DYNKIN DIAGRAMS OF RANK 20 ON
SUPERSINGULAR K3 SURFACES:
THE TABLE OF R-SUPERSINGULAR K3 PRIMES

ICHIRO SHIMADA AND DE-QI ZHANG

ABSTRACT. We classify normal supersingular K3 surfaces Y with total Milnor
number 20 in characteristic p, where p is an odd prime that does not divide
the discriminant of the Dynkin type of the rational double points on Y.

1. INTRODUCTION

A Dynkin type is, by definition, a finite formal sum of the symbols A;(I > 1),
D,,(m > 4) and E,(n = 6,7, 8) with non-negative integer coefficients. For a Dynkin
type R, we denote by L(R) the negative-definite lattice whose intersection matrix is
(—1) times the Cartan matrix of type R. We denote by rank(R) the rank of L(R),
and by disc(R) the discriminant of L(R).

A normal K3 surface is a normal surface whose minimal resolution is a K3
surface. It is well-known that a normal K3 surface has only rational double points
as its singularities ([2, 3]). Hence we can associate a Dynkin type to the singular
locus Sing(Y') of a normal K3 surface Y. Recall that the Milnor number of a
rational double point of type A,, (resp. D, resp. E,) is n. Hence the rank of the
Dynkin type of Sing(Y") is equal to the sum of Milnor numbers of singular points
on Y, that is, the total Milnor number of Y. In particular, it is at most 21.

If the total Milnor number of a normal K3 surface Y is > 20, then the minimal
resolution X of Y has Picard number > 21, and hence is a supersingular K3 surface
(in the sense of Shioda [22]). In [8, Theorem 3.7], Goto proved that a normal K3
surface Y with total Milnor number 21 exists only when the characteristic of the
base field divides the discriminant of the Dynkin type of Sing(Y"). In [17], the first
author made the complete list of the pairs (R, p) of a Dynkin type R of rank 21 and
a prime integer p such that R is the Dynkin type of the singular locus of a normal
K3 surface in characteristic p.

In this paper, we investigate normal K3 surfaces with total Milnor number 20.

Definition 1.1. Let R be a Dynkin type of rank 20. A prime integer p is called
an R-supersingular K3 prime if it satisfies the following:
(i) p is odd and does not divide disc(R), and
(i) there exists a normal K3 surface Y defined over an algebraically closed field
of characteristic p such that Sing(Y") is of type R.

The Artin invariant of a supersingular K3 surface X in characteristic p is the
positive integer o such that the discriminant of the Néron-Severi lattice NS(X) of
X is equal to —p??. (See [1]). We will prove that, if p is an R-supersingular K3
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prime for a Dynkin type R with rank(R) = 20, and if Y is a normal K3 surface in
the condition (ii) above, then the Artin invariant of the minimal resolution of Y is
1. Tt is known that, for each p, the supersingular K3 surface with Artin invariant
1 is unique up to isomorphisms ([12, 7]). Therefore the condition (i) and (ii) above
is equivalent to (i) and the following:

(ii)" the supersingular K3 surface X, in characteristic p with Artin invariant 1

is birational to a normal K3 surface ¥ such that Sing(Y") is of type R.

In this paper, we present an algorithm to determine the set of R-supersingular K3
primes for a given Dynkin type R of rank 20. As a corollary, we prove the following.

Theorem 1.2. Let R be a Dynkin type of rank 20, and let ar be the product of the
odd prime divisors of disc(R). We put bg := 8ag if disc(R) is even, while bg := agr
if disc(R) 4s odd. Then there exists a subset Xg of (Z/brZ)* such that a prime
integer p is an R-supersingular K3 prime if and only if p mod bg € Xg.

In fact, we have a result finer than above. Let Y be a normal supersingular
K3 surface in characteristic p # 2 such that Sing(Y') is of Dynkin type R with
rank(R) = 20, and let X — Y be the minimal resolution of Y. We denote by Ly
the sublattice of the Néron-Severi lattice NS(X) of X generated by the classes of
the exceptional curves of X — Y. Then Ly is isomorphic to L(R). Let Ty denote
the orthogonal complement of Ly in NS(X). Then Ty is an even indefinite lattice
of rank 2. Our key observation is the following:

(1.1) tt' € pZ forall t t' €Ty,

where tt' € Z is the intersection number of the classes ¢ and ' in NS(X). Thus we
can define an indefinite lattice Ty of rank 2 by introducing a new bilinear form

1
! L /
(8, )y = = (0t).

on the Z-module underlying Ty . It turns out that disc(7%,) divides disc(R). Note
that, since p is odd, Ty, is an even lattice. Let Ly be the orthogonal complement
of Ty in NS(X). Then Ly is an even overlattice of Ly such that the set roots(Ly)

of roots in Ly coincides with the set roots(Ly) of roots in Ly. The following is a
refinement of Theorem 1.2.

Theorem 1.3. Let R be a Dynkin type of rank 20, let T’ be an even indefinite
lattice of rank 2 such that disc(T") divides disc(R), and let L be an even overlattice
of L(R) such that roots(L) = roots(L(R)). Then there exist a subset S; of {1,—1}
for each odd prime divisor | of disc(R), and a subset Sy of {1,3,5,7}, such that the
following holds. Let p be an odd prime that does not divide disc(R). Then there
exists a normal K3 surface Y in characteristic p with Sing(Y') being of type R such
that Ty, 2 T" and Ly =~ L if and only if
(1.2) (%) € S; for each odd prime divisor | of disc(R), and
pmod 8 € S,.

If disc(R) is odd, then we have Sy = {1,3,5,7}.

Using computational algebra system Maple, we have made the complete list of

R-supersingular K3 primes, which is too large to be included in this paper. It is
available from the first author’s home page

http://www.math.sci.hiroshima-u.ac.jp/ shimada/K3.html
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in the plain text format. From this list, we derive the following fact:

Theorem 1.4. For each Dynkin type R with rank(R) = 20, the set of R-supersingular
K3 primes is either empty or has a natural density 1/2.

It would be very nice if Theorem 1.4 is proved, not by brute calculations of
making the complete list, but by some geometric reasonings.
As another corollary of the key observation (1.1), we obtain the following:

Corollary 1.5. Let Y C PN be a normal supersingular K3 surface of total Milnor
number 20 such that Sing(Y') is of type R. If the characteristic p of the base field
is odd and does not divide disc(R), then the degree of Y is divisible by 2p.

Indeed the class of the pull-back of the hyperplane section of Y to X is contained
in Ty. Note that, if R is of rank 20, then every prime divisor of disc(R) is < 19.
Combining Corollary 1.5 with [8, Theorem 3.7], we obtain the following:

Corollary 1.6. Let Y be a normal K3 surface of degree d in characteristic p > 19.
If p does not divide d, then the total Milnor number of Y is < 19.

In particular, a sextic plane curve C C P2 or a quartic surface S C P3 in
characteristic p > 19 with only rational double points as its singularities has total
Milnor number < 19. Yang [25, 26] classified all possible configurations of rational
double points on sextic plane curves and quartic surfaces in characteristic 0. It
would be interesting to investigate Yang’s classification in characteristic p > 19.
See [19] for a result on this problem.

In our previous paper [21], we have proved that normal K3 surfaces with ten
ordinary cusps exist only in characteristic 3. This implies that the set of 10As-
supersingular K3 primes is empty. More generally, the proof of Dolgachev-Keum
[6, Lemma 3.2] shows that, if disc(R) is a perfect square integer, then there exist
no R-supersingular K3 primes. (See Lemma 2.7.)

There are 3058 Dynkin types of rank 20. Among them, there exist 2437 Dynkin
types R such that disc(R) is not a perfect square integer, and 483 Dynkin types
with non-empty set of R-supersingular K3 primes.

This paper is organized as follows. In Section 2, we reduce the problem of
determining R-supersingular K3 primes to the calculation of overlattices of L(R)
and their quadratic forms. In Section 3, we investigate how the multiplications
by odd prime integers affects the isomorphism classes of finite quadratic forms.
In Section 4, we present an algorithm to calculate the set of R-supersingular K3
primes. In the last section, we explain the algorithm in detail by using an example.

The study of the cases where p is 2 or divides disc(R) seems to need more subtle
methods, and hence we do not treat these cases.

Acknowledgement. We would like to thank the referees for the valuable sugges-
tions and pointing out the reference of C. T. C. Wall [24] about quadratic forms.

2. THE NERON-SEVERI LATTICES OF SUPERSINGULAR K3 SURFACES

A free Z-module A of finite rank with a non-degenerate symmetric bilinear form
A x A — Zis called a lattice. Let A be a lattice. The dual lattice AV of A is
the Z-module Hom(A,Z). Then A is naturally embedded into AV as a submodule
of finite index. There exists a natural Q-valued symmetric bilinear form on AV
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that extends the Z-valued symmetric bilinear form on A. An overlattice of A is a
submodule N of AV containing A such that the bilinear form on AV takes values
inZ on N x N. If A is a sublattice of a lattice A’ with finite index, then A’ is
embedded into AV in a natural way, and hence A’ can be regarded as an overlattice
of A.

We say that A is even if u? € 2Z holds for every u € A. Let A be an even
negative-definite lattice. A vector r € A is called a root if r2 = —2. We denote by
roots(A) the set of roots in A. Let R be a Dynkin type. Recall that L(R) is the
negative definite root lattice of type R. We put

L(R) = {L | Lisan even overlattice of L(R) },

L(R) := {LeL(R) | roots(L) = roots(L(R)) }.
Remark that we consider £(R) as a subset of the set of submodules of L(R)Y, and
not up to isometries of lattices.

Let D be a finite abelian group. A quadratic form q on D is, by definition, a
map ¢ : D — Q/2Z that satisfies the following:

(i) g(nz) = n%q(z) for any € D and any n € Z, and
(ii) the map b[q] : D x D — Q/Z defined by

blg)(x,y) := (q(z +y) — q(z) — q(y))/2

is a symmetric bilinear form on D.

See Wall [24] for the complete classification of quadratic forms on finite abelian
groups. Let g be a quadratic form on a finite abelian group D, and let H be a
subgroup of D. We put

H*:={zecD | bgl(z,y) =0 foranyy € H }.

We say that q is non-degenerate if D+ = {0}.
Let A be an even lattice. The finite abelian group A /A is called the discriminant
group of A, and is denoted by Dp. We define a quadratic form gy on Dj by

qa (%) = 2% mod 27 (where Z := x mod A € Dy for z € AY),

and call qp the discriminant form of A. Tt is easy to see that g, is non-degenerate,
and that
[ DAl = [ disc(A)]
holds. By Nikulin [10], the map
N — N/A

induces a bijection from the set of even overlattices of A to the set of isotropic
subgroups of (D, qa). In particular, we can calculate the set of even overlattices
of a given lattice by calculating the set of isotropic subgroups of its discriminant
forms. Let N be an even overlattice of A. Then we have a natural sequence of
inclusions
A — N — NY — AY.

Therefore disc(V) divides disc(A), and the exponent of Dy divides the exponent of
D,. For a prime p, we denote by (Dy), and (Dy), the p-part and the prime-to-p
part of Dy, and by (ga), and (ga), the restrictions of ¢ to (Dy), and to (Dy),,
respectively. We have the following orthogonal decomposition:

(Da,qn) = ((DA)pv (QA)p) D ((DA)P’v (QA)IJ’)-
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‘We now state the main theorem of this section.

Theorem 2.1. Let R be a Dynkin type with rank(R) = 20, and let p be an odd prime
that does not divide disc(R). Then the following three conditions are equivalent:

(1) p is an R-supersingular K3 prime.

(2) The unique supersingular K3 surface X, of Artin invariant 1 in charac-
teristic p is birational to a normal K3 surface Y such that Sing(Y') is of
Dynkin type R.

(3) There exist an overlattice L € L(R) and a lattice T' of rank 2 with signature
(1,1) such that (Dgv,pqr+) is isomorphic to (D3, —qz), where pqr: is the
discriminant form of T' multiplied by p.

A lattice A is said to be p-elementary if its discriminant group Dj is a p-
elementary group. The following results due to Artin [1] and Rudakov-Shafarevich [14]
reduce our geometric problem to calculations of lattices and finite quadratic forms.

Theorem 2.2 (Artin [1] and Rudakov-Shafarevich [14]). The Néron-Severi lattice
of a supersingular K3 surface in characteristic p is p-elementary.

Combining this result with the classification of indefinite lattices, we have the
following.

Corollary 2.3 (Rudakov-Shafarevich [14]). The isomorphism class of the Néron-
Severi lattice NS(X) of a supersingular K3 surface X is uniquely determined by
the characteristic p of the base field and the Artin invariant of X .

Corollary 2.4 (Rudakov-Shafarevich [14]). Suppose that p is odd. If A is an even
p-elementary lattice of signature (1,21) and discriminant —p2°, then A is isomor-
phic to the Néron-Severi lattice of a supersingular K3 surface in characteristic p
with Artin invariant o.

The following easy result will be used in the proof of Theorem 2.1.

Lemma 2.5. Let T' = Zt| ® Zt}, be a lattice of rank 2 with the intersection matrix
(tit;) = (t;). Let p be a prime that does not divide disc(T"). Define a lattice
T = Zt1 & Zty so that the intersection matriz (t;.t;) = (t;;) with t;; = pt;j. Then
the following hold.

(1) ((Dr)pr, (ar)p) = (D17, par)-
(2) There exist positive integers {1 and Uy such that

TY/T = Z/(pl) ®Z/(plz), (T')"/T" = ZL/(t) D ZL/(L2).

Proof. Since rank(T") = 2, we can write (T")Y/T" 2 Z/(¢1) ®7Z/(f2) so that £; > 0,
1[0z and disc(T") = det(t;;) = £ with [¢| = {1¢. We can calculate the dual bases
of T/ and T as follows, where s11 = th,, S90 = t}; and s12 = s91 = —t]y = —th:

()", (#)°) = () (14,) ™ = (85, 15) (1),

<ﬁ@=m@wm*=£wmmmﬂ

Note that (TV/T), is generated by (cosets of) the two coordinates of the vector:

(pt1,pt3) = %(t1;t2>(5ij>-
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Set by = blgr/], etc. Then

(b ()" (6)") = (t4,)7" = (s,

(br(t5, 1)) = (ti7) ! = p%g@sm.

One can check that the following is an isomorphism of abelian groups:
(T /T = (T /Ty
) + T — pt; +T.
Under the identification via this map, we have pgr» = (¢r),s. This proves (1).

Clearly, disc(T) = det(t;;) = p*disc(T”). Also the expression of the dual basis
shows that (T"V/T'), is p-elementary. Thus (2) follows. This proves the lemma. [J

The following is the key to the proof of Theorem 2.1.

Proposition 2.6. Let R be a Dynkin type with rank(R) = 20, and let L be an even
overlattice of L(R). Suppose that p is an odd prime and that p J disc(L).

(1) Suppose that L — A is a primitive embedding into an even p-elementary
lattice of signature (1,21) with non-cyclic AV/A. Let T = L* be the or-
thogonal complement of L in A. Then (1a) ~ (1le) below hold.

(1a) T is an even lattice of signature (1,1) such that disc(T) = —p? disc(L)
and TV /T =7/ (pl1) ® Z/(pls).

(1b) There are a canonical isomorphism ¢ : LY /L — (TV/T), and the
relation (qr)y = —qr (after the identification via ¢).

(1c) Write T = Zt, @ Zty. Then (t;.t;) = p(t;;) for some t;; € Z.

(1d) Let T" = Zt| @ Zty be the lattice with the intersection form (t;.t) =
(ti;). Then (Drv,pqr:) = ((D1)p, (qr)p) = (DL, —qr)-

(le) A is the unique even p-elementary lattice of signature (1,21) and dis-
criminant —p?.

(2) Conversely, suppose that T is a lattice of signature (1,1) satisfying (1a)
and (1b). Then there is a primitive embedding L — A into the unique
p-elementary even lattice A of signature (1,21) and determinant —p? such
that T is isomorphic to the orthogonal complement L of L in A.

Proof. Consider the inclusions:
(2.1) LeTcACAN cLVaT.

Since L — A is a primitive embedding, its dual is a surjection AV — LY which
factors as AV — LY @ TV — LY where the first is the inclusion in (2.1) while the
second is the projection. This surjection induces surjections AV /(L & T) — LY/L
and ¢ : (AV/(L®T))y — (LY/L)y = LY/L where the latter equality is because
ged(p, disc(L)) = 1. Since A is p-elementary we have (AY/A), = 0 and hence
(AY/(L®T))y = (A/(LBT)), . Similarly, we have surjection o : (AY/(LST))y —
(TV/T),. On the other hand, the inclusion (2.1) and the assumption that A
is pelementary imply |LY/L||(T"/T)| = [(A/(L & T) > |LY/L{|(TV/T)y
where the latter inequality is due to the surjectivity of both ;. Thus both ¢; are
isomorphisms. Set ¢ = oy : LV/L — (TV/T),. For every 1’ € LV/L, we
write (') = ¢/, and see that the coset of 7’ + ¢’ belongs to (A/(L & T)),. So
0=qga(r'+t)=qr(r') + (gr)y (). This proves (1b).



SUPERSINGULAR K3 SURFACES 7

Let e be the exponent of the abelian group LY /L so that the latter is e-torsion.
This e is coprime to p by the assumption. Then A/(L & T) (=2 (LY @& TV)/AY)
is e-torsion. Indeed, for v’ +¢ € A C LY ® TV, we have, mod L & T, that
e(r'+t)=et' € ANLY =T. So A/(L&T) equals (A/(L®T)), and is isomorphic
toboth LY /L and (T /T),s via ¢;’s; denote by r the order of these three isomorphic
groups, which is coprime to p.

We assert that TV /T is pe-torsion. Indeed, for ¢’ € TV, we have et’ € AV and
hence pet’ € AN L+ = T, because A is p-elementary. Since T is of rank 2, we have
TV)T = Z/(p**4y) ® Z/(p°2Ls) where ¢; > 1, each ¢; € {0,1} and ged(p,¢;) = 1.
Note that AY/A = (Z/(p))®* for some A > 2. The inclusion (2.1) above implies
that —p=1+e24, 05 disc(L) = disc(T) disc(L) = r?disc(A) = —p*r?. So |A| = —p?
and both e, = 1. Note also that ¢1¢; = |(TV/T),| = r = disc(L). This proves
(la) and (le). The assertion (1lc) is the observation in (1la) that (TV/T), is p-
elementary, rank(T') = 2 and disc(T) = p?x (some integer coprime to p) and that
the calculation of TV /T is essentially the calculation of the matrix (¢;.t;)!; see
Lemma 2.5. The assertion (1d) follows from (1b) and Lemma 2.5 by noting that p
does not divide disc(7”) = — disc(L).

Next we prove Proposition 2.6 (2). We define an overlattice I" of L& T by adding
elements ' +t' € LY @ TV such that ¢(r’) = #'. Note that qrer(r’ +t') = qr. (') +
(qr)p (') = 0, so T is an even overlattice of L & T such that the projections induce
isomorphisms: LY/L 2 T/(L®T) = (TV/T),y. Now || = |L & T|/disc(L)? =
disc(T")/disc(L) = —p? by (1la). Consider the inclusion (2.1) above but with A
replaced by I', we see that I'V/I" equals (I'V/I),, i.e., it is p-torsion because so is
(LYeTY)/(LaT)), = (TV/T), by (1a). So I is p-elementary. It is clear from
the construction that both L — I' and T' — T' are primitive embeddings, whence
T = L* in I'. This proves Proposition 2.6. (]

Proof of Theorem 2.1. We now prove Theorem 2.1, the direction (1) = (2). So
there is a normal K3 surface Y defined over an algebraically closed field k& with
char(k) = p such that Sing(Y") is of Dynkin type R. Let f : X — Y be the minimal
resolution and Ex(f) the reduced exceptional divisor. Then Ex(f) is also of Dynkin
type R. Since the Picard number p(X) = p(Y) + #Ex(f) > 21, we have p(X) = 22
(see Artin [1]) and hence X is supersingular in the sense of Shioda [22]. Let A
be the Néron-Severi lattice NS(X) of X. Then A is p-elementary and |A| = —p?°
where 1 < o < 10 is the Artin invariant (Corollary 2.4). Let L denote the sublattice
of A spanned by numerical equivalence classes of irreducible components in Ex(f).
Then we have L = L(R). Let L be the closure of the sublattice L in A. Applying
Proposition 2.6 to the primitive embedding L— A, we see that o = 1. So Theorem
2.1 (2) is true.

Next we prove Theorem 2.1, the direction (2) = (3). We use the notation
above. We assert that roots(L) = roots(L). Indeed, suppose that v € L is a (—2)-
vector. By considering —v and the Riemann-Roch theorem, we may assume that
v is represented by an effective divisor V' on X,. Since this V' is perpendicular
to the pull back of an ample divisor on Y, our V is contractible to a point on Y,
whence v = [V] belongs to L. The assertion is proved. The rest of (3) follows from
Proposition 2.6 applied to the primitive embedding L — A.

Finally, we prove Theorem 2.1, the direction (3) = (1). Define T as in Lemma

2.5. Then Propositions 2.6 (1a) and (1b) are satisfied by L and T. By Proposition
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2.6 (both assertions there), there is a primitive embedding L — A into the unique
even p-elementary lattice of signature (1,21) and discriminant —p? such that T' =
Lt in A. We have NS(X,) = A. Take a primitive element v in TV such that
v? < —2. Let h be a generator of v- NTV. So h? > 0. We claim that

(2.2) roots(ht N A) = roots(L).

It is clear that the left-hand side of (2.2) includes the right-hand side of (2.2). Let
u be in the left-hand side of (2.2). Write u = ' + ' with +/ € LY and ¢’ € TV.
Then 0 = h.u = h.t', whence ' € TV N ht = Z[v]. So t' = mv for some integer
m. If m # 0, then —2 = v? = (/)2 + (¢)? < m?*v? < -2, absurd. So m = 0
and u = ' € LY NA = L and hence u € the right-hand side of (2.2). The
claim is proved. By considering —h and isometry of A, we may assume that a
positive multiple of h is represented by a nef and big Cartier divisor H on X,
(see Rudakov-Shafarevich [13]). Note that |2H| is base point free (see Nikulin
[11], Proposition 0.1 and Saint-Donat [15], Corollary 3.2). Let f : X, — Y be
the birational morphism onto a normal surface, which is the Stein factorization
of Doy : Xp — PV with N = dim|[2H|. Then f is nothing but the contraction
of all the curves perpendicular to H. So by the genus formula and the Riemann-
Roch theorem, Ex(f) contains and consists of all curves representing elements in
roots(h® N A) = roots(L) = roots(L(R)), whence Ex(f) is of Dynkin type R. Thus
Y is a normal K3 surface with Sing(Y") of Dynkin type R. Hence the assertion (1)
is true. This completes the proof of Theorem 2.1. O

The following result imposes on a Dynkin diagram R of rank 20 a necessary
condition for the set of R-supersingular K3 primes to be non-empty. The proof
follows from the proof of Dolgachev-Keum [6, Lemma 3.2]. We reprove it here for
the convenience of the readers.

Lemma 2.7. Let R be a Dynkin diagram of rank 20. If the set of R-supersingular
K3 primes is non-empty, then disc(R) is not a perfect square.

Proof. By the assumption, there exist a K3 surface X and 20 smooth rational
curves on X whose numerical equivalence classes span a sublattice L(R) C NS(X)
of Dynkin type R and which are contractible to rational double points on a normal
K3 surface Y. Since p(X) > 1+ 20, we have p(X) = 22 and X is supersingular.
Let T denote the orthogonal complement of L(R) in NS(X). Then L(R)® T is a
sublattice of NS(X) of index a say. So we have:

(2.3) disc(R) dise(T) = —a2p** ),

where disc(NS(X)) = —p?**(X) with o(X) € {1,2,...,10} the Artin invariant.

Suppose the contrary that disc(R) is a perfect square. Then (2.3) implies that
—disc(T) is a perfect square too. By Conway-Sloane [4], Chapter 15, Section 3,
T represents zero: there is a non-zero vector ¢ in T with t> = 0. We may assume
that ¢ is primitive in 7. By the Riemann-Roch theorem, we may assume that ¢ is
represented by an effective divisor. Applying Rudakov-Shafarevich [14], Chapter 3,
Proposition 3, there is a composite o : NS(X) — NS(X) of reflections with respect
to (—2)-vectors such that o(t) is represented by a general fibre F' of an elliptic or
quasi-elliptic fibration ¢ : X — P!, There is a natural inclusion below where the
lattice F'* is the orthogonal in NS(X) of Z[F]:

o(L(R)) — F*/Z[F).
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Since rank(L(R)) = 20, we can write F/Z[F] = K; @ --- ® K, which includes
o(L(R)) as a sublattice of finite index b say; whence

(2.4) disc(R) = b [ dise(K);
=1
moreover, each K, is of Dynkin type A, (s, Dy(s), or Ey(g) so that ¢ has reducible

fibres of type I?/g in the notation of Cossec-Dolgachev [5]; see the reasoning below
and the proof of Lemma 2.2 in Kondo [9]. Let j : J — P! be the Jacobian
fibration of ¢ so that j and ¢ have the same type of singular fibres. We note that
p(J) = 2420, J is supersingular, and J has a torsion Mordell-Weil group MW (j).
By Shioda [23], Theorem 1.3, we have

(2.5) [ disc(Ke) = —p> MW ()2,
=1

where disc(NS(J)) = —p*°)) with o(J) € {1,2,...,10}. Now (2.5) and (2.4) imply
that p divides disc(R), a contradiction. Thus the lemma is proved. O
3. FINITE QUADRATIC FORMS AND PRIME INTEGERS

Let ¢ and ¢’ be quadratic forms on a finite abelian group D. We denote by d
the order of D. In this section, we consider the set K(q,q’) of odd prime integers
p which are prime to d such that (D, pq) is isomorphic to (D, ¢").

For a prime [, we put

{1,-1} if I # 2,
and for an odd prime p # [, we define 7;(p) € T; by

() p mod8 ifl =2,
71(p) =
W () 142

T {(2/82)X if =2,

We then put
T,:= ][ 7
l

where [ runs through the prime divisors of d, and put

a(p) == (n(p)) € Tu
for an odd prime integer p prime to d.

Proposition 3.1. Let p1 and ps be odd prime integers which are prime to d. If
Ta(p1) = Ta(p2), then saying py € K(q,q') is equivalent to saying ps € K(q,q’)

Proof. 1t is enough to prove that (D, p1q) and (D, paq) are isomorphic. Let [ be an
odd prime divisor of d, and let v be the largest integer such that [”|d. Tt follows from
7(p1) = 7(p2) that there exists an integer a; such that p; = a?ps mod [ holds.
Note that a; is prime to I. Suppose that d is even. It follows from 72(p1) = T2(p2)
that there exists an integer ao that satisfies p; = a2pe mod 2#*! where p is the
largest integer such that 2#|d. Note that as is odd. By the Chinese Remainder
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Theorem, we have an integer a that satisfies a = a; mod [ for each odd prime
divisor [ of d, and

1 mod 2 if d is odd.

Then we have p; = a?py mod 2d. Note that a is prime to d. Since b[g](z,z) =
q(z) mod Z, q(x) is contained in (1/d)Z/27Z C Q/2Z for any x € D. Therefore we
have

{a2 mod 2*t1 if d is even,
a=

pP1g = 02P2Q~
The multiplication by a induces an automorphism « of D. Since a*(p2q) = p1g, we
see that p;q and psq are isomorphic. O

Corollary 3.2. There exists a subset S(q,q") of Ty such that K(q,q’) is equal to
the set of odd prime integers p which are prime to d such that 74(p) € S(q,q’).

4. ALGORITHM

Let R be a Dynkin type of rank 20. We put
T(R) =[] 7.
1

where [ runs through the set of prime divisors of disc(R), and for an odd prime p
that does not divide disc(R), we put

7(p) := (n(p)) € T(R).
In this section, we present an algorithm to obtain a subset S(R) C T(R) with
the following property: an odd prime p that does not divide disc(R) is an R-
supersingular K3 prime if and only if 7(p) € S(R).

4.1. Step 1. We first calculate the set £(R) of even overlattices of L(R) using
Proposition 1.4.1 of Nikulin [10]. For each even overlattice L of L(R), we can
calculate the set roots(L) of roots of L by the method described in [16], [18] or [20].
Comparing roots(L) with roots(L(R)) for each L, we make the set £(R).

4.2. Step 2. We calculate the discriminant group D7 for each Le L(R), and make

the set £/(R) of all L € £(R) such that the length of D5 is < 2. For each LeL'(R),
we calculate the isomorphism class of the finite quadratic form (Dj, —q;).

4.3. Step 3. For each Le L'(R), we do the following calculation. We put d :=
disc(L), which is a positive integer. First we make the list 7(d) of isomorphism
classes of even indefinite lattices 7" of rank 2 with discriminant —d using the clas-
sical theory of binary forms due to Gauss. (See [4, Chapter 15, §3.3].) For each
T’ € T(d) we calculate the discriminant group Dz of T'. If Dy is isomorphic to
D7z, then we calculate the set

SIL1)= [ S(ZT1) c T(R)
l| disc(R)

such that (Dgr, pgrs) is isomorphic to (D7, —qz) if and only if 7(p) € SZ(Z,T’)
for each prime divisor [ of disc(R). In virtue of Proposition 3.1, we have to check
only a finite number of prime integers. (Note that the set of prime divisors of | D5 |
is a subset of the set of prime divisors of disc(R) = [Dpgy|. If a prime divisor
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I of disc(R) does not divide disc(L), then we put S;(L,T’) = T;.) If Dy is not
isomorphic to Dj, then we put S(L,T') = 0.

The set S(R) is the union of all S(L,T"), where L runs through the set £'(R)
and T’ runs through the set 7 (disc(L)).

5. EXAMPLE

We will explain the case
R:=D7;+ A1 + 24,
in detail. The discriminant form of the negative-definite root lattice L(R) is ex-
pressed by the diagonal matrix
diag[—7/4, —11/12,-1/2,~1/2]
with respect to the basis of the discriminant group
Drry = Z/AZ x ZJ12Z x ZJ2Z x ZL]27

given in [16, Section 6]. There are eight isotropic vectors in Dy, gy:

0:=1[0,0,0,0], vy :=][0,6,1,1], ve:=][1,3,0,0], v3:=[1,9,0,0], vg:=[2,0,1,1],
vs :=[2,6,0,0] = 2uy = 2v3, vg:=13,3,0,0] = —v3, v7r:=[3,9,0,0] = —vs.

Let L(;y be the even overlattice of L(R) corresponding to the totally isotropic sub-
group of Dy gy generated by v;. The Dynkin type of roots(L(;)) is equal to R if
i # 4, while it is Ay; + Dy if i = 4. Hence the even overlattice L(H) of L(R) cor-
responding to an totally isotropic subgroup H satisfies roots(L(H)) = roots(L(R))
if and only if vy ¢ H. The totally isotropic subgroups that do not contain v, are
listed as follows:

Hy={0}, Hi ={0,v1}, Hy={0,vs}, Hz={0,v9,v5,v7}, Hs={0,v3,v5,06}.

Let v € Aut(L(R)) be the isometry of L(R) = L(D7) & L(A11 + 2A;) that is the
multiplication by —1 on the factor L(D7) and the identity on L(A1; +2A;). Then
the action of v on Dy, () interchanges Hz and Hy. Therefore the even lattices L(H3)
and L(H,) are isomorphic. The lengths of Dy, g,y and Dy g,y are > 3, while the
lengths of Dy g,y and D g,y = Dp(u,) are 2.

The discriminant form of L(H;) multiplied by (—1) is given by

7/4 0
ZJAZ x TJAZ, x(Z3Z,[23} .
(/ / lom]) /32| 2/3 )
There are four isomorphism classes of even indefinite lattices of rank 2 with dis-
criminant —48:

+4 4
4 F8

+2 6
6 F6

Sy = , Y=

The discriminant group of Sy is isomorphic to Z/2Z x Z/8Z x Z/3Z, and hence is
not isomorphic to Dy, g,). The discriminant forms of 7% are

) x (z/32,] +2/3 ).

+1/4 0

7./A7 x 7,/4Z,
( / / 0 +5/4
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Hence we have the following equivalence for prime integers p # 2, 3:
p € K(=qr(my),q9r,) <= pmod8=3or7 and (%§)=1,
p € K(—qriyy.qr.) < pmod8=1lor5 and (§)=-1.
There are two isomorphism classes of even indefinite lattices of rank 2 with dis-

criminant —12:

+2 2

2 F4
By the same calculation as above, we have the following equivalence for prime
integers p # 2, 3:

Uy =

p € K(—qr(m,),qu,) <= pmod8=1lor5 and (
p € K(—qn(m,),qu.) <= pmod8=3or7 and (

):713
)= 1.

wIB Wil

Thanks to the equalities
(5.1)

K(=qrm,y,91.) = K(=qums), v ), K(=qrm,), 9 ) = K(—=qrnws), v, ),
the natural density of R-supersingular K3 primes is 1/2.

The equalities (5.1) seem to hold by chance. However, equalities of the same
type happen in all cases where the sum of pg 7+ is more than 1/2, and Theorem 1.4
holds a posteriori. To be precise, these are the examples of Nos in the following:

89,130, 137, 252, 279, 309, 350, 351, 353, 356, 357, 358, 350,
365, 372, 392, 395, 399, 400, 407, 426, 439, 440, 458, 459, 460.

It would be very nice if Theorem 1.4 is proved, not by brute calculations, but by
some geometric reasonings.

REFERENCES

[1] M. Artin, Supersingular K3 surfaces. Ann. Sci. Ecole Norm. Sup. (4) 7 (1974), 543-567
(1975).

[2] M. Artin, Some numerical criteria for contractability of curves on algebraic surfaces,
Am. J. Math. 84 (1962), 485-496.

[3] M. Artin, On isolated rational singularities of surfaces, Am. J. Math. 88 (1966), 129-136.

[4] J. H. Conway and N. J. Sloane, Sphere packings, lattices and groups. Third edition. With
additional contributions by E. Bannai, R. E. Borcherds, J. Leech, S. P. Norton, A. M. Odlyzko,
R. A. Parker, L. Queen and B. B. Venkov. Grundlehren der Mathematischen Wissenschaften,
290. Springer-Verlag, New York, 1999.

[5] F. Cossec and I. Dolgachev, Enriques surfaces. I. Progress in Mathematics, 76. Birkhduser
Boston, Inc., Boston, MA, 1989.

[6] I. Dolgachev and J. Keum, Finite groups of symplectic automorphisms of K3 surfaces in
positive characteristic, Ann. of Math. 169 (2009), 2697-313.

[7] 1. Dolgachev and S. Kondo, A supersingular K3 surface in characteristic 2 and the Leech
lattice, Int. Math. Res. Not. 2003, no. 1, 1-23.

[8] Y. Goto, On the Néron-Severi groups of some K3 surfaces, The arithmetic and geometry
of algebraic cycles (Banff, AB, 1998), CRM Proc. Lecture Notes, vol. 24, Amer. Math. Soc.,
Providence, RI, 2000, pp. 305-328.

[9] S. Kondo, Automorphisms of algebraic K3 surfaces which act trivially on Picard groups. J.
Math. Soc. Japan 44 (1992), no. 1, 75-98.

[10] V. V. Nikulin, Integer symmetric bilinear forms and some of their applications. Math. USSR
Izvestija 14 (1980), no. 1, 103-167.

[11] V. V. Nikulin, Weil linear systems on singular K3 surfaces. Algebraic geometry and analytic
geometry (Tokyo, 1990), 138-164, ICM-90 Satell. Conf. Proc.



(12]
13]
14]
[15]
[16]
(17)
(18]

[19]
20]

21]
(22]
23]
24]
[25]

[26]

SUPERSINGULAR K3 SURFACES 13

A. Ogus, A crystalline Torelli theorem for supersingular K3 surfaces, Arithmetic and geom-
etry, Vol II, pp. 361-349, Progr. Math. 36, Birkhauser, Boston, 1983.

A. N. Rudakov and I. R. Shafarevich, Supersingular K3 surfaces over fields of characteristic
2. Math. USSR-Izv. 42 (1978), no. 4, 147-165 (1979).

A. N. Rudakov and I. R. Shafarevich, Surfaces of type K3 over fields of finite characteris-
tic. (Russian) Current problems in mathematics, Vol. 18, pp. 115-207, Akad. Nauk SSSR,
Vsesoyuz. Inst. Nauchn. i Tekhn. Informatsii, Moscow, 1981.

B. Saint-Donat, Projective models of K — 3 surfaces. Amer. J. Math. 96 (1974), 602-639.

I. Shimada, On elliptic K3 surfaces. Michigan Math. J. 47 (2000), no. 3, 423-446.

I. Shimada, Rational double points on supersingular K3 surfaces. Math. Comp. 73 (2004),
no. 248, 1989-2017.

I. Shimada, Supersingular K3 surfaces in odd characteristic and sextic double planes. Math.
Ann. 328 (2004), no. 3, 451-468.

I. Shimada, On normal K3 surfaces. Michigan Math. J. 55 (2007), no. 2, 395-416.

I. Shimada, Projective models of the supersingular K3 surface with Artin invariant 1 in
characteristic 5. J. Algebra, 403 (2014), 273-299.

I. Shimada and De-Qi Zhang, K3 surfaces with ten cusps. In Algebraic geometry, volume 422
of Contemp. Math., pages 187-211. Amer. Math. Soc., Providence, RI, 2007.

T. Shioda, Supersingular K3 surfaces. Algebraic geometry (Proc. Summer Meeting, Univ.
Copenhagen, Copenhagen, 1978), pp. 564-591, Lecture Notes in Math., 732.

T. Shioda, On the Mordell-Weil lattices. Comment. Math. Univ. St. Paul. 39 (1990), no. 2,
211-240.

C. T. C. Wall, Quadratic forms on finite groups, and related topics. Topology 2 (1963),
281-298.

Jin-Gen Yang, Sextic curves with simple singularities. Tohoku Math. J. (2) 48 (1996), no. 2,
203-227.

Jin-Gen Yang, Enumeration of combinations of rational double points on quartic surfaces.
Singularities and complex geometry (Beijing, 1994), AMS/IP Stud. Adv. Math., vol. 5, Amer.
Math. Soc., Providence, RI, 1997, pp. 275-312.



ICHIRO SHIMADA AND DE-QI ZHANG

14

B o [ou [ < (< e | <t | | o | =t | < [ = [ = [ = [ | = | < |00 |00 |00 |00 [ <t <K [ <K [ | =t | = | = [ [ = [ | o | <t | < |00 |00 [00 |00 [ <t <[00 [00 |00 |oo | < [<H | e | e | <t [ < | = | < | = | = | = |t |00 |00 |00
bl I I N B N B DN N s i b D N N e N B I N N B N B N N S N b N N N N D e ) D N S S N b B N N N I e B I N ) N ] ) B e e e N S
M11111111111111111111111111111111111111111111111111111111111
0 0 0
0w | 0 | 0 0 || 0 0 0
= L= L= e = o= L= ==
= | ~| = o= = I i - = |
(e} o0 o0 L) M| M .|)‘33[M L) ol 0 o 73[7:|7.3 7.|7.33.|M o0 11 53[7:|).
”m — | ™ o | o= | o= o o o o] @ | o o= || o= || of— S Rl Ranl MCN HEN Rl M Ron BCEY Re B ol Y N NS o= D S = e =[] o] »
3 =] =1 == =l===0 = L=l= ] =] == =L === = === === == ==
= iy el I e i I el i el i el i AP el i e el N G e I e e i i e el I i eI i el el el e el I e B === T == = = = = =
w 52222225222222%&2222222222222222222222222222%&5BZQ&[_;2222222
S0 G A et e K ot o I il Y Kvll el ol el Ll i el ot ol K Y v ol o o el o ) ) ol el Sl ol ol ) ol el ol e 2 vl v Kl ol o Kl Y e Lol Lo ol e Ll e
= | LI e R e e e R LI =) R KR P KN LI R Fe ] R e e R e ) R R i o e e R e e e e R R R R R L LI LI = R LI K R e e R i e
[} il bl il il bl il el bl bl el Eal il Ealial ianl inl il il ial il Enl Enl ial Eul ial bl inl Eal inl Eal inl kanl ial il bl il imlial Eanl il bl il ial inl Eal il Eall Eal Eal bal Eal bal Eal bl Exml bal Rl Eml bl
[a\} (o] o <t (e} (o} (o] [a\}
ISR INE o< o< < < © © Dl |ov | < <t © | |0 © |© © o PN e P B R e e [ B PN B IR R © < © | |© a
0 I O e Rl T N D A T Al AR AT A A 0 A R A R A N A R R R e I N e N e i e A e e R i 2 A e e R R e R R A N R AR A
-
<
- 3 5 $
~| & - < — — ~ o~ - o~ o -
<|< < ~ < < =y < < < < | <
-
| I I PR i L IO * sle 15 15 1S el |k P T e e E *
o n | ™ © <+ A L) [}
HEORE IEIS R OROE OIS DN D I Y e O P A b < |« < |< M M A
N e e S o I S S S S L T S S S S ol s + |+ R o I C I
AAA ~| o~ ~| ~ © © © © — | — (=] I~ I~ I~ N~ © e 10 0 N F| =] ~ — — (=} [=]
L4 SIS QR S & S & QI Q Q Q Q QR Q Q Q Q Q=< < < < <
LN TN T Y o e o o R R B ++ |+ [+ |+ [+ |+|+ |+ + |+ + |+ |++ |+ |+ |+ |+
EEE | o w| o 0 0 0 0 | © 0 [ 0 0 | o 0 0 0 0 w| | o © 0 0 0
alala ®BE |RR |® (R |R (R RE Ry R QR (L SIS R ORRR (R R (R (L
o) =} — oo <+ ) © >~ w0 |o = — ~ e < |0 |w© >~ 0 o =
z. e e © |~ © S — — — | — — — — — | Q ™ I\ N N[N | @ 3] N ] 5]




15

SUPERSINGULAR K3 SURFACES

[ pa ]

‘ e lthe condition

T

|m¢

oo |ou | == [ = [ = | = | = | = | = | = | | = [ [ o0 |90 [0 [0 |00 |00 |00 |00 [ < |00 |00 |00 |90 |00 |00 00 [o0 < [t |00 |00 [o0 |oo | = = |en [ = [ = | o0 |0 |00 [oo [ = [ = = [ = | = [ = | = |00
~|l—- |||~ |||~ A |||~ |~ A ]|~ ]|~ [ [ A ]~ ]| A |||~ A [ A |A || A || A ||~ |A A A |~ A A~~~
0 ~ ~ ~ 0 0 0

— — | =]~ — | -0 w | w [ — | 0 ) Jte)
T NS S o 5 o Y e M T L 5 I T e =
- =l Zl=l=] < -l = = A= = ! | == -
o 0 el Lol Biel s ) [5[_5—.0[7..'). 73.'“[7‘33[7‘.|).33 .|).33[M o™ el 73[M.|).3 M| ™M el 2]
i o= 2T 2T T R [ S Y S 2 el Il Al 1o B bl ol P e bl ol e B el B el Y ol ol e Y Bl Fch (R Al Il R Y Al (R Al el R 8 Al S VS A
AL e L L8 R ke e o UL OO Y Y LRI K K LY UL K i LRI K O O LY UL K K O UL K i LI Y LI LI Y i LY e L
o N L e ) L L e e It e et e e e e I I T I I I I e I I I e I e e e I I A Y
[ o] I L Vo0 (VSN S VSR Y PSR (A P Yl el [ o el ) S (Y 'V PSR I Vo LY IV SO S AR S (o | (VS VN S (A VN (VR N (Y (Y VSR S S Vo Yo S (o S (o [N N ) 7o [ bl I
e Y LIS NI e Y i R e 34 LI LI L e i R Y iR e e R R R R =Y R e i R e R e R e R e e R e R fc R e R =Y e Rl A L
o = o~ < =) =} ™ o~ < = ™ <+ « = <
T o|T © @© © Il el [l v [ PV L el [l Pl [l R [l R || == o [* — (e [T s © © — e | ~ © — O |~
1,,1_4,6_8,8__1,1,1_1_2,1_6_1,1_1_8,1_2,4_,4_6,6,1_4,4_6,1_
© [ 1 10|00 |00 [© [©]w|w|w o |t |a|a|m o~ = [SSISS ]|+ (DD D Dol |22 |=[DDD D ||| ]|ev e ||| |o fo|o | [ ||« o |o|a|a|o

[a\} ™ [a\} [a] N [a\} [a\} ™ [a\} ™ ™ [a\} ™ [a\}
_42_2,2_2,4448484444%2,844%2,6%2,4%844%2_22_4%44_12,2_2_2,846

-
<
- - + - | -

o ~ o |<| = o < o © < < < — o
< < < | < o < < + + + < <
e + + + +{+ + + E + + 2 | zle 2 2 N + +
<+ L) 0 <t [ o 0 < < o <+ I~ © <
o [T < < < < <[ < < ~ < < ™ ~ +l+ + + Q < < <
+|+ + + + + +|+ + + + + + + + © o] « © - o + + + +
| o w© ~ I~ ~ ~| © © © © © 0 10 < 3] Q1IQ < <t < © © © ©
<< < < < < << < < < < < < < + +|+ + + + R & R S
+{+ + + + + +|+ + + + + + + + - N - N - + + + +
| o © w [ w o o 0 (] w [ w 0 w© 3] RISy 3} &3] [a) ~ ~ ~ ~
R |R S S S S SISy S S S S R S S N | ~ ~ ~ R S R B
| o < 0 © 1~ |00 o = — N 0 < 10 © 1~ |00 = = — o o < 0
o | B ™ o ™ o | » < < < < < < 3 < | < < bt 0 0 0 0 r=}




ICHIRO SHIMADA AND DE-QI ZHANG

16

B[ foo o0 oo | = = [ov | = | = [ oo | = = | = = | o0 | = | = | oo | v [ = | = | = = |00 |00 |oo oo | = | = | = | = | = | = | oo = | = [ = | = | o | oo [0 |00 oo [ = | = | v |00 [0 |0 |oo | = | = | = = |ov v [ = | =
M1111111111111111111111111111111111111111111111111111111111
0 0 I~ 0
10 [ 0| | 0 i o~ 10 [ | 0
ol |1, ol | 1= Tlel~= = i =
all=]!| - = == | ===
0.|7.[M33 o [l 0 2] N~ M .|M33[M [zl el el 2] o 3.|7.[M33 [MSQU.'?.S I~ o
”Lm33113 o[ | || wn o[ == oo o= | o] | [0 o= | | | o=~ o O [ | o | o
S === | | I =1 [= —| | === | [=[=]|1|=]1]|]|= —| 1 [=] | I = =[] |= == == =N
S == === = === N B i e e el el el bl R el el Il (el b === B I Il i S e e e s B
w222222222222222252222222222222222222222222222522222222m222
e737575735—0775575H5573377373737575—075555557757.”57573775“573
= | %= oY =) e fi P2 R e Fc R e e LI Y R ) R = ) R 3| a3 i o i P am e i} e e Foc e LI Rl i e R %= e Rl LY o =
R LR Rl Eal I B ECR BN R ot B Ko B Ia N BB N Rl Ko\ B (ol Kol RSl Kl RN R Kol Entl Rl Bl Enl R Ko B Eat B Bl A Kot Ent l Kat i Ka B [t Rl ol Kot B B s B Rl Rl Kot Ent i [t i Kt [at I Kot Bl el N Al Rl Rl Rl Rl Kot (o]
(=) (=) <t (=) (] [a\]
<+ (S |o |0 o | <t o<t © | [o | IR AP < © | [© |00 < <o | || |00 <t o | | e | © 0 [ [
R e = I ol R Il Al A A A A 8 Al i Sl R D I R O I R 8 O e R T S A S e B N e i S R e N R e
eSS == v |a|a]a|a oo |a|a s fafa s s |2 | [o oSS [w|<|a|a [anfo o] | [ofo [« [T YD ]| [ [o|o]o o] | |a|a|a|o ||«
(] [a\} ™ (] [a\} ™ [a\} (] [a\} (] (] N ™
—
<
- ~ - o ol - +
N 5 < | < < < ~ < a4 < [< < < <
s . ol o . + |+ + + + + |+ +| o + |+ + + + BN
[ad < < < |<¢ by <t [ 2 | m| © © 0 <+ 0 0 b o<t 0 ~| © 0 ol v 0
N T EE FEORE OFFRE OE OIS S R A N R N A < |<|< < MMH
I I o e B I O B ) R R B B B e ! I i + ||+ S D b st e
© —| —| = o o| © | oo | ~ ~ © © © 6D 0 0| 0 0 NN N - | = =
S SHIS _(R Q SIS SYISHISEIS Q A Q A Q QAla Q SYIS Q YIS Q < T T
+ [ | | e | + |+ | + |+ + o+ [
~ ~| o~ ~ o~ ~ ~| o~ NEIESRS ~ ~ ~ ~ ~ NS ~ ~| o~ ~ ~| o~ ~ ~ NSRS
S SRS Sy S SRSy MR (R R S = S = S Sy & SRS S SRS & = S Sy
[} © - |00 oo — o | < | |o = 0 =N o — ~ N 10 © |~ 0 oo — ™ o< |0
N 0 0 [0 [Ia} o} =) O |© =} lNo}} [No}} [Ne) =) =) ~ o~ ~ D~ |~ r~ o~ [~ r~ N~ o0 0 0 00 (00 |00




17

B (== || == |9 | |00 |90 (00 |00 | = | = | = | = = = [ = | | =t [ |90 |90 |90 |00 [ =t [ [ =t [ |90 |90 |90 |00 [00 00 |00 |00 [ =t [ |00 |90 [00 00 | < | = | = | = [ov [ov | = | = | = | = = = [
i i I I B e B ey e B [ IS XS NS N N I I NN NN BN N I e B e e e B I N NN B e B e I I B N Y Y B I I B B e e I I B B e Y Y B N
M1111111111111111111111111111111111111111111111111111111111
0 ) ~ ~ 0
) w | 0| — 0 b~ [ ~ — ) w0 | —
=) e[|l L= = NN B =
o - = === PN R N AL e ==
R = 0 o7 2] » » of = o o[ o] w|w| ~ e I e e e e Y L o[ 2] » ) ) of o
E |l == Al 2= | o] o[ o =] o[ | o[ oo [ oo | === s [ = e [ o || S S | o] o] o] » o= o= of @
S |=] = =|=]|! L= =L L == (=L L == L) ==L =L L= =] sl= = (L= == LI=[]|= = L= |==
S == === e T e s Y e Y e e e e e e = e T e e e B e e e e e e e B e i I il
n w22,,[&2255222222%&222222222222222222H&[_;nm22222222222252222222
<) | SN Ean N o iy Yol | o hr i DTl ) Sl DY | Sl RYR D Sl I Lol S [T Y | Sl D S DY DTSR | Sl | S Tl RYR D Sl VST | Sl Eanl D Sl | S [-nl o Ll oy pmrpl ~n i | Sl RYT Kanl ) Sl Eanl | Sl Kol D Sl Yo | Sl RER vl B o [anll I ol DYol Ronl o B o
o o= — = o |— o | = o= —
9 R = N = R oY R T R el R o3 R Ko Dy M T R R o Foe e R Foe o R R ol R R R o e e L e LY R = ) R R R e R el R e o ML PN e e R R R Ko
< B[] | e | e e S | | T | | D e | T e | | T | | | S | | [ S e | S o S | o S | S e | o S | | S L | S o | S o | TS [ | e e | [ L S S 2
e —
ot
U A [H AN N[ NN N[N N|A A A A A |A [~ | A NN [A A A || N[N A | A | A A A [A A A | A A A [ ]| N[N NN N|A[AHA DD |HA[AHA DDA~ |~
n
o)
[} © N N 0 N © N 0 00 <t © o o <t o o N
B ©[© N |o oo N o~ 0 0 © © NN 0 0 <t © o o|© <t o ol © ~ ~F ~ ~
A o ko e o S i ol e e ol e e e Sl Bl E S i i e
<
— T N a | Aol ol Rl Al fen ) [l Kot (o)} oo |2 |o
5 Moo |a|o [T [m oo oo oo oo |T|T |0 o]0 |o|x||wn|wn|wnw|o|olrlo|T LT IRIS|IS|D[(elo|o |2 [T ||| |©0 |0 | ||| <o
O
Z <t ™ o~ <t o~ =]
© © <t ™ © 00 © © | < 00 N ~ © |« N | © ~N|o ™ ~ ~ ™ ~
0 6,6_62664_2,6_8,6_6_2_14‘8,2_1_|_A11_.6_1_|,A2,1466,2,142,612,2_2,2
~
<) ]
[}
=) — —
@ < <
= = - + u + .
<t —~ << — o — [} < [} © [ <t ™ <t
4 < «~ < < < < o < < < o < +
R L R D S + |+ + |+ + |+ |+ + + |+ . . . |<
K| < ) <t o 10 < @ © 10 < < 0 < < © <| < < (<< |< < ~
TR N IE S I R T R < |< |< < < T N +lels N
T+ |+ |+ + |+ |+ |+ |+ | + |+ |+ + + |+ A - N 1 T A
= = ) =) ) 0 0 ) I~ ~ I~ ~ © © © © << |0 <t ~ QIQ (=< - - -
< < < < < < < < < < < < < < < < o | ™ T ++]+ Q Q Q
+ |+ [+ |+ |+ + |+ |+ |+ + |+ |+ + + |+|+ + |5 Sl |+ |+ |+
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~| o~ ~ E EEE © © ©
R = R = R = R = R = R = R = R = S = o RIIE = & =
Slle [ |o o |o — 2 o | 1w |o© - | = = = g s 2 g5 |12 S b
Z ||% 0 0 0 & = =y = =y = & =) & > S S 212 S S =SS S b =




ICHIRO SHIMADA AND DE-QI ZHANG

18

e

‘ e lthe condition

T

lNo.‘

< |00 00 |00 [00 [ [ | = | | v |00 |90 [00 [00 |00 |00 |00 oo | = | = = [ = [ | = | = | o |00 |90 [00 [00 |00 |00 |00 0o | = | | = = 90 [0 |00 |oo | = = v | = = | = = [ v |00 |00 |0 [oo [ [ v |00

B Y N o I N N i N N N i e I N ) i B N e I e e e Y e I o N ) e i N N N i B I i N ) i B ) i I S I e I ) o N e I i B

~ |- |||~ ]|~~~ [ ]~ A [~ A ]~ ||~ ]~ ||~ A ]~ |~ A ||~ A A A |A|A A A A A A A A A A A~
o«

%) 0 ~ wl v ) - o] b
w|—=| n 0 w | ] = 0 w =[] » 0 w|—=| n L311 =
==l o e i e = o e M N e S o=l L= =|2[=|L
I [~ == = A A A= = e A L= = < -] == —
3,|M33[7.3 o 3[7;.|7;3,|.,;33[7; |l o™ o b~ 3,|M,|7_33.|7;,|);3 o0 3,|7;33,|)_3 3.|7;,|);3 o0 0

Rl BN Ranll anll 2N Ranll BN Ran B B2 || o= =] [ ] - ||l o= o] O] O O [ N~ ™ P B N . | o nf—| |~ .”
N o R 5 O 5 A Y 5 A 5 o O 5 5 Y o 5 5 A o A 5 A o e e Y 5 A = A R
mm%m%%mm%zmm%mm%m%%mm%%mm%zmm%mm%m%%mm%%m%%m%s%&%&mm%m%%mQ&
IS N N A PN RN A AN RN A RN NN BN RN R RN RN R R E N G R PN ) 2N 55 =y I iyl [+ i) ] [T | S TSN [N S AN (YN )
R R o R o R e ] R e K R K R | R R e e e R R e Y o R R e Y e R e R e e e N Rl e ) e R e R R i L LI LI PR R R} e R X M
N|A A AN N|A|A|A A |~A A | A A | A [ A A A | [ || N[N [ ]| N|[A A A A A | ||| [N |~ [N NN [N|[C[O|HA|A A |N[N|A|[A|A|[A|A O [N|O|H
o~ <t o o~ 0 o~ 0 3\l <t < o o N =} < <
o~
=T TR R T BT TR T T BT TR R R AR RITEIS TR TR T T RET 77T
oo |N (™ |a | 0 AN | oo oo 28]
Qoo oo |||z |o|o|o @2 (D (DD (Do |B|o|o|v|o|o|o o [T T[T D olo|Z[Z|e|w|J[K|e|0|o|o|a|a|m|c|a|mm|o || |D[S ||| |0
™ =} o
A T e [T [T = [T o [0 | e [T = [T e [F ]2 | [0 | e |51~ [0 [oo [ |< [T [0 |€ [ [T < | T2 = | = | T e |F e | [0 oo | | [ 0 |27 [ |F e [V | |2
| | | | | | | | I [— | =1 | | | | = | | | | | =1 | | —
—
<
< I < | -
A - - ™ - o [ -
N < < < < << N M
- - + + + + + +| < + - + - . 2A_m n AmA4
< < 0 [ © by 00 I~ © 0| <t = I~ <t =) <t
N TR OFEF < i A R A A N < < |a < N M MH M HM
+ +|+ + + + + + + + + + + +
=} =] 0 ol ) al o — - o
— — o ol o ~ ~ © © © GD n 0 0 = N —~| = —| = — — =
_Q QR [RIR _Q QR R R R”a A ST ST S SIE R i << < =
+ + + +|+ + + + + + +|+ + + + + + +|+ + |+ + + |+
© © © | © © © © © © | © © © © © © ©| © O © © O ©
5 S 5 SRS R S R S R SRS 5 S 5 S R SIS KRR S SIS
™ ™ ~ 0 [© ~ 0 o o — B < 0 © D~ 0 oo —~ |y ™ < [0
— — — — = — ~— i [} (2] o[ N [} (] [} (] a | [arl [an) ™ [anl [an)
— — — — |- — ~— — — — — |~ — — — — — — |~ — |~ — | —




19

SUPERSINGULAR K3 SURFACES

[ pa ]

‘ e lthe condition

T

lNo.‘

00 |00 [00 |00 |00 [00 00 |eu [ [ < [ | |20 |00 [0 [oo [ = | = | = | = | |90 o0 |0 |oo | = = | = [= | = [ [S LSS S S |E S| = | |0 |0 |00 [oo |2 | = | = | = |0 [ = = [ = = oo | v | =
Bt B B B B e e I B B B N B e et e B e B I I Bl e e B B e e B e B e I R S A R g A B e B B B e B e B B B B B B B e B I
11111111111111111111111111111111111111111111111111111111111
~
— ~| o~ ~
ol el == =
— = =] A ]
at o P R Y Ay S N
| - — — ol—| el || -~ —
1111 | 0 0 Lol B L .|7.51515[M5 | 0 0
S E S D= =~ = s= L= L= 8= | L leE
—l= = === NN | = A= ==
[7[3[.,;[7;3 o0 0 3[.,;[7;3 0 33[.,;[7;3 o I~ ,|7;33,|);3,|);[M37 3,|M[M3 o o o0 o0 o0
&[&1331 13151331775‘”,311331 31177731131331171331 [el Rl o[ | ]| of— —
S Y o N oo oo A A ot o M oo =t M o Y A N ) = Y = M ol = = =l e M = D R M 0 = R A
LI 5 &l alal &) wl ol al &l &l &l &l &l &l &l slhl Ll g &l al & &l &l &| &) &f &) &l | &l sl &) &l &l &l alalalalalal sl sl &l &l of &l sl &l ol ala
b il o S Y Y YN [ ] KV (S S P S (o N (A [ ) G ] VN PN VR O YN [ O (Y F S el I ) S S YN VN (VN VP Vo O ) Vo S Y Y O (P [ (P Y YN P (N () ] YN YN
K} K NI R R ) e § LI N R e R e 34 e O N LI e i) i R e e R R R LY K R i Y R e e fie e Y R e e R e K = R e R e R e o3 R L e
—A[HA A ]| [ || |N|A |~ [ |H ][N N[N~ [N A |A A |A|A|A A A | A A | A A A A A [ | A A | A [AH ][O [MN]|O|O |||~ ||| [~ [N [N
N [=) [=) 0 <t (=) 0 o <t 0 (=) (=] N < <t 0 ) [a\]
< ] o[ © |© o © <t o 0 o™ < |© 0 o o N < <t 0 ©o |© o | ~ = ~ Ay
N I R _42%_A141%141,441_642%3%342%4A142%3_6_|,A1_4_4, < |
— | © |© [ oo 0 oo < | |00 oo |2 [ [ | |0 o |o |o |0 [ |00 00 |0 [0 [e |
= o = o < o~ o o o <
(] [a\} © (o} © [a\} (] [a\} <f [a\} <# (] [a] [a\} ™ [a\}
= =1 o= |w o= + == o= |lolale = <+
il I A Al O Sl I At ol ol I o I S o N o IR St il ol I 78 Al il £ A N S A I o N P e e I o O R e N R D RN B B R
— —
< <
- - + + o o
A - [l A [ [l — ] ] A A
5 < < o < < < < < + +
— o —
- + + + + + + < + Am, + E Am, 2 < E AmAA
A 0 b [ [ © <+ [ © N 0 <+ o o~
< < < < < < < < < o < «~
t + o+ |+ |+ + o+ |+ |+ AR (P P + |t O + BB
2 < < < |5 5] ] OISI5lE
— (=] [} (= [} 0 0 0 o~ © © © ©
< < < < < < < < < ~ < < < < N N N +|+ + +l+ ]+
+ + + + + + + + + + + + + + + + + ol w - ol o] ©
© © © © © © © © © © © © © © © © © = - . = - =
S 5 S 5 S 5 S 5 S 5 S 5 S R 5 R 5 QR Q RR(R
o} o~ [e9) [=2] [=) i [ o) <t I} =) o~ 0 D (=] — N ™[ <f 0 © |~ [0
[3r) o [3e) [32] < <t <t <t <t <t <t <t <t <f [Ie) i) o) 0 [0 0 Jinl Dol Jin)
— i — — — — — — — — — — — — — — — — |- — — =~




ICHIRO SHIMADA AND DE-QI ZHANG

20

[ pa ]

‘ e lthe condition

T

lNo.‘

| S| O[O [ | | |00 |00 |00 |00 | N[ < (< (< [ |00 |00 |00 (00 | QN || =H | [ [ [ | = ||| |||V |00 (00 (00 (00 | = | | AN = | ||| [ (S [ | AN | = || o0

I e A N S N N N i e e e e I i N ) i ) I I B e I N e B ) ) i N e Y I N N e Y B S i i I N B N I B B S e N B B e N

~|l—-|l ||| ]|~ ||~ [ |~ ||~ A |~ ]|~ |~ ||~ |~ [ [~ [~ ||~ [ ||~ [ A A~ [ A A | A | A A A | A | A A ||~

0 0 0 I~

| v 0 w || w = v 0 =

== o= L= == L

== = S |= = -

i 0 o, L el Wil iy i e i Lnd e i :c e (R ) ) L R P ) Jich e b Y I Pich [ o IS fch ik ) pck

N || 0| o~ I~ | = || ]| o o[ ~ | o fr= = | ™ 133177711315 || »of— o[ o[ 0 [ N || ™ D~

= L= ==L ZL=ll==EL FElEL =L L= [ LEELEEEL LELE | LEEL =L ELELELLE [

mmmmmmmz2mmmmmmmm,ammmmmmmmzmmmm%&mmmm%m,ommmm%mzmmmmmmmmzmmm

[ ICFN [ [ FYoN S (Yo NYoN KYoN VO (Yol VS (Yo S (Y- | S (Yo furad VS (2N VS (T VS (O S (e VSR VSR VS VS (N ol el S (Y KO [ NS (Y (gl S (YR [ TN N (YR RY-R N (YR YR [ S (YR (YN (N TS NYoN VS (Yo Yo

o R e R e o R e X focH Ko R e R e R e Rl I Rl R R R Rl R Rl e R e R L iR R R Rl R e R i R e i X o R X R o o R = o Ko R o

N~ |||~ ]| N ]|~ N|N A |~ [A ]~ N N[N |~ |A |||~ N]| N[N NAN]|~== ]| N[N N]|N|NN[= NN NN| NN~ == =[O~

[a\} o <t o [a] (o] [a\] [a\]

<t © | |0 © | |o©o <t © e = o < oo | <t ~ |© <t © | © |0 © |0 © | [ 0 <t ~ |©

S I A AR e TR TR T S D T Sl A R A S A ' At T S D T A A Al A S AR T A AR A A 0 R R T e AN R I e I S R A
[a\} ™ (] (o (] (] [a] [a\} ™ ™ [}

_27624.”_1624%2_4%2722_4%642_2272_4%4%2_62m4A_12_4A7164A_1622_4A,1480_04

— -

— - — - A A -

< < < < ~ + <

- |t + + - + ot a |a - +

— [ Al — [l A2 — N —| o N [\l A ] o A2 A A2 — [ AS N

< < +A < < [ < < << < < ™ < < < + ~ | < < ~ < <

+ + T + + + |+ + + +|+ + + + + + + |+ - + |+ + + + |+ +

0 b 7] < |2]| © 0 <+ < ™ © < ~) © n © © 0 < +| < < m| > [=) 0 ~ ~| © ©

< < < ~ R < < < | < < SHIN Q < < < < << o~ < | < < < <|< <

+ + + + |+ |+ + + + |+ + + +|+ + + + + + +|+ + +|+ + + + +|+ +

n i=} n ol S « < | [l L) (a8 A (3] [a] (3] [a] (3] [al el (3] o o~ — — — —| — —

= = = ] I S = 2 3 =3 a3 = = 4 = 4 = 3 =1 2 3 21 2 = - = = = =

SIS R [RIR”R|RA 8 Q SIS SIS SY[SEEN IS SIS SIS _(A Q RR R SIS SIS A

D (=] — [ E R 0 © - |00 (o2} o —~ [ [\l N 10 e D~ 0 [ o —~ | [\ <t 0 © |- 0

0 <o o =} No} [Ne] <o =) =} N} =) o~ D~ |~ ~ ~ ~ ~ ~ D~ |~ 0 00 |00 0 0 0 o0 |00 0

— — — |~ — — |- — — — |~ — — — — — — |- — | — — — |- —




21

SUPERSINGULAR K3 SURFACES

& [[o0 |90 [00 |00 |00 |00 |00 | =t | 00 [90 |00 00 | v [ = [ev [ | = | = [ = = | v | = [ | = | | ev [ ev |00 00 |00 oo | = |t |90 |00 |90 |oo [ [ |90 |00 00 [oo |t || = = | = | [0 |00 |0 [oo | = | =
i I I N e i B Y I I I ) N N B N i I I e B B i B B N I I B N I e e B e S i N N B I BN N I I e e I i N ) B ) i e N Y i
M1111111111111111111111111111111111111111111111111111111111
0 0 I~ 0 0 0
M~ 0| 0 [ [ 0 — |~ o~ 10 [ [ 0 (| 0 0 [ [ 0
=== e (=L wl=[ L= == - == e wl|=| [ == e
all=|! | -] <|=]|!]| = | o= - e L= | === = ~| ===
0,|7.[M33[M.|7.33 ,|7.33,|). o0 el 10 311 55[M[7. 7[7‘33[7.3 [MSS[MS [l 11[7‘33[7‘ 0
m3311331133113 o[ | || n =~ ~ = wlw| =] o] o] [ [ ] 0] ™
Sl=l=]1 [l |=|=[![!]|=|=]!]]|= —| | I =1 [= || |= I === =] [l [=] ==l =] =] [=|=]!][=]]]]|=]|=]!|=
=N e e e e e e e e N e s B i el S el i e B i el i il il il el el el e el e el ) il Rl el el e
w [N AN AN A AN A AR BN AN BN AR AN Al AN BN AN B AR AN AN Al Al Bl AR A BN Al B AN AN ANl Al Al Al AR AN EAE A Al Al AN AN AN BN Al BN AT BN AN Eal EaN Al Al ol ol
PO o) S S ol [ o S (T (S E S (T (S (V=N N ) ol e (Yo (ol S S (T o [ (Yo YT [ e o [ (o) (o [ P o I T o [ o) I S ol I ol el S I=N I I ol N (S o) S I R I
= ol R ) R R R R Rl e R e e e R LI o R =) o e e o R e L e e B R foc R Rt e e e fc R R e ) e R R R R e R R R ) R o e Rl o
R R e N el N el I W I R R EH E Rl E l E [N EN N R E N P N E E R E R R B E N I Rl B Bl B I [l E P E R S RS T I (S I [ E N I R E T B Bl B Tl R IS E
o~ <t o o~ < o o o ~ < o ™ < o ~
NS o [ — e e Q| < © [N [© ~ A =R =1 A =R —~ || |t |= o | ~ R [\ I L il Fll S Lo el
6,1_1_1,8_1_2,,4__,4__,,4_4,,,1,2_1,6,1_4,1,1_4,4_1,1,1_,,
LGS S ele S (S D2 (Do ||| ||| |a]o|o|a|a|olo|a (xS S(S (S| |o|e|e|o|x|t|e|e 2|2 [x |+ |a|a|w|x|o|e|2|2|a]|e D
(] [a\} (] ™ (] (o (] (] [a\} (] (o (] [a]
%2_642,44_,844%22_222_6262_2,444%2_4%442_2,642_2,2_6%6%2_626
—
<
- - |t
- o — — — << | = - - A o
< < < < < +A < < ™ < Am
+ + + + + e + + + + +
< ) ) | o < m| w < << | w0 | o < ™ < ™ ] o — o
& < < < < (< (<< < o | T T < < < < < < Amz M Amz
+ + + + [+ +{+ |+ + +{+ - + |+ [+ + + + + + + + n +
0 0 < o - O o n 0 = B — o | © © 0 0 < © — o
< < < SIS QR|_ Q (A < | < < < < Q Am A.m Am, Ama Ao%
+ + + +|+ +|+|+ + +|+ + + |+ |+ + + + + + + + + n +
— — — ol © ol ©| © o ol © [=} ol o © o (=} o (=}
— — — —| ~ — = ~ — — — — —~| —| — — — — — (=2} (=] (=2} (=] ] o
Q SIS RIR RIRR (R R[R R RIRIA QIR [SEEN IS QR R R SIS
s ) o — I 6] < [0 |w© ~ 0 (o = —~ e[ <t 0 © >~ 0 =N o — ~ ™
%0 =) =) o | IR ) =3k S ol|lo|S =) S S o S S = — — —
Z — — — — | = — == — — = I AN |N Q I I ] Q Q ™ ™ ™ ™




ICHIRO SHIMADA AND DE-QI ZHANG

22

e

‘ e lthe condition

T

|m¢

< | 00 |00 [00 00 |00 [00 [00 |oo | = = | = = | [ = = [ = = v | = = = = o | = | = | = | | = | = = | oo |00 [oo [oo [ = = = = = = e | = | = |00 [0 |0 oo [ | = | =
R B e T R T R T I B e T I R T I B R T e B e T I B R O R B IR T I B R O I B I T I B I IO I T R O e B IO I B R O I s O I B R e I e T I B R T e O I T R B R T e O e T I O R IO I B IR T I B R B R B e B I B e B e B e B e B e I
~ ~ 0 ~
Ll L Rl ~ | >~ 0 =N Ral ‘”
11,71,71 1517 ~| o~ ~
T e = e e = == ===l
) I o B ) 1 Y e e - e = ] ) I ol = Y e e Y R Y Y e T e T g I
— o= = o= = | w] of o] = w|= = » — | o | o= o= o o= o= D D[ o] o= o[ === o w| ] s]—] Sl=| ==~
NLISY R LI LI K8 LI IO i o LI N Y LY L L=l =L =L L == L = L = = L= = L = L L L L= === s e = ]
B Y e e S T e e O e e e e O Y S A e T O O e e O e Y L Ay = LY ] Y P
ol 1Y N N N N ol o 5 o P =l G 5 Y N o N =l e L o S 1 L S Y S N G o L v o o I e o e ) Y 2 G 5 Y e e S I S 2 1)
Rem]foe ] R R e e R R R LI R =) e e e R LI e R e e R e e R 4 R R R e R i K M YR e i R i e o e Yl LY LY K R e
el e LR RN LN RN Ee R R N RN R N R e K B R e B e B e B e B Al Il Aol o et I sl Il IS Al Al Il il Il il K K B B ot I Kt I e B I N\ I K K Ko ) e Kt I Il K I K R R R B el R K [t RS
[a\] [a\] 0 < = (=) o0 (=) [a\] [a\] [} (=) < 0 [a\]
N |© NS fo A o|®|oC= @]~ | © A ~ ~ o0 ~ — | [© — | |© L © RO [N ||~ | |®
1,,6,1_1_1,2_3,,__2___4,8__4,4_4,8_4_1,6_1,6_8_8_,1_2_2,1_
A |1D (D oo oo [T T [= [ DD [0 [0 [BKIS I || |eu [ [w |ov|ev|on [s [ | < |= = [ | < [« | |0 [0 [0 |0 [ |w©|o|w|wn|w|wn|<|a|a|olo|F ||| |
(] =) [a] o ©
©|a < N | © o ~ 0 o ~ ™ < ™ o~ ™ < ~ © < ™ ™ ~ < 0 |wo © 0
I IR B i B S =t i B ol o R S ol o RN N o R e I ol el i s A O R o i R s i el E i e i e A e i
-
A
< E AP EE 3 <
— I3} [5] Il — Il — — o — o
< < X < I < << < o + < < < o | < +
- + S P O G I - e B o S S O P P B + o+ [H|+ |+ o |
< |0 <+ ] <t < | <t o <q | ] L el 0 < < < o 0 <+ @ o 0 i << <
(< < < o +A X A++ < Q< < < o N < < < < << < ~ o
+ |+ + + + ol T U o P P b o ol e + |+ D o |t + + |+ ++ |+ + |+
~ © © © © A5 A 4AA ~ ©| © © 0 ~ - — [=] o~ ~ ~ ~| © © © 0
<< < < < N | ™ A++ _ S)IS Q _ Q < < < < < < <|< < < <
+ |+ + + + |+t + [t ele [T [+ |+ + |+ + |+ + + + |+ ++ [+ + |+
[l =] (=2} (=] (=2} [l =] =2} OuDD 00 0| 00 o0 00 0 00 0 00 o0 00 0 00| 00 0 00 0
QR _ A Q SIS _Q SIS 8 SRS _Q Q 8 A Q A 8 A Q QR Q A Q
< [ =) o~ 0 (o2} feu} — [N el b 0 © |- 0 D o — N [+ <t 0 =] I~ |00 D (=) —
— = — — — — [N N AN N [N N N ") [ [") [l [\ [ [") el gl [ < <t
[a1l Ka] [} [a] [} [a 1l o] [a] [a\ N K\l o] [a] [a o] [a\] [a] [a\] [a] [a\] [a] [a\] [a] [a\] [a N KN} (o} [a] [a\]




23

SUPERSINGULAR K3 SURFACES

e

‘ e lthe condition

T

lNo.‘

<H |00 |00 (00 00 |<H | <t |<F |<F |00 (00 00 (00 | O | <F |<F [N | < | | =F |<F [ <F |=F | | | | | <F [=F [0 (00 |00 |00 | [N |00 |00 |00 |00 |00 |00 (00 00 [<H | < [<H | |00 (00 [00 |00 (< [=H | OV | <F [<Ff [00 |00 |00
~ |- |||~ | ||~ ]|~ [ |~ |||~ ||~ A |||~ |A ]|~ A |||~ ]| A ]~ ]|A |~ A A |A|A ]| A A A | A | A A A A ||~
~
o K} = o - i o i =
=l Rl o) 0 [ [ 0 1111 = Rl o) 10 [ | 0 | 0 0 I~ —
o= | L= of=| L =M ol I M = Y = T~ ]e= ==L
= | o= 0 = I [ == [ -] ~|= == | =~
ey M Y e I R R R g e Y ik L e fiic ik Y el g e - B Pcch Y e i Y Y e L [ Y R i e Y [ -} JRich I el )
| A= [~ o N~ | ™ ~| ~ || == A o= =] o ~[— O [ ™ N = ]| oofr || ] [ = || ]| o 10 [ | | | o[~
SELLEE LR LS EE LEELLEE L EELE L | ELLEEL L EE L EE LR | LEEEL
mm%m%%mm%%m%%o‘%&_a%m%%%m%%m%%m%mm%z5m%%m%%m%mmm%%m%mm%z%m%mm
(S Yo P Yo V) Vo (Y V) N (Y P Vo Yl ] G [N S S P S VS VY [V VSR S S (VS VR VSR U N G vo Lol KA VY AR S PN P (VSR o S (A S 1o NS (PP S (A KV N Vo Y P (Y P
o) o R o R i R R o A R R e Kd LI LY R =) R Rl e e R o focH e R e e e e e LI R R R R R R e e R e e e R K R i Y R o R e R o
[a\] < [a\} [} < (=) [} (=) o (=) o <f (=) =) 0 (=) 0 [=) [a\] (=) (=]
|| [ e [0 Sl T e o= |® (= = I ~ © Qo | ST =T =|loalo|=|o|a|lo|® N0 |Q|o = [T T|e Qo=
bl AUl R AU el I IR ol A 0 IR o N N e A A I TR G U IR el A O R I A B A e N A O T e O M e RN R O NN R R AR e R
SIRIGIE | |en e < = | ©|o|o olo|o|o|wn|wo oo o ™ ololo
< DS DS = = = [ DS DD = [ = | Qoo |oo | < [ | [ | [ | [T D oo oo [S 212|000 SIS S22 (L e |o|o|o [T TIRIKFS][F|ole|RIKIK
488448844884446%2444402442244Om22046622Om2288442w4424422884
| AN , | , =T =] = He RENRINNE LI (=7 ] , =17 ||~ | _
—
<
< < < < < :
o™ o A — — — [a] o ]
+ < SR + < | < < < ™ < <
2 R M - | o | A i O A P B
< o < o) 2
~ X X <[ << N i N J <<= < < < < < < <
+ ° - L + |+ + |+ - o " s A +|+[+ + + + + + +|+ +
< < < < ©f 0 w| < = - — — = o| o o 0 ~ ~ I~ ~ ~ o~ ©
< X + X N3N R < < < < < <<= < < < < < << <
+ - - - + |+ +|+ + + + + + +|+[+ + + + + + +|+ +
w0 Q Q Q ~| o~ i~ o~ ~ ~ ~ ~ ~ -]~ ~ I~ ~ I~ ~ ~ | o~ ~
8 x « x QI R Q Q Q _ Q QR Q _Q Q _ Q R Q
[\ ™ <t i) © [~ 0 [ (=] — o [3] <t 10 |© | b~ 0 D o — N [l N 0
< <t < <t < [ < | < [Te) i) o) i) [Te) jial Nial Bie) o) o) =) =) O QO [© =)
[a\] [} [a] [} a | [a B Ea\} [a\] [a] [a\] [a] [a\] (o B Ko\ I o] [a\] [} [a\] [a] [a\] [a e\ [a\]




ICHIRO SHIMADA AND DE-QI ZHANG

24

oSS 181218188 |C | = | |00 |90 |00 |00 |u < [ [ov || | = | |90 |90 |00 |00 | =+ | |90 |90 |00 |00 | <+ |t |90 |90 [00 |00 | =+ [ | | | |90 |90 [00 |00 | = [ |00 |90 |90 |00 |90 |00 |00 |00 | v
S | S L S o o o o o o o o o e e o o T o o o o o o o e o e o o o o > > o o o T > > T T T T T T T T Y
M11111111111111111111111111111111111111111111111111111111111
~
I~ ~f o~ —
— = e |
L = == == ) —
[”[5[5[7 0 0 0 — — 0 0
- g e ey - ) 2 2 o2 o Jiall ) 2 2,
75[7‘5151_0.'7‘ 0 0 | 0 0| 0 [ [ 0 3111 1111 Wil [ o] = |0
e B e M = N = R = S = e e A I A S 5 = 2150 TEF|= A e i =
o = A A= == == | <] = o = = === LA A=
”Lm11331 = [ o fr— || | o | ™ || | N o~ O O~ [ ] N~ O = | o o= || ™ =l ] o[ ] o~ ™
o] == =] == == ] | [= == L == == == =[] [=[=[]]]|= == == ] [=[=[1]]|=
S == = == === === = == == == = = = = = = = = = = = = = = = = == = = = = == = = = = = = = = = = ==
w I BN AN A A A AR A BN BN A B A AT AR B BN AN Al AR AN EAE EA Al A N AT A ANl Ea R N AT A A AN NN AN Al EAE AL A AN BN Al A AN Al EaE AN N N Al Al Bl AN Al AN Y
DO [r=) LT=) Ko (PN K= (S S IS 1S VS o o S [T ey [T Y TN o [ (T 1 0N IS o IS T S VS Yo (S (Yo F S T [ (Yo [ (Yo K [T (Yo F o [T Vo (T (Y= [ FT S S [ S (o e S e o b
ol | R ez e o Y R R R R R R Y R e L R e e Y =3 R i R R e e R Rl i Y R e Y R e R e R e e e R R e e e R Rl e =y Rl K R
R LR RN R N E N e N L R E Rl R B R Ko B Kol o B Ko I RSl Sl Al Kool RS Al Kol [a\ I Kol i [at Bl [a i Ea B A AN R ES R RN EC Ko B i B ESR RSN ES R EC Ko B Ia\ M A AN Kol ES B RSB ES N Bl Rl Bl Kot o B Kot [ [at I Kot Il [a) I (ol [\l o]
] < < 0 o o~ < < o o~ < o~ o ] ™ < o
=) N === 0 O [ | < | = OIS = |o]|% © — | [© — || @ ~ © 14| O |ov|© A A N =N
S R i e o Al s e T A o A S R el R e S A e i I et R e B i I A S R S A S I el i el A R i A
s llololololo|w|o|o|n|o|o ||| |a oo o e olo|o|o|w|wn olo|a
LIRISIRIRIRIRIRIRIZRISIS|IZ SIS |S [ ||| ||| |o]o|o|S|S ] |w|o|o|o|o|a|a|w |« |S S| |a|a[o|Z |22 (2[R|8]|e|o|o|o|e|e|S |2
o o = = =
[a\} (] [a\} [a\} [a\} [a\} ™ (] N
402m14%2,m18ow4482 22,62642,444%2,44m12,442,6w166664%2 6%2,6
[N | | | | | | | | | | | |
— - -
< < <
+ + - + — by
5 ) <t <+ o] 5 <t
< < N < = M N 4
5]
+ < + 2] el B > Luno H — o 7] o < + a
= Ny < 3 < << < < < < < < < (< ~ g © <
< « < o +l+ 5 1 5 £+ i < < o
+ + + + a «| + + + - S o n 2o 5 + + +
© 0 10 << Q< 0 0 0 — — — — —| = — =3 = =)
< < < A+ +l+ Q _ Q < < < < << < < < <
+ + + +| o ol © + + + + + + + + |+ + + + +
_ _ Q Qe e _Q _ A Q A Q _ N3N _ ] _ _Q
S © I~ 0 oo — | o Ng 10 © I~ 0 o o | I ) < 0
© © © Q= I~ £ B I~ s I~ I~ I~ = © |0 00 0 0 0
4 I I It | G N ™ ~ ™ ~ ™ ™ N | a N a N




25

SUPERSINGULAR K3 SURFACES

| pa ]

‘ e lthe condition

T

lNo.‘

00 (00 |00 (00 (00 (00 |00 |00 | = [<F |<f [ | | |=F |<F |00 |00 |00 |00 |<F | < |00 (00 (00 (00 |00 (00 |00 (00 |ON [N | <H |<H |V | < [<H | QN |9 |00 |00 (00 |00 |00 |00 (00 (00 (< |<f [00 |00 |00 |00 |00 (00 (00 (00 | < |[<H
I N N S N D N N N N N I e N S S N e N i i i e e I I B ) i B B e e N e B N B Y e B I ) ) e B N i I B i I N I I S i B
~ - -]~ ][]~ ] A |~ A |A || [ ]|A | A ]| A ]| A [ A || A | A A | A A A A || A~ A~ A A
o
- 2 2 i - ) s e o2
| =0 0 [ 0 [ 0 ol I Al Il L Rl | 0 10 [ o~ 113115 0
S == == | FELL sFEL N Y S o = O A et M Y =
= A= - | === I === [ -]~ S =A== = A = -
,|-,_33,|7L 3[7_,|);3 2] I~ [l 5,|7_ 3[7_3 [l .|7;33,|)_,|);[7‘5 10 0 o 3[M,|M3 3,|>_[M3 I~ 3,|7_[M3 3,|7;[M3 2]
N = | [0 == [ |~ 10 [ = [ | = o ||| 0 0] || 0 [ | M || o= 0l o~ = = oo nfr | ]| o o[
o I 5 o Y 5 o A o 5 5 5 o 5 o o o O 5 5 O 5 A o A Y = M M = = M =
Al & al &) &) af &) af &f & af & & af af &) &) Q] &) Q] & A Q| &) af & & Qf S Qf pof af & af of @ S o o @] & Q| &) &) Qf &) Qf Qf S| S| & A & & @f &) Q] Qf &
0 =T oo = o T [ e e e o T e o = [ = o o= en | [ o [ o i o = [en | =T [T en
o R i Rl R e R e R e R e e X R foc R R e Ko Rl R e R R e Y e e R e ML o e Rt LY R e e e e ) e e e R R ) R R R K e e R e K
Il bl il il bl il bl el e el IR RN R A A IR IS R IS R B I B I B RN o Kl e B I B Ea il R B R Kt [ RS e B Kot B e B RS AN Ko B Bl EE R EC R ECE ERE BN BN BTN BN Ko B (ol B Bl B B Ko I o I Fa I Ko I S A
<# 0 0 o [a\} [a\] =) N 0 [a\} [=] (=) [a\] 0 [a] ¥ o [a\] (=) < 0 [a\}
~ <N |0 = [0 | o[~ o] © =T = o |a || | |© N BH[o|le|o|~|C [~ |T|© P e I s el (= NS o|l= | |& | |© — e
T el A A Sl A A Sl AT A R N T el N A o Nl A el A Al = N N U It R R R B AU A AUl AN A R Al O 0 R el Tl IR I
< | | | |00 [00 |00 |00 N < |+ ololo|o 0 3 o|o|a |a oo o || e | e
11111111668866414488111111333366618661666111111441111666644
44222H66666622244M884M44222H6626864222666224422442H66442222
| =1 | | | | [— =1 = | =1 I [~ — | [~ | | | | =1 | | | |
— N
< <
— A__V o 1+ — N o~ - —
a by < @ a 2 < < |2 < << < <
< < o~ < < < ] +A + a4 1 4
LT 3] LT A__V LT A__V [ A__V LT 43+ —| & +51 [} Al o < o0
© < < © 0 < < < 0 < < (<< | ¥ < (< Am(AA < ~ < < <
< < e} < < < < < < < [
+ + + + + + + + + + +++ + |+ +++ + + + + +
© 0w 0 [ B ) ] ] — -
] 0 ] ~ ~ ~ ~ < © © < |<T| @ < |<t NI — — Il — —
< < < < < < < [} < < | +l+ AR < < < < <
+ + + + + + + + + + + |+ [+ ol v +{+ |+ + + + + +
© © © © © © © © © © ©o| ©of ©o DD w| o o 0 e} 0 o} 0
_ A Q A Q A _ A Q A SIS N | RR|R Q _Q Q _ A
el o~ [e9) D [=) i [ [ae) <t 0 © |~ |0 (20 k=1 bl Il Eoe) <t 0 © o~ 0
0 0 [ 0 [=2) (=2} D D [=2) [=2] (28 k=21 [=>] [N (=] ol|o|o o (=} o (e} o
[a] (o] (o} [a] [} [a\] [} [a\] [} [a] [a N K o] [a\N Kap] NN |N 22} e 22} [ [ae)




ICHIRO SHIMADA AND DE-QI ZHANG

26

| pa ]

‘ e lthe condition

T

lNo.‘

< | [ | |00 [90 90 |90 |90 |00 |00 |00 | <+ [t |90 [90 [00 |00 |90 90 |00 |00 | |00 |90 [00 |00 |90 |00 |00 |00 | | | v [o0 [00 [o0 oo | = (= | [= =[S (S L L[S [C 8|S | = | |0 |90 |00 |0 | =
I T I I I T I I R T T T I T T I I T T R T T T Y e T T Y T i Y e e e I e B i B ) Ry gy Ny Ay A g A A BN BN B e B B I
11111111111111111111111111111111111111111111111111111111111
~
— ~| o~ ~
el el e ==] =
| = == A ] ]
[l s ~[ 0 0 ~ ~ T T e ] e ] e -
[ Y B M} el ~ il K 2 il il Sl = e =
ial Ml Y Lol ol Ml N [l B A Rl IR 0 w0 [l B ! [l B ! b LN R FRVCN R TN M) =
== ELLE ] | eFELLF e FE = L ==L sl | L= | s = el o] e
S = s e = et N e Yl e R Y e e = e M e = === === L= = B (=l e
Bl ) ] Gl o Y ) G el el Y ) It Il B A e e Kl Y I o [ = o[ = oo =] o oo o | == oo [ === oo | oo [ oo [ oo || oo oo [ == [ 5| s [—] @
LI K Y LYY K L O OO Yl OO UL K LI LI L e LI K I LY LI LI L8 L L L K L I L i LI LY K o o
el T Y L e e e Y e R ke e e R e e S S = I
Yo VS S (YoN VN N (Yo (Vo VN (o ) [N e G VM (o (P O N (P ) (AN SV (YO VN (Yo O S (2 [P P (Yo (Vo NYoN [ (N (Yo (Yol VN Yo [rAN [ (v~ ) ) Sl N\ Yo VYo (Yo Vo (o S e e rad i
Renl el e e R e e o R R LI KN YR R R e R ) R e i R e o3 R e e R R e 4 e e R R R 3§ R R i R e e i R34 I LI =
o =) o ~ 0 < < o o|x < © 0 ™ < 0 o~ < < 0 o I~ o
© ~ o[ o o N 0 <t <t o [l < © oo | N ~ < |0 © 0 N < <t 0 (=} [ o |
N — N 2p) — — — — — |~ N N — — [} N [} < — N 0 5] N
[ N I R ol I I A el o Rl AU e A el AT el AN el A A el A O R O TR S I L U el M O Al N et O S M S N R N e RN O R o MR RN
olololololo|a | < | olo|o|a|a | e 0 |00 < <[ | w0 lo|o|o|o|o|w|wn|n|w|o|o]|w|wn|o]|o
NN [0 0 | Z T Q| QAR = [ [P [R = [ =[O = = [ m [ [~ = = [C|C = [ |R|P [V [ [ [N [P [R]P0 [N [NQ]Q[Q QNN [N [N QR [ [ =F [F |
o o~ o 0 =) <t o =) =) o0
(o] [a\} [a\] [\ [a\} [aN} [a\]
4%2,w1_2_4Aﬂ2,m_ﬂw.ﬂ66_v6ﬁ_v2,w8o_04A_,B1,AM1,A2_28%4%2_4%M1_.%J~m.ﬂ4%2,%4%?,.4%2
- - o
< < <
by Dy < T + o~ - - +
< < — AZ — o~ o 0 <t A < A ©
+ + < ~ < < < < < + + < N <
o
3 - < - + +|+ + + AmA+ + E Am. + E +
~ A A A © 0 <t ™ © 0 © K 0 b
i 5 1 5 < < <|< < < +A < ~ + < ~ <
- 5 5 5 + + +|+ + + Nk + + © + + + o
< < < < < < <|< < < ~ < < ™ < < < o
+ + + + + + + |+ + + +{+ + + + + + + +
] ) g q |8 ) SISy ] g |88 g |8 & |8 q |8 )
o o — ~ o) < 0 |©o - 0 oo — ™ e < 10 © -
o — — — — — — = — — — | N N N N N N N
™ o ™ ™ o ™ o |om ™ o oo ) o ) o) o) o) ™




27

SUPERSINGULAR K3 SURFACES

e

‘ e lthe condition

T

|m¢

< | | | = | | en oo |00 [o0 |oo [ = | = | = [ o0 |00 |00 [0 00 [o0 |00 foo | = | [ = = | = = = = oo |00 |0 oo | v | = | = | = = = = = = = = = = | = | | | = | = | = | = | = | = | = | =
~ -]~ |~ ]| A |~ ||| A |~ A [~ ]| ||~ [ || ][]~ |A ]~ [ ||~ A~ ]|A ][~ | A~ [ A~ A~~~
0 o ~ n
w0 R — |~ — | w w
N ilio S E eSS T
=N —l=l=I=| | |=| - - == 1o |~
) e Y Y ] R T e Y e Y Y I Y B S B 1 Y e e I - ) ol ) jal i)
— NS o | == o | = o 2| D s f—] 5= o o | o [ o[ = = || oo [ =] | oo [ N S S Y N N T Ot ] It o e o= || o 5| 5[==
i == [Z|LlL=ZLlE==E=s ===l L=l L= L= L = L = = L ==l L=l==|L=l===l1|L=] =Ll ===l L
B Y N L P O e ) L e Y e e e O I S Y S L e L e L e P ey ) P I I I I S S L I
o) =) sl o il =) 1o P 2N (oo ) Rl ] el g il Vo V) YR e vol o [P0 2o (o o o Y e il [ Y ) el [ e Yo [ | ) o (Y (Y T Y (Y T ol el [ S
R LI N NI R e R R Y L LI K8 8 LI R e o R e R o R = R e R = Rl A Rl e L LY N R e LI N R e N LI Ko R il e R R e LI ) R
LN PR ISR [ N8 IR IS I [ RN - Bl Rl B El RN B Il [ [ R IS IS IS RN SN N I R N IS I L I o R R B o B s R B R R el e ol el El El ol Rl R N ool o B e B
[a\} <f (=) 0 0 < (=) (=) (=) (=) 0 (=) (ool kel o [a\] [=) (]
(=] [ (] [ [
0 o o Tl i o ot o e o A i K i i S A A S R R i
olo < |z |olo|alalo|ololo]|o|o RII=S <ol
[ |ajololalole SIS+ |ZITISISIRIQISISI2ISSIS]]|o]o]|o|o|T DRI [T|S(IB ||| ||| |o < ||| |a | |o oo oo ||
o = ™ o =)
e < = [T e [0 [ e [F e [§ < TS < [T = [T e[S = = [T oo |0 = [T ||~ = [T [ [ R[N | [T e [T oo [ |0 |F [0 [F | |T e [0 [€ e [T 0 | |2 [=
| | [ _ | RSB | | F=1 , | =1 TSS9 | _ [ , _ [ _ =7
- — o
< R
-
< < < < : I DA <
o .
+ < < < |< |<
+ + 5 + +
+ + + |+ |+
—| & & | < < © <+ N o F| — - -
<|<|< <= NI S & I D - TS T N T
+|+[+ [+t + |+ |+ + + + + +
R + + R S S + + 1
O | ™ | — — o o © 0 ~— o A [} 2] <t o]
| = — - ~ — — — [} (=] A o~ ~ ~ 7AnD A A A ~ A A A A
< <= R A < < P TR VT v s < || o A I I N A
++ [+ [+t + |+ |+ + + [+ [+ [+ |+ +|+|+ |+ o i i . . . o "
i | ~ N ~ N = N ~ N = Nl A AN = s — — — — — — —
QI_|Q Q(_ Q SIS A Q SIS SIS QAR R T T =T < < < <
ool fo2 N (e — [N [\ < 0 o o~ 0 [=2] (=) — A | 0 e ~ 0 D (=] i o [apl
N[N R kvl [\ [ [\ 0N [ [+ [\ <t <t < | < <t < <t < <t D D o) ol
N Lol T =Y 15 » o ) ) » o I ) » || » o ) » ) » I =2}




ICHIRO SHIMADA AND DE-QI ZHANG

28

[ pa ]

‘ e lthe condition

T

|m¢

<F [<F |\ |00 |00 |00 |00 |00 (00 (00 |00 [<H [<F |00 |00 |00 00 |<F [<F | < [<F | [ | [ | = |[=F |ON | <F |<F |00 |00 |00 [00 |ON [<H | < [00 |00 |00 00 | < [=F | |<F |\ |00 |00 (00 |00 [<H | | <F [ | [<F |00 (00 |00
R e I R B e I e O I T B O I B R B e B e O T e I T I B R T e O B R B R T I B R T I T R O T A O I T e O I e O e T I R B e T I R IO IR B e T e I T I B R T e B R O I B R T I B R O R B I I e B R B e B e B R B R B e B R
~

~ ~ [ = ™~ ) =) s

il B Bl ko — — | 0 Jte) 0 w0 | o~ [
=| 5= NN =] el =|w[=| =
== === == === ==
S B Y e ) i} ol el B e e Y Y ) e e 1 B Y e Y S Y Y e
~| = | o o[ » el ] S — | o] | o= =] » o= 5l—| o= | o= o] e == o] v I el e N e S N N N )
== == L= o= o L=l = =] wl ol === L= =l L=l al=] 1 L= L= =L == == L L= L === L L=
o et L g L ey LY L el = S Y IS I IS B I S P S K L e e St St et Y et S e e L e A I S
(Y2 (5 el Ko P 1 Yo o ) ) ) ) (o S ) ) ) S (Y ) Vo /) (o Y Sl RS N (Y S (-2 el [ [ (o] el [ Y S S VR S Yo S VYY) Vo S el Y O (YO Y S VS Yo S Ll [P S
e} e LY R e i e e ) S G 2o i Ko R e R i e e Y Y R LI K LY L R Y e R e R R e Y e R L R e e R Fic ) R ) LI =) =
R e N R N e N e N e R N N N R [a N (A N R LN LN B (e N e N ES R Rl (e B (A M AS S Rl Rl I B AR A Re R EC N E N EC N Rl ER R RSN ES R ER N ERN Bl Kl Rl Ianl [2al [anll E~el (2ol [l Iol RS RSl BB ES o B (o B RN E Bl

0 [a\] (=) =) e [a\] [a\] [=) [a\] 0 [a\] 0 (=) 0
181M444101644168862128844M464412M462012%416626661288181018M
Rl ! il FLEe= ! ! Fle] N N R N R N O AR AR R R R F= ! RN R
<t | [a N o [~} [ N} AN |O|O|N [N 0 ¥
00 [oo (oo [ o | T ||| [oo oo [< [<¢ [0 oo [T D e |0 [T D | = [ [ [D Do [s [t [ oo = =[S SIS (DD DD o |LB | [0 | |©|©o|o|o|wn]|wn|o|o ||| o
[a] o (o] [}

(] [a\} [a\} (] ™ (o ™
4A,_ADM1_.2_84V2,2,6%2_624%442_6462,8444_16m.ﬂ80w44_1w662644_12_G%H_l_ASoﬂml_G
o
<
=
; ) ) ) + E )

< = B < < 2[= 2 N | e

~ < < + o < | < T < ~ <

ol + + 5 + ++ . + ol h + |+ |+

A2 0 N [ A N © | < A 2] AA ~ 0 0 N

o< < < < I < < << N < ™| < < < <

+ |+ + + + + + |+ +{+ |+ + +|+ + + |+ +

©o| © n n ia) 0 0 < | < ~ Al I L) [} ] o0

gl s 2 2 3 a a 2 I 2 3 p =2 3 = a =

<< < < < < < < << < < << < < < <

< [ Ne) o~ 0 D [=) i [5\ N Iyel <t 0 © |~ 0 D o —

1 [0 i) ol o) el =) o QO [© o ) O[O ) el r~ o~

) o o o o » B B B » ™ [» » ™ ) B




29

SUPERSINGULAR K3 SURFACES

e

‘ e lthe condition

T

lNo.‘

00 |90 [90 |00 |00 {90 |90 [00 |00 |90 |00 |00 |00 [t | | = = |90 |90 |0 |00 | | | | |00 |00 |0 |90 [0 |90 90 |90 |90 |90 [00 |00 | v [o0 (90 [0 oo | [ S LS |15 12 |8 (L [L |0 |0 |0 |0 [ | |0
S s [ S o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o L 1 [ [ I S T T T I > >
11111111111111111111111111111111111111111111111111111111111
o
=
— M| ™ ]
| = ~ —
3_]]33]
51,|;‘|._|A11HL
) 2l |9 2 = LRIl K S
o~ s ) = © o2 o2« o= o S IS ([ g M- il G o
~ — — — | =]~ — ~| o~ — — el B e — = — Sl o] v o~ — — 10
= == = =l o == al= L= =2 =l 2= si= ==l s l= =] 2= -
Ll PN N N I I 77_117 || == 2] 3 2 = — — [~ — — | w = Ll Al 2] sl — |~ —
=== == == = = L= == o ol Tzl ==L L= == ==L === L= E L= e |
[:%Durmurmu_ﬂs I o [~ o= 2| 3 11%1_ADD7[¢[77[>33[7 | w|—=— B Y Y b HEY el e Y Y ol i B RS IS
ol Sl al=] el =] e — == o | | | | | o[ 2| S ] S o | | o [ S e Y I ] B I el N ) Gl I Y Gl el Y ) el e S IR
= sl==! 1 I=! 1 =] sl LILI==I=| LI L= L== L =L | el=l= L= =L L =L L= L E == == Ll L= ==L L == L ==
g =N LY L e Y I S I Y B I T I A I I I Y A I I I = e e B B S B R N R R R N R R RN RN RN
o) [Pl I i S el fmred VY S VR Y VS ) Y (oo O Y YoM (TN ) VSl IV O (YN o el Ll IV VM (S =N [ (PN O [ VS el VSO (YN { Yo [ sl IS | YN (TN [ [ (Y [ TN S S (O S | Yo LS | TN [0
R I I O L PR s s P s YR i OLIY K Y PRI K I i YR )P 4 O i e e i PRI K e ) R o F B Y R e o R e Pl R o P
—A|lH|H [ [N N| N[N N[N N|[A ||l N[N NN[A A A A A A A A A A | A A A A A | A A | A A A A A | A A | A A | A A A A A | A |
© o ™ < o o o~ o o~ 0 ) © < o ] ) o < |alo|lolo||o]| ) © o~ 0 o~ o <t
Il R R R e S I e s A A Y B e e e e e L B R G S R R L S L A B R A G B A A A B A B E A R B e P R A R A
it I it T Al U At U el R i R O T e R A [ il I it R Al A e R R R T N N e R A AR R A R R AN AR N NN R A N NN AR A
< (<= oo olo|olo o e[| e [en e oo ||| <+ oo 0 |o|o|w |w v oo (o < | =)
11122337711114411111199887799221111116611231111122228822636
<t o~ < ) o o~ o o~ o
O (< [~ N 0 ~ < ] D [N |~ ~ N N D (< |~ 0 00 | = | [ ||~ © oo | [0 | <o |& [ [= < Nlo|x o
A RN A SRR A DR R RN S N o it I A Ol Sl ol A Bt At S T i SR R R 1S e ) AR R b O Rl el R R T e R e
< < <
- | =
< ~ (< ™ +
5 £ < 2 |s = e $ |z TR
™ o — 5 0 | ™ o
< ) + ~ < < < N < < [<< N < + ~
+ + . + + + + + + +|+ + + . +
< by A o o0 00 I~ © © 0 | < < b A o0 =]
< < o~ < < < < < < < << < < o~ < <
+ + + + + + + + + + +|+ + + + + +
o o ] o0 ] 3] o 3] o 3] al o 3] o [a} [a} —
a = A a A = = = - = = = = ~ = = o
< < < < < < < < < < << < < < < <
o~ ) N 0 © ~ <) o o — Il ) A 10 © I~ 0
I = I~ = = I~ = = 0 %) 0 |0 0 o) 0 ®© 2
B B o) o o) B o) B 2] 2] o[ 2] ] 2] 2] ]




ICHIRO SHIMADA AND DE-QI ZHANG

30

e
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