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Periods of Composite Links

By Makoto SAKUMA

Let L be a link in 53. We call I a periodic link of period n, iff
there is an orientation preserving auto-homeomorphism T of 53 such that

(1) r8) =L,

(2) PFix(T), the fixed point set of 7, is a l-sphere disjoint from L,

(3) T is of period n.

In this paper, we consider the periods of composite links and show that
the periods of a composite link are determined by the periods of its prime

factors (Theorem 2). In particular, we prove

Theorem. A nonsplittable composite link can have only a finite number
of distinet periods.

Remark. Trotter [16] and Murasugi [7] proved that a fibered knot can

have only a finite number of distinct periods.

As an application, we show that, for each integer n22, there are dis-
tinct prime knots whose n-fold branched cyclic coverings are homeomorphic

{(Theorem 3).
. All results given in this paper depend on the following theorem, which

is proved using the positive solution of the homotopy Smith Conjecture

wus
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(14] and the equivariant sphere theorem of Meeks-Yau [6].

Theorem A. (Theorem 2 (b) of [13]) Let L be a link in 53, and let
M be a regular covering of 5° branchéd along L. Then L 1is a split
link or a composite link, iff ﬂz(M) # 0.

1. Periods of composite 1inks

.Let L be a periodic link of period 7, and let T be the associated

periodic map of S; of period n. Then, by [14], Fiz(T) is a trivial knot

and S3/T =55, Let p be the projection S° > S°/T, Ky =p(Fiz(), L

p(Z), and L' = KjulL. Then we have the following:

Theorem 1. _
(a) L s a split link, iff one of the following conditions holds:
(1) L' i a split link,
(2) L’ is a composite link whose decomposing 2-spheres intersect K.
(b) Assume that L ig a nonsplittable link. Then, L is a composite 1ink,
iff L' i8 a composite link whose decomposing 2-spheres do not intersect K.
() L is a trivial knot, iff L' is the (2,2)-torus link (_@

Proof. The "if" parts of (a) and (b) are trivial. We prove the "only
if" part of (b). Assume that L is a nonsplittable composite link. Let
M be the 2-fold branched cyclic covering of L. Then NZ(M) #0, by
Theorem A. Note that M is the ZnGDZ2 covering of L' = KjuL. Then,
by Theorem A, we can see that L' is’'a split link or a composite link. If
L' is a split 1ink or a composite link whose decomposing 2-spheres inter-

sect KO’ then L is a 'split link. Hence L' is a nonsplittable composite
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. . ” "
link whose decomposing 2-spheres do not intersect ‘Ko'," proving the only if
" "
part of (b). The only if part of (a) can be proved by a similar argument

as the above, using Theorem 2 (a) of [13]. (c¢) is provéd in [11] and [13].

Theorem 2. Zet L be a nonsplittable link, and let #{n.L.|1sise)
(sz1, "1121) be the prime decomposition of L, where Li (1si58) 1is
a prime link and Li # Li' if i#4' (see [3]). Then, if n is a period
of L, one of the following conditions holds:

(1) n devidr;a n. for each i (1sisas),

(2) there exists (l'v‘sjss) such that

(i) Lj 18 a periodie link of perted n,
(ii) »n divides n; - 1,
(i) »n divides n, for each 1 (1<si<s, L#J).
Furthermore, if L 18 a knot, the above condition is a necessary and suf-

ficient condition for L to have period n.

Proof. Assume that I has period n. Since L is unsplittable, the
link L’ is a nonsplittable link and an)" decomposing 2-sphere does not
intersect KO’ by Theorem 1 (a). So L' is decomposed into prime links
ph#{mLy | 1sisr} (220, mp21), so that Ly = Kouk, and [ =L,#
{mL, | 1slsr} for some link L, where L, (1slsr) is a prime link
and gz # Ql' if L#L" (see Fig. 1 (a)). Then it can be seen t.hat
L=ptw = p'1(,§0) # {mm, L, | 1s2sr} (see Fig. 1 (b)). Since Ly is a
prime link, p'l(go) is a prime link or a trivial knot by Theorem 1 (b).
Thus the above gives the prime decomposition of L, and from this fact,

the first half of Theorem 2 follows. The later half follows from the fact
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that connected sums of knots are unique.

\
a

Fig. 1 (a) Fig. 1 (b)

Now the theorem in the introduction and the following are immediate.

Corollary. (1) Let K be a (nomtrivial) prime knot. Then K&X has
period 2, and 2 +is the only period of it.
(2) Let Kl and Kz be distinet prime knots. Then KX “{2 does not

1
have any periods.

Example 1. The Granny knot has period 2, and 2 is the only period of

it. On the other hand, the square knot does not have any periods.

Example 2. It is known that the only period of the figure eight knot
is 2 ([7),[16]). Hence, the periods of the connected sum of n-copies of

the figure eight knot are 2 and divisors of =.
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2. Application

It is known that there are distinct composite knots all of whose cyclic
branched coverings are homeomorphic. Here, we prove the following theorem,

‘which gives an answer to a question of Viro [17].

Theorem 3. For any integer n 22, there exist distinct prime knots J

ad K whose n-fold branched cyclic coverings are homeomorphic..
Remark. For = =2, many examples are known ([2],{151,[17]).

Proof. Consider the 9§5-link L =JuX in the table of [10] (Fig.2).

J K ’ Fig. 2

Note that Ik(J,K) =1, both components J and X are unknotted, and
therefore, L is .prime. Let Jn (resp. Kn) be the inverse image of J
(resp. X) in the ﬁ-fold branched cyclic covering of K (resp. J).

Then, by Theorem 1, J and K are nontrivial prime knots in §°. The n-fold
branched cyclic coverings of Jn and Kn are homeomorphic to the ZneZn
covering of IL; so Jn and Kn have the homeomorphic n-fold branched

cyclic coverings.
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So, we have only to prove that Jn and Kn are not equivalent.

Let AJn(t], Axn(t), and AL(z,y) be the Alexander polynomials of Jn’ Kn’

and L respectively. Then, by [7] (cf. (4],[12]),

-1 A _ an-1 7
AJn(t) = W0 8, (¢,w")  and Axn(f:) = 28,05, 8),
where w is a primitive n-th root of 1, and

AL(z,y) = -2z +2a:z -zs

-y+3:cy-3:c2y +3a:3y -z4y

_zyz . Zzzyz - szyz +34y2'
Since any w® (L€£<n-1) is not a root of 1-y, degAJ () = 4(n-1).
n

On the other hand, degAK (t) < 2(n-1). Hence AJ. (t) # AK t).
n n n

This completes the proof of Theorem 3,

Notes. (1) These examples were first exhibited in the master theses
of Nakanishi [8] and the auther [11], without proving the primeness of them.
Nakanishi [9] gave an elementary proof of the primeness of them by his own
method.

(2) 1In [1], it is announced that Gofdon-Litherland had given a similar
construction.

(3) Livingsten [5] announced that the r-fold branched cyclic coverings of
the (p,r)-cable of the (q,r)-torus knot and the (q,r)-cable of the (p,r)-

torus knot are homeomorphic. This also proves Theorem 3.
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