ZARISKI-VAN KAMPEN METHOD AND TRANSCENDENTAL
LATTICES OF CERTAIN SINGULAR K3 SURFACES

KEN-ICHIRO ARIMA AND ICHIRO SHIMADA

ABSTRACT. We present a method of Zariski-van Kampen type for the calcu-
lation of the transcendental lattice of a complex projective surface. As an
application, we calculate the transcendental lattices of complex singular K3
surfaces associated with an arithmetic Zariski pair of maximizing sextics of
type A1g + Ag that are defined over Q(+/5) and are conjugate to each other
by the action of Gal(Q(+/5)/Q).

1. INTRODUCTION

First we prepare some terminologies about lattices. Let R be Z or Z,, where p
is a prime integer or oo, Z, is the ring of p-adic integers for p < oo, and Z is the
field R of real numbers. An R-lattice is a free R-module L of finite rank with a
non-degenerate symmetric bilinear form

(,):LxL—R

A Z-lattice is simply called a lattice. A lattice L is called even if (v,v)r € 27Z
holds for any v € L. Two lattices L and L’ are said to be in the same genus if
the Z,-lattices L ® Z,, and L' ® Z,, are isomorphic for all p (including co). Then
the set of isomorphism classes of lattices are decomposed into a disjoint union of
genera. Note that, if L and L’ are in the same genus and L is even, then L' is
also even, because being even is a 2-adic property. Let L be a lattice. Then L is
canonically embedded into LY := Hom(L,Z) as a submodule of finite index, and
( , )r extends to a symmetric bilinear form

(, )y @ LY x LY —Q.
Suppose that L is even. We put
Dp:=L"/L,
and define a quadratic form ¢y, : D, — Q/27Z by
qr(z) := (z,x)v mod 2Z, where T=xz+L € Dy,.

The pair (Dy,qr) is called the discriminant form of L. By the following result of
Nikulin (Corollary 1.9.4 in [8]), each genus of even lattices is characterized by the
signature and the discriminant form.

Proposition 1.1. Two even lattices are in the same genus if and only if they have
the same signature and their discriminant forms are isomorphic.
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For a K3 surface X defined over a field k, we denote by NS(X) the Néron-Severi
lattice of X ® k; that is, NS(X) is the lattice of numerical equivalence classes of
divisors on X ® k with the intersection paring NS(X) x NS(X) — Z. Following the
terminology of [12, §8] and [22], we say that a K3 surface X defined over a field of
characteristic 0 is singular if the rank of NS(X) attains the possible maximum 20.

Let S be a complex K3 surface. Then the second Betti cohomology group
H?(S,Z) is regarded as a unimodular lattice by the cup-product, which is even
of signature (3,19). The Néron-Severi lattice NS(S) is embedded into H?(S,Z)
primitively, because we have NS(S) = H?(S,Z) N H"(S). We denote by T(S)
the orthogonal complement of NS(S) in H?(.S,Z), and call T(S) the transcendental
lattice of S. Suppose that S is singular in the sense above. Then T(S) is an
even positive-definite lattice of rank 2. The Hodge decomposition T(S) ® C =
H20($) & H2(S) induces a canonical orientation on T(S). We denote by T(S) the
oriented transcendental lattice of S.

b 2c
M :={12a,b,2c] | a,b,c € Z,a > 0,c>0,4ac—b* >0},
on which GL(2,7Z) acts by M + g" Mg, where M € M and g € GL(2,7Z). The set
of isomorphism classes of even positive-definite lattices of rank 2 is equal to
L:=M/GL(2,Z),
while the set of isomorphism classes of even positive-definite oriented lattices of
rank 2 is equal to

We denote by [2a, b, 2¢] the symmetric matrix { 2a b } , and put

L:=M/SL(2,7Z).
For a matrix [2a,b,2c] € M, we denote by E[2a, b,2c] € £ and L[2a,b,2c] € L the
isomorphism classes represented by [2a, b, 2¢|.

In [22], Shioda and Inose proved the following:

Theorem 1.2. The map S — T(S) induces a bijection from the set of isomorphism
classes of complex singular K3 surfaces S to the set L.

The injectivity follows from the Torelli theorem by Piatetski-Shapiro and Sha-
farevich [12]. In the proof of the surjectivity, Shioda and Inose gave an explicit
construction of the complex singular K3 surface with a given oriented transcenden-
tal lattice, and they have proved the following:

Theorem 1.3. Fvery complex singular K3 surface is defined over a number field.

Let X be a singular K3 surface defined over a number field F. We denote by
Emb(F) the set of embeddings of F' into C, and for o € Emb(F'), we denote by X°
the complex singular K3 surface X ®p, C. We define a map

7x : Bmb(F) — L
by 7x(c) := T(X?). Then we have the following theorem by Schiitt [14], which is

a generalization of a result that had been obtained in [20].

Theorem 1.4. Let Gx C L be the genus of all L € L such that (Dp,qr) is
isomorphic to (Dys(x), —qns(x)), and let Gx C L be the pull-back of Gx by the

natural projection L — L. Then the image of Tx coincides with Gx.
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Therefore we obtain a surjective map
7x : Emb(F) — Gy.

Remark that, by the classical theory of Gauss [6], we can easily calculate the ori-
ented genus Gx C L from the finite quadratic form (Dys(x), —qns(x))-

Let Y be a geometrically reduced and irreducible projective surface defined over
a number field K, and let X — Y ® F be a desingularization of Y ®x F defined
over a finite extension F' of K. Suppose that X is a singular K3 surface. Then we
can define a map
7y : Emb(K) — g~X

by the following:
Proposition 1.5. The map 7x : Emb(F) — Gy factors as
Emb(F) % Emb(K) 25> Gy,
where p : Emb(F) — Emb(K) is the natural restriction map p(o) := o|K.

The purpose of this paper is to present a method to calculate the map 7y from
a defining equation of Y.

More generally, we consider the following problem. Let S be a reduced irreducible
complex projective surface. For a desingularization S~ — S, we put

H?(S~) := H?(S™,Z)/(the torsion part),

which is regarded as a lattice by the cup-product, and let NS(S~) C H2?(S~) be
the sublattice of the cohomology classes of divisors on S~. We denote by

T(S™) c H*(S™)
the orthogonal complement of NS(S~) in H2(S~). Then we can easily see that
the isomorphism class of the lattice T(S™) does not depend on the choice of the
desingularization S~ — S, and hence we can define the transcendental lattice T(S)

of S to be T(S™). (See Lemma 3.1 of [23] or Proposition 2.1 of this paper.) We
will give a method of Zariski-van Kampen type for the calculation of T(.S).

We apply our method to maximizing sextics. Following Persson [10, 11], we say
that a reduced projective plane curve C' C P? of degree 6 defined over a field k of
characteristic 0 is a mazimizing sextic if C ® k has only simple singularities and
its total Milnor number attains the possible maximum 19, where k is the algebraic
closure of k. The type of a maximizing sextic C' is the ADFE-type of the singular
points of C' ® k.

Let C C P? be a maximizing sextic defined over a number field K. The double
covering Yo — P2 branching exactly along C' is defined over K. Let X¢ — Yo @k F
be the minimal resolution defined over a finite extension F' of K. Then X¢ is a
singular K3 surface defined over F. We denote by g [c] the oriented genus G Xo- By
Proposition 1.5, we have a surjective map

Tic] i= Ty, : Emb(K) —» QN[C],

As an illustration of our Zariski-van Kampen method, we calculate 7i¢,) for a
reducible maximizing sextic Cy of type Ayg + Ag defined over K = Q(v/5) by the
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homogeneous equation

(1.1) 2 (G(z,y,2) + a-H(z,y,2)) = 0,
where o2 = 5 and
G(z,y,z) = —9a'z—142%yz 45822 — 482%y%z — 642%y2" +
+10222% + 108 2y — 20222 — 44y° + 10y,
H(z,y,2) = 5a'z+102%z—302°2% + 302”2 + 202%y2* —
—407y*2 + 209°.

This equation was discovered by means of Roczen’s result [13] (see §5).

We can calculate NS(X¢,) by the method of Yang [24], and obtain
Gico) = {L[8.3.8], L[2.1,28] }.

Let o+ be the embeddings of Q(a) into C given by o+(a) = +/5. We have two
surjective maps from Emb(Q(«)) = {o4,0_} to Q~[CO]. Remark that, since the
two complex maximizing sextics C; " and Cj~ cannot be distinguished by any
algebraic methods, we have to employ some transcendental method to determine
which surjective map is the map Tic,). By the method described in §3 of this paper,
we obtain the following:

Proposition 1.6.

Tico(04) = L[2,1,28],  71¢1(0-) = L[8,3,8].

We have shown in [19] and [21] that, for a complex maximizing sextic C, the
transcendental lattice Tjc) := T(Y¢) of the double covering Yo — P? branching
exactly along C' is a topological invariant of (P?,C). Thus the curves Cj ' and
Cy~ form an arithmetic Zariski pair. (See [19] for the definition.) The proof of
Proposition 1.6 illustrates very explicitly how the action of the Galois group of Q(«)
over Q affects the topology of the embedding of Cy into P2.

The first example of arithmetic Zariski pairs was discovered by Artal, Carmona
and Cogolludo [3] in degree 12 by means of the braid monodromy. It will be an
interesting problem to investigate the relation between the braid monodromy of a
maximizing sextic C' C P? and our lattice invariant Tyc.

In the study of Zariski pairs of complex plane curves, the topological fundamental
groups of the complements (or its variations like the Alexander polynomials) have
been used to distinguish the topological types. (See, for example, [1], [9] or [16] for
the oldest example of Zariski pairs of 6-cuspidal sextics [25, 26].) We can calculate
the fundamental groups 71 (P? \ Cy ") and m(P? \ C§ ) of our example in terms
of generators and relations by the classical Zariski-van Kampen theorem. (See, for
example, [15, 18].) It will be an interesting problem to determine whether these two
groups are isomorphic or not. Note that, by the theory of algebraic fundamental
groups, their profinite completions are isomorphic.

The plan of this paper is as follows. In §2, we prove Proposition 1.5. In §3, we
present the Zariski-van Kampen method for the calculation of the transcendental
lattice in full generality. In §4, we apply this method to the complex maximizing
sextics Cg * and prove Proposition 1.6. In §5, we explain how we have obtained the
equation (1.1) of Cy.
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Thanks are due to the referee for his/her comments and suggestions on the first
version of this paper.

2. THE MAP Ty

We recall the proof of Theorem 1.4, and prove Proposition 1.5. The main tool
is Theorem 1.2 due to Shioda and Inose [22].

Proof of Theorem 1.4. It is easy to see that the image of 7x is contained in Gx.
(See Theorem 2 in [20] or Proposition 3.5 in [21].) In [20] and [14], using Shioda-
Inose construction, we constructed a singular K3 surface X° defined over a number
field FO such that NS(X) = NS(X?) (and hence Gx = Gyo) holds and that the
image of Tyo coincides with Gx. (See also §4 of [21].) We choose an arbitrary
o € Emb(F). Then there exists 0 € Emb(F?) such that 7x0(c°) = 7x (o). Since
(X 0)‘70 and X7 are isomorphic over C by Theorem 1.2, there exists a number field
M C C containing both ¢°(F°) and o(F) such that we have an isomorphism
XY ®pogo M = X Qpqs M

over M. Consider the commutative diagram

Emb(F°)
PM,c0(FO) TXx0
/ TxooM — TXQM \‘ ~ ~
Emb(M) — gX = gxo s
/
PM,o(F) TX
Emb(F)
where pps 50(poy and ppr . (F) are the natural surjective restriction maps. The sur-
jectivity of 7x then follows from the surjectivity of 7xo. O

Proof of Proposition 1.5. Let o1 and o2 be elements of Emb(F) such that o1|K =
09| K. We put

ok = 01|K = 03|K € Emb(K).
Then the complex surfaces X?! and X?2 are desingularizations of the complex
surface Y?¥. Hence Proposition 1.5 follows from Proposition 2.1 below. (]

Proposition 2.1. Let ST and S5 be two desingularizations of a reduced irreducible
complex projective surface S. Then T(ST) = T(S5). If Sy’ and S5 are singular
K3 surfaces, then T(S7) = T(S7).

Proof. Using a desingularization of ST xg 95", we obtain a complex smooth pro-
jective surface ¥ with birational morphisms ¥ — S7" and ¥ — S55°. Since the
transcendental lattice of a complex smooth projective surface is invariant under a
blowing-up, and any birational morphism between smooth projective surfaces fac-
tors into a composite of blowing-ups, we have T(X) = T(S7) and T(X) = T(5%).
|

3. ZARISKI-VAN KAMPEN METHOD FOR TRANSCENDENTAL LATTICES
For a Z-module A, we denote by
AY := A/(the torsion part)

the maximal torsion-free quotient of A. If we have a bilinear form A x A — Z, then
it induces a canonical bilinear form At x Atf — 7.
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Let S be a reduced irreducible complex projective surface. Our goal is to calcu-
late T(S). Let 0 : S~ — S be a desingularization. We choose a reduced curve D
on S with the following properties:

(D1) the classes of irreducible components of the total transform D~ C S~ of D
span NS(S™) ® Q over Q, and
(D2) the desingularization § induces an isomorphism S~ \ D~ 2 S\ D.

We put
S0.= S\ D,
and consider the free Z-module
H(S°) == Ha(5°, Z)"

with the intersection paring

v Hy(SY) x Hy(SY) — Z.
We put
(3.1) I(S%) := {x € Hy(S%) | (2, ) = 0 for any y € Hy(S")},
and set

V2(8%) == Ha(S%)/1(5°).

Then V5(SY) is a free Z-module, and the intersection paring ¢ induces a non-
degenerate symmetric bilinear form

7 Va(S%) x V5(S%) — Z.
Proposition 3.1. The transcendental lattice T(S) = T(S™) is isomorphic to the
lattice (Vo(S°),1).

Proof. By the condition (D2), we can regard SY as a Zariski open subset of S~.
Consider the homomorphism

Gu @ Ho(S%) — Hy(S™) := Hy(S™,2Z)
induced by the inclusion j : S° < S~. Under the isomorphism of lattices
Hy(S™) = H(S™) := H?(S™,2)'f

induced by the Poincaré duality, the image of j, is contained in T(S~) C H?(S™)
by the condition (D1) on D. Using the argument in the proof of Theorem 2.6 of [19]
or Theorem 2.1 of [21], we see that the homomorphism

Ji @ Ha(8%) — T(S7)
is surjective. Note that we have

Uz, y) = (J«(2), Ju (y))T
for any x,y € Ha(S?), where ( , )r is the cup-product on T(S~). Since ( , )r is
non-degenerate, we conclude that Ker j, = I(S). O

Proposition 3.1 shows that, in order to obtain T(S), it is enough to calculate
H(S%) and ¢. Enlarging D if necessary, we have a surjective morphism
¢ : 8" —-U

onto a Zariski open subset U of an affine line A such that its general fiber is a
connected Riemann surface. By the condition (D1) on D, the general fiber of ¢ is
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non-compact. Let SO be a smooth irreducible projective surface containing S° as a
Zariski open subset such that ¢ extends to a morphism
$ : SO — Pl
Let Vi,...,Vy and Hi,...,Hy be the irreducible components of the boundary
S0\ S° where Vi,...,Vy are the vertical components (that is, ¢(V;) is a point),
and Hi,...,Hys are the horizontal components (that is, ¢(H;) = P!). Since the
general fiber of ¢ is non-compact, we have at least one horizontal component. We
put
AU ={p1,...,pm}-

Adding to D some fibers of ¢ and making U smaller if necessary, we can assume
the following:

(1) the surjective morphism ¢ : S° — U has only ordinary critical points,

(2) ¢|U; Hj : U;H; — P! is étale over U, and

(3) ViU~ UVy =67 (00) Up™ (p1) U+ UG~ (pm), where {oo} =P\ AL,
Note that ¢ has no critical points on (UH;) N ¢~1(U) by the condition (2). We
denote by c1,...,c, € U the critical values of ¢, and put

Ut :=U\{c1,...,cn}

By the assumptions, ¢ is locally trivial (in the category of topological spaces and
continuous maps) over U* with the fiber being a connected Riemann surface of genus
g with 7 punctured points, where r > 0 is the degree of | U; H; : U;H; — P We
then choose a base point b € U¥, and put

Fy:=¢ 1 (b).
For each p; € Al \ U, we choose a loop
Ni ¢ (I,0I) — (U*)b)

that is sufficiently smooth and injective in the sense that A;(t) = \;(¢') holds only
when t = ' or {t,#'} = I, and that defines the same element in m (U*,b) as a
simple loop (a lasso) around p; in U*. For each critical value ¢; € U\ U¥, we choose
a sufficiently smooth and injective path

vi + I —=U

such that ;(0) = b, v;(1) = ¢; and v;(t) € U* for t < 1. We choose these loops
A; and paths v; in such a way that any two of them intersect only at b. Then,
by a suitable self-homeomorphism of A!, the objects b, p;, ¢j, A; and 7; on Al
are mapped as in Figure 3.1. In particular, the union B of )\; and ; is a strong
deformation retract of U. Note that ¢ is locally trivial over U \ B.

Let S! be an oriented one-dimensional sphere. We fix a system of oriented simple
closed curves
a, : St F, (v=1,...,29g+7—1)
on Fy in such a way that their union (Ja,(S') is a strong deformation retract of
Fj. In particular, we have

Hl(FbaZ) = @ Z[au]a
where [a,] is the homology class of a,. For each p; € A' \ U and a,, let
ANiy @ S'x T 8°
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At

FIiGURE 3.1

be an embedding such that the diagram
StxT SV
pr| l¢
I — U

i

Aiw
L

commutes and that
AZ‘7,,|S1 x {0} : St < F},
is equal to a,. We put
Mi(a,,) = Aiﬁy‘gl X {1} : Sl — Fb,

where M; stands for the monodromy along \;, and denote the homology class of
Mi (a‘l/) by
M;([a,]) € H1(Fp, Z).

Let © be the topological space obtained from S! x I by contracting St x {1} to
a point v € O; that is, © is a cone over S' with the vertex v. Let pr: © — I be
the natural projection. Let ¢; € U \ Ut be a critical value of ¢, and let E}, s C
be the critical points of ¢ over ¢;. For each critical point Eé? € (b_l(cj), we choose
a thimble

I‘? : 0 — 80
along the path «y; corresponding to the ordinary node é;? of qb_l(cj). Namely, the
thimble F;? is an embedding such that

o L g
prl lo
1 — U
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!
1
H
¢ >
b

Vi G
FIGURE 3.2. Thimble

commutes, and that T'¥(v) = &. (See [7] for thimbles and vanishing cycles.) Then
the simple closed curve

of :==T%[pr ' (0) = —ary : S' = F,

on Fj represents the vanishing cycle for the critical point Ef along ;. We denote
its homology class by
[0F] € Hy(Fy, Z).

We can assume that 1"? and 1";?/ are disjoint if k # &'

Remark 3.2. There are two choices of the orientation of the thimble F? (and hence
of the vanishing cycle a;-“ = faI‘;?).

Then the union
Fy U [ JAi (8" xI) u [ JT¥o)
is homotopically equivalent to S°. Since the 1-dimensional CW-complex | Ja, (S!)

is a strong deformation retract of Fy, the homology group Hz(S%, Z) is equal to the
kernel of the homomorphism

0 : Pziri)e @zt — Hi(F,2) = P Za)]
given by

O[Ain] = Mi([ay]) — [ay] and B[T%] = —[oh].

The intersection pairing on Hy(S°,Z) is calculated by perturbing the system
(Ai,7;) of loops and paths with the base point b to a system (\},~;) with the base
point &’ # b. We make the perturbation in such a way that the following hold.

e There exists a small open disk A C U* containing both b and ¥’ such that
)‘?I(A) = [Ov Sl) U (1 — T, 1]’ )‘gil(A) = [07 S;) U (1 - 7“2, 1}7

(3
'Y]‘_I(A) = [0, uy), 7;‘_1(A) = [O,u;),
where s;,7;, 5}, 7], uj, uj; are small positive real numbers.
o If )\, intersects A}, or 7;-,, then their intersection points are contained in
A\ {b,1'}, and the intersections are transverse.
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e If 7; intersects \j, or 7}, with j* # j, then their intersection points are
contained in A\ {b,b'}, and the intersections are transverse.
e Any intersection point of 7; and v is either the common end-point c;, or
a transversal intersection point contained in A\ {b,¥'}.
We then perturb the topological 2-chains A; ,, over A; and F? over ; to topological
2-chains A; ,over A; and F;k over v;, respectively. Let 7" be one of A;, or F?, and
let t be the loop or the path over which T locates. Let T be one of Aj , or I'f over
the loop or the path #. We can make the perturbation in such a way that T" and
T’ intersect transversely at each intersection points. Suppose that

t(I) ﬂt/(I) NA= {ql,...,ql}.
Then T'NT’ are contained in the union UL:1 ¢~ '(gy) of fibers except for the case
where T = I‘? and TV = F;’“ for some j and k. If T = F? and TV = F;.k, then T
and T also intersect at the critical point é;? transversely with the local intersection

number —1. (See Lemma 4.1 of [17].) For each g, let 6, and 0, be the 1-cycles on
the open Riemann surface ¢~'(g,) given by

0, = TI|S"x{w,} :S'"— ¢ q,), wheret(w,) =q,,

0, = T'S'x {w)} : §' > ¢ (qu), where ¢(w]) =g,
We denote by (t,t'), the local intersection number of the 1-chains ¢ and ¢’ on U
at g, which is 1 or —1 by the assumption on the perturbation. We also denote

by (6,,,0,,),, the intersection number of 6, and 6], on the Riemann surface ¢~ (g,.).
Then the intersection number (7,7") of T and T” is equal to

l
(3.2) Z 1 (0,000, + 0,

where

0=

-1 ifT = F? and 7' = F;"’ for some j and k,
0  otherwise.

The number (6,,,6),), is calculated as follows. Let
( y )F : Hl(Fb,Z) X Hl(Fb,Z) —Z

be the intersection pairing on Hy (Fy,Z), which is anti-symmetric. If T = F?, then
the 1-cycle 6, on d)’l(q#) can be deformed to the vanishing cycle J;.“ = fﬁlﬂf on
Fy, along the path t][0,w,] in A. We put

[0,] := [0¥] € Hy(F), Z).

Suppose that T = A;,. Then we have t~'(A) = A7} (A) = [0,5) U (1 — r, 1], where
s and r are small positive real numbers. If the number w,, such that t(w,) = g, is
contained in [0, s), then 6, can be deformed to the 1-cycle a, on F} along the path
t[0,w,] in A. If w, € (1 —r,1], then §, can be deformed to the 1-cycle M;(a,) on
Fy, along the path t|[w,, 1] in A. We define [0,,] € Hy(Fy, Z) by

=~ ) la] if w, €10,s),
= {Mi([ay]) if w, € (1—r1].
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We define [é;] € Hy(Fy,Z) from T’ in the same way. Since ¢ is topologically trivial
over A, we have

(3.3) (9,“ QL)H = ([éu]’ [%])F
The formulae (3.2) and (3.3) give the intersection number (7,7") of topological
2-chains T and T7”. Even though the number (7,7”) depends on the choice of

the perturbation, it gives the symmetric intersection paring on Ker d = Hy(S°,Z).
Thus we obtain Hy(S%) and ¢.

4. MAXIMIZING SEXTICS OF TYPE Ajg + Ag

Recall from Introduction that £ (resp. £) is the set of isomorphism classes of
even positive-definite lattices (resp. oriented lattices) of rank 2.

Definition 4.1. Let ¢ : L — L be the map of forgetting orientation. We say
that T' € L is real if o~ 1(T) consists of a single element, and that T € L is real if
o(T) € L is real.

Let S be a complex singular K3 surface, and let S denote S ®c - C, where
" : € — C is the conjugate over R. Then T(S) is the reverse of T(S); that is,
0 Hp(T(9))) = {T(S), T(S)}. Therefore T(S) is real if and only if S and S are
isomorphic. In particular, if S is defined over R, then T(S) is real.
Remark 4.2. Tt is known that every element T of L is represented by a unique
matrix [2a, b, 2c] € M with
—a<b<a<ec withb>0ifa=c,

and T is not real if and only if 0 < |b| < a < ¢ holds. See [4, Chapter 15].

By the method of Yang [24] and Degtyarev [5], we see the following facts. (See
also [19].) There are four connected components in the moduli space of complex
maximizing sextics of type A9 + Ag. The members of two of them are irreducible
sextics, and their oriented transcendental lattices are

L[10,0,22] and L[2,0,110]  (both are real).

The members of the other two are reducible. Each of them is a union of a line and
an irreducible quintic, and their oriented transcendental lattices are

L[8,3,8] and L[2,1,28] (both are real).
We will consider these reducible sextics Cp, whose defining equation is given by (1.1).
For simplicity, we write C* for Cg*, Y+ for Yore and X + for Xere. Let
D* C Y* be the pull-back of the union of the lines
xr=0 and z=0
on P2, Since the singular points
[0:0:1] (A1p) and [1:0:0] (Ag)
of C* are on the union of these two lines, the curve D¥ satisfies the conditions (D1)

and (D2) in §3 for § = Y* and S~ = X*. We denote by W* the complement of

D* in Y*. (We have denoted W+ by S° in §3.) Let Afy 2) be the affine part of P2

given by x # 0 with the affine coordinates (y, z) obtained from [z : y : 2] by putting
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x =1, and let L C A(thz) be the affine line defined by z = 0. Then W% is the
double cover of A%y)z) \ L branching exactly along the union of L and the smooth
affine quintic curve Q* C A?U’Z) defined by

fE(y,2) == G(,y,2) £V5-H(l,y,2) = 0.

Note that QF intersects L only at the origin, and the intersection multiplicity is 5.
Let
at s Wt S A?%Z) \L

be the double covering. We consider the projection

p:A2 )—>Ai

(y,2
defined by p(y,z) := 2 onto an affine line with an affine coordinate z, and the
composite
q WiHA%yyz)\LHU::Ai\{O}

of 7* and p, which serves as the surjective morphism ¢ in §3. Calculating the
discriminant of f*(y, z) with respect to g, we see that there are four critical points
of the finite covering

PIQF + QF — A
of degree 5. Three of them R*, Si,gi are simple critical values, where
Rt =0.42193..., St =0.23780... + 0.24431... - v/—1, and
R~ =0.12593..., S~ =27.542... +45.819... - v/—1.

=t . . - . .
The value S~ is the complex conjugate of S*. The critical point over 0 € Al is

of multiplicity 5. The critical values of g* : W* — U are therefore R*, S i,gi,
and the fiber of g% over each of them has only one ordinary node. We choose a
sufficiently small positive real number b as a base point on U, and define the loop
A and the paths 'yﬁ, W; vg on U as in Figure 4.1. For z € U, we put

Q*(2) = (MQ") () =p ' (x) NQT,
and investigate the movement of the points Q*(z) when z moves on U along the
loop A and the paths ’yﬁ, 7?, 'ysjf. We put
1., -1 + . £-1 _ -1/l +

Ay =p 7 (b), FFi=q¢"(b)=7m"""(A,) CW™

Note that the morphism
7Ti|Fi . Ft - Agj

is the double covering branching exactly at the five points Q% (b) C A}J. These
branching points Q% (b) are depicted as big dots in Figure 4.2. Hence F* is a

Riemann surface of genus 2 minus one point. We choose a system of oriented
simple closed curves

a, : St — F* (v=1,...,5)

in such a way that their images by the double covering 7% |F* : F* — A; are given
in Figure 4.2, and that their intersection numbers on F'* are equal to

([al’L [a’”+1])F = _([a’l/+1]7 [au])F =1

for v =1,...,5, where ag := a;1. (Note that ([a,],[a,/])r = 0 except for the case
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FIGURE 4.1. The loop A and the paths 7?;7 'yi 725

FIGURE 4.2. The system of simple closed curves on Fj,

where |[v — /| =1 or {v,v/} = {1,5}.) Then a; U---Uay is a strong deformation
retract of F*, and [a1], ..., [a4] form a basis of Hy(F*,Z). Moreover we have

las] = —la1] — [a2] — [as] — [a4].
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ot (2) Q7 (2)

FIGURE 4.3. The movement of the branching points along 'yﬁ

Since Q* is smooth at the origin and intersects L with multiplicity 5 at the
origin, the movement of the branching points Q% (z) along the loop A is homotopi-
cally equivalent to the rotation around the origin of the angle 27 /5. Hence the
monodromy on the simple closed curves is given by a, — a,1. Let

A, S'xT—>w*
be the topological 2-chain over A\ that connects a, and a,+1. We have
A = [av41] = [au].

The movement of the branching points Q¥ (z) when z moves from b to R* along
the path vﬁ is homotopically equivalent to the movement depicted in Figure 4.3.
Let

Ffﬁ O - W
be the thimble over fy§ corresponding to the critical point of ¢* : W* — U in
the fiber over R*. The vanishing cycle JE = 781“; is depicted by a thick line in
Figure 4.4. We choose the orientation of o’E as in Figure 4.4. Then we have

([UE], [al])F =1, ([O—E]v [G'?])F = ([UE], [aS])F =0, ([O—E]v [a4])F =1,

and hence
0] = la1] — laz] + [as] — [ad].
In the same way, we see that the homology class of the vanishing cycle o, = —0I'y
is equal to
[0r] = laz] + [as]

under an appropriate choice of orientation. The movement of the points QF(z)
when z moves from b to S* along the path 'yg is homotopically equivalent to the
movement depicted in Figure 4.5. We choose the orientations of the thimbles

rs : 9 -w#
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FIGURE 4.4. The vanishing cycle o, = —0I'};

ot (z) 9 (2)

FIGURE 4.5. The movement of the branching points along ’yg

over ’yéﬁ in such a way that the homology classes of the vanishing cycles Ug[ = —81“;'5
are

[cd] = [a1] — [a2] — [a3] and

o5] = 2la] — [az] — [as] — [aa)-

The movement of the points Q% (z) for the path vg is obtained from Figure 4.5 by
the conjugation ~ : C — C over R. We choose the orientations of the thimbles F?
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FIGURE 4.6. The perturbation

in such a way that [ g] = —8[I‘§] are equal to
o] = —las] — [as] + [ad] and
[05] = —la1] — [a2] — [as] + 2[a4].

Now we can calculate the kernel Hyo(W*,Z) of the homomorphism
@Z | @ Z[TE] @ Z[0E) @ Z[T @Za,,

We see that HQ(W+, Z) is a free Z-module of rank 3 generated by

Sy = ] = [As] + TR,
Sy = —6[A1] — 2[Ao] + 2[As] + [A] + 5[0E],
Sy =[]+ [Az] + [As] - [TE] + [TF],

while Ho(W™,Z) is a free Z-module of rank 3 generated by
S; = —4[Ay] - 3[As) — 2[Ag] + [T) + 2[5,
Sy = —11[A1] = 7T[Ao] — 3[As] + [A4] + 5[I'g],
Sy = 3[Au+3[As] + 3[As] — [T5] + 5.

We deform the loop A and the paths vﬁ, 'yfqt and 7;% as in Figure 4.6. The
deformed loop N\ and paths 712 , 'yS , 'yS are depicted by the dotted curves. Then
the intersection numbers of the topological 2-chains T'= A, Fﬁ, F?, F?;f and T" =
A, F’ij, Figi, Flgi are calculated as in Table 4.1. Remark that the local intersection
number (¢,t'), of the underlying paths ¢ of T and ¢’ of T" is —1 for any intersection
point ¢ contained in the small open neighborhood A of b and ¥’. Therefore the
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T\T A, rs rs rs
A, 0 0 0 0
% | (@l log)r  —1 (osllog)r 0
rs | () loshe 0 -1 0
UE | (lavslslog))r 0 0 -1

TABLE 4.1. The intersection numbers of 7' and 7"

intersection matrix of Ho(W™,Z) is calculated as follows:
s st st
SFlo 0 0
Sfl o 40 -5
Sflo -5 2
Then I(W) is generated by S;F, where I(W*) C Ha(W) is the submodule defined
by (3.1). Thus T(X*) = Ho(W)/I(WT) is generated by Sy + (W) and S5 +
I(W), and T(X) is isomorphic to
L[40,-5,2) = L[2,1, 28].
The intersection matrix of Hy (W™, Z) is calculated as follows:
I
ST 22 5 —22
Sy | 55 140 55
Sy | —22 —55 22
Then I(W™) is generated by S; — S5 . Therefore T(X ) = Ho(W—)/I(W™) is
generated by Sy + I(W~) and S + I(W ™), and T(X ™) is isomorphic to
L[140, —55,22] = L[8, 3,8].
Thus Proposition 1.6 is proved.

Remark 4.3. For the algorithm to determine whether given two lattices of rank 2
are isomorphic or not, see [4, Chapter 15].

5. THE EQUATIONS

In this section, we construct homogeneous polynomials of degree 6 defining com-
plex projective plane curves that have singular points of type Aig and of type Ag.
Two of such polynomials are as follows:

(5.1) 10y%22 — 202?23 + 10222* — (=108 + 40V/5) cozy® 22+
(—64 £ 20V/5 ) cor?yz® + (—44 4 205 )coy®z — (—58 £ 30v/5 )co a3 23+
(—48 £ 30V/5 )co? 2y 2% + (=14 + 10V/5 )P x3y2? + (=9 £ 5v/5 otz 22,

with ¢g € C*. We explain how to obtain these equations.
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First we prove a lemma.

Lemma 5.1. Let f(x,y) = 0 be a defining equation of a complex affine plane curve
of degree 6 that has a singular point of type Ayg at the origin with the tangent x = 0.
Then, after appropriate coordinate change of the form (z,y) — (z,ay) with a # 0,
f is equal to one of the following polynomials (5.2) or (5.3) up to multiplicative
constant:
(5.2) 2 = 20y® + y* + ao5y” + aoey° + a1 32y’ + arazy?
+arsey’ + a1 2%y + ag 00y? + ag 30y’ + ag 4x®y* + az o2
+a3’1m3y + a3,25€3y2 + a3,3x3y3 + a4’0x4 + a4’1m4y + a4’2x4y2

|4 |4 6
+as, 01 + as5,12°y + ag ox,

where
azo = o —age — a14 — a22,
as1 = —2c+ apps,
a13 = 2co — 2ap,5,
ag,0 = —%(—3004 + 600201 — 2012 + 3002010,6 — 460&1,5 — 0020,2,2
—26004273 + 2(1274 + 20372),
azq = —2co®+ 2coc1 + coaps — ar s — ass,
a14 = *%(002 —2¢1 — 2c0a0,5 + 3ao,6 + a22),
a570 = 75(716006 —+ 4560461 — 33602012 —+ 2613 — 1200302 + 16006102 — 2022)

7(2005 - 300301 + 00012)0,0,5 - %(8004 — 960261 + 3012)CL076
7(73603 + 20061)&1,5 - %(00201 - 612)CL272 - (3602 - 201)&274
—(co? — c1)as 2 + coas,s — a2,

4,1 = —%(15005 - 3060361 + 1260012 + 800202 - 46162)
—(—4co* + 4co®er — e1%)ao s — S co®aoe — coar s
+1coPass + 2c0a2.4 + coas s — as,

a3 3003 —4coer + 2¢o — (3002 — 261)(10’5 + 3000,0’6 — 2@1’5 — CpQ2,2,

as1 = %(26007 —83¢o%cy + ThepPer? — 12¢pc1® + 25¢0%ca — 40cp2ci e
+401202 + 600022 - 203) — (2006 — 960401 + 9002012 + 300302 — bcgeico
+022)a075 — %(—34005 + 5900301 — 24(20012 — 900262 + 60102)0,076
—(9004 — 1160201 + 20002)@1)5 — %(2605 — 760301 + 660012 + 00262
—20162)&2,2 — (—7003 + 8coc1 — 262)&2,4 — (—2003 + 3coc1 — 02)a372
—(2¢0? = c1)as 3 + coau,,

with a; j, ¢, € C, or

(5.3) 2?2 — 2z 4+ 4° — 22%yco + 2xytcy + 22y (002 +2(co? — 01))
—2xy°(co® — ¢1) + x3( — 2c0(co® —¢1) — 0,2’3) + x2y3a273
+2?ytas s + 2%y(3co” — deo’cr + 1® + coanz — asa) + 2yas 3
—|—1:3y2( —3¢® 4 6¢o®c1 — 3eper? + o — (co® — c1)ass + coa274)
—|—1:4a470 + 1:4ya471 + z4y2a4,2 + x5a5,0 + x5ya5,1 + xGag,o,

with Qij, Ck € C.

Conversely, if cg # 0, then the affine curve defined by the polynomial (5.2) has a
singular point of type Aig at the origin, and if co # 0, then the affine curve defined
by the polynomial (5.3) has a singular point of type Ao at the origin.

We will use the following method to determine the type of singularities from the
form of the equation.
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Definition 5.2. Let k be an algebraically closed field and let w = (wq,wq) € Q2.
Let M = z®y° € k[[z,y]] be a monomial. We define the weight of M by w(M) :=
> e;w;. A formal power series f € k[[x,y]] is said to be semi-quasihomogeneous
with respect to the weight w if f is of the form f = f,—1 + fu>1 such that

(i) every non-zero coefficient monomial M in f,—; satisfies w(M) =1, and
fw=1 defines an isolated singularity, and
(ii) every non-zero coefficient monomial M in f,~1 satisfies w(M) > 1.

A semi-quasihomogeneous f is said to be quasihomogeneous with respect to the
weight w if f,~1 =0.

Proposition 5.3 ([13], Proposition 2.3). A semi-quasihomogeneous f € k[[z,y]]

with respect to the weight A, = (%’ﬁ)’ Dy = (ﬁ,#—j)), & = (£, 1),
Er = (%,%) and E = (%,%) defines a simple singularity if fw=1 defines an
isolated singularity at the origin. The type of the singular point is A,,, Dy, Eg,
FE; and Eg respectively.

Proof of Lemma 5.1. Let fo(x,y) = > b; jz'y’ € Clz,y] be a polynomial of degree
6 with complex coefficients b; ;. Suppose that the affine plane curve defined by fy
has a singularity of type Ajp at (0,0) with the tangent 2 = 0. We can write

fo = 22 + b3701‘3 + b271$2y + b1,2$y2 + b0)3y3 + (higher terms).

Firstly, let w = (4, %). If bo3 # 0, then (fo)w=1 = 22 + bo,3y* would define an
isolated singularity at the origin and hence fy = 0 would have a singularity of type
Ay at the origin by Proposition 5.3. Thus by 3 must be equal to 0.

Secondly, let w = (%, %) Then fy is semi-quasihomogeneous with respect
to w, and hence the quasihomogeneous part (fy)w—1 must define a non-isolated
singularity at the origin by Proposition 5.3. Hence there exists b € C such that
(fo)w=1 is equal to 2% — 2bxy? + b%y*. We divide into two cases, the case where
b # 0 and the case where b = 0.

Case 1 (b # 0). We change the coordinate via Vby — y. Then we have

(fo)w=1 +— 22 — 22y* + y*. Therefore, without loss of generality, we can write

(54)  folz,y) = 2® —2zy° + y* + a0,5y5 + a0,6y6 + a1,333y3 + a1,4xy4
+al,53ﬂy5 + a271x2y + 112,23022/2 + a27312y3 + a2,4x2y4 + a:f’.,oﬂlf3
+a371m3y + a3,2x3y2 + a373x3y3 + a470x4 + a471m4y + a4,2x4y2

5 5 6
+as5, 02" + a5127Y + ag, 0T,

with Qi € C.
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Change the coordinate via x +— x 4 y2. Assume that this coordinate change
transforms fj into f;. An elementary calculation shows that

for f1 = 2% +ag 12y + (aps + a3 + az1)y° + (a1,3 + 2a2.1)wy® + az pr®

+(ao6 +a14a +azs2+ a370)y6 + (ag,2 + 3az0)z?y* + (@14 + 2022 + 3a3,o)xy4
+a3,1l’3y + (a1,5 + az,3 + a3,1)y7 + (a2,3 + 3a371)x2y3 + (a1,5 + 2a23 + 3a3,1>$95
tasor* + (aza + as2 + as0)y® + (as2 + 4as0)2’y® + (2a2,4 + 3az 2 + 4ag0)zy’
+(agq +3azz + 6as0)2’y* + as 2ty + (azs + as1)y’ + 3(az 3 + 2a41)0%y°
+(az3 +4as1)2°y> + (3as3 + das1)vy” + as02° + (as2 + as0)y*’

+(as2 + 5as0)z*y? + 2(2a42 + 5as 0)2*y* + 2(3a4.2 + 5as o) r?y°

+(4aq,2 + 5a570)a:y8 + a571x5y + 5a571x4y3 + 1Oa571x3y5 + 1Oa571x2y7

—|—5a5,1xy9 + a5,1y11 + aG,OmG + 6a6’0x5y2 + 15a6’0m4y4 + 20a6’0m3y6
+15a670:ﬂ2y8 + 6a670xy10 + a670y12.

First, let w = (71, %) If there were the term 3® with non-zero coefficient in f;, the
singularity of f; = 0 at the origin would be of type A4 by Proposition 5.3. Next, let
w = (%, %) By the same argument as above, the quasihomogeneous part (f1)w=1
of f; must define non-isolated singularities at the origin, because otherwise f; = 0
would have a singularity of type As. Thus there exists a complex number ¢y such
that (fl)w:l = 172 + (a173 + 2&271)58]43 + (a076 + a1.4 + az 2 + ag,,o)yG is equal to

2% — 2cozy® + co?y8. Consequently we have following conditions:

Step 1. (x +— x +y?)
aps +ayz+as; =0,
ao6 +aia+ass +aso = co? and
a1,3 + 2a21 = —2cq.

Then we change the coordinate via z — = + coy>. Assume that this transforma-
tion takes f1 to fo. Let w = (%, %) The coefficient of 37 is equal to 0, because
otherwise the singularity at the origin would be of type Ag. Next, let w = (%, %)
The quasihomogeneous part (f2),=1 must define non-isolated singularities at the
origin. Hence there exists ¢; € C such that (f2),=1 is equal to x? —2ci12y* + 1298,
Therefore we have

Step 2. (z+— z + coy®)
co® + co?ag,s — 3coao,s — 2coa1,4 + ar s — cpasp + as sz +asy =0,
3co* — 3cp?ape — 3co?ar s + coar s — 2co®as2 + 2coas,3 + asa + 3coasy +
as 2 + ag.0 = 012 and
—002 + 2600,0’5 - 30/0,6 - 20,1’4 —a22 = —2C1.

The coordinate change via z — x + c1y* takes fo to f3. The coefficient of y° in
f3 is equal to 0 and there exists ¢z € C such that (f3)w—=1 = 22 — 2c22y® + 2290,
where w = (5, 1—10)

Step 3. (z+— z + c1y?)
%605 — 461003 + 2604(1075 — 361002a0)5 + 6120,075 —
5002(11,5 + %003
ag;1 =0,
TeoS — 2 crcot + 22 ¢ 2cp? +c13 +co’ao 5+ 3cico®an s —3e1 % coan, s —9cotao6 —
%Clcozao,s + %QQGO,G + 1lep3ar 5 + 2c1c0a1,5 + 3cptaze + %Clco%z,z -
Le1?ag 045003 az 3 —5cp?ag,a—2c1a2,.4—3co*az 2o —cras 2 +3coaz 3 +4coas,1 +

11
7003%76 + 3cicpap,s +

2
(2,2 — A22C1Co + 2¢p“az 3 — a2 3¢1 — 2¢oaz 4 — Coaz 2 +az 3+
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Q4.2 + aso0 = 822 and
3603 - 40160 - 3602(10’5 + 201(10’5 + 3000'0,6 - 2(1175 — CpQg2,2 —A23 = 7262.

Change the coordinate via z + x4 coy®. Suppose that this transformation takes
f3 to f1. Let w = (%, 1—11) Then (f4)w=1 is equal to 2% + c3y'!, where c3 is given
below. If ¢3 # 0, then (f4),=1 = 0 defines an isolated singular point at the origin,
and hence f; = 0 has a singular point of type Ajg at the origin.

Step 4. (z+— z + cay®)
13007 — 827361005 +37Cl2003 — 661300 + 227562004 — 206261002 +02612 -+ 362260 =+
2co8ag 5 — 9ercotag s + 9c1%co?an s + 3caco®ag s — 6eacicoag s + c2ags —
176050,0,6 + 57901603&076 — 12012(30@0,6 — %CQCOZCLQG + 30201a076 + 9CO4CL175 —
11C1002a1,5+012a1,5+2620001,5+005a2,2—%01003a2,2+301200a2,2+%0260202,2—
cacragn — Teglaz,y + 8cicoazs — 2c2a2.4 — 2¢oaz 2 + 3c1coas 2 — c2az2 +

2 _
2cp”az,3 — €1a3,3 — CoGa,2 + G351 = C3.

Solve the system of linear equations appearing in each step by choosing unknowns
suitably. Then we have the solutions denoted in (5.2).
Case 2 (b= 0). In this case, without loss of generality we can write

fo=a" —2Way® + 020 + a1 a2y + a1 57Y° + as, 127y + az 22°y?

2 3 2 4 3 3 3,2 3.3
+a2377Y" + a2427Y" + a3 0r” + a3127Y + a3z 22°y" + a3 327y

4 4 4, 2 5 5 6
Fa4,0T" + A4127Y + Q42T7Y" + a5,02" + a512°Y + A6,0T" -

Assume that b’ = 0. If a3 4 # 0, then the polynomial fy is semi-quasihomogeneous
with respect to the weight w = (4, +) and (fo)w=1 defines an isolated singularity.
Hence fo = 0 would have a singularity of type A7 at the origin. If a; 4 = 0 and
a15 # 0, then fy is semi-quasihomogeneous with respect to w = (%, %), and
(fo)w=1 defines an isolated singularity at the origin, so that fo = 0 would have a
singularity of type Ag at the origin. If a; 4 = a; 5 = 0, then f; defines non-isolated
singularities at the origin. Therefore b’ is not equal to zero. Furthermore, the

coordinate change v/’ y — y takes b’ to 1. Therefore we can write

(5.5)  fo=2%—22y® + 9% + ara2y* + a1 579" + a2,12%Y + 2222y + ag 327y

2 4 3 3 3,2 3,3 4
+az 427y + a3 02" + a312°Y + a3227Y" + a3 3°Y” + aq4,0%

4 4,2 5 5 6
+a4177Y + a4 227Y" + a50T" + a5127Y + a6 07 -

By a similar argument as in Case 1, we have the following three steps:

Step 1. (x +— 2 +y3)
a1,4 +az1 =0,
ais + as2 + aso = c? and
a1,4 + 2a21 = —2cy,
Step 2. (x+— x + coy?)
—cpay5 +az3 +azo =0,
604 — 002a175 + 200&273 + a4 + 300a3,0 +ag1 = 612 and
—2c0? —a15 = —2cy,
Step 3. (x — x + c1y°)
3co® — 6co3er + 3coc1® 4 co®az — cras s — coaza + azo = co,
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where ¢; € C. Regard a; 4, a1 5, 02,1, a2,2, a3,0, @3,1 and az 2 as unknowns and solve
the system of linear equations. The solutions are

a1 = —2co,
_ 2
a2 = Co —aips,
a4 = Z2co,
2
as = —2(c” —c1),
2
aso = —2co(co” —c1) —asgs,
a371 = 3604 — 460261 + 612 + 600,273 — CL2,4 and
5 3 2 2
ass = —3cp° + 6¢g°c1 — 3cpc1” 4+ ¢ — (CO — cl)a273 + cpag 4-

Substituting them for the coefficient of (5.5), we obtain the polynomial (5.3). O

Claim 5.4. Let F(z,y,2) € Clz,y, 2] be a homogeneous polynomial of degree 6
that satisfies

Flz,y,1) = f(z,),
where f is the polynomial (5.2) in the statement of Lemma 5.1 with ¢ # 0. Let

g9(y, z) := F(1,y,2). Then g is semi-quasihomogeneous with respect to the weight
w = (15, +) if and only if

10
(5.6) ap,6 = Q1,5 =G24 = A32 = 43,3 = G420 = Qg0 = 0
and
a = +06+V5)w?
(5.7) azy = 2(c1+ coaos) — co?,
: aps = 2(—11£5V5)co,
3 = —o=(-123£55V5)cq".

Moreover, if (5.6) and (5.7) hold, then g,—1 defines an isolated singularity at the
origin and hence g = 0 has a singular point of type Ag at (0,0) by Proposition 5.3.

Proof. We write g in the form

9 = Gw<1 + Guw=1 + Juw>1,

where w = (55, +). The condition g,,<1 = 0 is equivalent to (5.6) and

0 = 2(01 + Coa()’s) — 002 — a2

0 = —4003 + 6¢c1cp + 5@0,5602 — 2&07501 — 2¢o

0 = 5604 — 580261 + 612

0 = a0752(5002 — 201)(15603 — 106061 + 5602(10’5 — 201(1075) — 463

0 = 12605 — 2000361 + 800012 + 25604a0,5 - 2000201%,5 + 4012(10’5.

Solving this system of equations, we get (5.7). Note that we have ¢y # 0 by the
assumption ¢z # 0. Substituting (5.6) and (5.7) for coefficients of g, we have

-9+ 2(—-11+

Since ¢g # 0, gy=1 defines an isolated singularity. O

Guw=1 =

Note that 10F(z,y, z) is equal to (5.1) under the condition (5.6) and (5.7).
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Finally, let ¢ = 1. The curve defined by the equation (5.1) has a singular point
of type Ajg at (0: 0: 1), a singular point of type Ag at (1 : 0 : 0), and is smooth
except for these two points.

Remark 5.5. In [2], a different method to obtain defining equations of sextic curves
with big Milnor number is given.
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