ON THE TOPOLOGY OF PROJECTIVE SUBSPACES IN
COMPLEX FERMAT VARIETIES

ALEX DEGTYAREV AND ICHIRO SHIMADA

ABSTRACT. Let X be the complex Fermat variety of dimension n = 2d and
degree m > 2. We investigate the submodule of the middle homology group of
X with integer coefficients generated by the classes of standard d-dimensional
subspaces contained in X, and give an algebraic (or rather combinatorial)
criterion for the primitivity of this submodule.

1. INTRODUCTION

Unless specified otherwise, all (co-)homology groups are with coefficients in Z.
Let X be the complex Fermat variety

2+t =0
of dimension n and degree m > 2 in a projective space P"*! with homogeneous
coordinates (2o : -+ : zZp41). Suppose that n = 2d is even. Let J be the set of
all unordered partitions of the index set n+1 := {0,1,...,n + 1} into unordered
pairs, i.e., lists
J = [[j07 ko], ) [jd7 kd”

of pairs of indices such that

(11) {j07k07"'7jd7kd}:n+17 J'L<kl(Z:07ud)7 j0<"'<jd7

and let B be the set of (d + 1)-tuples 8 = (B, ..., Ba4) of complex numbers ; such
that " = —1. (Note that we always have jo = 0.) For J € J and § € B, we

define the standard d-space L ;g to be the projective subspace of P"™! defined by
the equations

The number of these spaces equals (2d + 1)!! m4*t!, where (2d + 1)!! is the product
of all odd numbers from 1 to (2d 4 1). Each standard d-space L g is contained in
X, and hence we have its class [L; g] in the middle homology group H,(X) of X.
Let £(X) denote the Z-submodule of H,,(X) generated by the classes [L g] of all
standard d-spaces.

In the case n = 2, the problem to determine whether £(X) is primitive in H, (X)
or not was raised by Aoki and Shioda [1] in the study of the Picard groups of Fermat
surfaces. In degrees m prime to 6, the primitivity of £(X) implies that the Picard
group of X is generated by the classes of the lines contained in X. Schiitt, Shioda
and van Luijk [7] studied this problem using the reduction of X at supersingular
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primes. Recently, the first author of the present article solved in [3] this problem
affirmatively by means of the Galois covering X — P? and the method of Alexander
modules.

The purpose of this paper is to study the subgroup £(X) C H,(X) for higher-
dimensional Fermat varieties. For a non-empty subset K of 7, we denote by L (X)
the Z-submodule of H,, (X) generated by the classes [L g], where J € K and 8 € 5.

To state our results, we prepare several polynomials in Z[ty, ..., t,41], rings, and
modules. We put

m—2 w
Gt) :=t"" b p 1, playy) =Y a (Zy”> :
pn=0 v=0

For J = [[jo, ko), - - - » [a, ka]] € T, we put
T (1)t~ 1),
Yy o= T Otite) - O(tates),
ps = pltjte) - p(tig try)-

Consider the ring
A=2Z0E ] (o e — 1) = 2[R

of Laurent polynomials and let

R = MA@ —1,...,t0h 1 — 1) =Z[t1, ... tya] /(7 — 1,80 — 1),
B o= R/(8(t0)s o 0ltner) = Zltr,- s tust J(0(11), - Sltns1)).
For J = [[jo, ko), - - - » [Ja, ka]] € T, we put
Ry = R/(tjte, —1,... b te, — 1),
Ry = R/(tjjte, —1,... tjte, — 1).

Note that we always have t;,tx, —1 = 0 in Ry and R;. The multiplicative identities
of these rings, i.e., the images of 1 € A under the quotient projection, are denoted
by lJ.

Our primary concern is the structure of the abelian group H,(X)/Li(X). For
this reason, whenever speaking about the torsion of an abelian group A, we always
mean its Z-torsion Tors A := Torsz A, even if A happens to be an R- or R-module.
(Over R, almost all our modules have torsion.) Respectively, A is said to be torsion
free if its Z-torsion Torsy A is trivial.

Our main results are as follows.

Theorem 1.1 (see Section 4). Let K be a non-empty subset of J. Then the torsion
of the quotient module H,(X)/Lx(X) is isomorphic to the torsions of any of the
following modules:
(a) the ring R/ (¢ |J € K), where (Y5 |J € K) is the ideal of R generated by
Yy with J running through IC,
(b) the ring R/(ps|J € K), where (ps|J € K) is the ideal of R generated by
py with J running through IC,

(¢) the R-module
Cx = <@ RJ) /M,

Jek
where M is the R-submodule of @ jcxc Ry generated by ) ;i 751,
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(d) the R-module

o= (@) 7
JeK
where M is the R-submodule of Dk R generated by > ogex L

In particular, we assert that the torsion parts of all four modules listed in The-
orem 1.1 are isomorphic, although not always canonically: sometimes, we use the
abstract isomorphism A =~ Homy(A,Q/Z) for a finite abelian group A, see Sec-
tion 4.5 for details. It is worth mentioning that, according to [4], in the case d = 2
of Fermat surfaces, the a priori more complicated module dealt with in [3] (which
was found by means of a completely different approach) is isomorphic to the one
that is given in Theorem 1.1(c).

Conjecture 1.2. If K = 7, the group H,(X)/Lx(X) is torsion free.

This conjecture is supported by some numerical evidence (see Section 5 for de-
tails) and by the fact that it holds in the cases d = 0 (obvious) and d = 1 (see [3]).
Theorem 1.1 reduces Conjecture 1.2 to a purely algebraic (or even combinatorial)
question. However, for the moment it remains open.

Definition 1.3. Let p,, be the subgroup {z € C|2™ = 1} of C*. Denote by I'x the
subset of u*! = Spec(R®C) consisting of the elements (ay, ..., a,+1) € ! such

that a; # 1 for i = 1,...,n+ 1 and that there exists J = [[jo, ko), - - -, [Ja, ka]] € K
such that aj,ar, =1 hold for ¢ =1,...,d.

Theorem 1.4 (see Section 4.3). For any non-empty subset K of J, the rank of the
group L (X) is equal to |T'x| + 1.

As a corollary, we obtain the following statement, which is a higher-dimensional
generalization of Corollary 4.4 of [7]:

Corollary 1.5 (see Section 4.3). For any non-empty subset K of J, the order of
the torsion of H,(X)/Lic(X) may be divisible only by those primes that divide m.

Applying Theorem 1.1 to a subset K consisting of a single element and using
a deformation from X, we also prove the following generalization of Theorem 1.4

of [3]. Let f;(x,y) be a homogeneous binary form of degree m for i = 0,...,d.
Suppose that the hypersurface W in P**! defined by
(1.3) fo(z0,21) + fi(z2,23) + - + fa(zn, 2n41) =0

is smooth. Then each f;(z,y) = 0 has m distinct zeros (agi) : ﬁ{i)), e (045,? : ﬂffl))
on P'. Consider the points
Pu(i) = (0:~--:a,(f) : 55,0 i 0)
(20)  (2i+1)

of P**1. Then, for each (d + 1)-tuple (vq,...,vq) of integers v; with 1 < v; < m,
the d-space L’V(J ) spanned by Plg(?), N ,P,Sj) is contained in W.
Corollary 1.6 (see Section 4.6). The submodule of H,,(W) generated by the classes

[L/(yo yd)] of the m**! subspaces L'VO vd) contained in W is of rank (m—1)4+t14+1
and is primitive in H,(W).
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The last statement can further be extended to what we call a partial Fermat
variety, i.e., a hypersurface W, C P"*! given by equation (1.3) with

folz,y) =--- = fo(z,y) = 2™ +y™

and the remaining polynomials distinct (pairwise and from =™ + y™) and generic.
Such a variety contains (2s41)!! m9*+! projective linear subspaces L/, of dimension d:
each subspace can be obtained as the projective span of one of the s-spaces in the
Fermat variety

X(2S) = Ws N {Z25+2 == 2p41 = O} C P25+1

s+1)

d
) ,...,Plgd) as above. Then, we have

and one of the (d — s)-tuples of points p!
the following conditional statement.

Corollary 1.7 (see Section 4.6). Assume that the statement of Conjecture 1.2 holds
for Fermat varieties of dimension 2s > 0. Then, for any d > s, the submodule
of H,(Wy) generated by the classes [L'] of the subspaces L', contained in Wy is
primitive in H,(Wy). In particular, this submodule is primitive for s =0 or 1.

We conclude this introductory section with a very brief outline of the other
developments related to the subject.

In [10] and [12], the Q-Hodge structure on the rational cohomology H" (X, Q) was
intensively investigated. Letting ¢ := e2™V~1/™ the tensor product H"(X)® Q)
decomposes into simple representations of a certain abelian group G (see Section 2
below), which are all of dimension 1 and pairwise distinct. This decomposition is
compatible with the Hodge filtration, and the Hodge indices of the summands are
computed explicitly. As a by-product of this computation, one concludes that, at
least if the degree m is a prime, the space of rational Hodge classes H4(X) N
H"(X,Q) is generated by the classes of the standard d-spaces. (See also Ran [6].)
(In the special case d = 1 of surfaces, this rational generation property holds for all
degrees prime to 6.) It is this fact that motivates our work and makes the study
of the torsion of the quotient H, (X)/L7(X) particularly important: if this torsion
is trivial, the classes of the standard d-spaces generate the Z-module of integral
Hodge classes H4(X) N H™(X,Z).

In [8], we investigated the Fermat variety X,4+1 of even dimension and degree
q + 1 in characteristic p > 0, where ¢ is a power of p. By considering the middle-
dimensional subspaces contained in X1, we showed that the discriminant of the
lattice of numerical equivalence classes of middle-dimensional algebraic cycles of
Xg+1 is a power of p. Note that the rank of this lattice is equal to the middle Betti
number of X411, that is, X4 is supersingular.

In [9], we suggested a general method to calculate the primitive closure in H2(Y))
of the lattice generated by the classes of given curves on a complex algebraic surface
Y. Asan example, we applied this method to certain branched covers of the complex
projective plane.

In [4], the method of [3] was generalized to the calculation of the Picard groups
of the so-called Delsarte surfaces Y. More precisely, the computation of the Picard
rank was suggested in [11], and [4] deals with the (im-)primitivity of the subgroup
L(Y) C H(Y) generated by the classes of certain “obvious” divisors. In a few
cases, this subgroup is primitive, but as a rule the quotient H3(Y")/L(Y") does have
a certain controlled torsion.
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Notation. By (aq,..., (b), ...a), we denote a vector whose ith coordinate is b and
1

other coordinates are a. The hat = means omission of an element; for example, by
(a1,...,d;i,...,an), we denote the vector (ay,...,a;—1,ai41...,anN).

2. AN OUTLINE OF THE PROOF

To avoid confusion, let us denote by P"*! another copy of the projective space,
the one with homogeneous coordinates (wq : -+ : wy41). (Below, we will also use
C"*! for an affine chart of P**1.) In P"*!, consider the hyperplane II defined by

w0+"'+wn+1 =0.

Then we have the Galois covering 7: X — II defined by
(200 -t Zng1) = (20" 0 200)-
We put ¢ := 2™~/ Then the Galois group G of 7 is generated by

Vit (zo: izt i zpe) = (2o izt Zpat)
fori=0,...,n+1. Since yo - - Yny1 = 1, this group G is isomorphic to (Z/mZ)"*1.
Throughout this paper, we regard R as the group ring Z[G] by corresponding y; € G
to the variable t; for i =1,...,n+ 1, and 79 € G to ty = tfl ---t=1 . Then we can

n+1-
regard H,(X) as an R-module. Note that, for any subset K of J, the subgroup

Lic(X) of Hy(X) is in fact an R-submodule, because, for any J € J, g € G, and
B € B, there exists 5’ € B such that g(Ljg) = L.

Let Yy be the hyperplane section of X defined by {zo = 0}, which is G-invariant.
Since the fundamental classes [X] € Ha,(X) and [Yo] € Hap,—2(Y)) are also fixed
by G, the Poincaré—Lefschetz duality isomorphisms

Ho(X\Yy) = H"(X,Yy), Hon_i(X)=H'(X), Hap_s_i(Yo)=H(Yy)

are R-linear; hence, they convert the cohomology exact sequence of the pair (X,Y)
into a long exact sequence of R-modules

(21) oo — Hy 1 (Vo) =5 Ho(X\ Yo) <5 Ho(X) — Hyoo(Yo) — -+,
where ¢: X \ Yo < X is the inclusion. We then put
Vo (X) :=Tm(es: Ho(X \ Y0) = Hp(X)).

Since the group H,_2(Y)) is torsion free, the R-submodule V,,(X) of H,(X) is
primitive in H,(X) as a Z-submodule.

The structure of the R-module V;,(X) is given by the theory of Pham polyhedron
developed in [5]. Let zg = 1 and regard (z1,..., 2,+1) as affine coordinates on the
affine space C"*1 := P!\ {2y = 0}, in which X \ Y} is defined by

142+ 420 =0,
Fix the m-th root n := e™=1/m of —1, and consider the (topological) n-simplex
D:={(s1m,....,8n41m) | i €R, s +---F+577, =1 0<5,<1}
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in X \ Yy, oriented so that that, if we consider (sq,..., s,) as local real coordinates
of D at an interior point of D, then

(=0/0s1,...,—0/0syn)

is a positively-oriented basis of the real tangent space of D at this point. Then it
is easy to see that the chain

S=1-7")...(1=731)D

is a cycle; moreover, it is homeomorphic to the join of (n + 1) copies of the two-
point space {n,(n}, i.e., to the n-sphere. (Here and below, we do not distinguish
between “simple” singular chains in X and the corresponding geometric objects, viz.
unions of simplices with the orientation taken into account and the common parts
of the boundary identified. For this reason, we freely apply the module notation to
simplices.) Hence, we have the class [S] € H,(X \ Y)) and its image [S] € V,(X)
by ¢x. Pham [5] proved the following:

Theorem 2.1 (see [5]). The homomorphism 1 +— [S] from R to H,(X \Yp) induces
an isomorphism R = H, (X \ Yy) of R-modules, and hence a surjective homomor-
phism R —» V,,(X) of R-modules.

The Poincaré duality gives rise to symmetric bilinear pairings ( , ) on the groups
H, (X \Y)), Vo(X), and H,(X), which is interpreted geometrically as the signed
intersection of n-cycles brought to a general position. We emphasize that these
pairings are Z-bilinear and G-invariant (as so is the fundamental class [X]). The
homomorphisms H, (X \ Yy) = V,,(X) — H,(X) preserve (, ). Note that (, ) is
non-degenerate on H,(X), but not on H,(X \ Yp). Later, we will see that (, ) is
also nondegenerate on V,,(X).

The main ingredient of the proof of Theorems 1.1 and 1.4 is the following:

Theorem 2.2 (see Section 3). For §; € C* with " = —1, we put

1 Zf ﬂi =1,
s(Bi) = -1 ifBi=n"",
0 otherwise.
(Recall that we fized 1 := e™=Y™.) For J = [[jo, ko|, .., [ja, ka]] € T ordered as
n (1.1), let oy be the permutation
(0 1 ... ... n n+1>
jo ko ... ... Ja  ka ’

Then we have
(Lyp,8S) =sgn(os)s(Bo) - 5(Ba),
where 8 = (Bo,...,0q4) € B.

We use Theorem 2.2 and the fact that the pairing on H,,(X) is nondegenerate to
compute the subgroup L (X) C H,(X). Various stages of this computation result
in most principal statements of the paper.
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3. INTERSECTION OF S AND THE STANDARD d-SPACES

In this section, we prove Theorem 2.2. The affine part X \ Yy of X is defined by
1+2" 4.+ 27, =0 in the affine space C"** with coordinates (z1,...,2zn41).
We put

ctl =P {wy = 0},

and setting wog = 1, we regard (w1, ...,w,+1) as affine coordinates of C"*1. We

put zi=x +V-ly;,  wi =u; +vV-1v;,
where x;, y;, u;, v; are real coordinates. Consider the affine hyperplane
M°:=T1NC"™" = {1 +w; + - +wyp1 =0}
of C"*1. In the real part
I {vy = =v1 =0} ={ (u1,...,ups1) ER"™ | Thug 4+ +upy =01}
of II°, we have an n-simplex A defined by
14+up 4+ +upp1 =0 and —1<u; <0 for t=1,...,n+1.
Then 7: X — II induces a homeomorphism 7|p: D = A. We put
pi :=(0,...,m,...0) € D,
(4)
and put p; :=w(p;) = (0,..., ?)1, ...,0). Then p1,...,DPnt1 are the vertices of A.
Remark 3.1. Note that S C 771(A), and that
SO {pr - Prra}) = P19 B1)s - Pty Vgt (Prg1)
Remark 3.2. By the definition of the orientation of D given in Section 2, we see
that, locally at p;, the n-chain D is identified with the product
(1) PPl X -+« X DiDici X Dibisi X -+ X Dibnii

of 1-chains, where p;pj, is the 1-dimensional edge of D connecting p; and pi and
oriented from p; to pg.

By the condition (1.1) on J, we always have jo = 0. Let by be an element of
Z/mZ such that

By = '+ = oy

In the affine coordinates (z1,...,2,4+1) of C"™! the equations (1.2) of L;z are
written as
(31) Zlko 2,80, Zl; :61'2]'@' (’L: 1,,d)

If (3.1) holds, then we have z;" = —27" for i = 1,...,d, and hence Lz N 77 1(A)
consists of a single point

(07"'7 5070):722(17’60)
(ko)

by Remark 3.1. Therefore, we have

0 if By # n and By # n~ T,
LJ”H ns = {pko} if 50 =,
{’Yl;)l(pko)} if Bg =n~t.
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B=n B=n B=nt

FIGURE 3.1. W (x/m), f(W(x/m)) and f(W (x/m))

In particular, we have

(3.2) (L) =0 if B #nand fo # 7"

In order to calculate (L g, S) in the cases where 5y = n*!, we need the following
lemma. For an angle #, we consider the oriented real semi-line

H(0) := Rsge¥Y 1 with the orientation from 0 to e~ 1¢
on the complex plane C, and define the chain (with closed support)
W(0) := H(0) — H(0 — 2m/m) = (1 —~~ 1) H(0),

where v: C — C is the multiplication by ¢ = ¢>™V~1/™_ Note that W (x/m) =
H(w/m) — H(—7n/m). Let C? be equipped with coordinates (z,z’). For 3; € C
with B = —1, we denote by Ag, the linear subspace of C? defined by 2’ = j;z.

Lemma 3.3. The local intersection number £(B;) at the origin in C* of the chains
W(m/m) x W(n/m) and Ag, is equal to s(8;).

Proof. The linear subspace Ag, is the graph of the function f: z — 2’ = 8,2, and
hence f(W(n/m)) is obtained by rotating W (w/m) by 5; € C*. Let € and ¢’ be
sufficiently small positive real numbers. We perturb Ag, locally at the origin to the
graph Ag, of the function

Frzmr 2 = Bz + eV (),

where p: R>g — R>q is the function

1 ifx <¢,
plx)=<92—x/e" ife <z <2,
0 if 2¢' < .

The direction 7 of the perturbation is given as in Figure 3.1, where W(w/m) are
drawn by thick arrows, f(W (7/m)) are drawn by thin arrows and f(W (x/m)) are
drawn by broken arrows.

Suppose that 3; # n and 3; # n~'. As Figure 3.1 illustrates in the case 3; = 3,
we see that f(W (x/m)) and W (x/m) are disjoint, and hence

Ag, 0 (W (r/m) x W(r/m)) = 0.



PROJECTIVE SUBSPACES IN COMPLEX FERMAT VARIETIES 9

Therefore ¢(5;) = 0.

Suppose that 8; = 7. Then the intersection of A, and W (r/m) x W (r/m)
consists of a single point (Q, f(Q)), where Q € H(—w/m) and f(Q) € H(x/m).
We choose a positively-oriented basis of the real tangent space of C? at this point
as

(0/0x,0/0y,0/0x',0/0y"), where z=z+V-1ly, 2 =2 ++v-1y".
The positively-oriented basis of the tangent space of [\n at (Q, f (Q)) is
(1,0, cos(m/m), sin(w/m)), (0,1, —sin(w/m), cos(r/m)),
while the positively-oriented basis of the tangent space of W(r/m) x W(r/m) at
(Q. F(Q)) € H(—r/m) x H(r/m) is
(—cos(—m/m), —sin(—m/m),0,0), (0,0, cos(w/m),sin(m/m)).
(Note that W (mw/m) is oriented toward the origin on H(—m/m).) Calculating the
sign of the determinant of the 4 x 4 matrix with row vectors being the four vectors
above in this order, we see that £(n) = 1.

Suppose that 8; = n~*. Then A,-1NW (7/m) x W (7 /m) consists of a single point
(Q, f(Q)), where Q € H(m/m) and f(Q)~ € H(—n/m). The positively-oriented
basis of the tangent space of A, -1 at (Q, f(Q)) is

(1,0, cos(—/m), sin(—m/m)), (0,1, —sin(—r/m), cos(—/m)),
while that of W (r/m) x W (x/m) at (Q, f(Q)) € H(x/m) x H(—m/m) is
(cos(m/m),sin(m/m),0,0), (0,0, —cos(—m/m), —sin(—m/m)).
Calculating the determinant, we see that ¢(n~!) = —1. O

Let p be p; or fyi_l(pi). In a small neighborhood U, of p in X \ Y, we have local

coordinates (z1,...,%;,...,2n41) of X \ Y. Let
tp: Uy —>Cx---xC (nfactors)

be the open immersion defined by (z1,...,2,...,2,+1). We consider an element

Vn+41

g:= ryi’l R AR = G,
and give a local description of g(D) at p = p; and p = ’y;l(pl-) via ip.

(1) Locally around p = p;. If v; # 0, then p; ¢ g(D) and hence U, N g(D) = 0.
Suppose that v; = 0. Using Remark 3.2 and the fact that g preserves the orientation,
we see that g(D) is identified with
(=) H((2vy + 1)7/m) x -+ x H((2v;—1 + 1)7/m)x

H((2ujp1 + 1)m)/m) x -+ X H((2up41 + 1)) /m).

(2) Locally around p = v~ (p;). If v; # —1, then v~1(p;) ¢ g(D) and hence
U, N g(D) is empty. Suppose that v; = —1. Then ¢(D) is identified with (3.3)
because the action of v; maps the local descriptions of g(D) at ~; '(p;) to that of
7i9(D) at p;.

We put

(3.3)

Sit=1—y ) (L= DA =h) - (L=, 1D
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(note that ~; is missing), which is a hemisphere of the n-sphere S containing p;.
The other hemisphere is ;" 1(S;), and we have S = S; — o 1(S;). Since p; € S; and
pi & v H(Si), S is identified with

(=)™ W(n/m) x --- x W(xw/m)
locally at p; by t,,; while since v; ! (p;) ¢ S; and ~; *(p;) € v, *(S;), S is identified
with

(=)™ W(n/m) x --- x W(m/m)
locally at 'yi_l(pi) by by =1 (po)-

Suppose that 8y = 1. We calculate the local intersection number of L J,8 and S
at p := pi,. As was shown above, the topological n-cycle S is identified locally at
p with

(=)W (w/m) x -+ x W (m/m)
by the local coordinates (z1,...,2kgs---,2nt+1) of X \ Yy with the origin p. Note
that {1,...,ko,...,n+1}isequal to {j1, k1, ..., 4, ka}. We permute the coordinate
system (21,...,2kgy -+ 2nt+1) tO
(Zjl yRk1y st o9 Rjas de)a
and define a new open immersion

n times d times

U Uy = Cx-oxC=C*x---xC?

by this new coordinate system. By u,, the topological n-cycle S is identified locally
at p with
(—1)** sgn(oly) W(m/m) x - x W(m/m),

where ¢’} is the permutation

(1 oo kg ... n n—|—1>
ji k1o oo Ja o ka '
On the other hand, L is identified by «;, with

Agl X oo X Agd

locally at p. By Lemma 3.3, we have
(3.4) (L1, S) = (=1)"F'sgn(o)s(Br) -~ s(Ba) if Bo = 1.

Suppose that By = n~1. We calculate the local intersection number of Lz and
S at p =, !(pr,). As was shown above, the new open immersion t;, identifies .S
with
—(=D)**Hsgn(a)W (m/m) x -+ x W(m/m),

locally at p. Calculating as above, we have

(3.5) (Lyp,S)=—(=1)*sgn(c’))s(Br) -~ s(Ba) if Bo=n""".

The dependence on Sy in the right-hand sides of (3.2), (3.4), (3.5) can be ex-
pressed by the extra factor s(8p). Observing that (—1)**lsgn(o”;) = sgn(o,), we
complete the proof of Theorem 2.2. ([l
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4. THE R-SUBMODULE L (X)

4.1. Preliminaries. For an R-module M, we put M := Homg(M,Z), which is
regarded as an R-module via the contragredient action of G on M.

Let M be a finitely generated Z-module. We put dps := rank M = dimg M ® Q.
Note that M is torsion free if and only if it can be generated by dj; elements.

Lemma 4.1. Let xq,...,xn be variables. We put
A:=Zxy,...,xn]/(a] = 1,...,2% — 1),

and 0 := (x1—1)---(xzny —1). Then A/(0) is torsion free as a Z-module. Moreover
the annihilator ideal of 0 in A is generated by ¢(x1),...,0(xN).

Proof. We fix the monomial order grevlex on Z[z1,...,zn] (see [2, Chapter 2]).
Since the leading coefficients of 27" —1, ..., 2%y —1 and 6§ are 1, the division algorithm
by the set of these polynomials can be carried out over Z. Then we see that A/(6)
is generated as a Z-module by

(4.1) a2y with 0 < vy <m for all ¢ and v; = 0 for at least one 3.

On the other hand, the reduced 0-dimensional scheme Spec(A/(6) ® C) consists of
the closed points

(4.2) (a1,...,an) € pY  with a; = 1 for at least one i.

The number of monomials in (4.1) is equal to the number of points in (4.2), and
the latter is equal to d4,g). Hence, by the observation above, we see that A/(6)
is torsion free. The second part also follows from the division algorithm over Z by
{é(x1),...,6(xN)} of monic polynomials of degree m — 1. d

4.2. Proof of Part (a) of Theorem 1.1. We define a non-degenerate symmetric
bilinear form [, |: R x R — Z by

v n v vy
[tll o 't2++11 ) t11 o 'tn++11 ] = 5V1u{ e '5un+1u;+1a
where d;; is the Kronecker delta on Z/mZ. Since [, ] obviously is unimodular and

satisfies [gf, gf'] = [f, f/] for f, f' € R and g € G, it induces an isomorphism R =
RY of R-modules. Note that the image of the dual homomorphism fY: MY — R
of an R-linear homomorphism f: R — M is an ideal of R, and the cokernel of fV
is always torsion free, because

ImfY={xz€R | [z,y)=0for any y € Ker f }.

In particular, the surjective homomorphism R —% V,,(X) in Theorem 2.1 defines
an ideal V,(X)Y < R of R such that R/V,(X)" is torsion free as a Z-module.
On the other hand, the G-invariant intersection pairing (, ) defines an isomor-
phism H,,(X) = H,(X)" of R-modules. Hence we obtain the dual homomorphism
Hp(X) = Vo (X)Y of Vi (X) < Hp(X), which is surjective because V;,(X) is prim-
itive in H,,(X) (see (2.1)). By construction, the composite H,(X) — R of the two
homomorphisms H,,(X) — V,,(X)" and V,,(X)¥ < R maps 7 € H,(X) to

ST (rA AR (S) e € R
ViyeosVUn+1 €L/ mZ
Consider the composite
Lic(X) — Hy(X) =V, (X)Y,



12 ALEX DEGTYAREV AND ICHIRO SHIMADA

where the second homomorphism is the dual of V,,(X) — H,(X). Let Li-(X) be
the image of this composite. We have the following:

Claim 4.2. One has rank L (X) = rank £}-(X) + 1, and
Hy,(X)/Lxc(X) 2 Vo (X)) Lic(X).

Proof. Let Px € H,(X) denote the class of the intersection of X and a (d + 1)-
dimensional subspace of P**1. By the Lefschetz hyperplane section theorem, the
kernel of H, (X) —» V,(X)Y is ZPx. Therefore it is enough to show that L (X)
contains Px. Since K is non-empty, we can assume by a permutation of coordinates
that Jo := [[0,1],[2,3],...,[n,n + 1]] is an element of K. Consider the (d + 1)-
dimensional subspace of P"*! defined by
2o —ME3 =24 —N25 = - = Zoq — NZ2d+1 = 0.
Then its intersection with X is defined in P**! by
202 =20 —NEg =24 — N2 =+ = 2Zp — Nipy1 =0,

which is the union of m standard d-spaces Ly, (n¢cv,p,....y) for v =0,...,m — 1 in
X. Thus we have Px € Li(X) and Claim 4.2 is proved. O

Since Lj-(X) is an R-submodule of the ideal V,,(X)Y of R and R/V,(X)Y is
torsion free, the torsion of H,,(X)/Lx(X) = V,(X)"/L}j-(X) is isomorphic to the
torsion of R/L)-(X). Therefore, in order to prove Part (a) of Theorem 1.1, it is
enough to show that the ideal £)-(X) of R is generated by the polynomials ),
where J runs through K.

For each J = [[jo, ko], - - -, [ja, kd]] € T, we let G acts on the set B by

(4.3) g, J1(B) = (¢ "0 By, ™My, .., (HIaT Ry ).
Then we have
97 (Lsp) = Lyg.08)-
Moreover, for any 8,8’ € B and J € J, there exists g € G such that 5’ = [g, J](3).
Hence, for a fixed J € J, the Z-submodule L (X) of H,(X) generated by the
classes [Ljg| of Lyz (B € B) is the R-submodule generated by a single element
(L, (n,....m]- It is therefore enough to show that the image v'; of [Lj . .. ] by the
homomorphism L (X) < H,(X) = V,(X)"Y — R is equal to 1; up to sign.
Suppose that
w/J = Z aV1~--l/n+1t’1/1 e t?fff’
where the summation is taken over all (n + 1)-tuples (v1,...,vn41) € (Z/mZ)" 1,
and a,,...y,,, € Z. For simplicity, we put

1 if v =0,
e(v):=s(C""n)=¢ -1 ifv=1,
0 otherwise.
Then, writing 77" - - -7,/}" by g, we have
Quy. vy — <LJ,(n,...,n)7g(S)>
= <971(LJ,(77,...,7]))7S>
= <LJ’[91J](77"“’77)7S>

= Sgn(UJ)e(Vko)e(Vkl - le) T e(l/kd - de)'
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where the last equality follows from Theorem 2.2. It remains to notice that

> e)t'=1-t and Do el =Vt = (1—t)g(tit).

VEZ/mZ v,V €Z/mZ

Therefore we do have ¢/, = £¢;. O

4.3. Proof of Theorem 1.4 and Corollary 1.5. We put
Ak ==R/(¥s|J € K).

Let K, be an algebraically closed field of characteristic p > 0. Since

dimg, (R® K,) = m"*!
does not depend on p, the Z-module Ax has a torsion element of order p if and
only if

dimg, (Ax ® Kp) > dimc(Ax ® C).
On the other hand, by Claim 4.2 and Lj-(X) = (¢;|J € K) in R, we have
rank L (X) = m" ™! — dim¢(Ax ® C) + 1.
Therefore it is enough to prove the following:
Claim 4.3. If p =0 or (p,m) =1, then
dimg, (Ax ® K,) =m"™ ™! — [Dk|.

Thus, from now on we assume that p = 0 or (p,m) = 1. Then R® K, is
a semisimple ring, and all its simple modules have dimension one over K,: they
correspond to the multi-eigenvalues of (t1,...,¢,+1), which are all m-th roots of
unity (cf. Definition 1.3 in the case K, = C). In other words,

M := Spec(R® K,)

is a reduced scheme of dimension zero consisting of m™*! closed points. Then
Spec(Ax ® K}) is a closed subscheme My of M, and dimg, (Ax ® K}) is the number
of closed points of M. Let I'c be the subset of M defined by Definition 1.3 with
C replaced by Kj,. Note that, for a € K¢ with a™ = 1, we have

Pa) =0 <= a#1.
Therefore, for P = (a1, ...,an+1) € M, we have

Pé¢ My < y(ar,...,ant1) #0 for some J € K
<

ar, #1,...,a5, # land aj,ap, =+ = aj,a, =1
for some J = [[jo, ko), - - -, [ja, kda]] € K
<~ a;#1 fori=1,...,n4+1 and
aj ag, =---=aj,ap, = 1 for some J = [[jo, kol, ..., [ja, ka]] € K

<— PeTlk.

Therefore we have dimg, (Ax ® Kp,) = [Mx| = |[M|—|T'x|. This concludes the proof
of Claim 4.3 and, hence, that of Theorem 1.4 and Corollary 1.5. (]
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Remark 4.4. The rank of L(X) = L7(X) =1+ |T'7| is equal to the constant term
of the expansion of

1+(x1+-~-+xh71+1+x;i1+~-~+xf1)”+2 if m = 2h is even,
L+ (z 4oy +ay o ap )t if m = 2h+ 1 is odd.

For small dimensions n, we have

3m? —9m 46+ 9, for n =2,
15m3 — 90m?2 + 175m — 100 + (15m — 39)4,, for n =4,
105m* — 1050m3 + 3955m? — 6335m + 3325 +

+ (210m? — 1302m + 2010)6,, for n =6,

rank £(X) =

where §,, € {0, 1} satisfies d,,, = m — 1 mod 2.
4.4. Proof of Part (b) of Theorem 1.1. The following lemma is immediate:
Lemma 4.5. In Z[z,y]/(2™ — 1,y™ — 1), we have
(y = Do(zy) = —(x = 1)(y — )p(z, y).
We put
A=t =1) (b — 1)
By Lemma 4.5, we have
Yy i=EApy.
Hence R/(1;|J € K) in Part (a) of Theorem 1.1 is equal to R/(Aps|J € K).
Consider the natural exact sequence
0 — N/(pslJeK) — R/(Aps|JeK) — R/(A) — O.

Since R/()\) is a free Z-module by Lemma 4.1, the torsion of R/(¢;|J € K) is
isomorphic to the torsion of (A)/(Aps|J € K). The homomorphism R —» (\) given
by f + fA identifies (\) with R by Lemma 4.1, and under this identification, the
submodule (A\ps | J € K) of (\) coincides with the ideal (p;|J € K) of R. Therefore
we have (\)/(\ps|J € K) = R/(ps|J € K). O

4.5. Proof of Parts (c) and (d) of Theorem 1.1. Part (c) and Part (d) are
dual to Part (a) and Part (b), respectively. We use the following simple observation.
Let p: My — My be a homomorphism of free Z-modules, and let ¢¥: My — M’
be the dual of p. Then there exist canonical isomorphisms

Tors Coker () = Extyz(Tors Coker(¢"), Z) = Homg(Tors Coker(p"), Q/Z),

where Tors M denotes the torsion of a Z-module M. Hence, there also exists a
non-canonical isomorphism Tors Coker(y) = Tors Coker(¢V).

We put
L}C = U LJ’B’
JEK, BEB
and consider the groups

Hy(Lx)= €D ZlLsg), H'(Ix)= @ Z[Lspl",
JeK, peB JeK, peB
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each of which has a natural structure of the R-modules (see (4.3)). The inclusion
Li — X induces an R-linear homomorphism

¢: Hy(Lx) — Hy(X).
Then H,, (X)/Li(X) = Coker(y). Note that (, ) defines an isomorphism H,, (X) =
H, (X)Y (the Poincaré duality), and hence we obtain the dual homomorphism
0V Hy(X) — H™(Lx).
By the observation above, the torsion in question is the dual of the torsion of
Coker(¢"), and hence these torsions are isomorphic. Consider the composite
ViR V,(X)— H,(X)— H"(Lg),
where the first surjection is given by Theorem 2.1. Since V,,(X) is primitive in

H,(X) (see (2.1)), the torsion of H,(X)/Lx(X) is isomorphic to the torsion of
Coker(¢y,). Recall that we regard H"(Lx) as an R-module via

9([Lsp]") = [Lyg-1,08]"-

For J = [[jo, ko), - - - » [Ja, ka]] € K, the natural homomorphism
(4.4) R R[Ly,..p)" = EPZILss"
BeB

given by 1+ L, .| identifies R[Lj . . ,»]" with
(4.5) Ry=R/(tjtr, —1,.. . tj,tp, — 1) = Lltgy, ... tr,] /(o — 1, 870 — 1),

where the second equality follows from the relations t;, = ¢~ Y(v=1,...,d) in
R;. Indeed, each tj,tx, — 1 is contained in the kernel of (4 4) by the deﬁmtlon (4.3)
of the action of G, and both Z-modules R; and R[Lj ... )" are free of rank

d+1
=P R,

Jex

= |B|. Hence we have

The homomorphism ¢y, is given by
1= Z Z<57LJ,[3>[LJ,ﬂ]V
JeK peB
For J = [[.j07 k'()], SRR [jda kd” € IC7 we have
(Vo2 )™ TN, o) = (€00, ..., ¢ ),
and hence, by Theorem 2.2, we obtain

> (S, Lyp)Ls)

peB

= sgu(oy) D, o Y elan)-e(@a)lLyceon,..covan)”

aer/mZ Qg €EL/ML

1
= sgu(ay) Z > elao) el 1 Ve )

0400 Oédo

= sgn(o)(1—t") - (L=t Lig..m]”
= sgn(o)(try — 1)+ (try — Dt -t L]

= TjCJj,
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where ¢; = sgn(os)t, "t Ly ,...n]". Note that sgn(o)t; " -+t 1 is a unit
in R;. Replacing the generator [Lj , . ]¥ of each factor of H"(Lx) = @ ;o Ry
by ¢z, the image of ¢y, is the R-submodule M generated by

S = ZTJlJ.

Jex

Thus Part (c) is proved.

For J = [[jo,ko],..-,[ja, kd]] € K, let (75) be the ideal of R; generated by
7;. Then s € L{ = @ jcxc Ry is contained in € ;- (77). We consider the exact
sequence

0 — (@(TJ)) /RS — (@RJ) /RS — @(R]/(TJ)) — 0.

JeK Jek Jek
Since
Ry/(T1) = Lltrg, .. try]/(the — L.ty —1,715)
is a free Z-module by the second equality of (4.5) and Lemma 4.1, the torsion of

@D e Ry/Rs is isomorphic to the torsion of @ ;c,c(77)/Rs. On the other hand,
the homomorphism R; —» () given by f +— f7; identifies (7;) with

RJ = Z[tkov s vtkd]/(¢(tko)’ IR ¢(tkd))

by Lemma 4.1, and under this identification, the element 7, € (17) _corresponds to
the multiplicative unit 1; of R;. Therefore, by @ ;o (77) = @ ;¢ R, the element

s € @ ex Ry corresponds to Y- o1y € @ o Ry Hence (@ ,cxc(7s))/Rs is
isomorphic to (P ;cx Rs)/M. O

4.6. Proof of Corollaries 1.6 and 1.7. To prove Corollary 1.6, we merely put
Jo :=[[0,1],[2,3],...,[n,n + 1]], and apply Part (d) of Theorem 1.1 to the case
K = {Jo}. We immediately see that Lyy(X) is primitive in H,, (X). Let W =
{Wi}iev be the family of smooth hypersurfaces defined by the equations of the
form (1.3). The parameter space U of this family is connected, and hence there
exists a path 7: [0,1] — U from the Fermat variety X = W, ) to an arbitrary
member W = W, ;) of W. Along the family W, ), the subspaces L, s (8 € B) in
X deform to subspaces of W, ;) defined by equations of the form

Bl(,i)(t)ZQi = Oé,(f) (t)22i+1 (’L = 0, ey d, vV = 1, S ,m).

Thus, along the constant (with respect to the Gauss-Manin connection) family
H,, (W) of Z-modules over v, the submodule Ly ;1 (X) of H,(X) is transported
to the submodule of Hy,(W) generated by the classes [L{, | of subspaces
Lzuo e Vd)

F&)r,CoroHary 1.7, we use the same continuity argument, deforming W to the
Fermat variety and representing the submodule in question as L7, (X), where J;

is the set of all partitions “identical beyond s”, i.e., those of the form
o, kols -+, [Fss ks, 28 + 2,284+ 3],...,[n,n+1]], 0<j,k <2s+1.

The restriction of 7, to the index set 2s + 1 is well-defined and coincides with the
full set J(2s) of partitions of 2s + 1. Then, denoting by (-) the dependence on the
dimension (or the number of variables in the polynomial rings), it is easy to see

in W. The rank and the primitivity are preserved during the transport.
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that the module C_, (2d) given by Part (d) of Theorem 1.1 can be represented in
the form '

C7,(2d) = C7(25)(25) ®z S(s,d),
where

S(s,d) == Zltast2, tasya, - - -, t2al/(P(tass2), P(tassa), - -, P(t2a))-

(Since the tail of each partition is fixed, we have the “constant” relations
tostatas+s = - = tagtaa+1 = 1;

hence, we can retain the even index variables only and take these variables out.)

Thus, this module is free (as an abelian group) if and only if so is C 7(24)(25), i.e.,

if and only if Conjecture 1.2 holds for Fermat varieties of dimension 2s in P25+1,

For the last assertion of Corollary 1.7, we observe that Conjecture 1.2 does hold
for the Fermat varieties of dimension 0 (obvious) and 2 (see [3]). O

5. COMPUTATIONAL CRITERION

In this section, we focus on the description of the torsion of H,,(X)/Li(X) given
by Part (b) of Theorem 1.1. We put
By = E/(pJ|JE ’C)

By Lemma 4.5, the ideal (ps|J € K) defines the closed subscheme I'c in the
reduced O-dimensional scheme Spec(R ® C) = (um, \ {1})"*!, and hence we can
calculate dy := dim¢(Bx ® C) = [T'|. On the other hand, for each prime divisor p
of m, we can calculate d,, := dimg, (Bx ® ;) by calculating a Grobner basis of the
ideal

(5.1) (@(t1),- .-, d(tnt1)) + (ps | J € K)

in the polynomial ring F,[t1,...,t,+1]. By Corollary 1.5, we see that Lx(X) is
primitive in H, (X) if and only if dy = d,, holds for any prime divisor p of m.

Using this method, we have confirmed the primitivity of £(X) = L£7(X) in
H, (X) by the computer-aided calculation in the following cases:

(n,m) = (4,m) where 3 <m <12, (6,3),(6,4),(6,5),(8,3).
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