PROJECTIVE MODELS OF THE SUPERSINGULAR K3
SURFACE WITH ARTIN INVARIANT 1 IN CHARACTERISTIC 5

ICHIRO SHIMADA

ABSTRACT. Let X be a supersingular K3 surface in characteristic 5 with Artin
invariant 1. Then X has a polarization that realizes X as the Fermat sextic
double plane. We present a list of polarizations of X with degree 2 whose
intersection number with this Fermat sextic polarization is less than or equal
to 5, and give the defining equations of the corresponding projective models.
We also present a method to describe birational morphisms between these
projective models explicitly. As a by-product, a non-projective automorphism

of the Fermat sextic double plane is obtained.

1. INTRODUCTION

Let Y be a supersingular K3 surface (in the sense of Shioda) in characteristic
p > 0. Artin [3] showed that the discriminant of the Néron-Severi lattice NS(Y') is
written as —p??, where o is a positive integer < 10. This integer o in called the Artin
invariant of Y. It is proved in [14, 15, 17] that, for each prime p, a supersingular
K3 surface with Artin invariant 1 in characteristic p exists and is unique up to
isomorphisms. Recently, many detailed study of supersingular K3 surfaces with

Artin invariant 1 in small characteristics have appeared (see [6, 7, 9, 11, 12, 21]).

The purpose of this paper is to investigate projective models of degree 2 of the
supersingular K3 surface X with Artin invariant 1 in characteristic 5. It is well-
known that the Fermat sextic double plane in characteristic 5 is isomorphic to X.
Starting from this projective model, we obtain many other projective models of

degree 2, and describe birational morphisms between them.

Our method is computational, and can be easily adapted to any K3 surface. In
particular, combining the algorithms developed in this paper with the Borcherds-
Kondo method [4, 10], we have succeeded in obtaining a set of generators of the
automorphism group of the supersingular K3 surface in characteristic 3 with Artin

invariant 1 in [12].

We fix terminologies and explain our motivation. Let Y be a K3 surface defined
over an algebraically closed field of arbitrary characteristic. Let ( , )xg denote the
intersection form of the Néron-Severi lattice NS(Y') of Y. For v € NS(Y'), we denote
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by £, — Y the corresponding line bundle. Let d be an even positive integer. We
say that a vector h € NS(Y) is a polarization of degree d if (h,h)ns is equal to d
and the complete linear system |L| is non-empty and has no fixed-components.
Let h be a polarization of degree d. Then |L}]| is base-point free by Corollary 3.2
of [18], and hence defines a morphism ®;, from Y to a projective space of dimension
1+ d/2. We denote by
y 2n oy, Ln oplid/2

the Stein factorization of ®,. By [1, 2], the normal surface Y}, has only rational
double points as its singularities, and ¢y, is a contraction of an AD E-configuration

of smooth rational curves. We say that ¢, : Y3, — P19/2 is the projective model of

Y corresponding to h. We put
Pa(Y):={h e NS(Y) | his a polarization of degree d }.

The automorphism group Aut(Y) of Y acts on Py(Y). For h,h' € Py(Y), we
say that h and h’' are projectively equivalent and write h ~ h' if there exist an
isomorphism Y;, Y} and a linear automorphism P!+4/2 ™ P1+4/2 that make the

following diagram commutative:
y, o pltd2

(1.1) iR n
y, I pl+dz

It is obvious that the equivalence classes of ~ in P4(Y) are just the Aut(Y)-orbits.
For h € Py(Y), the stabilizer subgroup Aut(Y,h) of h in Aut(Y) is the projective
automorphism group of the projective model ¥,. It is usually easy to determine
Aut(Y, h). Hence it is important to study the equivalence classes of ~ for the study
of Aut(Y). Moreover, to obtain an element of Aut(Y') not contained in Aut(Y,h),
we need to write the isomorphism Y, =Y}, in (1.1) explicitly.

We concentrate upon the supersingular K3 surface X with Artin invariant 1 in
characteristic 5. It is known that X has a projective model ¥ : Xz — P? of degree
2, where X is defined by

(1.2) Xp = {w? =2%+ 45 + 2%} CP(3,1,1,1)

in the weighted projective space P(3,1,1,1), and the double covering ¥ is given

by [w:x:y:z]— [x:y: 2], which is branching along the Fermat sextic curve
Bp:a® 448+ 25 =0.

We denote by hr € NS(X) a polarization of the projective model ¥p : Xp — P2,
and by
dp . X U8 xp Urop2
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the Stein factorization of the morphism given by |Lj,.|. Note that ¢p : X — Xp is
an isomorphism. The group Aut(X, hr) is an extension of the projective automor-
phism group PGUj3(Fa5) of Br C P? by Gal(Xp/P?) = Z/27Z. In particular, the
order of Aut(X,hp) is 756,000. Using this projective model ¢, we obtain a set
of generators of NS(X) (see Section 2). It turns out that NS(X) is generated by
the numerical equivalence classes of curves on Xg defined over Fy5. In particular,
every projective model of X is projectively equivalent to a projective model defined
over Fas (see [19]). Moreover, the Frobenius action of Gal(FFy5/F5) on X induces
an action of Gal(Fg5/F5) on NS(X), which we denote by v — ©. It is easy to see
that Gal(IFa5/F5) acts on the set of Aut(X)-orbits in Pg(X).

We will study the polarizations of degree 2 on X. Consider neighborhoods
B, :={veNS(X) | (v,hr)ns <71}

of hr in NS(X). Since hr = hr, Aut(X, hr) and Gal(Fa5/F5) act on Pa(X) N B,.
By computer-aided calculation, we have obtained the following:

Theorem 1.1. The set Po(X) N By consists of 146,945,851 vectors, and they are
decomposed into the equivalence classes &y, . .., Ega under the relation ~. The details

of these equivalence classes are described in Section 7.

We explain the items of the table in Section 7. For h € Py(X), let By, denote
the branch curve of the double covering 1y, : X;, — P2,

e & = &; means that & is equal to the image of &£ under the action of
Gal([Fo5/F5) defined above. In particular, & = &; means that &; is self-
conjugate, while & = &£;,1 means that & is not self-conjugate, that the
items RT, |aut| and N explained below are the same for &; and &;11, and
that the defining equation of By, for &1 is obtained from that for &; by
changing the sign of /2.

e RT denotes the AD E-type of the singular points of By,.

e |aut| denotes the order of the projective automorphism group of the plane
curve By, C P2. Hence the order of Aut(X, h) is equal to 2 |aut]|.

e N is the total number of the vectors in & C Pa(X) N Bs.

e his a sample element of &; written in a row vector with respect to the basis
of NS(X) given in Section 2.

e An affine defining equation of Bj with coefficients in Fo5 is given in the

framed box.

Each of the 65 projective models in Theorem 1.1 exhibits interesting properties that
are peculiar to characteristic 5. One of these properties is the existence of splitting
lines. A (—2)-curve on X is a smooth rational curve on X. Let h be a polarization
of degree 2 on X. We say that a (—2)-curve C on X is h-exceptional if C' is mapped
to a point by ®, : X — P2, while C is said to be an h-line if ®; maps C to a line
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on P2 isomorphically. A line [ on P? is said to be h-splitting if [ is the image of an
h-line by ®,. In other words, a line I C P? is h-splitting if and only if either [ is an
irreducible component of By, or I ¢ Bj, and the intersection multiplicity at each

point of I N By, is even. We observe the following:

Proposition 1.2. For each h € Po(X) N Bs, the lattice NS(X) is generated by the

classes of h-exceptional curves and h-lines.

In fact, we establish a method to write the birational morphism ¢, : X — X,
explicitly as a list of rational functions on X = Xp for any h € P2(X). Applying
this method to a polarization h € & with (hg, h)ns = 4, we obtain the following:

Theorem 1.3. Let (w,z,y) be the affine coordinates of P(3,1,1,1) with z = 1
in (1.2). Then the rational map g : Xp — P(3,1,1,1) given by

(w,x,y) = [W(U),%,y) : EO(waxay) : El(w,x,y) : 52(w7xay)]a

where w, &y, &1, &2 are the polynomials presented in Table 1.1, induces an automor-
phism of Xp with order 2 such that (hgp, g*hr)ns = 4. In particular, this automor-
phism g is not contained in Aut(X, hp).

The study of singularities of sextic double plane models of complex K3 surfaces
using lattice theory and computer-aided calculation was initiated by Urabe [26]
and Yang [27]. The idea of h-splitting lines was used in [24] for the classification
of Zariski pairs of simple sextic curves. On the other hand, in [16, 22, 23], sextic
double plane models of supersingular K3 surfaces were studied by lattice theory.
A shortcoming of the method in these works is that it gives only combinatorial
data of the singularities of the projective models, and does not yield their defining

equations explicitly.

The new devices in this article are the following: (i) Using the ample class
hr € NS(X), we can determine whether a given vector v € NS(X) is a polarization
or not. (ii) The fact that the classes of hp-lines span NS(X) enables us to calculate
the equation of Xj explicitly and algorithmically. (iii) To deal with the large
number of polarizations, we decompose them into Aut(X, hr)-orbits and calculate

the projective model only for a representative polarization of each orbit.

This paper is organized as follows. In Section 2, we give a set of hp-lines whose
classes form a basis of NS(X). In Section 3, we present algorithms that can be
applied to lattices in general. In Section 4, we apply them to NS(X) and describe
algorithms to calculate geometric data of X. In Section 5, we explain how to
calculate the morphisms ¢, : X — X, and ¢y, : X;, — P? for a given polariza-
tion h € P2(X). In Sections 6 and 8, the computation we carried out to prove

Theorems 1.1 and 1.3 are explained. Section 7 is for the list of projective models.
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In this table, a + bv/2 € Fas with 0 < a,b < 5 is denoted by ab.
w = wfy + ho, where
fuo i= 1022 + 232y + 21212 + 0229 + 1128y* 4 3327 y5 + 222540 + 4025y " + 14298 +
132210 + 122yt + 24912 4+ 2201 + 1120y + 442%y2 4+ 4228y + 4427 y* + 31285 + 4025y +
2xty" 4+ 41a3y® + 2422y° + 242y + 33yt 4 03210 4 102%y + 4325y + 4327y® + 3425y +
20x°y® + 212%y" 4 302%y® + 10xy® + 24y'° + 342° + 2328y + 0227y% + 1025y° + T4a®y? +
312ty +2323y° +032%y " + 23295 +22y° 42025 4+ 232 y+ 3205y + 44a5y® + 4223y + 1222 y5 +
222y” 4+ 42y8 + 332" + 1228y + 2025y + 01xy® + 4423y* + 1322y° + 312y® + 02y” + 302 +
315y +33x1y% 4+ 232393 + 3122y + 41y’ +31y° +402° + 322y + 2423y + 12223 + 44y +
13y5 + 143y + 34x%y% + 30y* 4+ 312> + 3022y + 41ay® + 431> + 4222 + 402y + 23y 2 + 032+ 02y,
I:d:: 1021% + 232y + 212392 + 02212y + Tl Ly + 332109 4022y + 0428y + 222748 +
[12%9° 42425y 10+ 202 y1 1+ 1223y 12 + 4322y 3+ 13y 4+ 34y 15+ 222 4+ T1 2 B3y + 442292+
4201 g3 + 4421 %y 4 312%)5 4+ 0128yS + 0227y + 222548 + 2025¢° + 03zy'° + 0323yt +
1022y 2 4+ 212y '3 + 41y 4+ 0323 + 102 2y + 432 9% + 432 '0y3 + 342 y* + 2028 y° + 0427y +
402897 + 222598 4 20219 4 2423y "0 + 0222y + 41y + 31y 3 4 3da'? 4+ 232 y + 0221097 +
1023 + 1428y 4+ 3127y + 1025¢y5 + 0125y ™ + 4daty® + 2022910 + 432yt + 41y*2 + 2021 +
23210 +322%y2 4+ 44283 + 01255 + 4225 y® + 2224y ™ + 332398 + 4322¢° + 02290 + 21yt +
33210 + 122%y + 2028y + 0127 y> + 2225y + 402°y® + 412" y% + 2323y " + 302%9® + 20xy® +
04y'° + 102° + 4028y + 4127y? + 24253 + 4225y* + 33aty® + 4223y + 0222y 7 + 2229% +
13y° +012® 4+ 102"y + T4a5y® + 232°y°® + 432 y* + 4323 y° 4 0122 y5 + 202y ™ +44y® + 042" +
1120y + 032%y% + 122%y® + d4a®y* + 3022y° + 2229° + 20y7 + 0328 + 22242 + 4123y% +
2222yt + Tday® + 12y° + 3225 + Tty + 3023y® + 0222y + 22zy? + 219° + 04zt + 2223y +
10z%y? + 04z + 13y* + 132> + 3222y + 31ay? + 32¢° + 0322 + 42zy + 44y? + 43z + 43y.
& = wfy + hg, where
fo := 4022 + 1dxy + 41y% + 112 + 13y + 31, and
ho = 402° + Tdaty + 4123y? + 122y* + 30y° + 112t + 1323y + 342y + 03y* + 3122 +
04zy? + 2293 + 12y + 34 + 34y + 43.
& = wfi + hy, where
f1:= 102y + 442 + 20y + 21, and
hy = 102%y + 4423y? + 1222y3 + 122y* + 1295 + 2023y + 4222y2 + 32y* + 2123 +
0322y + 02zy? + 33y> + 2422 + 43zy + 44y + 212 + 43y + 01.
& = wfo + hy, where
fo := 42y% + 10z + 40y + 01, and
hy = 4223y? + 04x%y® + Tday* + 14y® + 102* + 4023y + 432%y? + 04y* + 0122 +
34x%y + 10zy? + 04y> + 0322 + 41y + 32y% + 332 + 02y + 02.

TABLE 1.1. Non-projective automorphism ¢ of Xp

> @

Notation. (1) A lattice is a free Z-module L of finite rank with a non-degenerate
symmetric bilinear form ( , )p : L x L — Z.

(2) The numerical equivalence class of a divisor D on X is denoted by [D] €
NS(X). The intersection number of divisors D and D’ is written as (D, D')ns.
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O = 0H([0:1:1++2]) by :=07([0:1:1++2])

b3 :=0H([0:1:1+4+2]) Ly :=05([0:1:2))

b5 :=0H([0:1:3)]) lo:=0H([0:1:4++/2])

lr =0T ([1:0:1++2) by :=0H([1:0:1+4+2])

by =0T ([1:0:2]) lio:=LT(1:0:4+2)

f11 :€+([1:\/§:1]) l12 ::é‘([l:\/i:Q—&—Q\/i])

b3 =0 ([1:V2:2+32]) Crg = 0H([1:V/2:3+2V2))

b1 =0 ([1:v/2:3+3V2)) (e = H([1:2v2:2V2))

b =0T ([1:2v2:3V2)) lg =07 ([1:2v/2:2++2))

lrg = LH([1:2V/2:24+4V2]) Al :=LT([1:2V2:3+V2))

by :=LT([1:14+/2:0)]) lyg :=(T([1:143/2:1])
TABLE 2.1. Basis of NS(X)

2. THE NERON-SEVERI LATTICE OF X

Recall that B C P2 is the Fermat curve of degree 6 in characteristic 5, which
is the branch curve of the projective model ¥x : Xp — P? corresponding to the
polarization hr € NS(X) of degree 2. We denote by Br(Fa5) the set of Fas-rational
points of Bp. It is known that |Bp(Fa5)| = 126.

Let I be a line on P2 tangent to Bp. Since Bp is the Hermitian curve over Fos,

either one of the following holds (see [20] or Chapter 23 of [8]):
(1) 1 is tangent to Bp at a point [a : b : ¢| ¢ Bpr(Fg5;) with intersection multi-
25, 525 ; (23]

plicity 5, and intersects Br at the point [a transversely.

(2) 1 1is tangent to Bp at P € Bp(Fa5) with intersection multiplicity 6.

In the case (2), the inverse image of [ by the double covering ®r : X — P2
decomposes into two hp-lines £7(P) and ¢~ (P) such that

(£(P), 7 (P))xs = 3.

All hp-lines on X are obtained as ¢*(P) with P € Br(Fa5). In particular, the
number of hp-lines on X is 252. We put

Py = [0:1:1—}—\/5]63}7([9‘25) and er(PO) = {$3—w20,y—|—(1—\/§)z20}.
For P € Bp(Fa5) \ {Py}, we choose the sign of £*(P) in such a way that
(¢T(P), T (Py))ns =1 (and hence (¢7(P), £ (Py))xns = 0).

From among these hg-lines, we choose the 22 curves /1, ..., f25 in Table 2.1. Then
their intersection matrix Myg is calculated as in Table 2.2. Since det Myg = —25,
the classes of {1, ..., la3 form a Z-basis of NS(X). We fix this basis throughout the

paper. Each element of NS(X) is written as a row vector with respect to this basis.
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[—23 111111111001 071101111
3-20 0 00O0O0OO0ODO0ODO0ODCTI1TT1TO0OT1IO0OO0ODT1TIO0OO0OO0ODO
1 0-21111111010O0O011100O010
1 01-2110000101011100000
1 011-2111110010100111T1F0
1 0111-200000111000O0©O011°01
1P 01010-21001©011H0O01010°01
1P 010101-20011001101000O01
1P 0101000-21011110011°¢0°00O0
1P 01010001-211001¢01¢000 01
1P 001001101-21100000O0O010O00O0
01100101111 1-210001U01¢0°00O0
01011110101 1-2001H0T1TU0°0°01
1P 000011010O0O0O0-2101TH0TU0TU0TO0O0
010110011 100O01-210W0T0T1F01
1 01100O01O0O0O0OO0O1O01-2001H0T0TU0
1P 01100100101O010O0-2101T0SF20
011010O0110O0O01O0O0O01-201FH01
1P 000111101001O0O0O01O0O0-20020
1P 000110O0O0O0O01O0O0O0O01O0T110-2020
101010O0O0O0O0OO0OO0OOO0OOOOOO0SOTO0-=21
| 10006011 10100101001001-=2]

TABLE 2.2. Matrix Mys

In particular, the orthogonal group O(NS(X)) of the lattice NS(X) acts on NS(X)
from the right. Since hp = [(T(P)] + [¢~(P)] for any P € Bp(Fa5), we have

(2.1) hr =11,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0].

We calculate the vector representations of the classes of all hg-lines.

Example 2.1. The class of the hp-line £7([1:4 +4+/2:0]) is
[—4,-6,3,1,1,2,1,-1,2,1,1,4,1,0,-3,0,2,—1,3, -1, —2, —3].

From the action of PGUj3(Fa5) on the set Br(Fa5), we can calculate the action
of Aut(X,hr) on the set of hp-lines. Using this permutation representation, we

can write explicitly the linear representation
(22) Aut(X, hF) — {T S GLQQ(Z) | T Mns T = MNS} = O(NS(X))

This representation is faithful (see Proposition 3 in Section 8 of [17]).
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0oo010O0O0OO0OOOOOOOOOOTOSOSOSO®OSOS®OS®OTGO0OTGO
1 1-10 0 0 0OO0OOOOOOO®OO®OOOOO0OO
100 00O0OO0OO0OO0OOOOOOOOOOOSO®OOQO
oo0o010O0O0OO0OO0OOOOOOSO®OTOO®OTOS®OT®OTG OO
oo0o0o010O0OO0OO0OOOSOSO®O®O®O®OO®O0OT®O0OT®O0OTGO0OO0
23-1-1-1-10 0 0 0O 0OOOOOOOOOOODO
oo0o0o0OOOOT1O0O0OO0OTO0OSO®O®O0O®OSO0OTO0OT®O0OT®O0OTGO0OT®O0
oo0o0O0OOOOT1O0O0OOTOSO®O®OSOOT®OOOT®OTGO0OTGO
oo0o0O0OOOOOT1O0O0O0OTO0OTO0OTO0OTO0OTO0OTO0OTGODS®OTG OO
23-10-10 0 0-1-10 0 0 0 0 0 0 0 0 0 00O
4 5-2-1-1-1-1-10 0 0 -1-11 1 -10 0-11 0 O
-1-11 110 010O0O0O0O1-101-1020-10120
0-11 001 10O0O0O0O01O0O0-100-11-1020
22-110000~-1-10-10011-1-100 00
220-1-1-.10 0 061 00-110-110-10 00
23-1000-100-1-1-10 0 1 1 -10 0 0 00
1160-1000-111-10-110-1100 0 0 0
3 4-10-1-1-10-10 0 -1-10 1 0 0 0-11 0 O
33-10-10 0-1-10 0 -1-11 0-11 0-11 0 0
-1-21111110-1001-1-11-101-100
-2-321021-1211410-301-23-2-2-3
3 4-20 0-1-10-1-1-1-30 0 2 0-11-21 1 2

TABLE 2.3. Matrix I'ng

Remark 2.2. The representation (2.2) is encoded as follows. We number the hp-
lines as f1,..., 029, 0a3, ..., 250 once and for all. Then each v € Aut(X, hp) is
labelled by a list of 22 integers [n(1),...,n+(22)] in such a way that the image £
of £; by 7 is equal to £, (; for i = 1,...,22. Then the action of v on NS(X) is

given by v +— vT, where T, is the 22 x 22 matrix whose ith row vector is [£,,_(;)].

The Galois group Gal(Fo5/F5) also acts on the set of hp-lines by the Frobenius
action on Xp. The matrix I'yg in Table 2.3 represents this Frobenius conjugate
action v — o = vI'yg on NS(X).

3. ALGORITHMS FOR LATTICES

3.1. An algorithm for a positive quadratic triple. By a quadratic triple of
n-variables, we mean a triple [Q, L,c], where @ is an n x n symmetric matrix
with entries in Q, L is a column vector of length n with entries in Q, and c is a

rational number. An element of R™ is written as a row vector © = [x1,...,Zy].
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The inhomogeneous quadratic function gor : Q" — Q associated with a quadratic
triple QT = [Q, L, ] is defined by

qgor(x) =zQ'z+2x L +c.

We say that QT = [Q, L, c] and gor are positive or negative according to whether

the symmetric matrix () is positive-definite or negative-definite.

Let QT = [Q, L, c] be a positive quadratic triple of n-variables. In this section,

we describe an algorithm to calculate the finite set

EQT) ={xzecZ" | qor(z) <0}.

Suppose that QT = [Q, L, ¢] is written as follows:

where ' and Q" are square matrices of size n — 1, p’, p”’, L' and L” are column
vectors of length n—1, and v/, "/, m’ and m/’ are rational numbers. Note that, since
Q is positive-definite, we have 7/ > 0 and r” > 0. We define a positive quadratic
triple pr(QT) of (n — 1)-variables by

/ 12

m m

1
pr(QT) == | Q' — ;(p’tp’% L' — 71)’, c—

,rl

Then, for each ¢ € R, the compact subset {x € R™ |ggr(x) <t} of R” is mapped

by the projection [z1,...,z,] — [z1,...,2,—1] to the compact subset

{y € Rnil ‘ Qpr(QT) (y) < t}

of R*!. For a € Q, we define a positive quadratic triple ¢*(a, QT) of (n — 1)-

variables by
Ma,QT) :=[Q", ap” + L", a?r" +2am” +c¢ 1,

and, for a = [a1,...,a,] € Q™ with m < n, we define a positive quadratic triple
*(a,QT) of (n — m)-variables by

QT :=QT, QT"™ :=1(ay41,QT") (v=0,....,m—1), *(a,QT) :=QT™.

Then the positive inhomogeneous quadratic function g,«(q,o7) : Q"™ — Q is equal

to the composite gor o ta, Where 4 is the inclusion Q"™ — Q" given by

[ylv"',ynfm] = [al,“';amaylw"?ynfm]-
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Suppose that a = [ai,...,a,—1] € E(pr(QT)) is given. Then the positive qua-
dratic triple ¢*(a, QT) is of one variable, and the fiber of the projection E(QT) —
E(pr(QT)) over a is equal to

{lat,. .. an_1,b] | b€ E(*(a,QT))}.

Since E(1*(a, QT)) is easily calculated, we can obtain E(QT) if we know E(pr(QT)).
Using this idea iteratively, we carry out the following computation.

Starting from the given positive quadratic triple QT?L := QT of n-variables, we

compute positive quadratic triples QT?L of p-variables by
QT =pr(QT,.,) (p=n—-1,...,1).

We prepare an empty set E := { }. We then write a program Q(v, a) that takes
an integer v < n + 1 and a vector a = [a1,...,a,_1] € Z*~! as input, and carries
out the task below. Note that, when Q(v, a) starts with v > 1, a is an element of
E(QT°_,), and for i > v —1, QT;’fl is the positive quadratic triple ¢*(a, QT?L) of

(& — v + 1)-variables. In particular, QTZ_1 is of one variable.
The task of Q(v, a):
(1) fv=n+1, then Q(v,a) appends a to the set E.
(2) If v < n, then the program 9Q(v,a)
(2-i) calculates the set E(QT" ") = {by,...,by}, and
(2-ii) for each b; € E(QTY ™),
(2-ii-a) computes QT'), := v* (b, QT,‘fl) fory=v+1,...,n, and
(2-ii-b) proceeds to execute Q(v + 1,[a1,...,a,—1,b;]).
We execute Q(1,[]). Since each E(QT% ") is finite, this program certainly termi-
nates. When the whole computation halts, the set F is equal to E(QT).

3.2. An application to hyperbolic lattices I. Changing the sign, we can apply

the algorithm above to negative inhomogeneous quadratic functions.

Suppose that N is a hyperbolic lattice of rank n, that is, the signature of ( , )n
is (I,n—1). Let {[v;,a;] |4 =1,...,k} be a finite set of pairs of v; € N and a; € Z
such that (v;,v;)n > 0 for at least one 7, and let d be an integer. We can calculate
the set
(3.1) {x €N | (z,v))y =a; for i=1,...,k, and (z,2)y =d}
by the following method. We put
M:={zeN| (z,v)n=a; for i=1,... k}.

It is easy to determine whether M is empty or not. Suppose that M # (). By
choosing a point ¢ € M as an origin, we can regard M as a free Z-module of

finite rank. By the assumption on v;, the restriction of ( , )y to M C N defines a
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negative inhomogeneous quadratic function on M. Therefore we can calculate the
set (3.1) by the algorithm in Section 3.1.

3.3. An application to hyperbolic lattices II. Let N be as in the previous

subsection. Suppose that we are given vectors h,v € N satisfying
(3.2) (h, h)N > 0, (’U7 ’U)N >0, (h, ’U)N > 0.
We describe an algorithm that calculates, for a given integer d, the set
(3.3) S:={renN | (rhy>0 (r,o)y <0, (r,r)y =d}.
Consider the orthogonal direct-sum decomposition N @R = (h) @ (h)*. We denote
the second projection by pry : N ® R — (h)*, and put
W= bry (N)7

which is a free Z-module of rank n — 1 such that W ® R = (h)*. Note that
W C N ® Q. We denote by

(,w:WxW-—-Q
the restriction of ( , )y to W. Suppose that € N @ R satisfies (h,z)y # 0 and
(z,z)ny > 0. Then the composite

(3.4) ()t > NoR 22 (h)t

~

is an isomorphism of R-vector spaces. Let ¢, : (h)* = (x)* denote the inverse of
the isomorphism (3.4), that is,

(y7 x)N

@ x)Nh for y e (h)*.

0 (y) =y —

We then define f, : (h)= — R by

T 2
fe() = (2(y), =(¥))n = (v, y)w + E}yl xi% (h,h)y for ye(h)yr=WaR.

€

Since (z,z)ny > 0, the real quadratic form ( , )y restricted to (x)— is negative-

definite, and hence so is f,. By the condition (3.2), we see that fj1+, is negative-
definite on W @ R for any ¢t € R>oU {oo}. (Here we understand that fiioon = fo.)

For simplicity, we put
cni=(h,h)N, ¢y :=(h,v)N, vw :=Dpry(v) e W.
Let 2’ be a vector in (h)~ = W @ R. Since v — vy € (h), we have
t2(2' ow )y,
— =y,
(ch + tey)?
By (3.2), we have ¢, /c, > 0, and hence, for a fixed 2/ € (h)1, friwn(2) is a
non-decreasing function with respect to t € R>¢ bounded from above by

(35) fh+tv(zl) = (zlvx/)W +

' ow )3
chroov(xl) = (xlvxl)W + (,c72)WC
v
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Note that f4oon restricted to W C W ® R is Q-valued, and hence frioop is a
negative inhomogeneous quadratic function on W ® Q. Applying the algorithm in

Section 3.1 to fr+oov, We can calculate the finite set
Swi={r" €W | furoon(r')>d},
where d is the integer given as input.

Suppose that 7 is an element of the set S in (3.3). We put

(Tv h)N

by i = —
" (7‘, U)N

Reo.

Then we have r € (h +t,v)1. We put 7’ := pry(r) € W. Since @, 1,,(1") =7, we
have

d=(r,7)N = fattro(r") < frtoon(r").
Therefore r’ € Sy holds. Let p € Q be the rational number such that r = ph + 1.
Since (r,7)y =d, (r',h)y =0 and (r,h)y > 0, we have

(! et
(36) p= (’I", h)N _ d (T aT)W.
Chp Ch

The right-hand side of (3.6) can be calculated if we know ' € W.

Therefore we obtain S from Sy, by the following method. First we set S = { }.
For each r' € Sy, we put

d— (r' ¢
p = d=(rw and r:=ph+r' € N®R.
ch

We then determine whether r is contained in N or not. (If p’ ¢ Q, then we obviously
have r ¢ N.) If r € N, (r,h)y > 0 and (r,v)n < 0, we append 7 to S. When this
calculation is done for all ' € Sy, the set S is equal to the set (3.3).

4. GEOMETRIC APPLICATIONS

We apply the algorithms in the previous section to the hyperbolic lattice NS(X).

4.1. Polarizations. If v € NS(X) is a polarization, then we necessarily have
(v,v)ns > 0 and (v, hp)ng > 0. It is well-known that the nef cone of X is bounded
by the hyperplanes perpendicular to classes of (—2)-curves (see Section 3 of [17], for
example). If v with (v,v)ns > 0 is nef, then Proposition 0.1 of [13] gives a criterion

for v to be a polarization. Thus we obtain the following:

Proposition 4.1. Suppose that a vector v € NS(X) satisfies (v,v)ns > 0 and
(v, hp)ns > 0. Consider the sets

Sy = {reNS(X) | (r,r)ns =2, (rhrp)ns >0, (r,v)ns <0} and
Sy = {6 € NS(X) | (G,G)NS =0, (G,U)NS = ].}
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Then v is nef if and only if S1 = 0. If v is nef, then v is a polarization if and only
if So = 0.

The sets S; and Sy can be calculated by the algorithms in Sections 3.3 and 3.2,
respectively. Hence we Proposition 4.1 enables us to determine whether a given
vector v € NS(X) is a polarization or not.

4.2. h-Exceptional curves. Let h € NS(X) be a polarization of arbitrary degree.
A (—2)-curve C on X is called h-exceptional if ®;, contracts C. The set Exc(h) C
NS(X) of the classes of h-exceptional curves is calculated by the following algorithm.
We calculate the finite set

R:={reNS(X) | (r,r)ns =—-2, (r,h)ns =0}

by the algorithm in Section 3.2, and classify the elements of R by the degree with
respect to the ample class hr as follows:
Rlm]:={reR | (r,hp)ns=m} and R := U R[m).
m>0
We say that r € RT is indecomposable if there are no vectors r1,...,r; € RT with
k > 1 such that r = r1 4+ -+ 4+ 7. Since each R[m] is finite, we can determine
whether a given vector 7 € R* is indecomposable or not. It is obvious that » € R

is contained in Exc(h) if and only if r is an indecomposable element of R*.

4.3. h-Lines. Let h € NS(X) be a polarization of arbitrary degree. A (—2)-curve
C on X is called an h-line if ®;, maps C to a line isomorphically. The set Lin(h) C
NS(X) of the classes of h-lines is calculated by the following algorithm. We calculate
the finite sets

L:={reNS(X) | (r,r)ns =-2, (r,h)ns=1},
Lim]:={reL | (rhp)ns=m}, LT := U L[m)].

m>0
It is obvious that Lin(h) C L*. If r € LT, then we see that r is the class of
an effective divisor D, that exactly one irreducible component Dy of D is an h-
line, and that D — Dy is a finite sum of h-exceptional curves. Hence r € Lt is
contained in Lin(h) if and only if there are no r’ € L[m/] with m’ < (r, hp)ns and
r1,...,7% € Exc(h) with k > 1 such that r ="+ 71 + -+ + 7. Since each of L[m/]
and Exc(h) are finite, we can determine the subset Lin(h) C L.

5. EXPLICIT DEFINING EQUATIONS

We identify X with Xz by the isomorphism ¢p : X = Xp, so that, for a
polarization h € Py(X), we consider ®;, : X — P2 and ¢, : X — X}, as morphisms
from Xp. In this section, we describe a method to write the morphisms ®;, and ¢,

as lists of rational functions on Xr over Fos.
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5.1. The global sections of a line bundle. Let H,, C Xg denote the hyper-
plane section defined by z = 0 in (1.2). We use the affine coordinates (w, z,y) of
P(3,1,1,1) with z =1, and put

Fi=w?—2%—y5 -1 € Fos[w,x,y.

For any g € Fos[w, z,y], there exists a unique polynomial g of the form wf + h
with f, h € Fos[z,y] such that

g=g" mod (F) in Foslw,z,y].

We call g*" the normal form of g. Let m be an integer. By identifying the line bundle
Ly — X with the invertible sheaf Ox,(mH), the vector space I'(X, Lyp,.) of
the global sections of £,,;, defined over Fa5 is naturally identified with the vector

subspace
Vin i ={wf+h | f,h €Fos[z,y], degf <m—3, degh<m}

of Fos[w, x, y]. Recall that all hp-lines are defined over Fao5, and that no hp-lines
are contained in H.,. We have indexed the hg-lines as /1, ..., {255 in Remark 2.2.

For j =1,...,252, we denote by
I; C Foslw, z,y]
the inhomogeneous ideal defining ¢; in P(3,1,1,1), and put
I](.V) =TI + (F) C Fas[w,z,y] for v € Zsy.

We describe an algorithm that takes a vector v € NS(X) as input, and calculates
the vector space I'(X, L,) of the global sections of the corresponding line bundle

L, — X defined over Fa5. Using the Z-basis [¢1],. .., [¢22] of NS(X), v is uniquely
written as
v=>ailti] = Y bl
ieJt jeJ—
where JT and J~ are disjoint subsets of {1,...,22}, and a;,b; are positive inte-
gers. Let 7' be the index of the hp-line ¢;; that is the image of ¢; by the deck-
transformation of Xp over P2. Since [¢;] + [¢;/] = hp for any i, we have
v=d (v)hp — Z a;[li] — Z b;[¢;], where d'(v) := Z a;.
ieJt jeEJ~ ieJt

Thus we have an expression
(5.1) v = d(U)hF - ZC]‘ wj],
jeJ
where d(v) is a non-negative integer, J is a subset of {1,...,252}, and ¢; are positive

integers. (Since there are linear relations among [¢;], this expression is not unique.)
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Then the vector space I'(X, £,) is identified with the space of global sections of
Ox,(d(v)Hs) that vanish along ¢; with order ¢; for each j € J, that is,

(5.2) D(X, L) 2 Vauy N[ I,
jeJ
where the intersections are taken in Fos[w, z,y]. From now on, we regard I'(X, L,)
as a subspace of Vy(,,) by (5.2). The vector space Vy(,) has a basis
Mg :=wM or N (@=1,...,2+d(v)?),

where M and N are the monomials of  and y with deg M < d(v) — 3 and deg N <
d(v). We calculate the Grobner basis G; of the ideal I](Cj) C Fos]w, x,y] for each
j € J. (In the actual calculation, we used the graded reverse lexicographic order
grevlex(w,z,y). See p. 56 of [5].) We then calculate the remainders g of the
monomials m, by these Grobner bases G;. An element ) uqma of Vy,) with
Uq € Fos is contained in T'(X, £,) if and only if

Zuamcj =0 foreachje J.

These equalities constitute a system of linear equations with unknowns u,. Solving

these equations, we obtain a basis of I'(X, £,) as a list of polynomials in V).

Let k be a positive integer. Then we can write the vector kv € NS(X) as

kv = kd(v)hr — > ke;lt]
JjeJ
using the same d(v) and J that appeared in (5.1). Under this choice, the natural

homomorphism
[(X, £,)%% — (X, Liy)
is given by restricting the linear homomorphism
GO gk = GGk

from Vi) t0 Viagw)-

5.2. The morphisms ¢, and ¢;,. We describe an algorithm that takes a vector
h € Py(X) as input, and calculates the morphisms ®j, ¢;, and a defining equation

’LU2 = Sh(xa y»z)

of X, in P(3,1,1,1). We have
dimT(X, L) =3, dimD(X,Ls) =11, dimD(X, Lep) = 38.

We find an expression h = d(h)hp — 3 ;c ;¢;[¢;] of h in the form (5.1). By the

method described above, we obtain three polynomials

gi(waxvy) € Vd(h) (Z = O, 172)
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that form a basis of I'(X, £;,). The rational map (w,x,y) — [ : & : &2] gives the
morphism &, : Xp — P2.

Next we calculate eleven polynomials that form a basis of I'(X, L3n) C Viam)
using the expression 3k = 3d(h)hr — 3 ;¢ ; 3¢;[¢;]. We compute the normal forms

fifi’fi”F (i7i/ai” S {Oa 172})
of the ten polynomials £;&;&;». These normal forms are contained in I'(X, Lsp).

Then we find a polynomial w € Vg, that is contained in I'(X, £34), but is not
contained in the 10-dimensional subspace spanned by flfi/fqu. The rational map
(w,x,y) = [w : 50 : 51 : £2] € IP(?’; 17 ]-7 1)

gives the morphism ¢y : Xp — Xp.
We then compute the 39 normal forms
—F — - F PR T .
WQ 3 Wfifi’gi” ) gilgiQ "'51'6 (232/711/7217"'716 € {03172})7
which are contained in I'(X, Len) C Viq(n). Since dimT'(X, Lgn) = 38, there exists a
non-trivial linear relation over Fo5 among these 39 polynomials. Using homogeneous

polynomials b(x,y, z) of degree 3 and c¢(z,y, z) of degree 6 with coefficients in Fos,
we write this linear relation as

(5.3) aw? 4+ b(&o, &1, &) w + (€0, 61, &

where a € Fy5. Since w is not invariant under the deck-transformation of Xg over

F
) =0,

P?, we may assume that a = 1. We replace w by

- F
w—2b(&0,&1,82) € Vagun)-
Then the linear relation (5.3) is written as
—F —  _F
w? = s,(60,81,82)
The projective model vy, : Xj, — P? is defined by w? = s,(z,y, 2).

) where Sh(xvyaz) = —b($,y,2)2 - C(l‘,y,Z).

Remark 5.1. The computational difficulty of this method grows rapidly as d(h)

increases.

5.3. The projective equivalence. Let F denote the algebraic closure of Fys.
For T € GL3(F), we denote by [T] € PGL3(F) the image of T by the natural
homomorphism GL3(F) — PGL3(F), and by P — P[] the linear transformation
of P2 given by [a : b : c] — [a:b: c]T. Let Hg denote the set of homogeneous
polynomials of degree 6 in variables z,y, z with coefficients in Fq5. For f € Hg ® I,

we put
fT(:L'7 y)z) = f(l‘/)y/’ Zl)7 Where (‘/L'/7y/7zl) = (:I:)y7 Z) T_l

If f = 0 defines a curve C' C P2, then f7 = 0 defines the image C! of the curve

C by the projective linear transformation P — P!,
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Let h and &' be elements of P3(X). By definition, we have the following;:

(54) h~h <= there exist T € GL3(F) and c € F" such that sp =csk.

The polynomials w, &g, &1, &2 giving ¢, : X — X}, that are obtained in the previous

subsection are unique up to the following transformations:

w — M, where \eF,
(£0,&1,&2) = (£0,61,6)T, where T € GL3(FFo5).

Under this transformation, the sextic polynomial s, € Hg is changed to )\255.

Therefore we can define the following relation ~p on Pa(X):
(5.5) h~ph' < thereexist T € GL3(Fa5) and A € FJ; such that s, = /\28,7;.
We investigate the relation between ~ and ~p.

Lemma 5.2. Suppose that there exist T € GL3(Fa5) and ¢ € F* that satisfy
sy = cst. Then h ~p h' holds.

Proof. Let K denote the quotient field of the integral domain Fos[w, z, y]/(F'). Then
we have F N K = Fo5. By the assumption s, = csf, we see that ¢ € IFZXS and that
there exist non-zero elements w and w’ of K such that w'? = cw?. Hence ¢ is a

non-zero square in Fos. U

Let By = {f1 = 0} and By = {f2 = 0} be reduced plane curves defined by
f1 € Hg and fo € Hg, respectively. We consider the set

isom(By, By) := {7 € PGL3(F) | B] = By }

of projective isomorphisms from B; to B, defined over F. By definitions and

Lemma 5.2, we have

(56) h~h — iSOIIl(Bh, Bh/) # (Z),
(5.7) h~gh! <= isom(By,Bp) N PGLs(Fas) # 0.

Definition 5.3. Let Q = [Qo, @1, Q2, Q3] and Q' = [Qf, QF, Q%, Q%] be two ordered
4-tuples of points of P? such that no three points of @ are colinear and no three
points of @’ are colinear. Then there exists a unique projective transformation
Toq € PGL3(F) such that

T ’ T ’ T ’ T, /
Q% = [Qp°Y,Q1°7, Q%Y , Q5]

is equal to Q. Let T € GL3(F) denote a matrix such that [Toq/] = ¢ -

Let B be a reduced plane curve defined over F. We define Q(B) to be the set

Q; € Sing(B) for i = 0,...,3, and no three of }
Qo, ..., Q3 are colinear :

(5.8) { [Qo,Q1,Q2, Q3]
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Let R be an element of Q(B;). Then the map 7 +— R” induces a bijection
(5.9) isom(By,By) = {Q € Q(By) | fo= cflTRQ/ for some c € " }.
If all points of @ and Q' are Fas-rational, then we have rgg € PGL3(Fa5). Hence

we obtain the following:

Lemma 5.4. Suppose that every singular point of B and By is Fos-rational,
and that Q(By) and Q(By:) are non-empty. Then isom(By, By/) is contained in
PGL;3(Fa5). O

The bijection (5.9) also provides us with a practical method to calculate the
group aut(B) = isom(B, B) for a plane curve B defined over Fo5 satisfying Sing(B) C
]P)2(]F25) and Q(B) 7& @

6. PROOF OF THEOREM 1.1
6.1. Step 1. First note that Po(X) N Bs = {hp}.
6.2. Step 2. We calculate the sets
Vs :={veNS(X) | (v,v)ns =2, (v,hp)ns =01},
for § = 4 and 5 by the algorithm in Section 3.2. The cardinalities of these sets are
[Va] = 1,020,600 and |Vs| = 208,059,000. We put
V:={hp} UV UVs.

Our goal is to calculate the subset Pa(X) N Bs = P2(X) NV of V, and decompose
it into the equivalence classes of the relation ~ of the projective equivalence. Note
that Aut(X,hp) acts on V4, Vs and P2(X), and that, if h and A’ are in the same
Aut(X, hp)-orbit, then we have h ~p h', because every element of Aut(X, hp) is

defined over Fa5.

6.3. Step 3. We have embedded Aut(X,hp) in O(NS(X)) by (2.2). Let x =
[z1,...,292] and y = [y1, ..., ya22] be vectors in NS(X). We put

T <lex Yy <= there exists k such that x;, < yi and z; = y; for j <k,

and define a total order < on NS(X) by
22 22

22 22
r<y < Z\%\<Z|yz| or <Z|$Z|ZZ|Z/2| and w<1exy>~
i=1 i=1

i=1 i=1
We then denote by R the set of vectors v € NS(X) that are minimal in the
Aut(X, hp)-orbit containing v:

R:={veNS(X) | v<oT forall T € Aut(X,hp)}.
We define the representative vector v, of each Aut(X, hp)-orbit o C NS(X) by
o0NR ={v,}.
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We calculate the list R N'Vy, R N Vs, and the order of the stabilizer subgroup
Stab(v) C Aut(X, hg) for each v € R N V. We obtain

IRNVy| = |Vy/ Aut(X, hp)| =8 and |[RNVs| = |Vs/Aut(X, hp)| = 312.

Remark 6.1. We choose this total order < on NS(X) so that we can express each
v € RNV in the form (5.1) with d(v) small. See Remark 5.1.

6.4. Step 4. For each v € RNV, we calculate the Gal(Fa5 /F5)-conjugate v = vI'ng
of v, where I'yg is the matrix given in Table 2.3, and find the representative vector
o' € RNV of the Aut(X, hp)-orbit containing o.

6.5. Step 5. For each v € RNV, we calculate the sets S7 and S in Proposition 4.1,

and determine whether v is a polarization or not. We obtain

|P2(X> ﬂRﬂV4| =7 and |P2(X> ﬂRﬁV5| = 224.

6.6. Step 6. For simplicity, we put
H:=P2(X)NRNV.

By means of the algorithms in Sections 4.2 and 4.3, we calculate, for each h € H,
the set Exc(h) of the classes of h-exceptional curves, and the set Lin(h) of the
classes of h-lines. From Exc(h), we determine the ADFE-type RT(h) of Sing(By).
We then confirm that the union of Exc(h) and Lin(h) spans NS(X) for any h € H.
Thus Proposition 1.2 is proved.

6.7. Step 7. For each h € H, we carry out the computation in Section 5, and
calculate polynomials w, &y, &1, & € Fos|w, x, y| that give the morphism ¢, : X —
Xy, and sp,(2,y, z) € Hg such that w? = sp(x,vy,2) defines X;,. Then we compute
the coordinates of the singular points of B, = {s;, = 0}.

Remark 6.2. By this computation, we observe the following fact. For any h € 'H
with RT(h) # 0, every singular point of By, is Fgs-rational, and the set Q(Bp)
defined by (5.8) is non-empty. By Lemma 5.4, it follows that isom(Bp, Bp/) is
contained in PGL3(Fy5) for any h, b’ € H with RT(h) # 0 and RT(h’) # 0.

Remark 6.3. Tt turns out that each (—2)-curve contracted by ¢, is either an hp-line
or an irreducible component of the pull-back by ¥y of a plane conic totally tangent
to Bp (see [25]). We can calculate the coordinates of the singular points of By,

using this fact.

6.8. Step 8. We decompose H into the equivalence classes under the relation ~p

defined by (5.5), and confirm that the relations ~ and ~p are the same on H.
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6.8.1. The case where By, is non-singular. In H, there are exactly three polariza-
tions h such that RT(h) = 0: hp and

hy = [1,0,0,1,0,1,0,0,0,0,1,0,1,0,~1,0,0,0,0,0,0,0] € V4, and
h’llf_‘ = [07_17072717()’0)0707071a0517071a1a05_170a0a070] 6]}5~

Applying the following result, which is a corollary of n. 3 of [20], to spr, and spy,
we see that by ~p hp and b}, ~p hp.

Corollary 6.4. For h € Py(X), we have h ~p hp if and only if there exist a
3 x 3 non-degenerate matric (a;;) over Fos with a;; = a?i and \ € sz such that

5
sh = sn(xo, @1, 22) is of the form X237

B
ij=0 Qij Ti%

IE

6.8.2. The case where By, is singular. We introduce a total order < on the set Hg.
(Any total order will do.) We fix four reference points

Py:=[1:0:0], PL:=[0:1:0], P,:=[0:0:1], Py:=[1:1:1],

and put P := [Py, P1, Ps, P5]. For h € H with RT(h) # 0, we put

T(h) = {7€PGL3(F) | Sing(Bj,) > P; for i=0,1,2,3} = {rgp |Q € Q(Bn)},
S(h) = {Ns} | NeFy, T € GL3(Fq5)},
SP(h) := {s}, € S(h) | the curve s} = 0 is singular at Py, ..., P }.

By Remark 6.2, we have 7 (h) C PGL3(Fa5) and 7 (h) # 0, and hence
SP(n) = {N%sF | Ne Ty, T € GL3(Fa5), [T)€T(h)}#0
holds. Since Q(By,) is easily calculated, so is ST (h). We put
s = the minimal element of S* (k) with respect to the fixed total order <.
By definition, we have h ~p b’ if and only if S(h) = S(h'). Hence we have
he~p bl = st = gnin,
By this method, we decompose H into the equivalence classes of the relation ~p.

Remark 6.2 combined with (5.6), (5.7) imply that ~ and ~p define the same
relation on H. Thus the equivalence classes &, ..., &4 of ~ are obtained.

For h € H, we denote by [h] C H the equivalence class of ~ containing h, by s

min

the polynomial s;"™ obtained above, and by By the plane curve {sp, = 0}.
6.9. Step 9. For each equivalence class [h] C H, we calculate the group aut(Bj,)) =
isom(By), Bypp) and the set isom(B[h],%) by the method given in Section 5.3,

where By, is the plane curve defined by the polynomial s;,; € Hg obtained from

sip) by V2 — —V2.
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6.10. Step 10. We search for (T, \) € GL3(F25) x F35 such that /\23[7,;] has coeffi-

cients in F5. If such (T, \) exists, then we necessarily have h ~ hl.

Proposition 6.5. For f € Hg, the following conditions are equivalent. (i) There
exist T € GL3(Fa5) and A € Fa5 such that A2f7 has coefficients in Fs. (ii) There
exist M € GL3(F25) and ¢ € F5 such that fM =cf, MM =1d3 and ¢® = 1.

Since we have already calculated the set isom(By,, Bjp) for every [h] C 'H, we
can make the list of (M, c) € GL3(Fa5) x F3; such that sf‘,/f] = ¢3[p,. Therefore we
can determine whether the condition (ii) is satisfied or not for f = sp,;. The proof

below shows how to find (T, \) in the condition (i) from (M, ¢) in the condition (ii).

Proof of Proposition 6.5. Suppose that (i) holds. Since A2fT = X2fT_ we have
A2 f = fTT?l. Then M :=TT ' and ¢ := (A71X\)2 = A8 satisfy the equalities
in (ii). Conversely, suppose that (ii) holds. Then there exists T' € GL3(FF35) such
that M = TT . Indeed, let m : F3; — F3; be defined by m(z) := = + M,
where vectors of IF‘%E, are written as row vectors. Then there exist x1, xs, x3 such
that m(xy), m(x2), m(x3) are linearly independent. Let C' denote the 3 x 3 matrix

whose row vectors are 1, €2, x3. We put
S:=C+CM,

which is non-degenerate. Then we have S = SM~!. Therefore, putting T := 3_1,
we have M =TT . Since M = ¢ f, wehave fT = ¢ fT. Since ¢® = 1, there exists
A € B such that ¢ = A* = (A\™'X)2. Then we have A\2f7 = A2 fT, and hence A2 f7

has coefficients in F5. O

Remark 6.6. Except for the equivalence class & = £7, we have found a defining

equation sg ;) of By, with coefficients in F5 for each &, with &, = En.

7. THE LIST OF PROJECTIVE MODELS &, ..., &

&0 = Eo: RT = 0: |aut| = 378000: N = 13051: h = [1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0] :

’x6+y6+1 ‘

£ =E&1: RT =6A;: |aut| = 12: N = 5607000: h = [0,0,0,0,0,0,0,0,1,1,0,0,0,0,1,0,0,0,0,0,0, 1] :

’z6+3z5y+r4y2+213y3+y6+324+3z2y2+zy3+3zy+2y2+4 ‘

£y =E5: RT = TA;: |aut| = 6: N = 6678000: h = [0,0,0,0,0,0,0,0,0,1,1,1,0,0,0,0,1,0,0,0,0,0] :

’zG+214y2+z2y4+z2y3+2y5+z4+2y4+2z2y+2y3+3y2+3y+2 ‘

£3 = E3: RT = 3A; + 2A5: |aut| = 6: N = 2268000: h = [0,0,0,0,0,0,0,0,1,1,1,0,1,0,1,0,0,0,0,0,0,0] :

’16+323y3+y5+313y+2y2+2 ‘

€4 =E4: RT =8A;: |aut| =8: N = 2457000: h = [0,0,0,0,1,0,0,0,1,0,0,0,0,1,1,0,0,0,0,0,0,0] :

’ac6+3af4y2+w2y4+4x2y3+4y5+a:4+2w2y2+3y4+2x2y+4x2+y2+4y ‘
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£5 =E&5: RT =8A;: |aut| =4: N = 2268000: h = [0,0,0,0,0,1,0,0,1,0,0,0,1,0,0,1,0,0,1,0,0,0] :

’z4y2+z2y4+2z4+4z2y2+y4+z2+4y2+4 ‘

€6 =Eg: RT = 6A1 + Aa: |aut| = 6: N = 1512000: h = [0,0,0,0,0,0,0,0,0,1,0,0,0,0,1,0,1,1,0,1,0,0] :

’IG+4z4y2+212y4+212y+y3+4 ‘

€7 =E&7: RT = 6A1 + Aa: |aut| = 2: N = 4914000: h = [0,0,0,0,0,0,0,0,1,0,0,0,0,0,1,0,0,1,0,1,0, 1] :

’ V2P + (143 v2) 22yt 4ot + (2 + 2v2) 2P+ (1 +4V2) 22y 4oy + (2 + 2 V2) v +vEe2+ (14 3V3) oy

Eg = Eg: RT =647 + Ay: |aut| = 1: N = 9828000: h = [0,0,0,0,0,0,0,0,0,1,0,0,1,0,0,0,1,1,0,0,0,1] :

’zG+215y+z4y2+315+2zy4+13y+312y2+4zy2+y3+3y2+31+3y ‘

E9 = E10: RT = 4A; +2A5: |aut| = 2: N = 4158000: h = [0,0,0,0,0,0,0,0,0,1,0,0,1,0,1,1,0,0,0,0,0,1] :

SPy+ (24 v2)aty? + (1+4v2) %% + (34 v2) a2yt + (24 4v2) ay® + (24 v2) s® + (243v2) 2t +
(1+4v2)ay+ (3+v2) v  + (1+4v2)o? + (34 V2) oy +3y% +2+3V2

€11 =E11: RT =9A;: |aut| = 54: N = 84000: h = [0,0,0,0,0,0,0,0,1,1,0,0,0,1,1,0,1,1,—1,0,0,0] :

’acﬁ+4x3y3+4y6+m4+4xy3+3x2+4 ‘

E12 = E12: RT = 9A;: |aut| = 9: N = 1596000: h = [0,0,0,0,0,0,0,0,1,1,0,1,0,0,1,0,0,0,0,0,0,0] :

’4$4y2+3x2y4+4y6+x5+313y2+292y4+x4+2x2y2+4xy3+2a:y2+4y3+4a:2+2xy+1 ‘

&13 = E14: RT = 9A;: |aut| = 6: N = 882000: h = [0,0,0,0,1,0,0,0,0,1,0,0,1,0,0,0,0,0,0,0,1,1] :

V2aSy+22ty?+ (34 2v2) 23yP + (44 2v2) 22yt + (4 4+ 4v2) 2P+ V20 + (14 v2) 2t 4+ (4 4+ 3V2) 2Py +
(144v2)22% + (1+4v2)y' + (3+3v2) 22+ (1+v2) oy + (3+4v2)p2 +1+ V2

€15 = £16: RT = 9A;: |aut| = 3: N = 2268000: h = [0, —1,0,0,0,0,1,1,0,0,1,0,0,1,0,0,1,0,0,1,0,0] :

(2+2v2) 22yt +aty+ (4+4v2) 2®y2+ (14 v2) oy + (24 4v2) oyt + (14 v2) o + (14 2v2) 2By +
(2+43v2)ay® + (24 4v2) 22y + (24 V2) oy? + (24 V2) oy + 242

€17 = E17: RT = 9Aq: |aut| = 2: N = 3402000: h = [1,0,0,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,1,0,1] :

’m5y+214y2 +413y3+212y4 +4a:y5 +3y6 +2z2y2 +2z2 + zy ‘

€18 = £19: RT = TA; + Ao: |aut| = 2: N = 3024000: h = [0,0,0,0,0,0,0,0,1,0,0,0,1,1,1,1,0,0,0,0,0,0] :

Vaaty? + (142v2) 2%y + (34 4v2) a2yt +3V3ny® + (24+2V2) e + V2ePy + 40?2 + 3V2ay® +
(2+2v2)y* + (1+Vv2) a2 +4v2ay + (1+V2)y? +2+2V2

€20 = €211 RT = TA7 + Ag: |aut| = 1: N = 5292000: h = [0,0,0,0,0,0,0,0,0,1,0,0,0,0,1,0,0,1,0,1,0,1] :

2v223y% + (34 v2) o2yt + oty + (44 2v2) 2% + (3+4v2) 2%% + (44 4v2) oy® + 2% +3 V2022 +
3v22y% + 4y* + V3e® +2V20%y + V2ay? + (24 2v2) v® + 307 + (34 2V2) ay + (243V2) 9

E30 = Ea3: RT = 7TA; + Ag: |aut| = 1: N = 5292000: h = [0,0,0,0,0,0,0,0,0,1,1,0,1,0,0,0,0,1,0,0,0,1] :

2Py + (1+3v2) 22yt + oty + (3+2v2) 2%y + 3222 + (2+4v2) oyt + V3 + (24 4v2) 2y +
4oy + (14+3v2) v + (24 v2) e + (3+3V2) oy + v2y® + (4+2v2) 2? + 4 vZoy + (14 4V2) y?

E94 = 94t RT = 5A; + 245: |aut| = 8: N = 378000: h = [0,0,0,0,0,0,0,0,0,1,0,1,0,0,0,0,1,1,0,1,0,0] :

’z3y3+ac4+x2y2+y4+:cy ‘

Eo5 = E26: RT = 5A;1 + 2A5: |aut| = 2: N = 2268000: h = [0,0,0,0,0,0,0,0,0,1,0,0,1,0,1,0,0,1,0,0,0,1] :

22yt + oty + (1+v2)2%? + (3+4v2)2%% + (3+2v2) eyt + (1+v2)ady + (142v2)2%y? +
(3+v2)oy® + (1+4v2) 2%y + (14 2v2) 2y® + 327 +4v20y + (1+4V2) 2
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Eo7 = Ea7: RT = 5A; + 2A45: |aut| = 1: N = 3780000: h = [0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,1,1,0,1,0,1] :

’w6 +3a%y? + 2%yt + 2%y + 3% + oyt + 225y + 32y +42% 4322y + 42y 4+ 4y? ‘

E28 = E29: RT = 5A; + 2A45: |aut| = 1: N = 4536000: h = [0,0,0,0,0,0,0,0,0,0,0,0,1,0,1,0,0,1,0,1,0,1] :

oty + (242 vE) P+ (3 +2v2) 2?y + (1 4+ v2) aty+2 V2232 + (2 4+ v2) 2yt + (2 + 3 VE) o +422y %+
(1+3v2)yt+ (3+4v2)a® +4vany® + (14 V2) v* + (4+2v2) 2% + (3+3V2) oy + (1+2V2) y?

£30 = €31: RT = 3A; + 3A45: |aut| = 3: N = 1260000: h = [0,0,0,0,0,0,0,0,0,0,0,1,1,0,0,0,1,1,0,0,0,1] :

ey 4+ (14 v2) 2%% + (24 3 v2) a2yt oty +423y% + (34 3v2) o2y +4V2eyt +aat + (24 3v2) 2By +
2292+ (4+2v2) yt + (3+42v2) 2 + (4+3Vv2) Py + (4+4V2) wy? + (24 4V2) v® + 22 + V3y + 31

£30 = E32: RT = 10A;: |aut| = 20: N = 226800: h = [0,0,0,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,1] :

’z6+2z4y+y5+4z2y2+y3+4z2+4y ‘

€33 = £33: RT = 104;: |aut| = 4: N = 756000: h = [0,0,0,0,1,0,0,0,0,1,1,0,0,0,0,0,1,0,0,1,0,0] :

’mﬁ+m4y2+313y3+3m2y4+2y6+22y2+4my+4 ‘

€34 = E35: RT = 10A1: |aut| = 2: N = 1890000: h = [0, —1,0,1,0,1,1,0,0,0,1,0,0,1,0,0,1,0,0,0,0,0] :

DPy+aty?+3275% + (44 v2) 22yt + (14 V2) ay® +4 V2O 4200 1423y + (44 4v2) ey’ + (24 2v2) yi+
22+ (144v2)y? +2

£36 = E36: RT = 847 + Ag: |aut| = 1: N = 3780000: h = [0,0,0,0,0,0,0,0,0,1,1,0,0,0,1,0,0,0,0,1,0,1] :

’z5y+4z2y4+z5+3z4y+2z2y3+3z4+2y4+2zy2+2y3+2z2+3zy+4y ‘

E37 = E37: RT = 847 + Ag: |aut| = 1: N = 3024000: h = [0,0,0,0,0,0,0,0,1,0,0,0,1,0,1,1,0,0,0,0,0,1] :

]z“yz +42%y% 4422yt + 32yt 4 4% + 42y + 423 +42%y + 422 oy +3y2 + 32+ 3y \

E3g = £39: RT = 841 + Aa: |aut| = 1: N = 3024000: h = [0,0,0,0,0,0,0,1,0,0,1,0,1,0,1,0,0,0,0,0,0,1] :

(144v2)22y* + 2ty + (14 v2) %% +32%% + (24 V2) oyt + 2t + (24 2v2) 2Py + 32792 + V2y' +
422 + (243v2) 22y + % + 327 + (24 4V2) 2y + 342

£40 = E41: RT = 647 + 2A5: |aut| = 6: N = 378000: h = [0,0,0,0,0,1,0,0,0,0,0,1,1,0,0,0,1,0,0,1,0,0] :

V220 4 (14 v2) 2%y + (1+4v2) 2y + Vaa2y* + 2v3ey® + (34 v2)y® + (4+3v2)a? + 3%y +
(24 v2)2?y? + (44 4v2) oy® + (3+43v2) vt + (24 v2) 22 + (1+4V2) oy + V2y2 +4

E42 = E43: RT = 6A7 + 245: |aut| = 2: N = 1512000: h = [0,0,0,0,0,0,0,0,0,1,1,1,0,0,1,0,0,0,0,0,0,1] :

ety + (2+3v2) 2%y® + (343 v2) o2yt + oty + (343 V2) 02y +3V2ayt +2V2eh + (34 4VE) 22y? +
2v2ay® + (44 v2) y* + (3+3Vv2) o’ + (443v2) s + (4+2V2) a2 + 4V2oy + (3+2V2) y?

E44 = E45: RT = 6A] + 2A45: |aut| = 1: N = 2268000: h = [0,0,0,0,0,0,0,0,1,0,0,0,0,1,1,0,0,1,0,0,0,1] :

2233 +3 VEa2yt + (44 2v2) 2¥y? + (34 v2) 2%y + (14 2v2) oyt +27 + (3 + V2) 2Py +302y% 43y +
(1+4v2)a® + (1+3v2) a2y + 4oy + (2+4v2)v® + (3+v2)2? + (14 v2) 2y + (3+3V2) 42

€46 = E46: RT = 4A1 + 3As: |aut| = 3: N = 756000: h = [0,0,0,0,0,0,0,0,0,1,0,1,1,0,1,0,0,0,0,0,0,1] :

’x6+3rc3y3+4x4y+xy4+3x2y2+4:c3+3xy+4 ‘

E47 = €47 RT = 4A; + 3A,: |aut| = 2: N = 1134000: h = [0,0,0,0,0,0,0,0,1,0,0,1,1,1,1,0,0,0,0,0,0,0] :

’966+3x4y2+4w2y4+2y6+4w2y3+2x4+3x2y2+4x2y+y3+39¢2 ‘

€48 = €48 RT = 4A; + 3As: |aut| = 1: N = 2268000: h = [0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,1,1,0,1,0, 1] :

’2x4y2+905+2x2y3+4xy4+2x3y+39:2y2+2xy3+21y2+3a:2+2xy+2y2 ‘




24 ICHIRO SHIMADA

E49 = £49: RT = 11A7: |aut| = 4: N = 378000: h = [0,0,0,0,0,0,0,1,0,0,0,1,1,0,0,1,0,1,0,0,0,0] :

’:66+w4y2+4x2y4+39¢5+3wy4+w2y2+2y4+w3+4y2+2:c+2 ‘

£50 = E51: RT = 9A; + Ag: |aut| = 1: N = 1512000: h = [0,0,0,0,0,0,0,0,0,1,0,1,1,0,0,0,0,1,0,0,0,1] :

(44 v2)2®y® + (4+2v2) oy + oty + 4oy + VIt + (3+3V2) 0?2 + doy® + (4+2v2) st +
(243v2)a® + (4+4v2) a2y + (4+3Vv2)v® + (1+2v2) 22 + 3VZay + (243 V2) y?

€52 = E52: RT = TA; + 2A5: |aut| = 2: N = 378000: h = [0,0,0,0,0,0,1,1,1,0,0,1,1,0,0,0,0,0,0,0,0,0] :

’xﬁ+w5y+214y2+:62y4+3y6+x4+x21/2+¢y3+4wy+1/2+3 ‘

E53 = E54: RT = TA1 + 245: |aut| = 1: N = 1512000: h = [0,0,0,0,0,1,0,0,0,1,0,1,0,0,1,0,0,0,0,0,0,1] :

(2+2v2)2?y* + oty + (44 v2)2®y? + (2+2v2)2%% + 4oyt + 30% + (3+42v2) 2y + v222y? +
(3+4v2)ay® + (24+2v2) v* + (3+4v2) 2%y + (2+3V2) wy® + (24 3V2) v + V2ay + 497

E55 = E56: RT = TA] + 2A45: |aut| = 1: N = 1512000: h = [0,0,0,0,0,0,0,0,0,1,0,0,0,1,1,0,1,0,0,1,0,0] :

(3+2\/5) x2y4+:c4y+:c3y2+(2+\/5) x2y3+(2+4\/§):cy4+\/5m4+(3+4\/§) x3y+(2+4\/5) zy3 +
4Vayt 4+ v22® 4 (1+4V2) ey + (14 V2) v° + 40% + 4V3ay + 242

Es7 = Ess: RT = 5A; + 3Ag: |aut| = 2: N = 756000: h = [0,0,0,0,0,0,0,0,0,0,1,0,1,0,0,0,0,1,0,1,0,1] :

Vaaty?+ (442v2) 2%y% +4 V2220 + (34 v2) 2y +4VES + (1+4v2) 2 + (3 4 V2) 2Py +2v222y? +
(1+v2) v+ (3+2v2) a2+ (2+4v2) ay+ (3+v2)y? +1+4V2

E59 = Ego: RT = 8A; + 2A5: |aut| = 2: N = 378000: h = [0,0,0,0,1,0,0,1,0,0,0,0,1,0,0,1,0,0,1,0,0,0] :

WSy + (14 v2)aty? + 2220 + (24 V2) wv® + (44+3V2) 1 + 300 + (44 4v2) 2Py + (1+3vEZ) 22y +
(3+43v2)ay® +4v3y* + 427 + Vaoy + (3+3v2)y? +3

E61 = Eg2: RT = 8A; + 2A45: |aut| = 1: N = 756000: h = [0,0,0,0,0,0,0,1,0,1,0,1,0,0,0,0,0,1,0,0,0,1] :

2Py + (3+4v2) eyt +2v22%y2 4202 420yt +at 4+ (44 2v2) 2Py + (14 v2) 2?2y + (3+2v2) vt +
(3+v2)a® + (3+4v2) a2y +4v2y® + (244v2) o + (3+2V2) oy + (4+4V2) 4

£g3 = Egz: RT = 647 + 3Ay: |aut| = 3: N = 252000: h = [0,0,0,1,0,0,1,0,0,0,0,0,1,0,0,1,0,0,1,0,0,0] :

’z4y2+z4y+z3y2+2y5+2z4+4z2y2+31y3+4y4+4z3+2zy2+y3+2z"‘+y2 ‘

E64 = Ega: RT = 6A; + 3A5: |aut| = 3: N = 252000: h = [0,—1,0,0,1,0,1,0,1,1,0,0,0,0,0,0,1,0,0,0,0,1] :

’w4y2+x3y3+z2y4+3w3y2+w2y3+3w3y+w2y2+2w3+2w2y+3y3+2z2+3zy+4y+4 ‘

8. PROOF OF THEOREM 1.3

The polynomials in Table 1.1 that give a non-projective involution g of Xp are
calculated by the following method. Recall that hn in Step 8 of Section 6 is the
representative vector of the Aut(X g, hp)-orbit V4NEy. We have already calculated

a birational morphism
Ony, = w:& & &) ¢ Xp— Xpy,
and the defining equation Spr, of By.. We have observed that Sps, is written as

sw, (7,y,2) = Nz H ',
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where A € FS5, ¢ = (2,9, 2), T = (2°,y°,2°) and H satisfies H = 'H. We search
for M € GL3(Fa5) such that H = M *M (see n. 3 of [20]), and put

w, = Ail(ﬂa (56751755) = (50351752)M-
Then the polynomials w’, &, &1, &, satisfy
W= €+ &

Hence the rational map from Xp to P(3,1,1,1) given by (w' : & : & : &) defines
an automorphism v of Xr. We choose hp-lines ¢;,, ..., £;,, such that [¢; ], ..., [(i,,]
span NS(X) ® Q, and that none of i1,...,722 is contained in the set J of indices
in the expression (5.1) for h%, that was used in the calculation of ¢, . Then we
can calculate the images E;YU of ¢;, by 7 using the parametric representations of ¢;,
and the polynomials (w’ : &) : & : &). Computing the intersection numbers of E;YV
with £1,..., 020, we calculate the action of v on NS(X). Let v — vI" denote the
matrix representation of this action. We then search for 7 € Aut(X, hr) such that

its action on Xy is given by
w = ow, (xayﬂz)'_) (x?y7Z)TTD

where o € FJ;, T, € GU3(Fa5), and its action on NS(X) is given by v — vN,,
where N is a matrix satisfying ("N, )? = Idge. We define (w”, &, &/, €Y) by

w' = Uw,? ( 6/’ 3,7 g) = (56751755) 17,

and replace the original polynomials (w,&p,&1,&2) by (W, &5,&7,&4). Then the
automorphism Xp — Xp given by (w: &y : & : &) is of order 2, because its action
v — vI'N; on NS(X) is of order 2.
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