MORDELL-WEIL GROUPS AND AUTOMORPHISM GROUPS OF
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ICHIRO SHIMADA

ABSTRACT. We present a method to calculate the action of the Mordell-Weil
group of an elliptic K3 surface on the numerical Néron-Severi lattice of the
K3 surface. As an application, we compute a finite generating set of the
automorphism group of a K3 surface birational to the double plane branched
along a 6-cuspidal sextic curve of torus type.

1. INTRODUCTION

We work over an algebraically closed field k.

Let X be a K3 surface. We denote by Sx the numerical Néron-Severi lattice
of X, that is, the group of numerical equivalence classes of divisors of X with the
intersection pairing

< >ZSXXSX—>Z.

Let O(Sx) denote the group of isometries of the lattice Sx. We investigate the
automorphism group Aut(X) of X by means of the action

Aut(X) — O(Sx)

of Aut(X) on the lattice Sx.

Let ¢: X — P! be an elliptic fibration with a distinguished section (: P! — X.
In this case, we say that (¢, () is a Jacobian fibration. We denote by MW (X ¢, ()
the Mordell-Weil group of sections of ¢ with ¢ being the zero element. An element
o € MW(X, ¢,() acts on the generic fiber of ¢ by translation. Since X is minimal,
this birational automorphism of X is an automorphism of X, and hence we have
an embedding of MW (X, ¢, () into Aut(X). In this paper, we present a method to
calculate the composite

(1.1) MW(X,¢4,() — Auwt(X) — O(Sx).

Borcherds’ method ([3, 4, 19]) is a method to calculate a finite generating set
of the image of Aut(X) — O(Sx) by means of a certain decomposition of the nef-
and-big cone of X into a union of polyhedral cones. Since this method is based on
lattice-theoretic computation, the geometric meaning of elements in the generating
set obtained by this method is not clear in general. The homomorphism (1.1) helps
us to express the generating set geometrically.
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2 I. SHIMADA

As an application, we calculate the automorphism group of the complex K3
surface Xy, obtained as the minimal resolution of the double cover X, of P?
defined by

(1.2) w? = f(z,y,2) + g(z,y,2)%,

where f and g are general homogeneous polynomials on P? of degree 3 and 2,
respectively. The branch curve of the finite double covering Yﬁg — P? is defined
by f2+¢> = 0. This plane curve is called a 6-cuspidal plane sextic of torus type, and
was studied intensively from various points of view. See, for example, [1, 7, 13, 17].
We prove the following:

Theorem 1.1. The automorphism group Aut(Xy,) of X5 4 is generated by 463
inwvolutions associated with double coverings Xy 4 — P? and 360 elements of infinite
order in Mordell-Weil groups of Jacobian fibrations of Xy 4.

Here, by a double covering, we mean a generically finite morphism of degree 2.

Theorem 1.2. The automorphism group Aut(Xy ) acts on the set of smooth ra-
tional curves on Xy 4 transitively.

The generating set in Theorem 1.1 is constructed in such a way that we can
clearly see the geometric meaning of each element. See Section 6 for more pre-
cise descriptions of these automorphisms. Remark that this generating set is not
minimal at all.

Theorem 1.1 is proved in the following three steps.

(a) We find many automorphisms of X, geometrically by the methods explained
in Section 3 (especially Section 3.7) and Section 4.

(b) We find a finite generating set of Aut(Xy ) by Borcherds’ method, which will
be explained in Section 5.

(c) We then show that the group generated by the automorphisms obtained in
Step (a) contains the generating set obtained in Step (b).

This paper is organized as follows. After fixing some notions and notation about
lattices in Section 2, we summarize in Section 3 various computational tools that
are useful in the study of geometry of K3 surfaces. These tools are based on an algo-
rithm given in [18] to calculate Sep(vy, v2) of separating (—2)-vectors in a hyperbolic
lattice. In Section 4, we present an algorithm to calculate the homomorphism (1.1).
In Section 5, we review Borcherds’” method. We employ a graph-theoretic formu-
lation of Borcherds’ method given in [5, Section 4.1]. Sections 3-5 are intended
to be summaries of computational methods in the study of K3 surfaces for future
reference. In Section 6, we calculate Aut(Xy ) by means of all these algorithms,
and prove Theorems 1.1 and 1.2. We used GAP [9] for the actual computation. In
the author’s webpage [21], we put a detailed computation data about Aut(Xy ).

Acknowledgement. This paper started as an answer to an old question by
Alex Degtyarev. A part of this work was done during the author’s stay at National
University of Singapore in September 2022. Thanks are due to Professor De-Qi
Zhang for his hospitality.

2. NOTATION AND TERMINOLOGIES

By a lattice, we mean a free Z-module L of finite rank with a non-degenerate
symmetric bilinear form

( Yt LxL—>7Z,
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which we call the intersection form (or the intersection pairing) of L. The group of
isometries of a lattice L is denoted by O(L), which we let act on L from the right.
Let L be a lattice. Then the dual lattice LV of L is defined to be

{z€eL®Q]|(z,v)€Z forall veL}.

The finite abelian group A(L) := LY/L is called the discriminant group of L. We
say that L is unimodular if L = LV.

A lattice L is said to be even if (v,v) € 2Z holds for all v € L. A root of an even
lattice L is a vector r € L such that (r,r) is either 2 or —2. A (—2)-vector of L is
a root r € L such that (r,r) = —2. Suppose that L is even and negative-definite.
Then the set

Roots(L) :=={re L | (r,r)=-2}
is finite. An even negative-definite lattice L is called a root lattice if L is generated
by Roots(L). A root lattice has a basis consisting of roots whose dual graph is a
Dynkin diagram of type ADE (see, for example, [8]).

A lattice L of rank n > 1 is said to be hyperbolic if the signature of the real
quadratic space L ®R is (1,n —1). Let L be an even hyperbolic lattice. A positive
cone of L is one of the two connected components of the space

{ze LR | (x,z) >0}.
Let P be a positive cone of L. We put
O(L,P):={geO(L) | P! =P}.

We have O(L) = O(L,P) x {£1}. For v € PN L, we put

[t ={xeL|{x,v)=0}.
Then [v]* is an even negative-definite lattice, and hence we can calculate effectively
the finite set

Roots([v]t) = {re L | (rv) =0, (r,r)=-2}.

For v € L ® R with {v,v) < 0, we put

W)t ={zeP|(z,0)=0},
which is a real hyperplane of P. Let vi,v2 € L ® Q be rational vectors in P. Then
we can calculate the finite set

Sep(vi,v9) :={r e L| (rv1) >0, (r,ue) <0, {(r,r)y =-21}

of (—2)-vectors separating v1 and ve. See [18] for the algorithm. As will be explained
in Section 3, this algorithm is very useful in the study of K3 surfaces.

Definition 2.1. By a chamber, we mean a closed subset D of P such that

e D contains a non-empty open subset of P, and

e D is defined by linear inequalities (z,v;) > 0 (¢ € I), where v; (i € I) are
vectors of L ® R with (v;,v;) < 0 such that the family { (v;)* | i € I} of
hyperplanes is locally finite in P.

Definition 2.2. Let D be a chamber. A wall of D is a closed subset of D of the
form D N (v)* such that the hyperplane (v)* is disjoint from the interior of D and
that D N (v)* contains a non-empty open subset of (v)1. We say that a vector
v € L®R defines a wall w of D if w = DN (v)* and (z,v) > 0 for an interior
point z of D (and hence (x,v) > 0 for all z € D). A defining vector of a wall of a
chamber is unique up to positive multiplicative constant.
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Definition 2.3. Let F := { (v4)? | @ € F'} be a locally finite family of hyperplanes
in P. Then the closure in P of each connected component of

P\ U (wa)*
acF

is a chamber. Let Cx be the set of these chambers. In this situation, we say that
P is tessellated by the chambers in Cx. If a subset N of P is the union of chambers
in a subset of Cx, we say that N is tessellated by chambers in Cx.

Let w be a wall of a chamber D € Cx. Then there exists a unique chamber
D’ € Cx such that D # D' and w C D’. This chamber D’ is called the chamber
adjacent to D across the wall w.

A (—2)-vector r € L defines a reflection
Sp: x> x4 {x,r)r
into the mirror (r)+. We have s, € O(L,P). Let W(L) denote the subgroup of
O(L,P) generated by all the reflections s, with respect to (—2)-vectors r. We call

W (L) the Weyl group of L. Note that the family of hyperplanes (r)* defined by
(—2)-vectors r is locally finite in P.

Definition 2.4. A standard fundamental domain of W (L) is the closure of a con-
nected component of
PAUOS

where r runs through the set of (—2)-vectors.
Let D be a standard fundamental domain of W(L). We put
O(L,D):={geO(L)| DY =D}.
Then we have O(L,P) = W(L) x O(L, D). The action of O(L,P) on P preserves
the tessellation of P by the standard fundamental domains of W (L).

3. THE NUMERICAL NERON-SEVERI LATTICE OF A K3 SURFACE

Let X be a K3 surface, and Sx the lattice of numerical equivalence classes of
divisors of X, which we call the numerical Néron-Severi lattice of X. For a divisor
D of X, we denote by [D] € Sx the class of D. Suppose that Sy is of rank n > 1.
Then Sx is an even hyperbolic lattice. Let Px be the positive cone of Sx containing
an ample class a of X, and Px the closure of Px in Sx @ R. We put

Nx = {zePx|(x,[C]) >0 for all curves C on X },
N% := the interior of Ny,
Nx := the closure of Nx in Px.

The cone Nx is called the nef-and-big cone of X. If C' is a smooth rational curve
on X, then its class [C] is a (—2)-vector of Sx. We put

Rats(X) := {[C] € Sx | C is a smooth rational curve on X }.
We have the following:

Theorem 3.1. The nef-and-big cone Nx is a standard fundamental domain of
W (Sx). A (=2)-vector r € Sx belongs to Rats(X) if and only if r defines a wall
of the chamber Nx. O
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Suppose that we have an ample class @ € NyNSx. Then Vinberg’s algorithm [23]
enables us to enumerate, for a given positive integer m, all the walls Nx N (r)* of
Nx defined by r € Rats(X) with (r,a) < m. (See (3.2) below.) Our algorithm [18]
of calculating the set Sep(vi,v2) of separating (—2)-vectors provides us with an
alternative method to investigate the chamber Nx. Below are some examples.

3.1. Finding an ample class. It is well-known that a class v € Sx is ample if
and only if v € Ng. Let X be a normal surface birational to X, and h € Sx
the pull-back of an ample class of X by the minimal resolution X — X. Then
we have h € Nx. It is known [2] that X has only rational double points as its
singularities, and hence the exceptional locus of the desingularization X — X is
a union of smooth rational curves whose dual graph is a Dynkin diagram of type
ADE. Let rq,...,7, be the classes of smooth rational curves contracted by X — X.
Then, locally around h, the chamber Nx is defined by (z,r;) > 0 fori=1,...,u.
Therefore a vector v € Px N Sx is ample if and only if

Sep(h,v) =0, Roots([v]*) =0, and (v,r;) >0 for i=1,...,pu.
If ' € Sx satisfies (a/,r;) > 0 for i = 1,...,u, then a := mh + o is ample for

sufficiently large integers m.

3.2. Nefness and ampleness. Suppose that we have an ample class a € Sx.
Then we can characterize Nx as the unique standard fundamental domain of
W (Sx) containing a. Let v € Sx be a vector with (v,v) > 0. Then we have

veEPx <= (a,v)>0.
When these are the case, we have
v€ Nx <= Sep(a,v)=70.
When these are the case, we have
veE Ny <= Roots([v]')=0.
3.3. The group O(Sx, Nx). Recall that O(Sx, Nx) is the subgroup of O(Sx,Px)

consisting of all isometries g such that N = Nx. Suppose again that we have an
ample class a € Sx. Let g be an element of O(Sx). Then we have

g€ 0(Sx,Px) <= (a,a’)>0.
When these are the case, we have
(3.1) g € O(Sx,Nx) <= Sep(a,a?) =10,
because, for g € O(Sx,Px), the chamber N¥ is also a standard fundamental

domain of W(Sx).

3.4. The set Rats(X). Again we assume that we have an ample class a € Sx. Let
r € Sx be a (—2)-vector such that (a,r) > 0. Then there exists an effective divisor
D of X such that r = [D]. We have r € Rats(X) if and only if D is irreducible.

Since D contains a smooth rational curve C' such that ([C],[D]) < 0 as an
irreducible component, we have the following criterion, which is a geometric inter-
pretation of Vinberg’s algorithm [23] applied to (—2)-vectors:

(3.2) reRats(X) < (r,r') >0 for all ' € Rats(X) with (', a) < (r,a)

Thanks to the algorithm to calculate Sep(v1, v2), we obtain another criterion.
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Proposition 3.2. Let r € Sx be a (—2)-vector with (a,r) > 0. We put

a; =a+ 7<aér>r
Then r € Rats(X) if and only if
(3.3) Roots( [a.]*) = {r,—r} and Sep(da.,a)= 0.

! al) >0, we have a.. € (r)*, and the set Sep(a’., a)
makes sense. In fact, the point a/. € (r) is the image of a by the orthogonal
projection to the hyperplane (r)‘. In particular, we have {r, —r} C Roots( [a.]*).
Then Proposition 3.3 follows from [24, Proposition 2.2]. We present proof for the
convenience of readers.

If (3.3) holds, then a’. € Nx and a small neighborhood of a.. in (r)* is contained
in Nx. In particular, r is a defining (—2)-vector of a wall of Nx and hence r €
Rats(X). Conversely, suppose that r € Rats(X). Then for any ' € Rats(X) with
r’ # 1, we have (r,7’) > 0 and (a,r’) > 0, and hence

/
{al,r") = {a,r") + % > 0.
Therefore (3.3) holds. O

Proof. Since (a.,r) = 0 and (a..,a,

3.5. Nefness of a vector of norm 0. Suppose again that we have a € N N Sx.

Proposition 3.3. Let f be a non-zero vector in Px N Sx with (f, f) = 0. Then
f € Nx if and only if Sep(a},a) = 0, where d; == a + (a, f)f.

Proof. First note that, since f € Px \ {0}, we have (a, f) > 0, a’f € Px, and hence
Sep(a’;, @) makes sense.
Suppose that f € Nx. Since a € N%, we have aff € N and hence Sep(a’y, a) =

(). Suppose that f ¢ Nx. Then there exists a smooth rational curve C such that
(f,[C]) < 0. We put r := [C]. Then we have (f,r) < —1. Since (f, f) = 0 and
(f,a) > 0, there exists an effective divisor F' on X such that f = [F]. Then C is
an irreducible component of F' such that C' # F, and hence (a,r) < (a, f). The
intersection point of (r)* and the open line segment

(a,f)={pt)=a+tf|teRso} C Px

is equal to p(tp), where

(a,r)
to == — <Aa,r) <({a,f).
gy = @0
Since a’s = p({a, f)), the intersection point p(to) is located on the open line segment
(a,a’) C (a, f). Therefore r is a (—2)-vector separating a’; and a. O

3.6. Singularities of a normal surface birational to X. Suppose again that
we have a € N3 N Sx. Let h be a vector in Nx N Sy, and let £ be a line bundle
whose class is h. Then, for some large positive integer m, the complete linear system
|£&™| gives a birational morphism X — X to a normal surface X. The surface X
is smooth if and only if h € N%. Suppose that h ¢ N%. Then the singularities of
X consists of rational double points (see Artin [2]), and the set of classes of smooth
rational curves contracted by the birational morphism X — X is equal to

{r € Rats(X)| (r,h) =0} = Rats(X) N Roots([h]").
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3.7. Finding automorphisms from nef vectors of norm 2. Let a € Sx be
an ample class of X. Let h be a vector in Nx NSy with (h,h) = 2. By a double
covering, we mean a generically finite morphism of degree 2. By abuse of notation,
we write |h| for the complete linear system of a line bundle whose class is h. Then
either one of the following holds (see Saint-Donat [15] or Nikulin [12]).
e The complete linear system |h| is base-point free and defines a double cov-
ering 7(h): X — P2 or
e |h| has a fixed component Z, which is a smooth rational curve, and every
member of |h| is of the form Z + E; + Es, where E; and E5 are members
of a pencil |E| of elliptic curves such that ([E],[Z]) = 1.

These two cases can be distinguished by the following criterion. We put
E:={eeSx|(ee)=0,(e,h)=1}.

Since the quadratic part of the intersection form ( , ) restricted to the affine hy-
perplane of Sy ® R defined by (x,h) = 1 is negative-definite, the set £ is finite and
can be calculated effectively.
e If £ = (), then |h| is base-point free. In this case, we say that h is a polar-
ization of degree 2, and denote by i(h) € Aut(X) the involution associated
with the double covering 7(h): X — P? given by |h|. Let

X - X — P?
be the Stein factorization of m(h), and let B(h) C P? be the branch curve

of the finite double covering X — P2. We can calculate the set
Rats(X) N Roots([h]*)

of classes of smooth rational curves contracted by 7(h). Hence we obtain
the ADE-type of Sing(B(h)), and the invariant part

{veSx@Q|v® =v}

of the action of i(h) on Sx ® Q. From this subspace, we can calculate the
action of the involution i(h) on Sx. See [20] for detail.
e Suppose that £ # (). Then we have a unique element f € £ such that

fe€Nx and z:=h-2f € Rats(X).

We can find this f by the methods in Sections 3.5 and 3.4. Then f is the
class of a fiber of a Jacobian fibration ¢: X — P! with z being the class
of the zero section ¢: P! — X. From these vectors f, z, we can calculate
the Mordell-Weil group MW (X, ¢, ¢) and its action on Sx by the algorithm
explained in Section 4.

Remark 3.4. The equality i(h) = i(h’) of involutions does not imply h = A’ in
general. See Remark 6.9, for example.

4. THE ACTION OF A MORDELL-WEIL GROUP ON Sx

In this section, we assume that the characteristic of the base field k is # 2,3 for
simplicity. Let X be a K3 surface, and a € Sx an ample class.

Let ¢: X — P! be a fibration whose general fiber is a curve of genus 1. Suppose
that ¢ has a distinguished section ¢: P! — X, that is, the pair (¢,() is a Jacobian
fibration. Let n = Spec k(P') be the generic point of the base curve P!. Then the
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generic fiber E, := ¢~!(n) of ¢ is an elliptic curve defined over k(P!) with the zero
element being the k(P!)-rational point corresponding to ¢, and the set

MW, := MW(X, ¢,()

of sections of ¢ has a structure of the abelian group with ¢ = 0. This group MW,
is called the Mordell-Weil group. The group MW, acts on E,, via the translation
z +— 2+p o on E,, where 0 € MW, is a section and +pg denotes the addition
in the elliptic curve F,. Since X is minimal, this automorphism of E, gives an
automorphism of X. Hence MW, embeds in Aut(X), and acts on the lattice Sx:

(4.1) MW, — Aut(X) — O(Sx, Px).

Let f € Sx be the class of a fiber of ¢, and z = [(] € Sx the class of the image of
¢. Since the Jacobian fibration (¢, () is uniquely determined by the classes f and
z, we sometimes write MW (X, f, z) for MW (X, ¢, ). The purpose of this section
is to show that we can calculate the homomorphism (4.1) from the classes f, z and
an ample class a.

We review the theory of elliptic K3 surfaces, and fix some notation. Since
(f, /) =0, (f,z) =1 and (z,2) = —2, the classes f and z generate a unimodular
hyperbolic sublattice Uy in Sx of rank 2. Let W, denote the orthogonal com-
plement of Uy in Sx. Since Uy is unimodular, we have an orthogonal direct-sum
decomposition

Sx =Uys @ Wp.
Since Wy is negative-definite, we can calculate the set
Roots(Wy) = {r e Wy | (r,r) = -2},
Hence we can compute
(4.2) ©4 := Roots(W,) N Rats(X)

by Proposition 3.2. Let £, denote the sublattice of W, generated by Roots(Wy),
and 74 the ADE-type of the root lattice Xg. Then we have the following:

Proposition 4.1. The set Oy is equal to the set of classes of smooth rational
curves that are contracted to points by ¢ and are disjoint from the zero section (.
The vectors in ©4 form a basis of the root lattice ¥4, and their dual graph is the
Dynkin diagram of type 74. O

Definition 4.2. The sublattice Uy ® X of Sx is called the trivial sublattice of the
Jacobian fibration (¢, ().

The following is of fundamental importance in the theory of Mordell-Weil groups.
This holds, not only for K3 surfaces, but also for elliptic surfaces in general. See [16,
Chapter 6].

Theorem 4.3. Let [ ]: MW, — Rats(X) denote the mapping that associates
to each section o € MW, the class [0] € Rats(X) of the image of o. Then the
composite

(4.3) MW, -5 Rats(X) = Sx —» Sx/(Us®Iy)

s an isomorphism of abelian groups. [



MORDELL-WEIL GROUPS OF K3 SURFACES 9

Remark 4.4. By the isomorphism (4.3), Shioda [22] (see also [16]) introduced a
structure of the positive-definite lattice (with a Q-valued intersection form) on
the free Z-module MW /(torsion). This lattice is called the Mordell-Weil lattice.
The norm of the Mordell-Weil lattice is very useful, for example, in finding good
generators of MW . See Section 6.6.

For a vector v € Sx, we denote by s(v) € MW, the section that corresponds
to v mod (Uy & L) by the isomorphism (4.3). First we will explain a method to
calculate [s(v)] € Rats(X) for a given v € Sx.

Recall that the dual graph of ©4 is the Dynkin diagram of type 74. Let

(4.4) O,=0;U---U06,

be the decomposition according to the decomposition of the Dynkin diagram into
connected components. Then two elements r = [C] and ' = [C'] of ©4, where C
and C’ are smooth rational curves on X, belong to the same O, if and only if ¢

maps C' and C’ to the same point. Hence the set {©1,...,0,} is in one-to-one
correspondence with the set

{peP'| ¢ (p)is reducible } = {p1,...,pn}
in such a way that p, € P! is the point ¢(C) for [C] € ©,. We put
p(v) = Card(©,), 7, :=the ADE-type of ©,.

In particular, we have 7, = 71 + -+ 7,. Let 3, be the sublattice of X4 generated
by the elements of ©,. We have an orthogonal direct-sum decomposition

Yo=2190 - 0%,
The fiber ¢~!(p,) consists of p(v) + 1 smooth rational curves
Cu,07 Cu,17 ceey Cu,p(l/)

such that ©, = {[C,1],...,[Cy )]} and that C, o intersects the zero section (.
The dual graph of

0, = {[CLo]} UO,
is the affine Dynkin diagram of type 7,,. We number the smooth rational curves in
©, as in Figure 4.1. The divisor ¢*(p,) is written as

p(v)
(b*(pll) = Z mI/,jCV,j (mu,j € Z>0)7
=0

where the coefficients m, ; are given in Table 4.1. We put
J,, = {j | ml,,j = 1}
We have 0 € J,,, and the class [C, o] is calculated by

p(v)

[Cool = f =Y mu;[C .
j=1

(It is well known that m,, ; with j > 0 are the coeflicients of the highest root of the
root system ©,.) Let ¢*(p,)* denote the smooth part of the divisor ¢*(p,):

¢ ()t = U C2o

Jjedy
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® CV,O
A fiber of type Ay
© © T © ©
Cz/,l Cu,2 CV,(—l CU,Z
O, CV,O
A fiber of type Dy
© CV,[
CV,O
Cua A fiber of type Eg
© ©

Cu 2 CV,S CL/,4 Cu,5 Cl/,6

’

T Cua A fiber of type Er

® ©
CV,O CV,? CV,3 CV,4 CIJ,5 CV,G Cu,’?

T Cu A fiber of type Fs

o ®
CV,Q CU,S Cu,4 CI/,S CU,G Cu,7 CU,S CU,O

C, 0 is indicated by ® , and
C, ; for j € J, — {0} is indicated by © .

FIGURE 4.1. Reducible fibers

where C7 ; is C,,; minus the intersection points of C), ; with other irreducible com-
ponents of ¢~ !(p,). Taking the limit of the group structures of general fibers of
#, we can equip ¢*(p,)* with a structure of the abelian Lie group. Then the set
Ju,, which is regarded as the set of connected components Cy ; of ¢ (p,)%, also has
a natural structure of the abelian group as the quotient group of ¢*(p,)f. The
element 0 € J, is the zero element. See Table 4.2 for the precise description of the
group structure of J,.
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T, j= 0,12... 1)

Ay 1L,1,1,...,1,1

D, 1,1,1,2,...,2,1
Eg 1,2,1,2,3,2,1

E; 1,2,2,3,4,3,2,1
Ex 1,3,2,4,6,5,4,3,2

TABLE 4.1. Coeflicients m, ;

T, Jo Group structure

Ay {0,1,...,¢} cyclic group Z/(£ + 1)Z generated by 1 € J,

Dy (£:even) {0,1,2,0} Z/2Z x Z)2Z

Dy, (£:0dd) {0,1,2,¢}  Z/AZ generated by 1 € J, with £ € J, being of order 2
Eg 0,2,6)  7/3Z

E {0,7} 7.)2Z

Eg {0} trivial

TABLE 4.2. Group structure of J,

Let X/ be the dual lattice of X,,, and let 7,1, .. .,%,,,() be the basis of X dual
to the basis [C) 1], ...,[Cy,,)] of X, We also put

Yo =0 € X

For j =0,1,...,p(v), we denote by ¥, ; the element v, j(mod %,) of the discrim-
inant group A(X,) = XY /3, of ¥,. The following is the key observation for our
method:

Lemma 4.5. The map j — 7, ; gives an isomorphism J, = YV /¥, of abelian
groups.

Proof. This is easily verified by comparing Table 4.2 with the discriminant groups
of root lattices of type Ay, Dy, and Ej. O

A section 0 € MWy intersects ¢~ '(p,) at a single point sp, (o), and this point
is located on ¢*(p,)f. Hence we have the specialization map

sp,: MWy — ¢*(py)".

By the definition of the group structure on ¢*(p, )%, the map sp, is a group ho-
momorphism. The inclusion ¥, < Sx gives rise to the restriction homomorphism
Sx — XY, which we write as

v = 0,
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The kernel of the composite of Sy — XY and XY — XY /3, contains the trivial
sublattice Uy @ Xy. Hence, by Theorem 4.3, the natural mapping
(4.5) MW, sy nomy o mYys,

is a group homomorphism. By definition, the following diagram is commutative:
(4.5)

MW, — 3V/3,
(46) SPy \I, \l, i by Lemma 4.5
")t

where the lower horizontal arrow is the natural quotient homomorphism.
Suppose that a vector v € Sx is given. Then the class [s(v)] € Sx of the section
s(v) € MW, corresponding to v mod (U, @ X4) by (4.3) satisfies the following:
1) ([s(v)],[s()]) = —2 and ([s(v)], f) = 1. Hence, by the orthogonal direct-sum
decomposition Sx = Uy @ Wy, we have [s(v)] = tf + z + w, where w € Wy
and t = —(w, w)/2.

(ii) [s(v)] = v mod U, & Xy. In particular, for each v =1,...,n, we have
([s(v)] = v)] € 0.
(iii) For each v = 1,...,n, there exists a unique index j(v) € J, such that

[s(V)]lv = Yuj(v)- This j(v) is the index j of the connected component CY
that contains the intersection point sp,(s(v)) of s(v) and ¢~ (p,), and hence
j(v) is the image of v by Sx — J,, in the diagrams (4.5) and (4.6).

Therefore the following calculations compute the class [s(v)].

Step 1. Let v" € W be the image of v by the projection to Wy under the orthogonal
direct-sum decomposition Sx = Uy @ W.

Step 2. For each v = 1,...,n, calculate the element §,(v') := v’|, mod X, of the
discriminant group XY /%, and find the index j(v) € J, such that §,(v’)
is equal to 7, ;(,)- Then the element v'[, —7, () of X3/ belongs to ¥,. We
calculate the integers o, j such that

p(v)
V' — Vi) = Z ayk[Ck)-
k=1

Step 3. We put
n p(v)

v =" — Z Z ay k|Cu.k].

v=1k=1
Then we have
[s(v)] =tf +z+2",
where ¢ := —(v",v")/2.

Next, we explain how to calculate, for a given vector v € Sx, the isometry

g9(s(v)) € O(Sx, Px)

induced by the translation x — z+g s(v) on E, by the section s(v) € MWy. Let
m be the Mordell-Weil rank of ¢:

m = dim(MW4 ® Q) =rank Sx — 2 — Zp(z/).

v=1
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T, J, j(v) Permutation of (:jl,
Ay Z/l+1)Z a i— (i+a) mod (£+1)
Dy (Z.)27.)* 0 id
(¢ : even) 1 01, 24 keal+2-k 2<k<?)
2 02, 140 keol+2-k 2<k<d)
14 00 12 kek (2<k<?)
Dy Z7/47 0 id
(£ : 0dd) 1 O0—»1—0—2—0, kel+2-Fk 2<k<?)
2 0—2—=0—1—0, kel+2—-k 2<k<?)
4 020 12 kek (2<k<i)
Eg Z/3Z 0 id
2 0—2—6—0, 1—»3—5—1 4—14
6 0—6—-2—0, 1—=5—3—1 4—14
E; 727 0 id
7 07 11, 44 26, 35
Eg 0 0 id
TABLE 4.3. Permutations of (:)l,
We choose vectors uq, ..., u, € Sx such that their images by

Sx = (Sx/(Up © %)) @ Q
form a basis of MWy ® Q. Then Sx ® Q is spanned by
4.7 f, z=1s(0)], [s(u1)l,-..,[s(um)], and the vectors in ©, for v =1,...,n.

Therefore, to calculate g(s(v)), it is enough to calculate the images of vectors in (4.7)
by g(s(v)). It is obvious that

fg(S(v)) = f
A0 = [s(0),
[s(u,)]9@) = [s(u, +v)] for p=1,...,m.

Hence it remains only to calculate the image by g(s(v)) of the classes in ©,. Note
that g(s(v)) induces a permutation on the set ©, = {[C,, 0]} UO, that preserves the
subset J,, of classes of reduced irreducible components. By the method described in
Step 2 above, we calculate the index j(v) € J,, which is the image of s(v) € MWy
by the composite of sp,: MWy — ¢*(p,)* and ¢*(p,)* — J,. The translation of
¢*(py)? by sp,(s(v)) induces the translation of J, by j(v). It is easy to see that
this permutation of J, extends uniquely to a permutation of é,, that preserves the
dual graph. See Table 4.3, in which we abbreviate 0, = {[C,q] s [Co ]} as

{0,1,...,p(v)}. Hence the image of each element of O, by g(s(v)) is computed.
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5. BORCHERDS’ METHOD

5.1. An algorithm on a graph. We recall an algorithm introduced in [5]. Let
(V, E) be a simple non-oriented connected graph, where V' is the set of vertices and
F is the set of edges, which is a set of non-ordered pairs of distinct elements of V:

e (2)

We say that v,v" € V are adjacent if {v,v'} € E. The set V may be infinite. The
assumption that (V, E) be connected is important. Suppose that a group G acts
on (V, E) from the right. For vertices v,v" € V', we put

Ta(v,v'):={geG|vI=0"},
and define the G-equivalence relation ~ on V by
v = Tg(v,v') #0.
Thus we have two relations on V', the adjacency relation and the G-equivalence

relation. Suppose that V} is a non-empty subset of V' with the following properties.

(a) If v,0" € V} are distinct, then v and v’ are not G-equivalent.
(b) If a vertex v € V is adjacent to a vertex in Vp, then v is G-equivalent to a
vertex in Vj.

We put
Vo :={v € V| v is adjacent to a vertex in Vj }.

Then, for each v € Vj, there exists a vertex ug(v) € Vy such that T (v, up(v)) # 0.
Note that ug(v) € Vp is unique by assumption (a). We choose an element h(v) from
Ta (v, ug(v)) for each v € Vg, and put

(5.1) H:={h()|veV}

Proposition 5.1 (Proposition 4.1 of [5]). The subset Vo C V is a complete set of
representatives of the orbit decomposition of V by G, and the group G is generated
by the union of H and the stabilizer subgroup Stabg(ve) = T (vo,vo) of a vertex
vg € Vp. O

In [5, Section 4.1], we presented an algorithm to obtain V; and H under the
assumption that (V, E) and G have certain local effectiveness properties.

5.2. Period condition. In this subsection, we assume that the base field & is the
complex number field C, and introduce period condition on elements of O(Sx ). The
period condition is, however, also defined when X is a supersingular K3 surface in
positive characteristic. See, for example, [10].

Let L be an even lattice, and A(L) = LY /L the discriminant group of L. We
define a quadratic form

q(L): A(L) — Q/2Z

by ¢(z mod L) := (x,x) mod 2Z. This finite quadratic form is called the discrim-
inant form of L, which was introduced by Nikulin [11]. Let M be a primitive
sublattice of L, and N the orthogonal complement of M in L. Then we have
natural embeddings

MeN c L ¢ LV ¢ MVeNY.
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Suppose that L is unimodular, that is, LY = L. Then the submodule

L/(M&N) c A(M)x A(N)

~

is a graph of an isomorphism A(M) = A(N), which induces an isomorphism
vy q(M) = —q(N).
Nikulin [11] proved the following.

Proposition 5.2. Suppose that L is unimodular. Let Gy be a subgroup of O(N),
and let ¢(Gn) C Aut(q(N)) be the image of Gn by the natural homomorphism
O(N) — Aut(q(N)). Then an isometry gy of M extends to an isometry gr, of L
such that its restriction gr|N to N is an element of Gn if and only if the action
of gr on q(M) belongs to q(Gn) via the isomorphism Aut(q(M)) = Aut(q(N))
induced by vr: q(M) = —q(N). O

We apply this result to the primitive embedding of Sx into the even unimodular
lattice H2(X,7Z) of rank 22 defined by the cup product. Let Tx denote the orthog-
onal complement of Sx in H?(X,Z), which we call the transcendental lattice of X.
Then H?(X,Z) induces an isomorphism

e q(Sx) = —q(Tx).

Note that Tx is the minimal primitive submodule of H?(X,Z) such that Tx ® C
contains the period H*%(X) = Cwx C H?*(X,C) of X, where wy is a nonzero
holomorphic 2-form on X.

Definition 5.3. We put
O(Tx,wx) = {gr € O(Tx) | gr ® C preserves H**(X) }.

Then we say that gg € O(Sx) satisfies the period condition if the action of gg
on ¢(Sx) is equal to the action on ¢(Tx) of some of gr € O(Tx,wx) via the
isomorphism ¢ : ¢(Sx) = —q(Tx) induced by H?*(X,Z).

By Proposition 5.2, we see that an isometry gs € O(Sx) extends to an isometry
of H?(X,Z) preserving the period H?%(X) if and only if gg satisfies the period
condition. By Torelli theorem [14], we obtain the following:

Theorem 5.4. Let G C O(Sx,Px) be the image of the natural homomorphism
Aut(X) — O(Sx,Px). Then g € O(Sx,Px) belongs to G if and only if g preserves
Nx and satisfies the period condition. O

Example 5.5. Suppose that rank T'x > 3 and that wx is very general in the period
domain in P, (Tx ® C). Then we have O(Tx,wx) = {£1}, and hence gs € O(Sx)
satisfies the period condition if and only if the action of gs on the discriminant
group A(Sx)is 1 or —1.

Suppose moreover that —1 € O(Tx,wx) acts on A(Tx) non-trivially (that is, the
abelian group A(Tx) = A(Sx) is not 2-elementary). Then we cannot glue gg = 1
and gr = —1 to make an isometry of H%(X,Z). Since Aut(X) acts on H?(X,Z)
faithfully, the natural homomorphism Aut(X) — O(Sx, Px) is injective.
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5.3. Tessellation by Log/Sx-chambers. Let Log denote an even unimodular hy-
perbolic lattice of rank 26, which is unique up to isomorphism. We choose a positive
cone Pog of Lag. A standard fundamental domain of W (Lyg) was determined by
Conway [6] by means of Vinberg’s algorithm [23].

Definition 5.6. A vector w € Log is called a Weyl vector if w is a non-zero
primitive vector of Lag contained in @ Pag (in particular, we have (w,w) = 0 and
hence Zw C (Zw)1) such that (Zw)!/Zw is isomorphic to the negative-definite
Leech lattice.

Definition 5.7. Let w be a Weyl vector. A (—2)-vector r € Log is said to be a
Leech root with respect to w if (w,r) = 1. We then put

C(w) :={x € Pas | (x,r) >0 for all Leech roots r with respect to w }.

Theorem 5.8 (Conway [6]). (1) The mapping w — C(w) gives a bijection from
the set of Weyl vectors to the set of standard fundamental domains of W (Lag).
(2) Let w be a Weyl vector. The mapping v — C(w) N (r)+ gives a bijection from
the set of Leech roots with respect to w to the set of walls of the chamber C(w).

Definition 5.9. We call a standard fundamental domain of W (Lyg) a Conway
chamber. Hence Pag is tessellated by the Conway chambers.

Suppose that we have a primitive embedding
L SX — L26.

Replacing ¢ by —¢ if necessary, we assume that ¢ maps Px into Psg, and regard Px
as a subspace of Pag:

Px = L_l(PQG) = (SX ®R) N Pag.

Definition 5.10. An Log/Sx -chamber is a chamber D of Px that is obtained as
the intersection Px N C(w) of Px with a Conway chamber C(w).

The tessellation of Pog by the Conway chambers induces a tessellation of Px by
the Log/Sx-chambers. By definition, the nef-and-big cone Nx, which is a standard
fundamental domain of W (Sx), is tessellated by Log/Sx-chambers. In other words,
the tessellation of Px by the Log/Sx-chambers is a refinement of the tessellation
by the standard fundamental domains of W (Sx).

Definition 5.11. We define a graph (V, E) by the following.

e The set V of vertices is the set of Lag/Sx-chambers contained in Nx.
e The set E of edges is the set of pairs of adjacent Log/Sx-chambers.

Let G be the image of the natural homomorphism Aut(X) — O(Sx, Px). Sup-
pose that

the period condition for g € O(Sx) is that the action of g on the

(5-2) discriminant group A(Sx) be 1 or —1.

See Example 5.5 for a case where this assumption is satisfied. Then, by Proposi-
tion 5.2, every element g € G extends to an isometry of Log. In particular, the
action of G preserves the tessellation of Px by the Log/Sx-chambers. Since the
action of G preserves Nx, we obtain the following:

Proposition 5.12. If (5.2) holds, then G acts on the graph (V, E). O
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Definition 5.13. Let D = Px N C(w) be an Log/Sx-chamber. For each wall w
of D, there exists a unique defining vector v of w in the dual lattice SY that is
primitive in SY. We call this vector v € SY. the primitive defining vector of the
wall w.

Note that a Conway chamber has infinitely many walls. For the graph (V| E) to
have local effectiveness properties in [5], it needs that each Log/Sx-chamber has
only a finite number of walls. We consider the following assumption:

(5.3) The orthogonal complement of Sx in Lyg cannot be embedded in

’ the negative-definite Leech lattice.
This holds, for example, if the orthogonal complement contains at least one (—2)-
vector.

Proposition 5.14 ([19]). Suppose that (5.3) holds. Then each Lag/Sx-chamber
has only a finite number of walls. If D = Px N C(w) is an Log/Sx-chamber
obtained by the Conway chamber C(w) associated with a Weyl vector w, then we
can calculate the primitive defining vectors of walls of D from w. Moreover, for
each wall w of D, we can calculate a Weyl vector w' such that D' = Px N C(w')
is the Log/Sx -chamber adjacent to D across the wall w. O

Thus, under assumptions (5.2) and (5.3), the local effectiveness properties in [5]
hold for (V, E) and G, and we can apply the algorithm in [5, Section 4.1] to (V, E)
and G.

6. COMPUTATION OF Aut(Xy )

In this section, we prove Theorems 1.1 and 1.2. For simplicity, we write X for
the K3 surface X 4.

6.1. The lattice Sx. First, we describe the lattice Sx and the nef-and-big cone
Nx. Let H C X denote the pull-back of a line of P?, and we put
h = [H] € Sx.

The singular locus of the branch curve B(h) = {f*+ g% = 0} C P? of the finite
double covering X f, — P? consists of six ordinary cusps pi,...,Ds, which are
located at the locus defined by f = g = 0. Hence the singularities of X ¢, consist
of six rational double points pi,...,pg of type As, where p; is located over p;.
Let EZ-(H and Ei(f) denote the exceptional curves that are contracted to the point
pi € Sing(X ¢ 4) by the desingularization X — X ,. We put

el =BV e Sx, €7 =[E7)] € 5x.

Let I' € P? be the conic defined by g = 0. Then T passes through the six cusps
P1,...,06 of B(h). Hence the strict transform of ' in X is a disjoint union of two
smooth rational curves I't) and T'(=). We put

) = [F(+)] e Sy, ~) = [p(—)] € Sy.
For each i € {1,...,6}, the curve ') intersects one of Ei(+) or Ei(_) and is disjoint
from the other. Interchanging Ei(+) and Ei(_) if necessary, we can assume that

<,7(+)’ e(+)> — 17 <,7(+)7 el(_*)> =0

%

holds for ¢ =1,...,6. Then we have the following. (See also [17].)
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Proposition 6.1 (Degtyarev [7]). The Q-vector space Sx ® Q is of dimension 13,
and is generated by the classes

(6.1) h, egﬂ, e(f)7 . ,e((;r), el
The sublattice Sx o of Sx generated by the classes in (6.1) is of index 3 in Sx. The
lattice Sx is generated by Sx o and the class ~(5), O

By Proposition 6.1, a vector v of Sx ® Q is uniquely determined by the list of
intersection numbers

+ - + -

(w, kY, (v, e, (el w, ey, el
Moreover, an isometry g of Sx is specified by the images of the classes in (6.1) by g.
For example, the involution i(h) associated with the double covering 7(h): X — P2
defined by |h| is given by

h'P) = p, (e§+))i(h) = el(v*), (el(v*))i(h) = eEJr) (i=1,...,6).

The vector a € Sx ® Q defined by
(6.2) (a,h) =8, (a,e)=1 (a,el)=1 (i=1,...,6)
is a vector of Px N Sx, and satisfies

(a,a) =20, Roots([a]t) =0, Sep(h,a)=0.
Hence a is ample (see Section 3.1). By this ample class a, we can specify the
nef-and-big cone Nx in Px.

Next, we investigate the period condition of X. The discriminant group A(Sx)
of Sx is isomorphic to Z/27 x (Z/3Z)*. Since the polynomials f and g in the
defining equation (1.2) of X s, are general, we see that
(63) O(TX7LUX) = {:l:].}

Hence, by Example 5.5, we obtain the following:
Proposition 6.2. The natural representation of Aut(X) on Sx is faithful. (]

We will consider Aut(X) as a subgroup of O(Sx,Px) from now on. By Theo-
rem 5.4 and (3.1), we have the following:

Proposition 6.3. An element g € O(Sx, Px) belongs to Aut(X) if and only if g
acts on A(Sx) as 1 or —1, and Sep(a,a?) =0 holds. O

We introduce an auxiliary group M, which makes the descriptions of Ny and
Aut(X) much easier. Let M be the subgroup of O(Sx,Px) consisting of elements
g satisfying h? = h and

{ e§+), eg_), cey eé+), eé_) P=A{ e(1+), e(l_), cey eé+)7 eé_) }.
Then M is isomorphic to Z/27Z x Sg, generated by the involution i(h) and permu-
tations o € Sg given by
h’ = h, egﬂa _ egﬂ (=)o (=)

s, € =e5. .

For each g € M, we have a = a9, and hence M C O(Sx, Nx). The discriminant
form ¢(Sx) of Sx is isomorphic to

(£)) o ([ )" () )
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The natural homomorphism O(Sx) — Aut(q(Sx)) maps M to Aut(g(Sx)) isomor-
phically. Note that ¢(h) acts on A(Sx) as —1. Hence we have

M N Aut(X) = {1,i(h)}.

Remark 6.4. By means of the methods in Section 3.4, we can make the list of classes
of smooth rational curves C on X with ([C], k) = m for each non-negative integer
m. The size v(m) of this list is as follows: When m is odd, we have v(m) = 0,
whereas for m even, we have

m‘0246 8 10 12 14
Z/(m)‘12 17 0 492 720 492 8292 8730

For 4,7 with 1 <i < 6,1 < j <6, and i # j, let £;; C P? denote the line passing
through the singular points p; and p; of the branch curve B(h), and let Eij C X be
the strict transform of ¢;;. The v(2) = 17 smooth rational curves on X of degree 2
with respect to h are the lifts T'®) of the conic T’ € P2 and the curves Zij.

6.2. Automorphisms of X. By the method in Section 3.7, we find many auto-
morphisms of X from nef vectors of norm 2. Among them, we have the following
automorphisms:
type (a): the involution i(h),
type (b): 90 involutions i(h;s) associated with polarizations hy; of degree 2 such
that (hrs, h) = 6 and that Sing(B(hry)) is of type A3 + As,
type (c): 12 involutions i(hl) associated with polarizations hZ of degree 2 such
that (b, h) = 4 and that Sing(B(h2)) is of type As + 54,
type (d): 360 involutions i(hy ;) associated with polarizations hy; of degree 2
such that (hi, h) = 14, and that Sing(B(h+y)) is of type D4+ A5, and

type (e): 360 translations associated with sections e‘gi) of infinite order of 120
Jacobian fibrations ¢: X — P! defined by (fs,z24) = (fil,ez(-i)) with
(fr,h) = 4 such that MW, is torsion-free of rank 4 and that the
reducible fibers of ¢ are of type D4 + As.
See subsections below for more precise descriptions of these automorphisms. We
will show, by Borcherds’ method, that these automorphisms generate Aut(X).

6.3. Primitive embedding Sx — Lsg. To apply Borcherds’ method, we embed
Sx into Log primitively. Let Ry be a negative-definite root lattice of type A; +6As
with a basis

(6.4 0, B 40, L g0, g
consisting of roots that form the dual graph as in Figure 6.1. Let

avu 5](_+)V75](_7)va R} é+)V7/8é*)V

be the basis of the dual lattice Ry that is dual to the basis (6.4). Then
Ri=Ro+Z (8" 4+ 5") ¢ Ry

is an even lattice whose discriminant form is isomorphic to —¢(Sx ). Recall that the
natural homomorphism O(Sx) — Aut(q(Sx)) maps M to Aut(q(Sx)) isomorphi-
cally, and hence is surjective. Therefore, by Nikulin [11], there exists a unique (up
to the action of O(Sx)) even unimodular overlattice of Sx @ R in which Sx and R
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O o——=O0 o——O0 Oo——O0

B ) gl gl a5 gl

FIGURE 6.1. Basis of Ry

are both primitive. Taking this unimodular overlattice as Log, we find a primitive
embedding

L SX — Log.

We consider the tessellation of Nx C Px by the Lag/Sx-chambers associated with
this primitive embedding. Let (V| F) be the graph of Log/Sx-chambers contained
in Nx (see Definition 5.11). By (6.3) and Propositions 5.12, 5.14, we see that the
group G = Aut(X) C O(Sx,Px) acts on the graph (V, E), and we can apply the
algorithm in [5, Section 4.1].

Remark 6.5. Primitive embeddings of Sx into Log are not unique. In fact, the genus
of negative-definite even lattices containing the isomorphism class of R consists of
26 isomorphism classes.

The image ¢(a) € Pag N Log of the ample class a € Sx defined by (6.2) satisfies
(6.5) Roots(([t(a)] < Lag)™) = Roots((¢: Sx < Lag)’) = Roots(R).

Hence a is an interior point of an Log/Sx-chamber, which we denote by Dy. More-
over, we have

Sepas(e(a), u(h)) =0,

where we denote by Sepyg the set of separating (—2)-vectors in Lgg. Hence the
class h is a point of Dg. We choose a vector a € P, N Log that satisfies

Roots(([@] < Lag)™) =0, Sepys(t(a),a) = 0.

Then a is an interior point of a Conway chamber Cq such that :=1(Cy) = Dy.
We can calculate a subset of the set of roots 7 of Lgg such that Cy N (7)* is a
wall of Cy, either by Vinberg’s algorithm [23], or by calculating Sep,g(a, v), where
v € Pog N Log are randomly chosen vectors. If this subset is large enough, these
roots 7 span Log ® Q and hence the Weyl vector wg of the Conway chamber Cj is
calculated by solving the equations (wyg, ) = 1.

Remark 6.6. The ADE-type of the roots in (6.5) is A1 +6As. Hence the hyperplanes
perpendicular to these roots decompose R ® R into 2 x 6° regions. Therefore there
exist exactly 2 x 65 Conway chambers C such that :=1(C) = D.

Thus we prepared all the data necessary to start the algorithm of [5, Section 4.1]
to calculate a complete set Vj of the representatives of V/G and a finite generating
set of G = Aut(X). We executed this algorithm. The computation terminated and
yielded the following;:

Proposition 6.7. The set Vj consists of the following seven Laog/Sx-chambers:

Dy, DV, D p® pW pB plo)



MORDELL-WEIL GROUPS OF K3 SURFACES 21

size n a h

o1 | 2 -2 1 2|~

oo 12 ] =2 1 0]|e®
1
2

05| 6 | —3/2 3/2 isom with D{*
o4 | 90 | —2/3 3 isom with Dy

TABLE 6.1. Walls of Dy

We will describe each of these Lag/Sx-chambers in Vj, and during the descrip-
tion, we present automorphisms in the set H defined by (5.1).

We use the following convention. Let D be an Lag/Sx-chamber, and let C be
a Conway chamber such that :=}(C) = D. Let w be the Weyl vector of C. For a
wall w of D, let v € SY be the primitive defining vector of w (see Definition 5.13),
and we put

n(w) = (0,0),  a(w) = (w,u(v), h(w) = (h,v).
These rational numbers are useful in classifying walls.

6.4. The Log/Sx-chamber Dy. The initial Lyg/Sx-chamber Dy contains the am-
ple class a in its interior. The stabilizer subgroup of Dy in G is {1,i(h)}. The group
M leaves Dy invariant. The chamber Dy has 110 walls, and the action of M decom-
poses the walls of Dy into four orbits o1, 09, 03, 04 of sizes 2, 12, 6, 90, respectively.
The data of these orbits are given in Table 6.1.

The orbit 0, of size 2 consists of (y(*))+ N Dy. The orbit 0q of size 12 consists
of (el(.i))J- N Dy. Hence the Lag/Sx-chamber adjacent to Dy across a wall in o or
09 is not contained in Nx.

The orbit o3 of size 6 consists of the walls (v,)" N Dy whose primitive defining
vectors v, are given by

_ 1 ifi=a«a
6.6 Vo, B) =1, va,e(,+) = Ume(- )y — ’
(6.6) o) =1, ef) = o ey = 10 L2
Let D%O‘) be the Lgg/Sx-chamber adjacent to Dy across the wall (vy)* N Dy.
Then DY)‘) is contained in Ny, but is not G-equivalent to Dy, and any two of
Dgl), . .,DEG) are not G-equivalent to each other. Hence these chambers DEO‘)
(o =1,...,6) are added to Vy as new representatives of V/G.

The walls w;yy in the orbit o4 of size 90 are indexed by ordered pairs (1,.J),
where I and J are subsets of {1,...,6} satisfying |I| =|J| =2 and INJ = (. The
primitive defining vector v;; € S¥% of wyy € 04 is given by

(vrg,h) =2,
(v (+)y _ (=) _ e
17.€; ) =0, (vry,e; ') =0, ifig¢gIUJ,
<v1J,e§+)> =1, (vIJ,e§7)> ZO, if ¢ EI,
<1)1J,61(4+)> =0, <U[.],e§_)> =1, ifieJ.
The Log/Sx-chamber Dy adjacent to Dy across the wall wy; is G-equivalent to
Dy. An automorphism gy; € G that maps Dy to Dy isomorphically is given as
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FIGURE 6.2. Exceptional curves of m(hy)

follows. Let hyy be a vector of Sx ® Q defined by

(h1y,h) =6,

(6.7) (hrs, ey =0, (hrs ey =0, ifigIuJ,
(hry, ey =1, (hs ey =1, ifiel,
(h1s, €y =0, (hrs, ey =3, ifiel.

Then hr; € Sx and {(hrs,hry) = 2. We confirm Sep(hrs,a) = 0, and hence
hrj € Nx. The complete linear system |hys| is proved to be fixed-component free
by the criterion in Section 3.7. The involution i(h;y) associated with the double
covering (hys): X — P? given by |hrs| maps Dy to Dy isomorphically. Therefore

i(hry)~' =i(hry) € Te(Drs,uo(Dry))

in the notation of Section 5.1. These involutions i(h;;) are the involutions of type
(b) in Section 6.2.

Remark 6.8. Suppose that I = {iy,i2}, J = {j1,j2}, and
{1,...,6} — (TUJ) = {ky, ko }.

Then the smooth rational curves on X contracted to points by the double covering
m(hry): X — P? are as in Figure 6.2, where ¢}, ;, is the curve given in Remark 6.4.
In particular, the singular locus of the branch curve B(hyy) is of type As + As.

Remark 6.9. We have vr M = vy, hUi(h) # hyy, and can confirm that the
involution i(hul(h)) =i(h)i(hry)i(h) is equal to i(hyr).

6.5. The Log/Sx-chamber D§a) . The stabilizer subgroup of D§”‘) in Gis{1,i(h)}.
The group M acts on the set {Dgl), e, D§6)} transitively. Let M, be the stabilizer

subgroup of Dga) in M. Then M, is isomorphic to Z/27Z x Ss. The chamber Dga)

) into seven orbits

has 110 walls, and the action of M, decomposes the walls of D§“
0l ...,0%. The data of these orbits are given in Table 6.2.

The orbit o} consists of a single wall, and the adjacent Log/Sx-chamber across
this wall is Dy, which means that this wall is a wall in the orbit o3 of walls of Dy
viewed from the opposite side.

The orbit o}, of size 2 consists of (v(*))+ N Dga), the orbit of of size 5 consists
of (Lap)t N Dga) with 8 # «, and the orbit o} of size 10 consists of (egi))J— N Dga)
with 8 # «. The adjacent Log/Sx-chambers across these walls are therefore not
contained in Nx.
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size n a h
oy | 1 | =3/2 3/2 —1]|back to Dy
oyl 2 | =2 1 2 |~
o | 5 -2 1 2 | Llop (B# )
ol 10 =2 1 0 |ef? (B#a)
of| 2 | —3/2 3/2 1 |isom with D{*
of| 30 | —1/6 7/2 3 |isom with D! (8 # «)
o | 60 | —2/3 3 2 |isom with DIV (8 # q)

TABLE 6.2. Walls of D!*)

The orbit of is of size 2. One of the walls in o} is defined by a vector v} € SY
satisfying

e) =2, (vl el))=-1,
(wies”) =0, (l.eg)=0  (B#0a)
and the other wall in of is defined by the vector
va = () ™.
The adjacent Log/Sx-chamber D} across the wall (v})+ N D§”‘) is G-equivalent to

DEQ). Indeed, the following automorphism i(h}) € G maps Dga) to DT isomorphi-
cally. Let h be the vector defined by

(ht h) =4,
(6.8) (hi, ey =2, (ht,el)) =0,

(hée”) =0, (hfef’)=1 (B#a).
Then we have hf € Sx and (h},ht) = 2. We confirm Sep(ht,a) = ) and hence

h} € Nx. The complete linear system |hl| is proved to be fixed-component free by
the criterion in Section 3.7. Then we can confirm by direct computation that the
involution i(h) associated with the double covering 7(h}): X — P? given by |h/}|
induces Dga) ~ DF. Tt is obvious that the automorphism i(h,) := i(h)i(hY)i(h)
maps D%a) to the adjacent Log/Sx-chamber D across the wall (v )t N Dga).
Therefore we have
i(hy) = i(hy) ™! € Ta(Dy  uo(Dy))

in the notation of Section 5.1. These involutions i(hX) are the involutions of type
(¢) in Section 6.2.

Remark 6.10. The branch curve B(h}) of the double covering 7(h}) has the sin-

gularities of type As + 5A;. The exceptional curves over the singular point of type
A,y are v(7) and e(f), whereas the exceptional curves over the singular points of
type A; are e/(,;r) for B # a. In particular, the involution i(h}) interchanges ()
and e&_).
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The description of the orbit o is rather complicated, and hence is postponed to
the next subsection.
We describe the orbit of, of size 60. Suppose that 8 € {1,...,6} and F =

{i1,i2} C {1,...,6} satisfy i1 # i, B # o and {«a, B} N {i1, iz} = 0. Let v/g;) €Sy
be the vector defined by

(Vi ) =2,

Wi ey =1, Wi ey =0 if i € {a, 8},
Wil ey =0, (Wi el)=1ifieF,
<”[(3J;“)aez('+)> =0, <Ug1;),el(-7)> =0 otherwise.

We then put
i(h)
- +
véF) = (véﬁ) .

The orbit o} consists of walls (vé;))L N Dga) and (vé}))l N Dga). The adjacent

Log/Sx-chamber D(Bf?) across the wall (vg,))l N Dia) is G-equivalent to DE’B ). We

put A := {«, 8}, and consider the polarization hapr of degree 2 defined by (6.7)
with I = A and J = F. The involution i(har), which is an involution of type (b)
)

in Section 6.2, maps Dgﬁ ) to Dg? isomorphically, whereas the involution i(hp4

maps Dg’g ) to Dé}) isomorphically. (See Remark 6.9.) Therefore we have

i(har) = ithar) ™ € To(DSH uo(DSY)), ilhra) = i(hra)™" € Ta(DS), uo(DSH)),
in the notation of Section 5.1.
6.6. The orbit of. In the following, for a sign o € {4, —}, let 7 denote the opposite

sign: {o,6} = {+, —}. First, we define automorphisms g, ;; and g, ;.
Let 7 be the set of ordered triples

I'= ({in}, {i2, 13,44}, {i5,76})
such that {i1,...,ig} = {1,...,6}. We have |Z| = 60. For a pair of o € {+,—} and
I € 7, we have the configuration of smooth rational curves as in Figure 6.3. Then
Jo = for = el(-f) + eg) + egf) + egf) + 2~(@)
= 494 el(.g) + el(.g) + ligig
is the class of a fiber of an elliptic fibration ¢: X — P! with

24 1= Zop 1= ez(»f)

being the class of a section. Thus we obtain a Jacobian fibration ¢ with the zero
section zg, and its Mordell-Weil group
MW¢ = MW(X, f¢, Z¢) c G= Aut(X)

Calculating the set ©, = Roots(W,) N Rats(X), we see that the ADE-type of the
reducible fibers of ¢: X — P! is Dy + As. Hence the rank of MW, is 4. Since the
trivial sublattice of ¢, which is of rank 9 generated by the classes of the ten curves
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F1GURE 6.3. Configuration for a Jacobian fibration

in Figure 6.3, is primitive in Sx, we see that MW is torsion free. A Gram matrix
of the Mordell-Weil lattice MW (see Remark 4.4) is

3 -1 -1 -1
30 -1 3 -1 -1
4| -1 -1 3 1

-1 -1 1 3

The numbers n(s) of elements with small Mordell-Weil norms s in MW, are given
as follows:
s |9/4 3 21/4 6
n(s)| 12 14 16 30

Among these, we have the following sections of ¢:

e The six smooth rational curves gj1j27 where j1 € {ia,i3,14} and ja € {is, 6},
satisfy (¢;,;,, f) =1, and hence they are sections of ¢. Their Mordell-Weil
norms are 9/4.

(o)

e The three smooth rational curves e; ", where j € {i2,13,14}, also satisfy

(e;g), f) =1, and hence they are sections of ¢. Their Mordell-Weil norms
are equal to 3.

(@)

These 6 + 3 sections £}, j, and e;

generate MW .

172
Definition 6.11. For j € {is,i3,i4}, we denote by g;Ij the automorphism of X

obtained as the translation by the section eg.o) € MWy. This is the automorphism
of type (e) in Section 6.2.

Let J be the set of ordered 4-tuples

J = ({il}a {iz, i3}a {i4» 115}’ {26})
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FIGURE 6.4. Exceptional curves of 7(hy )

such that {i1,...,i6} = {1,...,6}. We have |J| = 180. For a pair of o € {+,—}
and J € J, let h,; be the vector of Sxy ® Q defined by

<hO—J7h> = 14,
(hoy,e zl >— and <thvez(,f’)>:()7

(6.9) (hos, € )> =4 and <hUJ,el(-6)> =0 for i =9 and i = i3,
(hos, 5">>:0 and (hos,el”) =5  fori=i4andi=is,
(hosiell) =5 and (hys,el))) =4

Then h,; € Sx and (hyj,hs5) = 2. We confirm Sep(h,s,a) = @, and hence
hes € Nx. The complete linear system |h,s| is proved to be fixed-component free
by the criterion in Section 3.7.

Definition 6.12. We denote by g7/ ; the involution i(hys). This is the involution
of type (d) in Section 6.2.

Remark 6.13. The smooth rational curves on X contracted by the double cover-
ing m(hyy): X — P? associated with |hy ;| are as in Figure 6.4. In particular,
Sing(B(hyy)) is of type D4 + As.

We now describe the orbit of of walls of Dﬁ“). The size of of is 30. Suppose

that 8 € {1,...,6} and F = {i1,i2} C {1,...,6} satisfy i1 # i2, 8 # « and
{a, B} N {i1,i2} = 0. Let u := ugp € SY be the vector defined by

<7.L,h> = 37

<u7eg¢+)> =1, <uve& )> =

(u,eS”) =0, (uef’) =

(u,e§+)> =0, (u,ef )) =1ifieF,
(u,ef™) =1, (u,el”) =0 ifi ¢ {a,f}UF.

The orbit of consists of walls (u[gp)l N Dga). The Lgs/Sx-chamber D,gr adjacent
to Dga) across the wall (ugr)® N Dga) is G-equivalent to Dgﬁ ). An automorphism
Jgapr € G that maps DEB ) to D, gF isomorphically is given as follows. We put

K:=1{1,....,6} \ ({a,8} U F).
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Then we have
(6.10) JapF = g’+m '!JQ/_J = 9/—1//3 'gZJ’a
where

I'=({a}, KU{B},F) eI, J=({B}K F{a})ed,
I'=({a},FU{B},K)eZ, J =({B},F,K,{a})eT.
Therefore we have
9apr € Ta(Dagrsuo(Dagsr))
in the notation of Section 5.1.

6.7. Proof of Theorem 1.1. Any two distinct elements of V, are not G-equivalent.
Any Log/Sx-chamber that is contained in Nx and is adjacent to an element of Vj
is G-equivalent to an element of V. Hence, by Proposition 5.1, the set 1} is a
complete set of representatives of V/G.

As the set H defined by (5.1), we can take the set consisting of the identity
element 1, all involutions of type (b), (c¢), and the automorphisms g;ﬂlF, where
JapF is given by (6.10) and is a product of automorphisms of type (d) and (e). The
stabilizer subgroup Stabg(Dyp) of the initial element Dy € Vy is {1,4i(h)}. Hence,
by Proposition 5.1, the group G = Aut(X) is generated by the automorphisms of
type (a)-(e). O
Remark 6.14. This generating set is very redundant.

6.8. Proof of Theorem 1.2. We prove that G = Aut(X) acts on Rats(X) tran-
sitively. Let 7 be an arbitrary element of Rats(X). Since r defines a wall of Nx,
there exists an Log/Sx-chamber D contained in Ny such that r defines a wall of
D. We have an automorphism g € G such that DY € V. By the description of
walls of the representative Log/Sx-chambers in Vj, we see that 79 is one of the

12 4+ 2 + 15 smooth rational curves e&i), ~&) and 57” The action of i(h) gives

el o e((;) and v(t) < 4(7). By Remark 6.8, the involution i(hsy) of type (b)
;T) and egj) (see Figure 6.2). By Remark 6.10, the involution i(h.)
of type (c) interchanges (=) and egf)

interchanges e

. As was shown in Section 6.6, the elliptic

fibration X — P! given by f,; has sections eg-a) and Ejl j»» and hence they belong

to the same G-orbit. Therefore these 12 + 2 + 15 smooth rational curves are in the
same G-orbit. O
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