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Summary. In this paper, a new approach to a growth curve model is de-

veloped which uses time-varying coefficients. Since the mean structure of

the growth curve model has many unknown parameters depending on both

covariates and time trend designs, it can be difficult to understand and in-

terpret. Using varying coefficient functions, the effects of covariates can be

evaluated and visualized more easily. The functional confidence intervals are

derived theoretically and a procedure is proposed to test whether the effects

of covariates are significant.
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1. Introduction

Let yi(t) (i = 1, . . . , n) be an observation of the ith subject at time t, and

εi(t) (i = 1, . . . , n) be a error term with E[εi(t)] = 0. We suppose that

observations for different subjects are independent, and we let x(t) be a q-

dimensional known design vector, where n is the sample size. We write yi =

(yi(ti1), . . . , yi(tipi))
′, εi = (εi(ti1), . . . , εi(tipi))

′ and Xi = (x(ti1), . . . , x(tipi))
′.

Suppose that ε1, . . . , εn are independent and let the covariance matrix of εi be

denoted by Cov[ε�] =Σi. Then, the traditional growth curve model (GCM)

is defined by

yi = Xiαi + εi, (i = 1, . . . , n), (1)

where αi is a q-dimensional unknown parameter vector. It is well known

that the GCM is a useful model for describing how growth varies over time.

For example, if we fit a polynomial curve of degree q − 1 to the trend over

time, the design vector is taken to be x(t) = (1, t, . . . , tq−1)′. If a more

complicated trend is required, nonparametric curves can be applied, taking

basis functions to be B-splines, or utilizing a Gaussian kernel. Note that

when p1 = · · · = pn = p and t1j = · · · = tnj = tj for j = 1, . . . , p, we have a

so-called balanced design; otherwise we have an unbalanced design.

Historically, in the GCM, explanations of the variation between indi-

vidual subjects have been attempted in terms of known covariates aij (i =

1, . . . , n; j = 1, . . . , k). This means that αi is regressed by ai = (ai1, . . . , aik)
′,

i.e., αi = Θ′ai, where Θ = (θ1, . . . , θk)
′ is a k × q unknown parameter ma-

trix (see Potthoff and Roy (1964), Laird and Ware (1982), Vonesh and Carter

(1987)). For example, if we express a time trend using a polynomial curve, the

coefficients of the polynomial function are regressed by ai. However, it can
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be difficult to understand the effects of each covariate, because Θ has many

unknown parameters, the interpretations of which depend on both design

vectors x(t) and ai, particularly when the design is based on smooth curves,

for example, basis functions for nonparametric regression. Furthermore, we

usually consider confidence intervals and hypothesis testing involving only

single elements of Θ. Since an element of Θ is essentially a coefficient of

a polynomial expressing a time trend, interval estimation and testing of a

single element are meaningless in most cases. We are not concerned with the

effect of a covariate on the coefficient of a polynomial function; however we

are interested in the effects of covariates on the amount of growth. Therefore,

we consider a new approach to the growth curve model in order to determine

the effect of each covariate.

By using Θ, the GCM in (1) can be rewritten as

yi(t) = a′
iΘx(t) + εi(t), (t = ti1, . . . , tipi; i = 1, . . . , n). (2)

In the ordinary GCM, Θ and ai are described together as αi. On the other

hand, we discuss here the possibility of pairing Θ and x(t) as a function

of t. A varying coefficients model (see West et al. (1985) and Hastie and

Tibshirani (1993)) is known to be an important model for analyzing longi-

tudinal data. By defining β(t) = (β1(t), . . . , βk(t))
′ = Θx(t), we can regard

the growth curve model in (2) as a varying coefficients model. The vary-

ing coefficient functions are semiparametric curves, the shapes of which are

controlled by x(t). The mean structure of the observations can be rewritten

as

E[yi(t)] = a′
iΘx(t) = a′

iβ(t) =
k∑

j=1

aijβj(t). (3)
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By considering βj(t), we can easily explain the effects of covariates. Thus,

meaningful interval estimation and hypothesis testing can be carried out, e.g.,

a functional confidence interval for βj(t) can be determined and a hypothesis

test of βj(t) ≡ 0 can be carried out.

This paper is organized as follows: In §2 an estimate for the varying

coefficient is discussed and its confidence interval is derived theoretically.

Moreover, we propose a procedure to test for the significance of the effects

of a covariate. Two numerical examples are presented in §3. §4 contains a

discussion and our conclusions.

2. Estimation of varying coefficients and their evaluation

Now we are interested in estimating β(t) in (3). In fact, this is equivalent

to estimating Θ in (2). The estimator Θ̂ = (θ̂1, . . . , θ̂k)
′ for Θ can be

obtained from the results by Potthoff and Roy (1964) and Rao (1965) for the

balanced case or Laird and Ware (1982), Vonesh and Carter (1987) for the

unbalanced case. Let the asymptotic variance of θ̂j (j = 1, . . . , k) be denoted

by Ωj , where Ωj = O(n−1). For both the balanced and unbalanced cases, the

estimator satisfies
√

n(θ̂j −θj)
d→ Nq(0, nΩj) (n → ∞) and an estimator Ω̂j

can also be derived for Ωj. Let ωj(t) = x(t)′Ωjx(t) and ω̂j(t) = x(t)′Ω̂jx(t).

From the result of Rao (1973, p.60), for any time point t ∈ R, we have

{β̂j(t) − βj(t)}2

ω̂j(t)
=

{(θ̂j − θj)
′x(t)}2

x(t)′Ω̂jx(t)
≤ (θ̂j − θj)

′Ω̂−1
j (θ̂j − θj). (4)

Note that nΩ̂j is a consistent estimator of nΩj . Therefore, the right side

of (3) converges to χ2
q when n tends to infinity because Ω̂

−1/2
j (θ̂j − θj)

d→
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Nq(0, Iq) (n → ∞). Hence, we obtain the following equation:

max
t∈�

{β̂j(t) − βj(t)}2

ω̂j(t)
≤ (θ̂j − θj)

′Ω̂−1
j (θ̂j − θj)

d→ χ2
q. (5)

Since the right side of (3) does not depend on t, we obtain a functional

confidence interval for βj(t) as follows: Let cq,α be the upper α × 100 per-

centage point of χ2
q , i.e., Pr(χ2

q ≥ cq,α) = α. A confidence interval for the

varying coefficient βj(t) for j = 1, . . . , k can be obtained by

Ij,α(t) =

[
β̂j(t) −

√
ω̂j(t)cq,α, β̂j(t) +

√
ω̂j(t)cq,α

]
. (6)

For any time point t, the coverage probability of the interval Ij,α(t) is asymp-

totically given by Pr(βj(t) ∈ Iα,j(t) : ∀t ∈ R) ≥ 1 − α. Note that the con-

fidence interval at a fixed time point t can also be obtained from {β̂j(t) −
βj(t)}2/ωj(t)

d→ χ2
1, and this interval is narrower than the functional confi-

dence interval given in (6).

Directly, we have a test statistic for the null hypothesis that a varying

coefficient is zero for any time point, i.e.,

H0 : βj(t) = 0 (∀t ∈ R). (7)

This implies the corresponding covariate has no effect on observations. Let

us define Tj(t) = β̂j(t)
2/ωj(t) (j = 1, . . . , t). In order to test the hypothesis

H0 in (7), we have to consider the probability Pr(Tj(t) ≤ x : ∀t ∈ R). Note

that

Pr(Tj(t) ≤ x : ∀t ∈ R) = Pr
(

max
t∈�

Tj(t) ≤ x
)
.

Now we define Tj = θ̂′
jΩ̂

−1
j θ̂j. The result in (4) implies that maxt∈�Tj(t) ≤

Tj. Hence, Tj is the test statistic for the null hypothesis H0. Recall that Tj
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is asymptotically null distributed as χ2
q. Therefore, the null hypothesis H0 is

rejected when Tj > cq,α, or the p-value can be calculated from the chi-square

approximation Pr(χ2
q > Tj).

Although β̂j(t) can be obtained easily, Ω̂j is not always clearly defined.

Therefore, before concluding this section, we describe Ω̂j for the two growth

curve models.

Balanced Case: Note that Xi can be rewritten as X in the balanced case.

The GCM proposed by Potthoff and Roy (1964) is defined by

yi = XΘ′ai + εi, (i = 1, . . . , n),

where ε1, . . . , εn ∼ i.i.d. Np(0,Σ). Let Θ̂ and Σ̂ be estimators of Θ and Σ,

respectively. By using Θ̂ and Σ̂, an estimator of Ωj is given by

Ω̂j =
n − 1

n − (p − q)− 1
e′

j(A
′A)−1ej ⊗ (X ′Σ̂−1X)−1,

where ej is a k-dimensional basis vector with jth entry equal to 1 and the

others equal to 0.

Unbalanced Case: The GCM proposed by Vonesh and Carter (1987) is

defined by

yi = XiΘ
′ai + εi, (i = 1, . . . , n),

where ε1, . . . , εn are independent random vectors and εi ∼ Npi(0, σ2Ipi +

XiΔX ′
i). Let Θ̂, Δ̂ and σ̂2 be estimators of Θ, Δ and σ2, respectively. By

using Θ̂, Δ̂ and σ̂2, an estimator of Ωj is given by

Ω̂j = (e′
j ⊗ Iq)

{
n∑

i=1

aia
′
i ⊗ (Δ̂ + σ̂2X ′

iXi)
−1

}−1

(ej ⊗ Iq).
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3. Numerical Examples

3.1 Male and Female Data

We apply our estimation method to data considered by Potthoff and Roy

(1964), consisting of measurements of the distance (mm) from the center

of the pituitary to the pteryomaxillary fissure for 11 girls and 16 boys at

4 different ages (8, 10, 12, 14 years old). Here we fit the model (1) to the

data by letting ai = (1, 0)′ for the girls and (1, 1)′ for the boys and taking

x(t) = (1, t, t2)′ for t ∈ {8, 10, 12, 14}. The first covariate expresses the

distance for girls and the second covariate expresses the sex effect, which

is determined by the additional distance for the boys beyond that of the

girls. Since the design is balanced with respect to the time points, we have

estimators of Θ, Ω1 and Ω2 from the result of Potthoff and Roy (1964),

which are given by

Θ̂ =

(
17.096 0.537 −0.003
4.946 −0.852 0.053

)
,

Ω̂1 =

⎛
⎝ 26.065 −4.634 0.199

−4.634 0.843 −0.037
0.199 −0.037 0.002

⎞
⎠ ,

Ω̂2 =

⎛
⎝ 43.985 −7.820 0.335

−7.820 1.423 −0.062
0.335 −0.062 0.003

⎞
⎠ ,

respectively. Here we focus on the varying coefficient function for the sex

effect. It is indicated in Figure 1, together with the 95% confidence interval

curves. The significance level was calculated as p = 0.002.

3.2 Mice body weight data

Here we apply the proposed method to data about the body weights of mice

(Watanabe et al., 1996). One of our main concerns in these experiments was

to determine whether neutron-induced genetic damage in parental germline
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cells can affect the F1 offspring growth or their body weight, which is an

important index for measuring the health of mice. The parental mice received

a single whole-body exposure to 252Cf neutrons at doses of 0, 50, 100, or 200

cGy. There were 1,232 body-weight observations of 124 mice. Body weights

were measured at the same calendar time, but the birth dates for each mouse

varied over two weeks. The observation ages for the mice are therefore not

balanced, with age values varying between 2.03 and 13.55. The number of

pairs of (male, female) mice having doses of 0, 50, 100, and 200 cGy were

(4,4), (19,17), (22,25), and (19,14), respectively.

Because the variances of male body weights were greater than those of

female body weights, the original weights were transformed by common log-

arithms as indicated in Figure 2. We thus take yij to denote the logarithmic

body weight (g) of the jth measurement of the ith individual at an age of

tij months old for i = 1, · · · , 124. The covariates of the ith individual are

expressed as ai = (ai1, ai2, ai3)
′ where ai1 ≡ 1, ai2 = 1 for a male ith mouse,

ai2 = 0 for a female mouse, ai3 is the parental dose of the ith mouse, and

and x(t) = (1, t, t2)′ for tij.

Applying the estimation method proposed by Vonesh and Carter (1987),

estimators of Θ, Ωj, j = 1, 2 and 3 are obtained. The fitted curves and es-

timated time-varying coefficients are shown in Fig 2. The sex effect was sig-

nificantly positive over the whole observation period, and it increased nearly

monotonically. On the other hand, the dose effect was almost negative and

seemed to be constant with respect to age. The significance level was cal-

culated as p = 0.004. Therefore, the fitted curves in Fig 2(a) seem to be

parallel with respect to dose level and are clustered by sex.
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4. Conclusion and Discussion

In this paper, we have considered a new view of GCM, regarding θ′
jx(t) as a

varying coefficient βj(t). Since elements of Θ in the GCM are essentially co-

efficients of a polynomial function expressing the time trend, it is meaningless

to focus only on a single element of Θ. Nevertheless, in the ordinary GCM,

interval estimation and testing a hypothesis about only a single element of

Θ are usually considered, i.e., interval estimation for coefficients of polyno-

mial function is carried out, or a test is performed to determine whether a

coefficient of the polynomial function is zero. In real data analysis, we are

interested in the effects of covariates on the amount of growth. Even if we

find that, up to statistical significance, a coefficient of a polynomial function

is 0, then, needless to say, it is not necessarily the case that the effect of the

covariate is 0. Utilizing this new approach, that is, by varying the coeffi-

cient βj(t) over time, we can examine the effect over time of the covariate.

Such an effect can be easily visualized by the proposed functional confidence

interval for βj(t). Furthermore, by means of the proposed test procedure,

we can determine the significance or otherwise of the effect of the covariate.

Although it can be difficult to understand and interpret the results that are

obtained, there is no doubt that GCM is a very useful model for describing

a time trend, and our method may help in understanding results obtained

from an actual GCM data analysis.

Our claim is that, by modifying GCM in this way, we are able to propose a

new estimation procedure for a varying coefficient model in the case that the

covariate is independent of time. It is well known that estimating a varying

coefficient model is very complicated, and hence, many computational tasks
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are required to obtain estimates. In particular, it has been impossible to

construct a confidence interval for the entire varying coefficient function. On

the other hand, our estimation method is very easy, i.e., estimates can be

obtained from the results of the GCM, and so it is unnecessary to execute a

special computer program to compute the functional confidence interval and

the p-value of the test statistic. Therefore, our result may also be valuable

in the sense of providing an easy estimation method for a varying coefficient

model.
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Captions

Figure 1. Estimated varying coefficient curve β̂2(t) for male and female

data. The broken lines represent 95% confidence intervals derived using

Theorem 1. (a) The jointed gray lines show individual observations;

the solid lines are fitted curves. (b) Sex effects: β2(t) versus time.

Figure 2. Estimated varying coefficient curves β̂j(t), j = 1, 2 and 3 for

mice body weight data. The dotted curves represent the ±1.96 stan-

dard error bands. The broken lines represent 95% confidence intervals

derived using Theorem 1. (a) The jointed gray lines show individual

observations; the solid lines are fitted curves. (b) Time effects: β1(t)

versus time. (c) Sex effects: β2(t) versus time. (d) Dose effects: β3(t)

versus time.
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