SUPERSINGULAR K3 SURFACES IN ODD CHARACTERISTIC
AND SEXTIC DOUBLE PLANES

ICHIRO SHIMADA

ABSTRACT. We show that every supersingular K3 surface is birational to a
double cover of a projective plane.

1. INTRODUCTION

A K3 surface is called supersingular (in the sense of Shioda) if the rank of
the Picard lattice is equal to 22. Supersingular K3 surfaces exist only when the
characteristic p of the base field is positive.

We call a pair (X, L) of a K3 surface X and a line bundle L on X a sextic double
plane if L is effective of degree L? = 2, and |L| has no fixed components. Let (X, L)
be a sextic double plane, and let

x Ly & p
be the Stein factorization of the morphism associated with |L|. Then f is birational,

and 7 is a finite morphism of degree 2.
The purpose of this paper is to prove the following:

Main Theorem. Fvery supersingular K3 surface X has a line bundle L of degree
2 such that (X, L) is a sextic double plane.

In [10], we have proved that every supersingular K3 surface in characteristic 2
is birational to an inseparable double cover of a projective plane. Therefore we
consider the case where p is an odd prime.

Let X be a supersingular K3 surface in characteristic p. We denote by Sx the
Picard lattice of X, which is an even lattice of signature (1,21). Artin [1] proved
that the discriminant of Sy is equal to —p2°X, where ox is a positive integer < 10.
The integer ox is called the Artin invariant of X. In [1, 7, 11], it was established
that, for every pair of a prime integer p and an integer o with 1 < ¢ < 10, there
exists a supersingular K3 surface X in characteristic p with cx = ¢. On the other
hand, Rudakov and Safarevi¢ [8] showed that the Picard lattice of a supersingular
K3 surface is determined, up to isomorphisms of lattices, by the characteristic p
and the Artin invariant. Moreover, they constructed, for each p and o, a lattice
A, o that is isomorphic to the Picard lattice of a supersingular K3 surface X in
characteristic p with ox = 0.

Let (X, L) be a sextic double plane in characteristic p. When p > 2, the double
covering 7 : Y — P? induced from |L| is separable, and it branches along a plane
curve B(x, ) of degree 6 with only rational double points. Let us denote by R(x 1)
the ADE-type of the singularities of B(x 1.
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In this paper, we give, for each odd prime p and the Artin invariant o, a vector
h € A, , such that, under a certain isomorphism ¢ : A, , = Sy of lattices, the
line bundle L corresponding to ¢(h) € Sx makes X a sextic double plane. We also
calculate the ADE-type R(x, 1) of some supersingular sextic double planes (X, L)
obtained from the vector h € Ay ..

The proof of Main Theorem depends on elementary but tedious calculations of
linear algebra and quadratic polynomials. The reader is strongly recommended
to use some computer algebra system while reading this paper. In particular, a
program that calculates the projection of a given quadratic form to a coordinate
axis (see §4 for the definition) will be very useful.

We will assume from now on that p is an odd prime.

The author would like to thank Professor I. R. Dolgachev for stimulating discus-
sions.

2. PRELIMINARIES

We use the following notation and terminologies. Let T be a lattice; that is, T is a
free Z-module of finite rank with a non-degenerate symmetric bilinear form (z,y) —
zy that takes values in Z. We can express a lattice T' by a symmetric matrix My of
integer components with respect to a certain basis of 1. The opposite lattice T~ of
a lattice T is a lattice with the same underlying Z-module as T such that Mr- =
— M. The non-degenerate bilinear form induces a natural injective homomorphism
T — Hom(T,Z). The discriminant group of T is the group Hom(T,Z)/T, which is
a finite abelian group of order |discT| = | det Mr|. For a vector h € T, we put

ht = {weT | uh=0},
EE(h) == {ueT | uh==+1,u?>=0},
5§(h) = {ueT | uh=+1,u*<0}.

A lattice T is said to be even if v? € 27 holds for every v € T. Let T be a (positive
or negative) definite even lattice. A vector v € T is called a root of T if v? is
equal to 2 or —2. The roots in T form a root system ([4, 2]). We denote by X(T')
the ADE-type of this root system, which in a finite formal sum of the symbols
Ai(1>1), Dp(m > 4) and E,(n = 6,7,8). For simplicity, we put

D3:A3, D2:214]_7 and Dl :DOZO
See [3, Chapter 4, Section 7] for the reason of this convention.
Let X be a K3 surface in arbitrary characteristic, and let Sx be the Picard
lattice of X.

Proposition 2.1 ([6, 12]). Let L be a nef line bundle on X with degree 2.

(1) The pair (X, L) is a sestic double plane if and only if the set EF ([L]) is
empty, where [L] € Sx is the isomorphism class of L.

(2) If (X, L) is a sextic double plane, then R(x 1) is equal to S([L]*). O

Proposition 2.2 ([8]). Let v € Sx be a vector with v? > 0. Then there exists an
isometry v : Sx = Sx of Sx such that y(v) is the isomorphism class of a nef line
bundle on X. g

Let p be an odd prime, and ¢ a positive integer < 10. We denote by A, , a
lattice of rank 22 with the following properties:
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(a) Apo is even,

(b) the signature of A, , is (1,21), and

(c) the discriminant group of A, , is isomorphic to (Z/pZ)®?.
Proposition 2.3 ([8]). These three conditions determine the lattice A, » uniquely
up to isomorphisms. [l

Proposition 2.4 ([1, 8]). The Picard lattice Sx of a supersingular K3 surface X
in characteristic p > 2 with ox = o is isomorphic to Ay 5. O

Combining these propositions and changing the sign from A, , to A, ,, we obtain
the following:

Proposition 2.5. Let X be a supersingular K3 surface in characteristic p > 2
with ox = o, and R an ADE-type. There exists a line bundle L on X such that
(X, L) is a sextic double plane with R(x ) = R if and only if there exists a vector
h €A, such that h* = =2, (k') = R, and & (h) = 0. O

We say that a sextic double plane (X, L) is obtained from h € A, if [L] € Sx
is equal to ¢~ (h), where ¢~ : A_ = Sx is an anti-isometry of lattices. Note that

R(x,) = X(h*) depends not on the choice of ¢~ but only on h € A .

3. CONSTRUCTING THE PICARD LATTICE
According to [8], we construct the opposite lattice A, , of Ay, from the following
lattices.

(I) We denote by U and U®) the even indefinite lattices of rank 2 whose inter-
section matrices are given by

0 1 0 p
Vo )

with respect a certain basis u; and ws, respectively.

(IT) Let H® denote the maximal order in the quaternion algebra A®) over Q
ramified only at p and co. Then H® has a symmetric bilinear form
zy = Tr(zy™),
where y — y* is the usual involution of the quaternion algebra. With this bilinear

form, H®) is a positive definite lattice of rank 4. We can write the intersection
matrix of H® by the following result due to Ibukiyama:

Proposition 3.1 ([5]). Let p1,...,p, be distinct primes. We put € := (—1)". Let
q be a prime integer satisfying eq = 5 mod 8 and

(a) =—1 forall p;+#2.
bi
We put a :=epy ---py, 3 := eq, and define a quaternion algebra AP1-Pr) to be
Q+ Qa + Qb+ Qab, with a®=a, b> =3, ab+ba = 0.
Then AWtPv) s ramified only at py, ..., py if 7 is even, and only at p1, ..., py, o0
if r is odd. Let v be an integer satisfying v> = o mod q. Then
1+5b 145 b
HPupe) —7 47 —2|— + Za( ;‘ ) + Z(W +a)
q

is the mazimal order of AWP1:pr), (I
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(P, r, 5) (p,8,0) (772a 1) (5747 1) (37472) (3767 1)
(V%) Ex Ay Ay 24, Eg

TABLE 3.1. The exceptional cases of Z(Vr(g))

With respect to the basis
a:=1, ay:=(1+40b)/2, az:=a(l+b)/2, as:=(y+a)b/q,

the intersection matrix of H®) is written as follows:

2 1 0 0
Moo |1 @+ 1)/2 0 g
H® o 0 plg+1)/2 p ’
0 v p 20+7%)/q

where ¢ is a prime such that
g=3mod8 and (_—q) = -1,
p

and -~y is an integer satisfying
2 +p=0mod gq.
(Note that such a prime ¢ and an integer « always exist.) Hence the lattice H ®) ig

even and the discriminant of H® is p2. Moreover, since all the entries of pM ;(1?)

are integers, the discriminant group of H®) is isomorphic to (Z/pZ)®2.

(III) For integers r and s satisfying 0 < s < r and 0 < r, we denote by WS}Q the
lattice of rank r generated by wy, ..., w, such that
wiw; =11 ifi=j>s,
0 ifij.
We can construct an even lattice V;¥) from W% by the following method of
Venkov [13]. Let Vg be the submodule of W% generated by the vectors S Tw;

with Y~ z; = 0 mod 2, and let a be the vector (1/2) Y7, w; € W,gﬂ) ® (1/2)Z. We
put

VP =VoU@+V) < WP ®(1/2)Z

Then Vr(f;) is a positive definite even lattice with discriminant group isomorphic to
(Z/pZ)®* if and only if the following holds:

ps+ (r —s) =0 mod 8.

Proposition 3.2. Suppose that ps+ (r —s) = 0 mod 8 holds. Then the ADE-type
( r(f;)) of the roots in V,«(g) is equal to D,_ except for the cases in Table 3.1.

Proof. We have an orthogonal decomposition

we) = wikl g wil
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where WP (vresp. W) is spanned by wy, ..., ws (resp. wsy1,...,w,). Suppose
that v € V) C W,gfg) is a root, and let

v = P! 4l (U[p] e wlkl e W[ll)

be the decomposition of v. Since the norm of v[?! is a multiple of p > 2, v[P! must be
0, and hence v € W N Vj. Since WM NV is the so-called “checkerboard lattice”
of rank r — s, the AD E-type of its roots is equal to D,_; ([3, Chapter 4, Section 7]).
Suppose that v € a + Vj is a root. Then v is written as Y b;w; /2, where by, ..., b,
are odd integers satisfying

p(bT + -+ 00) F (Boay + oo 4 07) = 8.
The left-hand side of this equality is > ps + (r — s). Therefore ps + (r — s) = 8
holds. The triples (p,r,s) satisfying this equality are just the ones in Table 3.1.
Thus, except for these cases, we have proved 3( T(f;)) = D,_,. The lattice Vs(f)) is
a positive-definite even unimodular lattice of rank 8, and hence is the root lattice

of type FEg. The ADE-types for the other triples in Table 3.1 can be calculated
directly, for example by the method described in Section 4. (]

Let us fix the following vectors in V}}Z’:

v = wp + wo,
vy = (w+-+w)/2,
v; = wj1+w (j=3,...,r—1),
v, = 2w,.
‘When V,S’;) is an even lattice, the rank r is even and the vectors vy, ..., v, form a

basis of Vr(fs)). The intersection matrix of Vr(fs)) with respect to this basis is easily
calculated.

Using the characterization of the lattice A, , (Proposition 2.3), we see that the
following lattices are isomorphic to A, ,:
UP e HP V&, _, if (p=1mod4and o > 1) or
(p =3 mod 4 and o0 = 0 mod 2);

UoHP @ V1(é),)20_2 if (p =1 mod 4 and ¢ < 10) or

(p =3 mod 4 and 0 =1 mod 2);
U o VaE, if p=3mod 4 and o = 0 mod 2;
UeaVz((ﬁ)% if p=3mod4 and ¢ =1 mod 2.

4. COMPUTATIONAL TOOLS

Let Sp be a finite set of variables, and let Q(X;|X; € Sp) be an inhomogeneous
quadratic form of variables X; € Sy such that the homogeneous part Q2 of degree
2 is positive definite. We denote by R(50) the real affine space with the set of
coordinates being Sy. We denote by Bg the compact subset

{ (il X; € So) € R | Q(zi|X; € So) <0}

of R(50) " and call it the quadratic body associated with the quadratic form Q. For
a non-empty subset S of Sy, we denote by

Prg : RS0 — R(S)
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the natural projection to the real affine space R(®) with the set of coordinates being
S. The image prg(Bg) of Bg by prg is the quadratic body associated with a new
quadratic form Q%) (X;|X; € S) of variables X; € S constructed by the following
procedures. We solve the system of linear equations

oQ
0X;
Since @5 is positive definite, this system of equations has a solution of the form
Xi=&(X; 1 X;€5) (Xi¢9),
where &; is an affine-linear form of variables X; € S. Then Q) (X;|X; € S) is the

quadratic form obtained from @ by substituting each X; ¢ S with &;.
We denote the new quadratic form Q%) (X;|X; € S) by

m(Q(Xi|Xi € 5), ),
and call it the projection of Q to R(®). When the set S consists of a single ele-
ment X, Q1X}(X,) = 7(Q(X;|X; € Sp),{X,}) is a quadratic polynomial of one
variable. We put
IT(Q(XilXi € So), {X,}) :={zeR | QW (z) <0},

which is just the image of the projection of By to the X, -axis.

=0 (X;¢89).

Suppose that Sy = {X1,...,X,}, and consider an inhomogeneous positive def-
inite quadratic form Q(X1,...,X,). Let A := Za C R be the Z-module of rank 1
generated by a non-zero real number a. We can list up all points (ay,...,a,) € A"

satisfying Q(aq,...,a,) < 0 as follows. We put
Spo={X1,..., X}, and QUW(Xy,...,Xp) :=m(Q(X1,...,X,),Sk).

If we have a point (a1,...,ar) € A* such that Q%) (ay, ..., ax) <0, then it is easy
to calculate the set

{acA| Q¥ (ay,... a,a) <0} =
JW(Q(ala"'aakan+1a--'3X7L)>{Xk+l})ﬂAa

where Q(a1,...,ax, Xkt1,-..,Xn) is considered as a quadratic form of variables
Xii1,..., X, Starting from Q") (X1), we can make inductively the list of all
points in Bg N A™.

Let T be a positive definite even lattice of rank n, and let Qr(X1,...,X,) be a
homogeneous quadratic form associated with T'. We can calculate the set of roots
of T by applying the above algorithm to Qr(Xy,...,X,) — 2.

5. PROOF OF MAIN THEOREM

The strategy of the proof is as follows. It is enough to find a vector h € A,
such that h? = —2 and &; (h) = . We decompose A, , into an orthogonal direct
sum M @&V, where M is of rank r with signature (r — 1,1), and show that there
exists a vector hg € M satisfying h3 = —2 and £Z (hg) = 0. Since V is positive
definite, such a vector hg € M yields the hoped-for vector h € A, , by the natural
inclusion M — A, .

In each of the cases below, we explicitly give a vector hy € M satisfying h? = —2,
and a basis ej,...,e,_1 € M of hg. We put

Vo 2:h0/2 € M®(1/2)Z7
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and define an inhomogeneous quadratic form ) with variables X;,..., X,._1 by
Q(X1,...,X—1) == (vo+ X1e1 + -+ Xo_16,21)°
By the Z-condition, we mean a necessary and sufficient condition on z1,...,x,_1 €
(1/2)Z for a vector vy + x1e1 + -+ + Tp_16,—1 € M ® (1/2)Z to be in M. Since
vohg = —1, every vector x € M satisfying zhg = —1 is uniquely written as
T = g +x1€1+ -+ Lyr—1€r—1,

where x1,...,x,_1 € (1/2)Z satisty the Z-condition.
In order to prove that £ (hg) is empty, it is therefore enough to show that

there are no z1,...,z,.—1 € (1/2)Z satisfying the Z-condition and the inequality
Q(z1,...,z.—1) <0.

We also investigate the ADE-type R(x 1 of the sextic double plane (X, L) ob-
tained from the vector h € A, , corresponding to the given hg € M via M — A .
Since

Rix.zy = S(h) = B(hg) + 3(V),
it is enough to calculate (V') and the set of the roots in the positive definite even
lattice hg. In order to calculate this set, we define the quadratic form G with
variables X1,..., X,_1 by
G'()(l7 e >Xr71) =2+ (X161 + -+ erlerfl)z,
and find all the points (b, ...,b._1) € Z& =Y satisfying G(by,...,b,_1) = 0.

We divide the entire situation into the following overlapping cases:

Case I. p =1 mod 4 and ¢ < 10.

Case II. p=1mod 4 and o > 1.

Case III. p = 3 mod 4 and o = 0 mod 2.

Case IV. p=3 mod 4 and 0 =1 mod 2.

5.1. Case I. p=1mod 4 and o < 10. In this case, we have

A, =2UsHP oV, .
We choose U@ HP) as the lattice M. We express vectors of U @& H®) as row vectors
with respect to the basis w1, us, a1, . .., as. Replacing 7 in the construction of H®)

by «y + q if necessary, we can assume that v is odd. Then p+~? = 2 mod 4, because
p = 1 mod 4. Therefore

1 p+7?
ti=—— 2
)
is an integer. We put
ho =] 2 2t, 1, 0, 0, 1 ],
er = 1, 0, —t, 0, 0, 0 ],
es = 0, 1, -1, 0, 0, 0 ],
es = 0, 0, —-(vy+1)/2, 1, 0, 0 ],
€4 = Oa 07 7(p+72)/Q7 07 Oa 1 ]7
es = 0, 0, —p, 0, 2, 0
It is easy to see that h3 = —2, and that eq,...,e5 form a basis of h3-, because p

and 2 are prime to each other. The Z-condition in this case is as follows:

(5.1) x1,%9,x3 € L, x4,25 €L +1/2,
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p (g:7) Rix.n)
41 (3,1) A1+ Ay + Dig_os
(11,5) 2A1 4+ D1g_9,
53 (3,1) AL+ A + Dis_2s
(67,9) Az + Dig_2s
61 (1L, 7) 24, + Dig 29
(43, 5) As + Dis_a0
101 (3,1) Ay + As + Dig o,
(11, 3) 2A1 4+ Dig_2s
(163, 15) A3z + Dig—24

TABLE 5.1. Examples of R(x 1) in Case I

because —(p + v2)/q is an even integer. We assume that there exist ai,...,a5 €
(1/2)Z satistying (5.1) and Q(ay,...,a5) <0, and derive a contradiction. Since

Jr(Q(X1, X2, X3, X4, X5), {X1}) = [-1,1],
we have a1 = 0 or a; = 1. From
Jm(Q(£1, X2, X3, X4, X5),{X5}) = [0,0],
Jr(Q( 0, X2, X3, Xy, X5),{X5}) [=v/p/2p,\/P/2p],
and as € Z + 1/2, we get a contradiction. Thus €2 (ho) = ) is proved. O

Let us investigate the ADFE-type
Rx py = 3(hi) + 2(Vidhs ) = S0h5) + Dis-ao
of the sextic double plane (X, L) constructed from hy. There are at least two roots
[0,1,-1,0,0,0], and [2, —(p+~°)/2¢,1,0,0,1]

in hg, which are perpendicular to each other. Numerical experiments show that
the ADE-type X(hg) depends on the choice of ¢ and + in the construction of H®).
See Table 5.1.

Remark 5.1. When p =5 and (¢,v) = (3,1), there exist two other roots
[0,-1,0,1,0,0], and [-1,0,0,—1,0,0]

in hg, and ¥(hy) = A4 holds. Using the isomorphisms of A7, with the lattices
in Table 5.2, we obtain examples of sextic curves B(x r) with only rational double
points such that the total Milnor number is 20. Note that, in characteristic 0, the
maximum of the total Milnor number of sextic curves with only rational double
points is 19. See Yang [14].

On the other hand, there exists a supersingular sextic double plane (X, L) in
characteristic 5 with ox = 1 such that the branch curve B(x ) is smooth. Indeed,
let B C IP? the Fermat curve

6 6 6
1‘0+$1+x220

of degree 6, and let Xp be the double cover of P? that branches along B. If P € B
is an Fos-rational point of B, then the tangent line £p to B at P intersects B only
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o As_,a R(x,1)

1 U HO ¢ V1(657)0 Ay + D1
1 U® H® @ Fy @ Fg Ayq+2Eg
2 UpH® @ Ay ® Ay & Eg 344 + Eg
3 |[UsHO @A, 6A 0 A& Ay |5A,

TABLE 5.2. Examples of B(x 1) with the total Milnor number 20
in characteristic 5

at P with multiplicity 6, and hence the pull-back of £p to Xp splits into two (—2)-
curves ¢}, and {5 intersecting only at one point with multiplicity 3. The number
of Fas-rational points of B is 126, and hence we obtain 252 smooth rational curves
Eli) on Xp. It is easy to make the matrix of intersection numbers between these
curves. Choosing suitable 22 curves from them, we obtain a matrix of determinant
—25. Hence Xp is supersingular, and the Artin invariant of Xp is 1.

5.2. Case II. p=1mod 4 and ¢ > 1. In this case, we have
A- o~ U@ g H® g Vl(é’y)%%.

p,o T

We show that there exists a vector hg € M := U® @ H® such that h2 = —2 and
EZ (ho) = 0. Vectors of U® @ H® are expressed as row vectors with respect to

the basis u1, u2, a1, ..., as. Since p = 1 mod 4, there exists an integer a such that
a? = —1 mod p. Replacing a with a + p if necessary, we can assume that « is even.
‘We put
b _a2 + 1’
p
and set
hO = [ 17 b7 «, 07 Oa O ]a
er =] 0, 0, 0, 0, 0, 1
es = 0, 0, 0, 0, 1, 0 |,
€3 = [ 17 _b7 07 07 O’ 0 ]a
€q = [ 07 Oa 17 727 O’ 0 ]a
€5 = [ 07 —Q, 07 D, 0? O ]
Then h? is equal to —2, and ey, ..., e5 form a basis of hg-. The Z-condition in this
case is as follows:
(5.2) x1,%2,x4,x5 €Z and x3 € Z+1/2,
because « is even. We assume that there exist a1, ..., a5 € (1/2)Z satistying (5.2)
and Q(aq,...,as) <0, and derive a contradiction. Since
Jﬂ-(Q(XlaX27X3aX47X5)’{XQ}) = [_1/\/571/\/1_7])
Jm(Q(X1, Xo, X5, X4, X5),{X5}) = [-1/2,1/2],

we have as = 0 and az = £1/2. Since
m(Q(X1,0,%1/2, X4, X5), {X5}) = (0X5 F @)*/2,
we have a5 = £a/p, which contradicts a5 € Z. Thus £_ (ho) = () is proved. O
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We show that $(hy ) = 0 in this case, so that the ADE-type R(x, 1) of the sextic
double plane (X, L) constructed from hg above is equal to

Rix.n) = E(hd_) + Z(V1((§J,)2074) = Dao_20-
Recall that
G(X1, X, X5, X4, X5) = =2+ (X1e1 + Xaoea + Xzez + Xaeq + Xpes)?.
We assume that there exist integers by, ...,bs such that G(by,...,b5) = 0, and
derive a contradiction. From
Jm(G(X1, X2, X3, X4, X5), {X2}) [=2/v/p.2//D);
Jm(G(X1, Xo, X3, X4, X5),{X3}) = [-1,1],

we obtain by = 0 because p > 4, and b3 = 0 or +1. Suppose that bs = 0. Since
JTr(G(Xla 07 07 X4a X5)7 {X5}) = [_2/p7 2/p]7

we have bs=0. Then

\o}

G(Xl7O7OaX4?O) = _<( X4 _’yXl)Q +pX]? - q)

Q

Therefore we must have (¢by —vb1)? = ¢ mod p, which is impossible because ¢ is in
a non-quadratic residue modulo p in the case p = 1 mod 4. Suppose that by = +1.
Since

7(G(X1,0,%1, X4, X5), {X5}) = (pX5 F 20)?/2,
we obtain a contradiction to bs € Z. Therefore the assertion R(x 1) = D2o—25 is
proved. ([

5.3. Case III. p =3 mod 4 and ¢ = 0 mod 2. In this case, we have
A, = U® g gH® g V1(5)2074~

We choose U®) @ H®) as M. By replacing 7 in the construction of H® with ~+ ¢
if necessary, we can assume that v Z 0 mod p. Using Chevalley-Warning theorem
([9]) and the assumption p = 3 mod 4, we see that there exists a solution of the
equation
X?+ay?=-1
with Y # 0 in F,, for any a € F,,. Therefore we have integers # and y such that
+1 2
22 + zy + qu2 = <x+%> +%y2 = —1modp

and y Z 0 mod p. Replacing x and y with  + p and y + p if necessary, we can
assume that both of x and y are even. We then put

1 1
bi=—=(2* + 2y + in +1) e Z.
p 4
Note that b is odd. Since vy #Z 0 mod p, there exist integers E3g and Fy4g satisfying
14
vyyEss + (22 +y) =0mod p, ~yyFEss+x + Tqy = 0 mod p.

We then put

1 1 1+
E3p = — *E(VyEzLG +x+ Tqy) €Z,

5(vyE36 +2r+y) €L, Ej:=
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and set
ho =[] 1, b, T, v, 0, 0 ],
e1r =[] 0, 0, 0, 0, 1, 0 ],
es = 1, -b, 0, O, 0, 0 ],
€3 = [ 0, Egg, 1, 0, 0, E36 ],
€4 = [ 0, E42, O, ]., 0, E46 ],
es = 0, —vy, 0, 0, 0, p ]
It is easy to see that h3 = —2, and that eq,...,e5 form a basis of h3-, because p
and —vyy are prime to each other. The Z-condition in this case is as follows:
(5.3) x1,T3,24,25 €L, x9 €L +1/2,
because = and y are even, and b is odd. Suppose that there exist a1,...,a5 € (1/2)Z

satisfying (5.3) and Q(a1,...,a5) < 0. Since

JW(Q(X17X2aX37X47X5)7 {Xl}) = [71/\/57 l/ﬁ]v
we have a; = 0. Since
JW(Q(Oa X27 X3a X47 X5)’ {XQ}) = [_1/27 1/2]a
we have ap = £1/2. Because 7(Q(0,+1/2, X3, X4, X5),{X5}) is a multiple of
(zE36 +yEss + 2pX5)2 by a positive constant, we obtain
E. E
a ::Fl‘ 36 T Y 46
2p

In IF),, however, we have
422 + 4zy + (1 + q)y?
2vy

Therefore a5 cannot be an integer, and we arrive at a contradiction. Thus £Z (hg) =
() is proved. O

—(xE36 +yEss) =

-2
== +o.
7Y

We prove that
R(X,L) = E(Vl((€)2074) = Dap_24
holds for a sextic double plane (X, L) obtained from the vector hy above. It is
enough to show that Y(hg) = 0. Again we assume that there exists an integer
point (by,...,bs) € Z%5 satisfying G(b1,...,bs) = 0, and derive a contradiction.
Since
J?T(G(Xl,XQ,X3,X4,X5),{Xl}) = [—2/\/]_)7 2/\/]_)]7
we see that by = 0 if p > 3, and by = 0 or £1 if p = 3. Since

J’R—(G(le XQ; X37 X4a X5)7 {XQ}) = [_]—7 1}7
we see that bo = 0 or £1. Suppose that (by,b2) = (0,0). Then we have
2qy2G(07 0, X3a X47 X5) = _4((2X3 + X4>2 + y2q> mod b.

Since —q is in a non-quadratic residue modulo p and y #Z 0 mod p, we get a contra-
diction. Suppose that (b1,b2) = (0,41). The projections of G(0,+1, X3, X4, X5)
to the X3-axis and the X4-axis are multiples of (X3 F 2)? and (X4 F y)? by pos-
itive constants, respectively. Therefore (bs,bs) = *(x,y). Solving the equation
G(0,£1, £z, ty, X5) = 0, we obtain

bs = F(xE3¢ + yFus)/p,
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which contradicts b5 € Z. Suppose that p = 3 and b; = +1. Since
JW(G(:':L X27 X3a X47 X5)a {XQ}) = [_1/27 1/2]a

we obtain by = 0. Let v be the positive integer (p++2)/q. Projecting the quadratic
form G(+1,0, X3, X4, X5) to the X3-axis and the X4-axis, we see that

3203+79)  —v—-3=0 and 3(byF)? —v=0.

In particular, both of v/3 and v/3 + 1 are square integers. Thus we get a contra-
diction, and the proof of the assertion R(x 1) = D2o—2, is completed. ([l

5.4. Case IV. p =3 mod 4 and o = 1 mod 2. We have
Bpo = UV,

In this case, M is the entire lattice U & VQ(& )20. We express vectors of U @ VQ%), )20 as

row vectors with respect to the basis uy, us, vy, ..., v2q, where vy,..., vy are the
basis of VZ%),)% fixed in §3 (III). We put

ho =1 2, —(p+1)/2, 1, 0, 0, 0, ... ...,0],

e1r =1 0, 0, 0, 0, 0, 0, ... ..., 1],

e; =1 0, 0, 0, 00 0, 0, ...1,...,0],

(1 is at the (23 — i)-th place for i = 1,...,17)

eis == 1, (p+1)/4, 0, 0, 0, 0, .., 0],

€19 = [ 07 -, ]-7 07 07 Oa ey 0 ]7

e =] 0, 0, 0, 1, —1, 0, ..., 0],

en =] 0, D, 0, 0, -2, 0, ..., 0]
It is easy to see that h2 = —2, and that ej,...,es form a basis of hg. Since
—(p+1)/2 is an even integer, the Z-condition in this case is as follows:
(5.4) 2, €7 (i £19,21), 219,791 € Z+1/2.

We use the notation @, instead of @ in order to distinguish the situations for differ-
ent Artin invariants . Suppose that there exist ay, ..., a21 € (1/2)Z satisfying (5.4)
and the inequality Q,(a1,...,a21) < 0. We put
JU,1 = JW(QU(Xl, . ,Xgl), {Xl}),
and for v = 2,...,17, we put
Jo = J1(Qx(0,...,0,X, ..., X01),{X,}).

Each interval J,, is expressed as [—./To.vs /7o), Where 75, are calculated as in
Table 5.3. We have

-1,0,1} if 7 =(3,7),(7,7 3,9
655 sz — [0 fo<Tor (o) = (3.7).(7.7) or (3.9)
{0} otherwise;
(65.6) JopoNZ = {0} for v=2,...,17.
From (5.6), we see that, if a; = 0, then as = -+ = a;7 = 0 holds inductively.
Suppose that a; = 0, so that as = --- = a17 = 0. We put

Q. (X1s, X19, X20, X21) 1= Qo (0, ..., 0, X135, X19, X20, Xo1).
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v \ o 1 3 5 7 9
1 Ip+1 +3 5p+5 3p+7 p+9
4p dp dp dp dp
9 8p+1 6p +3 4p +5 2p + 7 9
Ip+1 T+ 3 5p+5 3p+7 p+9
3 23p+3 17p+9 11p + 15 5p + 21 9p + 17
32p+4 24p 412 16p + 20 8p + 28 36p
4 14p +2 10p+ 6 6p + 10 2p+ 14 8p+ 8
23p+3 17p+9 11p+ 15 5p + 21 9p2 + 17p
5 33p+5 23p+ 15 13p + 25 3p+35 23p + 15
56p + 8 40p + 24 24p + 40 8p + 56 32p? +32p
6 18p+3 | 12p+9 6p+ 15 21 14p+7
33p+5 23p + 15 13p + 25 3p+ 35 23p2% + 15p
- 39p+7 25p + 21 11p + 35 p + 39 33p + 13
T2p+12 | 48p+ 36 24p 4 60 84p 56p2 + 28p
8 20p+4 12p + 12 4p + 20 6p + 18 18p + 6
39p 4+ 7 25p + 21 11p + 35 2 +39p | 33p%+ 13p
9 41p+9 23p + 27 5p + 45 17p + 33 39p + 11
80p + 16 | 48p+ 48 16p 4 80 24p? + T2p | T2p% + 24p
10 20p + 5 10p + 15 5 10p + 15 20p+5
41p+9 | 23p+27 p+9 17p2 + 33p | 39p% + 11p
1 39p+11 | 17p+ 33 p+9 23p + 27 41p+9
80p +20 | 40p+ 60 20p 40p2 4+ 60p | 80p2 + 20p
. 18p+6 | 6p+18 4p + 20 12p + 12 20p + 4
39p+11 | 17p+ 33 5p% +45p | 23p2 +27p | 41p?+9p
13 33p+13 | 7p+39 11p + 35 25p + 21 39p+ 7
T2p+24 | 24p+ 72 | 16p% + 80p | 48p% + 48p | 80p? + 16p
14 14p 47 21 6p + 15 12p+9 18p +3
33p+ 13 Tp+ 39 11p2 + 35p | 25p2 +21p | 39p% + Tp
15 23p + 15 3p+ 35 13p + 25 23p + 15 33p+5
56p + 28 84p 24p% 4+ 60p | 48p? +36p | 72p% + 12p
16 8p+ 8 2p + 14 6p + 10 10p+6 14p +2
23p+15 | 3p2+35p | 13p2+25p | 23p%2 + 15p | 33p2 +5p
17 9p + 17 5p + 21 11p+ 15 17p+9 23p+3
32p +32 | 8p2 +56p | 24p2 +40p | 40p2 + 24p | 56p% + 8p
2 p+2 3 3 3 3
9p + 17 5p + 21 11p+ 15 17p+9 23p+3
o ! i 1 1 1
4p+ 8 12p 12p 12p 12p
TABLE 5.3. The table of 7,

13
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The projection of the 4-dimensional quadratic body associated with @’ to the Xoq-
axis is the interval [~ /7520, /7To,20], Where 7,20 are given in Table 5.3. Hence
azp = 0. The projection of the 3-dimensional quadratic body associated with
Q4 (X18, X19,0, Xo1) to the Xy;-axis is the interval [—, /7, 21, \/70,21), Which is dis-
joint from Z + 1/2. Thus we get a contradiction to as; € Z + 1/2.

From (5.5), we have completed the proof except for the cases where o < 7 or
(p,o) =(3,7),(7,7),(3,9). The cases where p = 3 or 7 can be treated by numerical
calculations described in §4. Therefore we assume p > 7 from now on, and prove
the remaining cases o < 7.

We have a; = £1. Suppose that a; = 1. For v > 2, we put

057, 7)) o= Tm(Qo(1,2,0,2,0,. ., 1+ (—1)" "1 Xy, Xon), {X0)).

Case I'V-1. 0 = 1. The values p(yli are calculated as in Table 5.4. Inductively,
we obtain

a, =1+ (-1)" forv=2,...,10.
Since [p(111)7_, p§11)+] NZ = (), there are no possible values for a;;.
Case IV-3. 0 = 3. Again we obtain a, = 1+ (=1)” for v = 2,...,6 from
Table 5.4. Since [pggl, 9(731} NZ = () for p > 7, there are no possible values for a.
Case IV-5. ¢ = 5. Since

8p+10 — \/4p2 +25p+25 8p+ 10+ +/4p%2 +25p+ 25

[(5) (5)]_
5p+5 5p+5

P2, P2+

b

we have ao = 2. Since

) ) = [2}?—\/55]9—#75 2p+/B5p ¥ 75

b

P3.-5P3 4 8p+10 ’ 8p+10

there are no possible values for a3 except for the cases p < 11. The case p = 11 can
be treated by numerical calculations.
The case where a; = —1 can be dealt with in the same way. O

Numerical experiments show that, if 3 < p < 10000, then we have
Rix.r) = 2(hy) = A1 + Dag_2,-
When p = 3, we have
Rix,r) = %(hg) = A2 + Dao_20-
In the case o = 1, the branch curve B(x 1) yields another example of a sextic curve

with only rational double points such that the total Milnor number is 20.
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