|ELIRERE

Bl 4.2.1. 1. BEOES ZIIMEBICE L CHER L 25, OB IC 1 HIEE L, BAL
R HAER CTH D,

2. Q, R, CiZr[#ikTH B,

3. Z/n % (BALHY) AR TH D, TS/ DMEEMET, n RFEHTHDH LT
b7 (fil2.5.3),

4 RZEBRETSH L&, ATHIB My (R) HE Tl 5, RAVBAER S Mo(R) 6% 5 Th 5.
R ZJ)EI@T&)OT%\ n > 2 f@% Mn(R) Lié&ﬁfﬁfifﬁkiﬁéo

5. REZFHERET DL, RIFEDO - EBLHAOES R[t] TR TH D (§4.3), RAH
MR B R[] €9 TH D,

fiRE 4.1. RZBELT D, FOBAITL 01Tk LT,
Vae R,0-a=a-0=0
DEANLT D 2 & wE,

Ey MHOBRATOFERLY 0=0+0, 2BEBEMEY 0-a=(0+0)-a=0-a+0-a, M
DI —(0- a) #2ELTRES,

PIRE 4.2. R BSHALRTHIRO L X, (-1)-a = —a &5,

E&E 4.2.2. IR R TO= 1ML T5LTDE R={0} &b, ZOXIREEE
BREVI,
1=07%6ZME411 1D
r=1r=0xr =0
XV ETORIZ0THD, FERIFEZELVIKRTITR, 2, B (Bil) THARW,
RIRE 4.3. BB RIZBWT, 0 MBIV THH A SIF RIIFRTHLZ LT, =

LT, KOERIZEIT S [0SO TRTW | L0 5 KT ORISR TR D
RWEH 2D,

REFEE BT AR L 1L, (520N TOEEL IV RFINREM DL Tho
72 (BAZHY) B R ICBWTHE, B2 b TW A EEIEME +, MEO A 0, ANEEICBET
At —, . FOHMNITT1 D5 OREZ 5N TW5,

EE 4.2.3. Ry, Ro &# (HIM) BET D, Ry DB Ry ~O (HALH)) RYERM L IIEH
f:R1—>R2 ThH-T

f@tiy) =f@) +2 f(y), fleay)=f2)2fly), S OICHEMLRROSBEIT f(1) =1,

Do (BIMBROBEIZZ2) 2l T boDZ L ThD,



90 FAE B
0L —IFEZ~V ooz NI, ME2419 BB LRIO—2%icT & B
B0, — 1L f £ RXF TN D,

IHE% 4.2.4. Rl,RQ & (%’fiﬁ@) E%kj_éo f : R1 — RQ, g: RQ — R1 %EU‘(:E%T&)@%
YRGB Lz &, fR2BRAEREVD, TR f BRHEETHEE, R & Ry IIRRAAT
DLV,

Rl 4.2.5. f: Ry — Ry WEREFRMNORHRFTHLZ L L, BAMTHL Z & LILFIET
H 5,

I8 4.4. FomBEZFENE L, BL VoI TBRERM f RH544 g 2Fo7 b, g bERYER
RN/ 2 &) 720, M 2.1.10 2F LRI W TEREEZIZ LW,

RiRE 4.5. 5%
q:Z—Z/n

1T (B BRERM TH D 2 & 2Rt
8 4.2.6. R ZHHBR &5, BEIRZ 15O R ~DOHENBRMERBINME—STFEET D,
GEHH. FET D EIET D, HABRERAZZ DT 1, % 15 1B, MEREE L ToORRRIT
DX RbDIFHR 2450 ICEVME—DHFHETIOT, HDHELEL W T D, T4
DOBFETIUIME—D, ZORIZBW T, FEMICELS LEITEn = gt EEIN, fTEEN
IERED & E1ZiE ng &<,

n € ZIZX LT nlg 2RSS EDEMENRERMTH S Z L 2REIX LW, IEREE LT
DOYERFITH D Z L13%R 2.4.50 TRENTWDEMNDS, b EITFEEHRE-OZ L

(nm)1g = (nlg) - (mlRg)
LHNGLEREOZ &
1(1r) =1r

EEZIRI VA, Zhidnlg OEENSSEEAEZBVIELTEOND, O
EE 4.2.7. R% (B RETDH, ROFDES S K ROE (BAD) IRTHD LIk, (HAL)
BLELTHESNEE2TOHREIZOWTHLETWAZ L ThD, BEMICE 2T

e a,beS=a+beSs

e 0c S

eqgcS=-acs
DAY SO, FTRDLBINEIZOWT S 1T R OEEE (E#2.4.23) THY

eabeS=a-besS

o TR TH L L EITIT1e S

WY LD, TROBRICOWT SIE R O ERE (M8 229) THLHZETHD, HALMY
WBCTHDHLEEIXISIZIRDEOSE/ AN (EF23.18) THHZ L THD,
ZorE, SIFE (BB L7225,
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5l 4.2.8. 1. ZCQCRCCIITETHMNWHEL L TOMORTH D,

2. B DES 27( Z DFLIEITOWTILER 2.4.39) 1T Z OENERTH DY, HAMERE L
TOERTER TIEZR,

3. mn EHWIERBRE T 5,
am+bn=1

LTS a,b LD (EPE 2.4.62), f:Z/m — Z/mn % [z]m = [bnx]m, TER
b, X well-defined TH Y, BRI E o> TS, IEREE L TORRMTH D
ZEERI LW, BERSZ &IX

bnx X bny = bn(xy) mod mn
ZEZFLV, W%z n TH-T
bxbny = b(xy) mod m

EEZIEEWVWARA b =1mod mIiZE Y ZIUFIELY, L7 -oTIZIVUIERERBRTH D
D F([U)m) = [012)mn # [Lmn & 0 HEALRIER & L TOEER TR,

fEIRE 4.6. S R DERETHD &=, WDIAS
t:S— R, s+—s

FRERTH D Z & 2R,

4.3 %HEHXIR

EE 4.3.1. REWHIRL T D, t & R LIXERERR T L35, R ICE>T, RIFHD ¢
EEKETHSEAB A LT, Tabb, R[] O

ant™ + ap_1t" '+ dait+ag (a; €R)

DOIEOHLDOTH Y, ik FILET OFFIEANTEXRT 5,

DD B OV & HE72 00T ZITIFEDe WA, ZAUT LY Rt ITAHBERE 725, a1, ..., a,
MO THLEIRBEXEZTEHEE ), ZHUCKY, RCR[] &ARTENTE S, Rt]IC
B 03EE0THD, 0LIADOTT f(t) 1 f(t) = ant" +an_1t" 1+ +art+ap (a; € R),
an, Z0DRIZEHIT D, ZDEE, n%& fOERE (degree) &, deg(f) THHHT, 0 DK
BiE —co LT HONEETH D,

R PHNIH AR T D & &, R ITER 1 ZROHAIIC & T 2 BRI AR Th 5,

TS EALR Rlr,y] bABICERSNS, ZTOTE. Y anma"y™ OFHOETH S,

fi&E 4.7. S:= R[z] LB &,

& Rlz,y| I TRFARTH D Z & 2,
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i
b

NV S T P e
ax® + bry + ey’ +ex + fy+g=cy’ + (bx + fly + (az® + ex + g)

LWV BRI AR ZERE — DD LFUTOWTERT LN TEDL LN ZEEZEKRL
TWo,

4.4 =R

—fRI, REEEDO G2 BN HES SICBWT, [T C S MAERT S S O RS &
Wo o b T & (AEEMRICELT) &/ S O REREE AT,

BARIIZW S, BlZIE CIZB T, 2 € C DERT HHEMAESDE RIZEARLEDEASD
D WA DB CHDHZ b, 0,1€ RTHDH, MEHTHIDH, 1+14+1,-1—-17%
FIZIATRIZAV, ZCRE}RD, 2EREVac€CZITH L Taze€R, £7222,23,...,€ R,
LT, BEEED : 0Z2HEXOBICET ST ET RICAD,

{Z anz"|a; € Z} C R.
LnBIs, AT CTICHAIAI TR IZ 70 > TV D, WD 2 EiE, 2 2z 2 E R/ H
WD ERTH D,

EE 4.4.1. FOBRZZ[Z] THOHDLT, UL C OB ER TH- T, 2 2FLHDODH
HENDLDTH D,

EE 4.4.2. t ZEHETHZEAR Z) LRICRIETEE Db LW, ZERBZH] & 228
AR D BT YER Z]2) EIXRICHERD O TH D, MIF BV Lt XD TFTH
D, HBEZBNTIE 2 1 ZHDEROITTH D,

Bl 4.4.3. ET, 200 = /-1 ThHLEED L] CC &2RKDLEI, 22 = 1, 22 = —z,
A =1,...ThHoiNb, 2 0FHEAT - KACEEZHRZOND, Lo T

Z[i] = {a + bila,b € Z}.
ZDBRE, WU ADBEIRE WD,

EE 4.4.4. RZHMMERLET5H, HAMER S 2 R UL (R-algebra) TH 5 L%, &5 HAL
MERMERE p: R - SIVEE->TWNDH T &, DFE D, BHEICIE (S, p) OflE RARERE VD,

EHE 4.4.5. (S,p) ZE RIWFL L, Rt| 22HAIRET D, s€ S %S DILT, p(R) PHIL
LA L DL TS, DL X, f(t) € Rit] DIREAE—FIT p TEMLI=L D% p(f) € S[t]
LEX ZITHCs #RALTELNERE p(f)(s) € S EbHbbT,

¢: R[] =S, f(t) = p(f)(s)

XHATBERA L 72 5, ¢(t) =s, lr=p L7825, TRE—DOOHAMMBRERE TH 5,
¢ DB, SIZHNT p(R) & s AT D BNLAYH /S BRICM 72 & 720,
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RIRE 4.8. FoOTEHZIERAY X,

FEAT 2R VIC, BT TR, FLALEDHREG, RCSThd, ZDLE, pldZd
BOIAB LT 2ONEE T, BHEHTE S, HlAIE. ZCCTHY, 2e€ Cx—oRONIT

¢: 2t = C, f(t) = f(2)
Thd, THTERICEZLLOTH,

5l 4.4.6. R ZHNIAMHAER E L, S = M, (R) 21748 L 75, p: R— S % awr al, TE
D5 L EMIBERERIL L 70D, WE, 1791 A e M, (R) &—o5E, EOXHIT

¢: R[t] - M,(R), t— A

DME—DEE D, (RVAMPERTHLDT, AL p(R) = AN 7 —ATHIOEE 1T THD,)
FAEN
¢: f(t) =at®> + bt +c— alA® + bIA+ cl = aA* + bA + cl

ThD, Filk f(A) LB T LIRBREETESTWA LB, RIA] C M, (R) 7 % ¥
WIS BB ER SN S,

-1 .
ﬁﬁ4ﬂ.A:<? . >&%<oﬁ?x@%ﬁﬁzm&ZMMJ%@Dﬁ%E@T%é:
L goRt,

4.5 Ei LK
DIBIR E W o 72 DEFIZRT S W R Y ATHR 2R+ 2 L 121 5,

EE 4.5.1. REBELTDH, ab=0LRDKE572b# 0P MFET D R DI a ZFIKF (zero
divisor) &9,

0 LIS DFEIKF % £ 72 72 W BAALHY ATHUER 2 48 (integral domain) & W9, 72721, FERIT
I L TE R,

FIRE 4.10. B AMHEE RICKI L, RMWEIKCHHZ L &0 R— {0} 28 (R, 1, ) DEBHE
A RTHLIENFEETH D Z & Z2rt,

iR 4.5.2. KIEETH S,

FGEBH. REWERETD, a2FEHWNTLTDE, bA0IIHLTab=0, KZ2DOTbh ! BFEET D,
INEMDICHTDEa=abb ! =00"t=0, 2212, &HEOENIT41 IvEBNDE, O

RIRE 4.11. B OB ORIIER TH S 2 & 2Rt
filE 4.12. Rk E 35, a,2,y e RTa#0D& &,
ar =ay =>xr =Yy

DNZ DT EERE,
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i
b

5] 4.5.3. 1. ZIZETERWPERTH 5.
2. myn>2 LT 5L E L/mn T TR, [m] - [n] = [mn] = [0] 2h 5,
FORE 4.13. BMLA AR R A CH S 2 & b, £TD a € R— {0} (S LINEREDYER R
L,:R— R, xw— ax
DHFTHLZ L ENFETHD Z L aRtE, (B bk 24.69, )
MIRE 4.14. B ATHER R N A THHZ L L, 2 Thac R— {0} IcxL (ETEZHELR)
L, "EFATHLZLENAMETHLZ LERE, (B MRRTHLIZLE, 1 25T
L LDBEMEIZR D 2 & B, )
fRE 4.15. AREW (BREVAIRES TH D &5 REE) 13K THD Z & 2R,
@88 4.5.4. REAHEE L, fige R[t] %A LT 5, “obx

deg(f - g) < deg(f) + deg(g).
R NI B BRI 5, deg(l) =0 &V
deg : (R[t],,1) = (NU{0,—o0},+,0)
5% /A FHERALL 725,

FERA. f OWED n, g DR m &35, ERENDOEESRDIEI ant™, byt™ (an, by, # 0)
THbH, b L RMESIF anb, #07DT fg DEERDIEIL (ap,by, )t E720 . D
KEIEn+m ThDH, ZoTEENRKY LD, BRI L TIE. R MR TR ITIUL ayby, =0
DAREMEN B DD, 7R ANCE L n+m 2B KB DOHITH D ONRWO TRES N 72,

FgDOWTNLB0 THLGED ) E AT, deg(0) = —00, —co+n = —oco0 & EHZFTAUL
TV (ITERITE /A RTH D, §24.10 ORBKOFITHARDH D), & HMENID L, O

4.6 AT7TI

4.6.1 IROEELRMERRZR

FE 4.6.1. (FMERRIC L DRRER) R & (BALAY & TR S 220 FEAMH S HNn ) B &
T2, ~% R(OBES) LoRERERE T 5,
P BA%
qg:R— R/~
DBRYE[ET L 70 2 15 72Fn, FEAY R/ ~ ICER SN D MEA M, g B3, fEE a T
TN D Z &, TROBIEED xy, 2], 22, 05 \ZXF LT

/ / / / / /
Ty~ X1,To ~ Ty =T +To~T] + Ty, T1-To~T] Ty

MSLTHZ L THD,
RENIER THIGEICH. ZOSRMNNT- SHUE R/ ~ 121X 1 Z A0 & 32 B
BROMENRAD, ¢ ITHEMBROMERENZ /25,
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AL O RO ERL 2.4.24 1KY R/ ~ IZIMERETH D .  IIRRERANC 2 D, pERE
DEFL2.211ICEY R/ ~ 1T T 2 HREL R0, g ITEREERBIE 05, HEIX R/ ~ W
BRICRDZEZZAEZFR, SRIERIOKNLZ S 2 XXV, ¢ TEHEND

q(a) - (q(b) +q(c)) = q(a) - q(b) + q(a) - q(c)

EEAERWA, g BFNCBET AREMERIE, BT 2 FIERTICTH D Z LB AT g(a -
(b+c), HilliZqla-b+a-c) L7V, RIZBWTHEIEIN RV D2 b I b3 L
W FER AN Z T BLERNC DWW T B AR TH D,

BAZRYATHER (CBE L Cid. PO EBZEE /A FOEH 2.3.21 12T 222 iF kv,
(EPL24.29 DEHETE D70 b, HEIERIRCHALTOIEANIERAEF SR 20T, i

{z\‘?ﬁéo )
VB PEREDEPL 2424 ITE OV FNE ~ X RF T, BEHEOER 2211 1LV FEL
~lTz U RTFT, O

4.6.2 AT7TI

Bt (G,o0,e) 0BT, BB o & 2L ST T ARFEIEIE ~ 1. &5 EREMHE N <G Ik
B AR ~L (EREABEORE ~8 L LTHRL) & LTh b &Sh (EH 2.4.73), Fok
G/ ~=GIN ZEHELE. —OLE, ~2b N #EBICIE

N :=[e]. ={g € Glg ~ e},

N 2B ~ ZEVHTIZE
a~bsaobteN

EBIFIZEVWOTH- T,

B ROLGAEIC, FEOBEEZ L TARL S, BTOHEE L 2 F TV FRMEREG ~ &I,
+,- L AU FTRENERMRICMAR BV, AL - D2 L2 LI ERET S L. (R, +,0)
WA CTHY , ~ITTDHE + LI NFTATHLIND LOFEIY HAERMBORETI<R
MIFAEL T

a~bsa—-bel

MESLT 5, LT,
I={reR|r~0}
L5,
(R, +,0) TR DT, EREFORE L TOBIIRCMETH D, T, WOESEE T 2
52 2 ZHBMR ~
a~rbsb—acel

TR - 2OV TH I RF TR DTEA I D, fEwmn b2, I BNl T TV Thd
N~ DFEFEE a v RXRFTALTHDLINES SR DTH D,



96 AT B
E&E 4.6.2. ((T77/N) R&EBEEL, [ C REMECHETLIMOREET D, I BRERMA T TV
(left ideal) T2 &ix, [ DTIZENS ROEOTLENMITH IOHTIZEEL &, Thabb
Va € Rya-1C1
MY STz &, T BAIA 770 (right ideal) T 5 & 1,
Vae R, I-aCI

MRV SNEDZ & T 23WflA 77 /L (both-side ideal) T 2 &%, AMlA T 7V Th Y o4
PATTLTHLZ L, (AMBRIZBVTE, ZO=Z2040 7 7 VOBEIFETELY, 20
RRIXHLIZA T 7L e 9,)

MR8 4.16. REZHNEBRETH, [ C RBAT TNV ThDUEI5RME,
1. 0€el,
2. Va,be I, (a+bel),
3.Vre RVael,(r-acl),
DEZONRV LD ETHDH I L ERE,
EH 4.6.3. REBL L, ~% R (DBEHES) LORERKE TS,
I.:=1[0]~ ={z € Rlz ~ 0}

LB, ~BROFE, FiL a L _"FTNTHDLMLEFDEMIZT. I BWHA T 7L THD 2
LTHD,
W2, I C RBWHATTATHD L X,

a~rbsa—-bel

TR~ Z2EDDE, ZHIE R EORERMBZRTHVE, Fuba v XFT L ThHD,
~= LoV

{R Lo E " F T A RMEEROES } - {R DEBPA 77V DRty }
BB HIEE G D, TOWERITT ey THZBND,

FER. ~ BNl 2 XTI RMERGR E T A L. B 24.73 KV T i3INERE R OFORE
Thd, 5. xcl . tTDL2~0, ~PHEIZONTIVRFTLLETDHE,

Fﬁ%él.l 0.

a-x~a-0

foTa-zel., Thbo IIFEMNAT TN, EHEANELZT, HlUATTALTHLH D,
nT,

[~ R L 2 T TN = LMo 7 7 )



46. AT TN 97

NE R T W, I REHA T T NIRS ~p BRI E A NNTFTIATHDLZE S, FEL BN
DFHTRED, BeHIEED, O

MIRE 4.17. ©PL4.6.3 OFEF 2 52 S H &,
EE 4.64. RE®R, [ #ZOWMAATTNET D, a,be RIZHL_HARae=bmod I %
a=bmod I < a—-bel
TEHRTDH L. THUIFEMERR ~p & =BT 5, [ 2EET2RFEBEKREV I,
Bl 4.6.5. (HIEA T 7)) REFHERL L, a € R LT D, ROEHES (a) &
(a) == {r-a|r € R}

LERTDE, THUIAT TNV ETR D, a BAERKT D HIHA 7 7 /L (principal ideal) &9,
BiL, a DHEEROSL DEAG% (a) EFEL

%8 4.18. LOWHIT, (a) BAT TN E7D 2 L% mt, £iL, RMBAHRECTARLTY (a) 1F
A T TN B 2 L ot

5l 4.6.6. meZ 95 L X, EH 1.3.19 TEK LI[FMERMR 2 = y mod m 1FEFK 4.6.4 12
BWTI=(m)&Lb?Dz=ymod (m)&—ET 5,

4.6.3 RERZETEIE
T 4.6.7. ((FTMILARAE) REBE L, [ 2l T 7L ET 5,
q:R— R/I

DNBRYERIL & 722 2 X 5 7pfn, FEA R/TIZT72—18Y EFR S D, ZDOR/I % RO [IZXDHFIA
IR (residue ring) &5 9, ¢ ZFIRUERE (residue homomorphism, residual homomorphism)
EE D

FERA. THE4.6.3 L THL4.6.1 2 BHED, O

RlALIL, (B0 ) OBWRTHD, 4, #1466 TRELSICR=2,1=(m) &¥
%L
R/I=17Z/(m)

(=S
Zxrx~ysc—yce(m) &) RERESRTEILZED

W7 e, ZHUTERE 1.3.21 TEFRLTZZ/mI—T 5, Thbb, BiEETO Z/m
X Z)(m) RDRIRBTH 5.,
Z/m % T88% m TEIS TR O] EE—HENLDT, [RRE] OARIND D,



98 HAE B
FE 4.6.8. (. #—FN) f: R, — Ro #BUERA L T2, ZO (Kernel) %
Kerf :={z € Ri[f(x) = 02}
TEHT D, TRDL, Ry DELD fICLHHBOZLEThHD,
i 4.6.9. FDOEFK 4.6.8 T, Kerf L Ry OWifilA 77 L Th 5,

AERH. R 4.16 2 W CEEGEHTUES L, (b o S FPRRGEIIE, 1 2.4.33 2ff-
THRLND, BONHTEREESRROT, ~pld Ry ICHESNIZROBEE L a0 RFT
NTHY, LEDB->TEH4.6.3 L0 [0, FFEMA T 7 A THD, T Kerf (272572
W) O

8 4.19. EomE% A X,

FHE 4.6.10. R&BEL, [ % ROWHATTNVET D, ¢: R— R/I Z#RRERBL LT 5,
f:R— SEEEORERM LTS,
RUERT b : R/T — S ThHhoT,
f=hogq
RAHMWEEZ SO b ORFET DB+ 5L,
I C Kerf
LRBZETHD, ZOLE, KT —2lZikExsd (LIZLIEf TREND,)
Z ORI E f S well-defined ThH 5 &9,

SEHA. OB A OXIST D EH 2.4.75 OFH L IFIER U TH D, EI DI, IEICET DR
YR f SRIERRIC b 725 2L 2R SR TRALARNVWE ZART Th o, ZhiE

F@lrlyln) = f(lz - yln) = f(z-y) = f@) - Fy) = F((2]r) - F([yl)
Mot O

#l 4.6.11. §3.3 T
Gm : Z/(mn) — Z/m

IROHMERIZAE T2y, ZHTBRERB T H D, LOEM4.6.101CH8 0T, R=Z, S =
Zim, f: 7 — Z/m ZRFERUL L, T:=(mn) &35,

f:R/I=17/(mn)— S=7Z/m
7o DERERIUER S DI,
I =(mn) C Kerf = (m)

DRSNAIVERVY, ZHIUTHIZ, Tmn OfFEIZEN S m OFETH L] L) ARRFEFET
HD,

THE 4.6.12. (BOWRMER) R, S 28 L L, f: R— S R ABERMAE 2 bt b+ 5,
F(RICSTFILED ROKERT, ZDLx,
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1. f(R)1X S OHBETH S,
2. I:=Kerf X ROWMA T TNCT, ~ X RO, L 2L T TNRRAMBIRTH S,

3. f

RY RIS s
BB ERD LI fL Thbb
f=7Foq
D FTE o ET 5, £ LT, ZOKELNE f(R) ICHIRLTELND
fR/I— f(R)
IFBRARLE 72 5,
AEH. BEOBAOE 2.4.76 L AN TE 5, m

5 4.6.13. R Z WL T5H L, MEA.2.6 (ICL V) BEAMBRERT f:Z - R, 15— 1g 28
FET %, Kerf IZZDATTNTHLIN, &K m >0I12LY Kerf = (m) &85 &
PRt (HIEA 770, RESR),

ZHLT. f(Z)CRIZL/m LRI Z LRSI D,

fRE 4.20. LoHEE [Kerf = (m) &705 m BIFEAET 5 ZitE X, (B35 EH 2454 O
AEHL)

il 4.6.14. R:=R[t] &£ L, BR#E[A7E!

FiRE] = C, g(t)— g(vV-1)
EEZ B,

Kerf = {g(t) € R[t]|g(v—1) = 0}

Tho, REFEHND,
g(t) € Kerf &t — V—1|g(vV-1)

Thd, EZHEX g(t) WiE V-1 2Fo b, TOERERETHDL —V/-1 bEThHD, Lo
T,ogW)FE(t—v-1)(t+v/-1)=t*+1TEHVEIND, #HZ, 2+1 THVOND LS %S
K h(t) 12, £V—1 RSO T h(V/=1) =0, T7bb heKerf, Y EakbbisdL

Kerf = (1 +1)
L%, BRERBUERIC X,
R[t]/#*+1) = C, t—+/—1
ROBEDREPGE LD,

Bl 4.6.15. R[t]/(t*+1) T, t OB T DML [t] LFEMRDVICL It LFVWTLEIZ L
W25, RE/(P+1) ICBWTEAEZT 5 Z L%, MEEOHFEZZHEATLTBO T, 1%
WHEWE 241 THSTERV AL DEVIFEET DL LITRD, HIZE, 2= (2 +1)-1=
—1lmod (2 +1) THHDOT, tI%V/—1 D&EEZFET,
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Bl 4.6.16. B TARA FT L HTFET 5, Rlo,y] T, FARK LR LEAB 2 KT,

(z,y) :={f(z,y)z + g(z,y)ylf, 9 € Rlz,y]} C Rlz,y]

LE< . ZHIERE,y DAFTALERD, b LIOAFTABRIELSFT A Th ol &
B5HE.
(z,y) = (a(z,y))

252 HN a(z,y) WEETDHIET T D, LTz, y REENDID, x 1T alz,y) DfF
ZEATHY, y b a(r,y) DEZEXTHD, LiL, TOL I 7% a(x,y) IFEK LOFEIEYE
T EOFESIIRD ST,

MR8 4.21. LD, (z,y) BDHIEA T 7L TR E WD FEOFEI ZFEIR~ X,

4.6.4 1I:lis %"JJTC\ iis EE%"JJTC
RZWAHEE LT 5, a,be RICKL T,

ar=1"b

LD re RBVHFHETDEEX, bida O E2ILMEE (multiple) & W, ald b DT E
T2l 3AIE (divisor) E WD, a B b EFIVEID & B9,

alb

ThoLbT,
a-0=0

XV, 02 TOROFEHRTHY, 2TOIIX0 DK TH D,
MR 4.22. b2 a DEHETHLZ L L, be (a) THDHIEBFEETH D Z & 2t
58 4.23. bR a DR THDH L L. (b) C(a) THD I ENAMETHD = & 2T,

R BRIV HAER &35, R* T R OFEICET 2oL G 2R3, I 2o
D Z & ZHIT (unit element) & H1 9,

fBIRE 4.24. a e RPFIH L THLZ L L, a1 DKM THL Z ENEMETH D Z & 2R,

fIRE 4.25. R ZHNAMAER T 5, a € RVBAWIETHDHZ L L, R=(a) THDHZ LN
FfECH D 2 & &Rt

RHRE 4.26. AW LA AT T IVII RAF L5 2 L 2R,

fIRE 4.27. R 28 L35, a,be RIZHL,
(a) = (b) & Ju € R*(au = 1)

%%‘ﬁo



46. AT 7N 101

EE 4.6.17. HAIHYATHER R IZHE VT, a € R DBBEKIC (irreducible element) Toh 5 Ll1da
DORITERERRBDIZROEND Z L TH D, T8O, zy=a2biTahy BEOWHIT (F
BROBLHIL) LBRHIEET I,

72720, 01EBERIIE & g S 720,

zy =a®bldr =aFhldy = a LEZTLVWEIALER, ZHEFMEREBA SR,
(-1)(—a) =a THDINH, AHTuNnddEE, a=u(uta) ZNDH, AHITOL, —EIZ
IS NG,

Ri%E 4.28. R=Z %%, RO 0O TRVWMEEDTIE. BTV o0 Dfickbe s %
L,

fRE 4.29. K #{kL L, R=K][t] L35, RD 0 TRWMEEDILIEZ, KTV < DD DFE
IZRDOEDLZ &2 LD,

4.6.5 FATTILEERE, £

REWMMTHERE L, [ 2204 F TV ET 5, R/I NS 5580%5 5255, R/I
DILED " 5ei% [a],[b], a,b € R LEEX RSN D0, BT L LB L ES T

[a] - [b] = [0] = [a] = [0] 721 [b] = [0]
L%, AL zl=0eazecl THY, [a b =[a-b THDN D EDOEKME
a-bel=ael £lidbel
L%,
EE 4.6.18. R H{IHAHER, ICREZZTDAT TNV ET D, &
Va,b€ Rya-bel=acl £7-lxbel

WRNLT HE &, T % RDFEAT 7/ (prime ideal) £\ 5, 72720, I =RIEL (LOEH%
W2 LCNE0) FATTNEFTDR,

FE 4.6.19. I=ROEX, R/IF0) 12—l GRELETHY, I THELTS (0]
LT TIRNEDTHD, ZORIREEZFRL VI, FRIT, BROERK 451 H6Th
TR C T2 _RELOROEN, WFITEE L XA S, £, KELARRIRN, Zh
IV, I=RIIFATTALARRIRNIEEROEH T~y T LTND,

EIE 4.6.20. R ZHAAHE, [CREZTDATTVET D, R/I NI TH DM +5y
S, IDFEATTATHDHZ L ThH D,

(AT T v @ T3] 1 EF#E (prime number) DHETH 5,

5l 4.6.21. R=Z &35, ac Z\Zxt L, HEA T TV (a) BH#RAT TNV &R D0LEAI5
X a BFEHTHDLZETH D,
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i
b

FEH. (a) WFEA T TN Th D EAI3 S,
xy € (a) >z € (a) £T2lT y € (a)

LD ETHD, (o) 1FaDEROERIKTHSTND, Toy B a OFEERGIE, 2,y DWT
N—2lFa DFEETHD ] LN ZERKVNEDZ L L, (o) BFEATTNLTHDH L EIX
FMECTH D, a PFEETHT, ZREDRO—EMNE ZDOX IR ENLYIOL, a P
B a=mn THNErz=m,y=n & Lo TIPNTX 2, O

RIRE 4.30. FORERAOFEMZ B S X,

FRSE 4.31. WAIATTHAEE R DA 570 [ BH#A F T L Th LB HSEEL, R\ (R 715
[DFEED &5 D) 2 (R, x,1) DESE /A KTh DI & ARt

EH 4.6.22. (FL) R AWM AHRE L T2, ae RN/FEILTHD EIE, (o) BEATT L
ThbHIE, EVHZD L,

L. alZAM#cCikie <, 7o

2. xy=az’2b 2,y 2 € RMHET DL X o /ity M a TEOVEINS Z &,
(a ZNAHIEAR B R=(a) Th V., RAFIHEATTLLESbRVOTH-T2,)
RIWEEIRDO L &, FOREIFEL (ITHF5 £ 225072 b0) okl —HT 5,

MRE 4.32. R Z B AHER & 975, ROV CH 2 ME+H55M1E. (0) BFEATTLTH
HTEThHD,

TR 4.6.23. ZZTHEET DOIEREFEN, REMKOSEE 2] ITBITHRTLOERIT. 2
D/ — NMIBIFDH AL TROWBERIL) (2> Tna, L, BURMIZIE e & A
WCRWEERITE) IZRBI LN E e b2, Z O OFFIL §4.7 THON S,

4.6.6 BKATTILEIK

EE 4.6.24. R ZHNWAHER, [ 2ZDATTNET D, [ G ROATTANI BY
MR UIMAELZRWNE & T KA 7 7 /b (maximal ideal) &9,
72720, EOSREEMTZ L TWAD R BEHIIWMKA T T EIEEDR0,

EIHE 4.6.25. R ZHANAHER, [ 22 DA T TV ET D, R/ BMATH 0B 50E,
I BKRA T T L THDLIETHD,

FEBH. R/IDMETHD E LT, IBMARA T T A THDHZ EErT, [ LVEICKEAR R TR
ATTNVICIJCR(J#AL#R)BPFELILET D, xeJag [>T b, o ¢ [ 1205
o] € R/TIE[0] CHv, RY/TIHKED [o] 17T, F7abbind [y] € R/T 25> [d]ly] = [1]
L7, [ 1 R— R)IAENERE (CA67T O g [)) 2505 0] = [elly] = [1] = [ey— 1], &
Wiz Db ay—1€l ThbH, xeJ IV ayed, JIXIMEHRZ»D 1=2y— (zy—1) € J,
FoTEEDre RIZM Lr=r-1eJ, 7L RCJ, JCRIFFIZELWVWOTJ =R,
ZHEFE, Ko TIIIBRAT 7V THD,
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Wiz, I DWKRAT TV THDLERELT R/ METHDZ EERT, R/ID0 TRV
ERo T b, € RICEY 2] EET D, ZHMRAHTHL Z & antiE L, [z] £[0] T
bombarg¢l, TITIExz TERINDROATT NI+ (z)={a+czla€l,c€ R} %
ExD, I OBRMEND I+ (2) =R Thod, i, atcx=1,RDacl,ce RAHDHZ
Ll b, 58 [alr =10l £V

[1] = [a+ ca] = [a] + [cz] = [ex] = [c][a].
ZHUE[z] € R/JIRAHETHDZ L ERLTVS, O
WOMBIL, 7R EEANEE L,

R 4.6.26. R ZHAAIFHERE L, T2 I A RRBRHZATTNETDH, T5L, I &0
KATTIVH RICFEET 5,

i 4.33. RO RAH TIERWA T T LVDOES%E
Z:={JCR|JAFTT I, J+#R}
LT5,
1. I 7, AEERICOVTRMIIEIFES (1] BB Tho I L iR,

2. Zorn OME (1] B2M) 1LV, EED T e TITx LTENEELMAA T 7 VIEE
T 52 L ERYE,

4.7 HIEA TT7ILEHE
4.71 EBHIROZRHBBO—EMH

BHERICB W TEARN TOORBEE LV 0lX, BERESEO—EMTh D, HlziE, 27 RN
3THEVEINANZ ST ML TS,

2" = 3x

LT p L, FNTa ZHRNENRT D2 L THENK 3 2EATESMNRLND D, A
ii‘ﬁﬂfoﬁb\#%%lﬁt TN BV HAZ IRV FETH B,
OFEFIZIE. TEHREIIZ B OBIINT D, TOXRLFIELZE—@YTHD, ] LWVWIHE
B #ﬁb%rilﬁ MigD—EM] AMEbR TS, UL, RERRESMII-7 880
DI FEOBFEOHEFEIL, ZHIZOWTCGERAE 52 TV bORE N,
BHERICB W CRIRBS N2 80 72D, DEOHIUTKROEERIZL D

T 4.7.1. ZIZBWT, qWfiTRWEEKTIZFE T TH D,

RAD T ETEMNE, LTICEHAT 5,
BN AR R 1B HFE L a &id, a € RTHST (o) DRATTNERDLEDODI &
Tholz, L, z,y,2€ RITXFLT

xy=az= (Fb€ R,x =ba) £721% (3c € R,y = ca)
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i
b

W VNEHZ L Thotm, (F7%4.6.22,)
BERIT O H1EHE LT < (E# 4.6.17),

ERE 4.7.2. BAIAYAHEER R IZBW T, a € R MBEKIC (irreducible element) T&H % Lida O
KIILR AR ODIZROEND Z LT D, T00, zy=a2bidzhy PEOFHE (T
mbbHHIL) LeH I EE D,

72720, 01FBERIIE & Al S 720,

fIRE 4.34. R VORI, a € RPN TTHLZL1Ta#0T
zy=a=(Fbe R,x =ba) £721% (3c € R,z = ca)
MY e L ERETHD Z L Emt,
ROERITIEFCPENELTE I bDOTH D,
EFE 4.7.3. ZIZBWT, WHiTROVBEKITILO 9 HIED S D% 35K (prime number) &9,
IhT, EEATLICENEER T, FXOERPHAL NIRRT,
i 4.7.4. B R IZHWT, FUIKLTH .

FERR. ForZe 61X, ME4.34 OFMEWT=T, E<IC2=1THLIOERFEEZmMZT, T,
a BEEFITTH D Z LI 570, O

TiE, EH 471 R BRESHO—BMEZEL O, THLZLRNESEO—BEMELIX
73,

EFE 4.7.5. HAMWHE RICBWT, ZoDXa, b BWAETH D Lid. a=ub LR 58T
WER*WDHDHIE, ZDOLEa~bThbb1,

RRE 4.35. RBPECTHD L&, EOFMIE. ZoOHEBA T T AR —HTHI &

LAMETH 5 2 & Rt

FH 4.76. 2€Z L, c40LT5, ZDO1TROEWIZFEIETRWEI p1,po, ..., ps &
AR ny,na, ..., n (> 0) BIFEFELT

— 1, 12 T
x_upl p2 ...pSS

EFETLLTD (ZZiCu==%1 &, ZOLIRESHI LIBLZBRNTLE @Y TH D,
bbb, i

— my M2 Nt
x _'Uql q2 qt

EMTTeET D (wiT £1, ¢ 1THERLRDPAIIC) L, s =1t Tq OFSEANEZNT £p;
kgﬁb m; = n; kfé?%)o
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FEF. p IFFE L THL 00, prlr =vg™ -+ ¢t KU prlv E72Epr|gn E720 . FE72E prgro
pilv ETH L ALETLOREIIAHEILTEND py BEILTHDLIZ LK T D, Lo Tp 1T g
DONWTIDORE, q DIRZTHEVNPZ DI LITEY prlgn £ LTIV, ¢ FERTRDOT
=+ THDH, £-oT

ny,n ns __ . M1, M n
up11p22,..p88_vq1 1q22...qtt

ThHY, Wil%E p =+q TELHZ L (BE4.12) T

nlfl 72 Ng mlfl mo

upy' TPyt epyt = (F)gt T gyt g

INERZED IR L TWIFIE, pp = +q FRIFFHCZOZ 21T ThD, 2ERGIE, LY
HOMWHHBREIIRETZE LT, M0 g BERICRE T2 ET D, p FEBITFESTHDHED D,
ZOREHOSEEAICE NGRS LY pr T ge, .. g OWVTIEEIV G0 | (¢ DEERITEDD)
B -ombDLEIEE 725, LnDIZ, pr & q iZFETH IS, q1,q2,...,q DT
HREE TRV, EWIRGEIZK LTS,

IO LTRAICEN TEX v LT 2 ET, 2O XKD RO +1 7% L BONERO
ANEZERNCTRE—@D THDZ ERNbnd,

e NAH T THDHLEEITE, s=0¢ LT EOEHITIHRIILTODHDERRT, O

T 4.7.7. ZOETOO TERWT 2 IZxt L, z 1T TOfE LThbbans,

FERA. @ MEERILTRWET D, 2 = yz  (y, 2z IELHEE TR E WO RICTE S, T5&,
lyl, |2 1 |z| &0 B S W, |z ICBT 2 RE AR S, |2 =1 CTld o = £1 XY 0 HORER
FEORE LThbbIND, o] <n—175RBRTOBcHmISNS, ERELT |2 =n
DEEZFEATIUZE VY, 25, 2 =yz £V y. 2 ODEERSRILIFMEDREIZ LV FETHDT
FNHEEDOETELDON x DB TH 5, O
LRk, MBI R CEROBICOM SN, OO HTIT—ETHD] LWV IE
RGEA SN, 72 LEHE 4713 EFFFH L TRV TEDOFEREZ LI TIZE 2 5,

iR 4.7.8. BEER CIE. RRAKEBNFET D, 77205, a,be ZIZx L Tdla,db75 d
Toh-oT, T cla,clb ZM7eT clZRH L TLeld ERDEIRLDNRH D, d % ged(a,b) &
ga‘j—o

FERH. am +bn OFRITHT A IEOEE DS L, E/NOb D% d L35 & EOMWEZT= L T
B LWNH T LN, EH2.4.62 OFFAIZRENT WS, O

i 4.7.9. a € Z & TRVWEEKIEE T & ZNUTFELTH D,

FEBA. az =xy &%, ged(a,z)|la THY ., o 1IBEKIILZD D ged(a, z) ~ a £72iE ged(a, z) ~
1.

A& DOIRFIIE a ~ ged(a, z)|x L2255 ale T, FLOFRMEHIT, BEDL X, [
(2 ged(a,y) ~ a2 BiX aly THRILOFMEEwT-T, FENBE 501X

ged(a, z) ~ 1, ged(a,y) ~ 1
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i
b

DEETHDLIN, ZOLE
an+br=1,am+cy=1

DET 2 DT, A& #NTT
a(anm + ncy + bxm) + bxcy = 1
Lo TEH 2462 LV (aX + (2y)Z =1 D7D T)
ged(a,zy) =1

Thbd, —FHaz=xy &Y
al ged(a, zy)

THLPE ZNEIFETH S, O

4.7.2 ZIEARIR

BHER LRI U L oI, BRESHO—EME (Z)2Woiz b, ZBRESMENFETH Y, 2o
DIRED LINe NG 2 RN T—EThD, LWVWH T EE2IT) BRI TDHEOIREEE L
T, KRB DOZHEABEE R H 5, 5 - SO T T, BEO 5 Bz [ZHEXOR B
TEX DLW ETIVUIERIIZ7E—8Y ] Lo taEH-oTWn5D,

TR E MR B SEAIRIT, P00 TRDVOXIHVE] NTEXHL0n I ATELETn
o RVOXEIWRENTEL L) REHOZ LExa—2 Y v N E WS, EE-TE AR,

22— Uy REIR = BIHA 7 7 VI = SBRE RO — B A D SLOHE IR

Lo TWn5,

4.7.3 HIEA TTILEE

EE 4.7.10. (HIEA 7 7 V) IR R ICBWC, BTCOA T TANHEIEEAS T TV LD L
X, R ZHIHA 77 VESE (principal ideal domain, PID) &9,

WOEFIL, EEICITER 2.4.62 OIFETREN TV D,
T 4.7.11. BEER Z 1IHEBEA T TV TH D,

GEH. I CZ AT TNAETDH, [={0 72X =(0) CHYHIESATTLTHD, £HT
PNEE T OLUANDTENFET D, e € IR —x el 20D, EOTLHFMET D, 1
WIZRTAHAIEDTD I BT, /hDObDEdETSH, del LVEBEDOreZizxtLTrdel,
Lo

(dycI

Thd, WhHEDHAEGMRETEY, el 2oL %, e d TE-ERVEEXD L

r=d-q+r, (0<r<d-1)



4.7. HIAA T T NVER 107
LTExBH, 22T xel,dgel THHENSL (T ITNEESRERDT)
r=x+(—dgq) el

L7 s, LI, diZ I DEOTOFRTRNDEDIZES7=07E00, r<d—10BTIZA->
TWAZEEFHLLr>020ELTWA, FELRVDIEZE, r=00LEXDATHS, Lo
Tax=dge(d) 720, I C(d) BE O

@i 4.7.12. R ZHIEA 77 VL L, a,be R LT 5,
(a,b) :={xa+yblz,y € R} C R
X ROAFT N (a,b DERTHAFTALND), koT, bBIEAICKHLT

(a,b) = (d)

&f£éo :@d%a & b@%jﬁ/ﬁ;{f{‘jﬁ&b\b\\ gcd(a,b) w(:\gb%b_j_o dt}: (%0)%‘1/5/])5‘:7}1/
BIREDOEND) THTEEROTHE—DIZS 2% 5,
d\a D d|b ﬁbﬁkwﬁ‘%\ E . c|a IR} C‘b fcﬁ%ﬂi\c‘d ThD,

FEHA. AIELE AR TRV THE—DIZEE 5 Z & IIMIRE 4.35 W H b b,
Btk OEE, (d) = (a,0) D (a) LV dla THY ., £z cla,clb ZebiF a,be (¢) TAT TV
OMWEMND (a,b) C(c) £ D T ENBFR D, O

T 4.7.13. R ZHIEA T 7 VER E T 5,
1. PaTRWIE s € RIFEEHNTOBICHIHT S,
2. AW CARWEERTTIIE T TH D,

3. &%z ERTT ORI 3 fF$ D0 MOMATTE, FIoehs LNEFO AN X 2R T2 72
—HYD ThHD,

FER. 1. OTvWita € REFF-THRD, BB GIET T2 L0, WEL a BEE
L ORBICHIT W32, 75&, a BENEENILTRWDITEND

a:albla a’lvbl %RX

ERET D, b L. a1 BEERITORIIHIT T, by BEERTTORIC T IE o b 9 2T
THKbYThD,

LoTHADIE, <K< ¢ ELL—oDBERTTORBICNT R NnWEETHD, KB
EHDIFANEZ T, ay PEERNITTOBICHEIT 2V E LT, T2 &,

ay = agby, ag,by ¢ R™

LTED, TLT, ag Dby D>, EBLOMNIEERTOREIIOT RV, LEE HHIEAN
B2 T, a BPEENITORBITHIT 2 E LTEN,
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:ﬂ%ff‘}’if: jNCI/\< k (11|a a2|a1,a3\a2,... kb\ﬁﬁﬂgﬁ%Ejﬁ’Tg‘ 50 %LT\ b1 ¢ R* X
V. a;~ Ai4+1 Tl j:f;;?l/\ TebbH (az) (ai+1) “C“fiffﬁl/\o L-oT,

(a) C (a1) C (az) C (a3) C -+

HERF|ITHH-T, EOCHLEETIERVLDONTE S,
T, BUHES

I = U;’il(ai)
BLBHE, TNEATT MR D, FUCOWTHLETWAZ & ROTORBITH L T
HILHEEDLRWERLRVBWNTIBEEL < A2,
HIEA T T NVEOERND, [ = (v) &b x WEET D, 2 € [ 06, 5 j B F
FELT

x € (aj).

DI (z) C (a;)e (z) =1D (a;) IZEHENDS
I'=(a;) C(ajq1)C---CI
LRV, JRVEDATTNMTHI TITE LY, ZHUITFE,

2. a ZWERITLE T D, az =2y DEE, alx D aly DWTNUDBKILT 5 2 & 2T X
W BIEA T T OVEIIC B WD TR R AR EO XS ITERENL DT, M 4.7.9
DFEANRZOF FEMHE 2T (AT BERITIEFEILE 2D,

3. BERTTRFEILTH D Z EbiuE, EM 4.7.6 OFFA & FERRIZ L TEERITORBOE L
FMA[E TS EZBRWT B THDH I ENRED,
O

WOEFRIL, 2O/ — FTIHE D Z LN VRAHERGRICE W CTERNAR LD TH D,

E& 4.7.14. B RIZHWT, A7 7 VOFTHERIZER LSS5 H 0
LchclzC--

(EDCc LEMDESR) PHEELRWVWE X, R % —4%— (Noetherian ring) &9,

FOFERIE, BEA T AVERP X - —RBTHL L E2R LTS, LY —KIZ, *—
B —BRToDI LR TOATFTANERERTHS 2 L LIRFETH D, 2—F —BROF
REIIA—F—ThH, X—F—REREETIZHABR LR —F—Thd, ZhbHickb,
2 — FARAEROBITE TR —F2— L h, ZHLOEEOIN L. (TR &8
o ThHHREIZITH > TND,

RiRE 4.36. RN AX— X —BRTHDZL L, ROETOATTANARERTH D Z & EIE
ThdrZlart, 222 ATTNVIBERERTHD L1E. HD x1,...,0, € I BIFAE

LT
I=(x1,...,35) :={rm +roxa + -+ + rszs|r; € R}

LbbbIhdZ L ThHD,
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RiRE 4.37. F— X —BROFRRIIX—F—ThHd Z L EZrt,
RIRE 4.38. X — ¥ —BREFEHELTHLEARIR—F—TH D L21E,,

ET, O TRUVMEEDIEA, AWiehE L EFO AN Z ZBRN T2 — 0 IZE ORI,
I 5 L9 REE D Z & & F iR — Bk (uniquely factorized domain, UFD) &£\ 5, ETR
L7=Z &, OB B 720,

T 4.7.15. HIEA 77 VERIZIRE OO — B TH D,
ROFEHSEARKTH D0, ZORETITIY Fbou,

FHE 4.7.16. R 2 Fin—REERET5L Rt %5 Thd,
MIRE 4.39. FOEH AT L, ()

RARE 4.40. FE O — BB THINHIEA T 7 VK TR VWA I X,

4.7.4 3—9") v FEE
BRBRIHIE A 77 VIR CTh o7, s, MMREOZEAR G HEA 77 VR CH 5,
EE 4.7.17. (BATEH) KZKEL, fLge K[t] £T2, g#£0&TDL%, HDqre K[t

DIFELT
f=gg+r, 0<deg(r) < deg(g)
L5,
FERR. ZIEXOEI D BEOER 21T 21X L0, O

FE 4.7.18. EOZ EiF AREMETRLS TS, g DEREROFENFICHOW TR THI
IERRSLT %,

I8 4.41. LOEHAIEHIE L,

FHE 4.7.19. K ZkeT5L &, K[ IFHEA T 7 VERTH 2,

AER. B 4711 OFEH EIFE ALK TH D, AT TNV C K[t #fEEICE D, ThnH
HATTNThHDILEFEEIN, I={0} 25T T=(0) CHEAT T L, £5Thne
T2, del,d#0D9 5T, deg(d) ZIR/MNZT DL aFH-T D, Z0Lx (d)Cl &
L.

IcC(d)

PRI, fel 2EEICE-TL D, FARTEHIZLY
f=dg+r,0<deg(r) < deg(d)
D qr BFIET D, fel,del &Y
r=f—dgel, deg(r)< deg(d).

d i deg( YBEANETRD 0 TRWT OILE LTES7DENG, deg(r) < deg(d) & FJE L7
Wb =0 L, k5T fe(d), LEERoT IC (d). O
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KK, RV OEXRENRTENTHIBA T T7TNVEIRTH D, L0 —RIZ, =—27 VU v FEIFO
BE&EEAT 5,

E&E 4.7.20. HFES (S, >) HEFIES (well-ordered set) TH D &1, S DIEEDZETRN
WS T\ Zh/NIRFIET D 2 &,

il 4.7.21. ARBOES NITEHEONEFIZE LEIIES THDH, NU{0} R NU{—oco} H¥E
FEETH D,
LITEIES TR, ZAY (TZETRWEDES TH D) B/ taRl2ninbTh D,

EE 4.7.22. R&EEHETH, Rp¥v=2—2 Uy REHRTHD LT, HIEIESV LB
VRSV BEFEELT, FEDrc RIZXLT

o(r) =TV O/ E] © r=0

BLOWO TREOER] Nk i>Z &,

VfeRVgeR, g#0 = 3JgreR [f=gqg+rv(r)<uv(g).

DFED, fERgTESTERY r LVIOIREBLONFELT, g XV r DI v THI- T/HE
<72 d,

5l 4.7.23. ZIZBWTIE, V=NU{0} &L, v:Z—=V Zu(z) = |z| TERTIUT2—7
Uy FEIR L2 %,

Kt iZsW\WTiL, V=NU{0,—oc} & L. v: K[t] = V & v(z) = deg(z) TERT 1T
=7 Uy NI ERD,

FE 4.7.24. 2— 27 U v FEBITHEA 77 VERTH 5,

fEIRE 4.42. FOEHAIEHIE L,

FORE 4.43. H 7 AOBHBR )i C CHEZD (Bl44.3), V=NU{0} &L,
v:Z[i] =V, 2 22 = |2)?

ol 2—7 Uy FEIIZ D Z L &2,
L7zRoT, HURAOEHRITZ—7 VU v NEIRTH B,

MIRE 4.44. R=7Z[\V/-3| 5z 5,
R={a+bV/=3la,beZ}
ThbH, ZOBROHT, 41%
4=(1+V-3)(1-vV-3)=2-2
DX ITREIND,
L 14+vV-3,1-V/=-3, 20Tt RICBT BN TTHD Z L ERYE,
2. INHDOWVTR O NHEITLTIHIRN T L 2Rt

Yo T, RITHEIAAS T 7 VB TIEAR W,
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4.8 MEIR. B
ZATR LT Q 2EBED Hid, #1312 Til~7= LB Y
(ZxN)/ ~,
BLDHILThotm, T ZICFERIE ~ 1%
(n,m) ~ (', m) & nm’ = n'm

TEHT .
FIBE DM, (RO R 1K LCTRTH S,

EFE 4.8.1. RZBINLT D, ZOREK (KUK, quotient field, fraction field) Q(R) % .
Q(R) := Rx (R—={0})/ ~,
(a,b) ~ (a’, V) & abl = a'b

TERT D,
(a,b) DT L %&iEHE ¢ TET. QR) IEFE OB ZTHI, NS TFEMT IR LT
w22,

SEAIE. ML WSS LRV, INED well-definedness, fi S VERI, WTOFLER
EREEND RN ER DR, —O—DIHHETH D,

IR 4.45. Q(R) \Thik - MENERINDLIZ 2R L, KICR D Z L ZFEHE X,
HIDL—RIT, ROERDPDH D,

EE 4.8.2. REZHNWAHERL TS, £/ A N (R,-,1) OMHIE /A4 RS % R OMEHAES
&b\ﬁo

EE 4.8.3. RAH(IMAHIRE L, S & ROFBMAKES LT 5, RO SICL D8R (D8R,
fraction ring of R by S) S™!R %,

ST'R:=Rx S/ ~,
(a,b) ~ (a/,V) = s € S ab's =a'bs

TEHT Do (a,b) DI LEIBH § TET.

WEOFEBEIC L 0 BN THER & 725, RO SIZLDRFTEE b ),

MR 4.46. R CThHH L L, S R—{0} BHEMEGTHL Z LIFAETHD Z L AR
L. STIR=Q(R) Thd I L& H,

FIRE 4.47. R VEIRE T 5 L. RIT Q(R) DWANE L Lo 5 2 L & 7E,
—fTIE, R — STIR (res D) ERAIERERT S A & IR D AR T L A,

PIRE 4.48. LORBEICHNL ¢: R— SR (re L) 1RO L 5 2l B A b5 - L 27,
R OHMINE A LEERM £ R » AL TH. f(S) C AX ThUE f 1Ed 5D
FiSTIR 5 AICEY f=fop tind B, ZDE57% /1 STIR—» Ao ThH 5,
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filE 4.49. £ T, it ¢ :R—> R Th-oT, ZOXLIBRMWEEZFOLOR b -T2 LT 5
EBEOHAMME A CRERA f - R - AICHLTH, f(S) c AX ThE fixdbd
/iR — ALK f=flod &EniTD, ZDLI72 f/: R — AlFME—DThH D,
IoLE R ESTIRIFRAMTHD Z LERE, S0ICHL, HIRAEM AL : R — S7'R
PIEIELT p=hod L7252 L &mt,

(v bR OMWENS R — S7'R, STIR OMWENS ST'R — R WFEET 5, Zhb
DERMELEBLIZ R D E I DN, TRHDERIZ ¢ LARLTHE2rbLT, 20k )
MO TH D] LW HIHEENOESERIC—KTD,)

INLORBIZEY, R— STIRIZZOMWEEZ bOME—SOBREUEFRM TH D Z & 23 b
Bo ZOXDMWEIIRBFEDO W5 L ZAICHI, [EEM (universality) ] & FEEN S,



113

EH5E N

5.1 IR&NE
5.1.1 @
IERE (M, +,0) ©Z & ZNEE (module) & H 5,

MR8 5.1.1. IERE M © A CYERB 2K End(M) 1Xfn e L CRB%of%Z, L L TAREE 5
2D EITL VR E R D,

ZIUEB) 3.4.6 TR EBY TH D,
EE 5.1.2. REBEL L, M ZIEREE 5, BRUERT
p: R — End(M)

D—o2fEEINE &, M &/ RINEE (left R-module) &9,
R PZHMIRIBR D & 1T, p ITHNHIBRERBI CTH D Z L 2 EFHET 5,

BHOYREER-T-EF 342 L 6 NE, ERIMBEM &3 T8 R OINERE M ~DIRE
LTOERNEESNTWAZ L] 1T 5,
ER1.1.22 125 NiE p: R — End(M) C Map(M, M) 1%

Rx M — M, (r,m)w p(r)(m)
BROMISEEZ 2, p(r)(m) Z miZr Z/FHSETZMHER LV,
rem = p(r)(m)
ThHobT, OHLOL ¢ THMT L3, KD I HLITIT-E VD SELHDITHENTEL,
fiRE 5.1. (R,-, 1) ZHAAER, (M, +,0) ZINEREE T 5, R D M ~0 (££) 1EH
e:RxM—= M, (rrm)—rem
(R0 M D RINEET 72 2 By SRR,
1. re(my+mo) =remy+rems
2. (r+mry)em=riem-+roem
3. (ri-ry)em=rie(ryem)

4. lem=m
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MDD 2 b T D = b R FA, (FREH p(r) € End(M), p EIMEE D2 "FEY F 1.
pLERMEDALARFEYT 4, p EHMED AL RFEY T 4 ZZVHRATZHDOTHS,)

E%& 5.1.3. (R,-,1) ZHMABR, (M, +,0) ZIWEREE T 5, RO M ~OHEH
o: MxR—M, (mr)—mer
NHEZbnEE ZOEMICEY M 4G R-NBEC 725 L1E, IROWMS %I Z &,
1. (m1+mg)er=mjer+mger
2. me(ri+r3) =mer;+mers
3. me(ri ) =(mery)ers
4. mel=m

fRE 5.2. M "G R-IMETH D Z & & RERM RP — End(M) A2 6NT0n5HZ Lk
MNEETH S Z & 2Rt
ZZITRP UL, MEREE LTI R EFALUTHLNHE

ropow v =1 pr
TE#ELIERTHD,

RNAMER D & E 21X R = R? Th L0 b/&E RIMEEE A RIMBEIFE CE L 20, Z0
R HLIC R-IBEE WV D,

EE 5.1.4. RM™MED L &, RINEEE RBEZERE VD,

PGB DO BRI EZ PR T, BIBEROERDN DNERETH D Z L, BLURMBES1 D4
DRBAEGT-T L] THDHI EaMRLTAHTIZLLY,

PR 5.3. B RIL. /2 (H) 1D ROGENS 52 LICk 0/ ()R MBETH D = & 2T,

EE 5.1.5. /£ RINEEM (Zxf L, ZD REIINEEN &3 (1) #oMEHETH-T (2) RO
ERIZEACCWD b0, T72bbH

1. ml,mQEN:>m1+m2€N,é%K 0eN
2.reRneN = rencNiN
L5 bH D,

%8 5.4. R DENEE S HE REFEDMETHL L L, S RDATTNTHDZ LR
ETH D Lart,

LT, RMBEE WS- BE RNEEZFET LD LT 5,
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E#E 5.1.6. REHEMAERE L, M, My % R-IMEEL 35, My 26 My ~D R-IEEE LTOD
YERIRY & (I NiERE O HERI R
f : M1 — M2
ThoT., ROEHEZVRFIALRELD, Thbb
f(reim)=rey f(m)

NETDOre R, me M IZOWTREYINDZ L,
SIHIZ f R EBEEDL, TN RINBEOERBICH D & X2 f ZRBEH 0O, M,
Myl RINBEL LCRAITH D L,

fi%E 5.5. R ANBEUERIRL f: My — Mo DR ToH 2 BB+ HHE, BENTHHZ L TH
52 & amH,

RMBEOHERIEEIIROEY TH 5.

EE 5.1.7. M EZERMBEET D, M EORMERME ~ 28 M I ESN-2THOEREL v
NRFTNTHD, Tbb

/ / / /
m1ng,ml~m2:>m1—|—m2~m1+m2,rom1NTOmQ

ThdET5, BATRPHEBREICOWTIVAAFEY F 4 XSS T 5, 8
2.4.19 OFEAFRERIC R EN D)

ZDOEE, [0 IX M O RIMBEE 72D,

T, M O REAINEE N 3L,

mi~mo < m;—mo €N

A _TEMR ~ ZERT D L ZHULEMEBMR T, M ICHRESNTT _RTCOEE L a R F T
TH D,

% 5.1.8. M %7 RIBE. N 220K RESIBEL+ 5, M/NIZiX
q: M — M/N
Z RINBEYERIAL L 32 K O 2RI OREE N /22— D I A D, BARRYICIE,
[ma] + [m2] == [ma +ma], 7 e[m]:=[rem]
L%,

%5.1.9. f: M — M %K RMFEERTRIE T2 L&, Kerf ¢ M b/ RIMBE, 8 f(M) c M’
L RMBEETH Y,
M/Kerf — f(M)

AHRENRE 2 biD,

% 5.1.10. f BHETHDHZ L &, Kerf =0 & XA,
RERIE, BECBR O ERIEFLOFEH & RFER U,

i 5.6. FOTHEHEZDREFHE L,
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52 EMEEHRME

EE 5.2.1. RZ&&REL, My, My 2 RIBEE T 5, My & My OEF (direct sum) My @ M,
L.

1. IMERE S U CILERE My x Mo
2. ROERIZERZRIER S
ZLeTHRONDE RIBECH D, FE FHIE,
My @ My = {(my,mz2)|my € My,ms € My}
(m1,mg) + (my,my) i= (m1 +mi,ma +my), re(my,my):=(rem,rems)
TEEDHLE RMHEDZ L,

51 5.2.2. REEEE L, R" % RO nHOERIC, kol tofilpksr 2D ROEEH

(@1, T0) + (Y1 Yn) = (1 F Y1y ey T+ Yn)
re(@y,...,wn)=(r a1,...,7 )
EHZIbDET D, ZHIEE RIEECH D, ERMOEFRLY
R"=R®R®---®R (nff)

(72 5720,
ERMEEM Th->T, HDHnlTEY R & RIMFEL L TR0 AIRAERMA - RN
LIF, e 28T %,

EE 5.23. REBELTDH, ERMFEMICHL, MO (FR) I (basis) & ZH>ED X5
RMEZFFO M OXO8 24,. ..,y € M Th D,

1. */kéﬂiiﬁ MmTy+- -+, =0 = rn=rq=---=7r,=0
2. AR <zi,...,xn >ri={rri 4+ A+, =0 € RY X M 8T 5,

2FROMEE, MIZR Ea,...,z, TERMEEL LTEREND LWV, ZDEHA
Tl Ty WIFETHEE, MITE RIMBEE LTHRAERTHS LD,

EE 5.2.4. /& RINEE M DSARAERK BB RINEETH D2 0B+05% M1, M 2 (A1R) LK%
FFoZ & ThD,

FERH. e SR > M % (r1,...,7mn) & T@ 4 -0+ Trx, THXAUE RINBEERAC
HDH, TNUBNHEFTHDHITITHR 511012 LY Kerf = {0} 25 2IE L0, ZRAEKEOSKM:
DO—WMNIVEICM R D72\, f DRETH D 2 L ITERMEIC R D72,

VB 0 R™ — M % RIBEOFERE &5, (1,0,0,...,0),(0,1,0,...,0),...,(0,...,0,1)
LD ol X 2B% x1,... 00 T D @ OHGHER—YISIVEITM AR &9 RHPER AR
PEIZAZR 5720, O
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RMME, TRLbBBIEZEMICB O TIRD L 5 RBWZ ENE 2D,
FIHE 5.2.5. RM™MED &= HRARKR RIMEEV ZRELH >, 74bbV 2R,
T, BB TE S THIBARBIEZERICIIEENEET S &0 9 EHICM A S 720,
—fRDERTIXZ DO L 5 MEIXE R =720,
Z/n
WX ZIMEETH DM, BHE ZINFETHEARW,
UL, ROX D RMENGEATE 5, 20/ — MTIEFERAZ 5 2780,

EHE 5.2.6. (HAIRAR PID MO ETHE) R VHEEA T 7 VO L & ARAR RN
BEM IZEWRED R & R/(a) DIEOMBEOEFE (RINEEEL LTC) A THD:

M2=R"®R/(a1)® - R/(as).
ZDOEI R e I F—ETIERY, —BIZT2ITTRD LT D,
FHE5.2.7. FOFHIZBWT, a; R THEILOREEICTHZENTED, TOHA. a1,..., 051
A EIEF D AN Z 2RV T —EIZES 12 F .
M ZNEREET 5, End(M) IZHEMBE TH DD, M 4.2.6 (2 X 0 M—DD BN AYER
YERIA p 128D
p:Z — End(M)
L%, LEENR-ST, BTOIMERIE =80 OB > T EAH) ZIREE 2%, X
DEMRICETIZ, neZIcxtLn>072013
nem:=m-+m-+---+m (nf{#)
n <075
nem:=—(m+m+---+m) (—nf@)
Thzbhb,
Rl 5.2.8. IMERHX ZMMBECTH Y, ZMBHIIMERECTH D, ZIMBEE L COWERTL L | Nk
FEL L CoOMERBIT—ET 2,
M 5.7. LomEZIERE X,
ZITHIBA T TNV TH -T2 0, REED,
FHE 5.2.9. (ARAERT — VOIS TEH) M 2 HRAEBINEEET 5L, @Yk a € Z
&
M=7Z"®Z/(a1)® - ®Z/(as)
DIBIZEL ZENTED, a; R TEBERLBRILELTE, ZOHAT a; IZIEFEOANE
ZEDEXTZE—® IR E 5,
FRlo, ARINERHIARER CTH L0200, EOBICHLDLINTn=0Th5,
fHRE 5.8. G ZAMINEREL T5, G OTTOF TNENRKRbDE LY, ZOMNEE G D
FEH (exponent) &\ e(G) TET,
FEED ge GITHL, ¢¢9 = e &Rt



118 5 NEE

5.3 HERFR

EH5.2.6 5 L, Jordan BEEFRDOGFEENKSIZAEHATE 5,
K%E L, Ae My(K) L35, #B4451050,

p: K[t] = Endg (K"),t — A

EIRDHNERERI p N BICEE D, LB - T, KM I K[t L 725, BRI

T K[t] OfERR G2 b5,
EH52612LY. KMiZ

K" = (K[)™ © K[t]/(a1) @ --- ® K[t]/(as)

DIZINT B, B, B K EHRK RO Tm =0 275, ay,...,as € K[t] iZF5 (F
ROLERNZHEX) OFTHDHELTEY, g, =p" THDELLI,

TE 5.3.1. K 2kLT 5, K[t] © KU EOSEANETIRTRNE %, K 28k
Luna,

A K #REAKE T2, 20L&, pi=t—\ THD, K[t] IMEEDF
K" = Klt]/(a1) ®--- & K[t]/(as)

DEZBENTWD, ElNT T ARBE LUTENT 2, Al~ZtideffE LTERT %,
000® - (t—a;) ) @030

0<ji<m;—1, DEOLDEW_DH LKLY, 5T 5 &5 GHORBTHIZL Jordan
A/ D, Ko T, KMIZAMERT 2010, KA LV e 1XRKBTHI% Jordan 13
W LTHZ LM TS,

ZE Xk
(1) AR (8 - GrAART) s
2] WHRISE TIREGRAM ) s



