Chi-squared approximation for the power
divergence family of statistics

Zubov V. N. Ulyanov V. V.

Abstract

In this paper we consider the convergence of the power divergence
family of statistics {TA(Y '), A € R} constructed from the multinomial
distribution of degree k, to chi-squared distribution with k£ —1 degrees
of freedom. We show that

Pr(T\(Y) < ¢) = Gp_1(c) + O(n~ 1)

where G,(c) is the cumulative distribution function of a chi-squared
variable with r degrees of freedom. In the proof we utilize known
number theory results on the approximation of the number of integer
points in a given set by its volume. Namely, E. Hlawka’s theorem
(1950) about the number of above-mentioned points in a convex set
with a closed smooth boundary.

Key words: E. Hlawka’s theorem, weak convergence, Gaussian curvature,
manifold, approximation by chi-squared distribution, power divergence family
of statistics .
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1 Introduction and the main result

1.1 Introduction

Consider a vector Y = (Y7, ..., Y;)T with multinomial distribution My(n,7),
1. e.

n! H;?:l(ﬂ?j/n]‘!), nj=0,1,....n(j=1,...,k)

Pr(Y1 =nq,.... Yy =ni) = andE?zl n; =mn,
0, otherwise,
where m = (m1,...,m)7, 7 > 0, Z?Zl m; = 1. From this point on, we will

assume the validity of the hypothesis Hy: m = p. The covariance matrix of
the vector Y is known to equal = (& p; — pip;) € RE=V*¢=1 " The main
object of the current study is the power divergence family of statistics:

2 < v\

= 2o (Y ] e

AA+1) j21 7 \np;

Remark 1. When A\ = 0,—1, this notation should be understood as a
result of passage to the limit.

Remark 2. These statistics were first introduced in [9] and [10] being
denoted by 2nI*(Y). Putting A = 1,A = —1/2 and A = 0 we can obtain
the chi-squared statistic, the Freeman-Tukey statistic, and the log-likelihood
ratio statistic respectively.

We consider transformation
X;=(Y;—np)/vn, j=1,... .k, r=k—1, X =(Xy,..., X,)".

Herein the vector X is the vector whose components are reduced to the
lattice,

T ,p=(p1,...
) \/ﬁ p (pl

where n; are non-negative integers.

)T, m —np

L:{:c:(xl,...,:w ,pr)Tam:(nla"',nT)T}a

Remark 3. The statistic ¢5(Y') can be expressed as a function of X in the

form
so((e) )] o

and then, via the Taylor’s expansion, transformed to the form

z  A=Dzf  (A=D -2z y
(pi * 3v/np? * 12p3n + O( )) : (2)

Ty(z)

B 2n
A+

Ty(z)=>

=1

k
1=



We call a set B C R" estended convex set, if for for alll = 1,7 it can be
expressed in the form:

B={x=(v1,...,2,)": N(2¥) < 2; < (") and
= (.1'1, e X1, L1y - - ,.CIZ‘T)T € Bl},

where B; is some subset of R™™! and \;(z*), 0;(z*) are continuous functions
on R™~1. Additionally, we introduce the following notation

(@50 = hia,. o, 0@, o, )
— h(.ﬁlﬁl, e, Iyp—1, )\l(x*),:clH, ce ,.CET).

It is a known fact that the distributions of all statistics in the family
converge to chi-squared distribution with & — 1 degrees of freedom (see e.g.
[9], p. 443). However, more intriguing is the problem of the estimation of the
rate of convergence to the limiting distribution.

For any bounded extended convex set B J. Yarnold in [1] obtained an
asymptotic expansion, which in [6] was converted to

Pr(X € B)=J +J,+0(n™"). (3)
with
1
Jp = / /¢ {1+—h1(w)+;h2( )} dx, where
1 b z;, 1 b T
hl(m):——Z—J—l——ZIj (—]> s
2j:1pj 6j:1 Pj
1 1 G N L A | z:\?
ho() = ~ hi(x)* + — [ 1 - — |+ - (—]> - — x(—j),

—(r 1)/2
Zl 1 ZxH»lELH»I ZITELT
[ [ [ s+ s dn, ,dam]; (4)
By

nj — npj
vn

Si(x) =x — || —1/2, |z] is the integer part x;

1 1 TO—1

Li={x: z; = , nj and p; defined as before};



Remark 4. In [1] Yarnold showed that J, = O(n~'/?).

Remark 5. Using elementary transformations it can be easily shown that
the determinant of the matrix (2 equals Hle D;.

Yarnold also examined this expansion for the most known power diver-
gence statistic, which is the chi-squared statistic. Define B* as {z | T\(z) <
c}. Tt is easy to show that B! is an ellipsoid, which is a particular case of a
bounded extended convex set. J. Yarnold managed to simplify the item (4)
in this simple case and converted the expansion (3) to

J]=

Pr(X € B') = G,(c)+(N'—n"?V!) e~/ ((27m)T Hk lpj>1/2+0(n_1),

where G,.(c) is the chi-squared distribution function with r degrees of free-
dom; N'! is the number of points of the lattice L in B'; V! is the volume
of B!. Using the result of Esseen [8], he obtained an estimate of the second
item in (5) in the form O(n~(*=D/F),

M. Shiotani and Y. Fujikoshi in [6] showed that, when A = 0,A = —1/2,
we have

Ji=G,(c)+0(n™)

1/2
B= (V=P ek (my [ p) o), (6
VA=VI+0o(m™).

These results were expanded by T. Read to the case A € R. In particular
Theorem 3.1 in [10] implies

Pr(T\ <c)=Pr(x;<c)++0(n"). (7)

This reduces the problem to the estimation of the order of .Js.

It is worth mentioning that papers [6] and [10] do not estimate the residual
in (6). Consequently, it was impossible to construct estimates of the rate of
convergence of statistics Ty to the limiting distribution, grounded on the
simple representation for J, initially suggested by J. Yarnold.

In this paper for any power divergence statistic we eliminated lapses of
papers [6] and [10] pinpointed in the previous paragraph. Then we con-
structed an estimate for Jy; based on the fundamental number theory result
of E. Hlawka [13].

The paper is divided into two parts. In the first one (section 2) we
discuss the possibility to reduce J; and to convert it to the form (6). At that
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we accentuate correct estimation of the error of such transformation. In the
second part (section 3) we investigate the applicability of the afore-mentioned
theorem from number theory to the set B*.

1.2 The main result

In lemmas 13, 5, and 2 it is shown that B* = {x | Th\(z) < ¢} is a bounded
extended-convex (strictly convex) set. As it has been already mentioned, in
accordance with the results of J. Yarnold

h=0(n"4). (8)

For the specific case of r = 2 this estimate has been considerably refined
in [12]:
Jo =0 <n’%(logn)%> = 2.

For future reference we state the theorem, which pivoted the results of
[12].

Theorem 1 (M. N. Huxley, 1993). Let D be a two-dimensional convez set
with area A, bounded by a simple closed curve C, divided into a finite number
of pieces each of those being 3 times continuously differentiable in the follow-
ing sense. Namely, on each piece C; the radius of curvature p is positive (and
not infinite), continuous, and continuously differentiable with respect to the
angle of contingence ¢. Then in a set that is obtained from D by translation
and linear expansion of order M, the number of integer points equals

N = AM? + O (IM*(log M)™)
46 1
TN}
73 146
where I is a number depending only on the properties of the curve C, but on
the parameters M or A.

Proof. See [4], as well as [3]. O

In this paper we generalize the estimates of [12] to any dimension. We
utilize proposition 9 of [13].

Theorem 2 (E. Hlawka, 1950). Let D be a compact convex set in R™ with
the origin as its inner point. We denote the volume of this set by A. Assume
that the boundary of this set is an m — 1-dimensional surface of class C*,
the Gaussian curvature being non-zero and finite everywhere on the surface.



Also assume that a specially defined <canonical> map from the unit sphere
to D is one-one and belongs to the class C*. Then in the set that is obtained
from the initial one by translation along an arbitrary vector and by linear
expansion with the factor M the number of integer points is

N =AM™+ O (JMmfﬂm%)

where the constant I is a number dependent only on the properties of the
curve C, but on the parameters M or A.

Proof. see [13], p.25-28. O

Remark 6. Providing that m = 2, the statement of theorem 2 is weaker
than the result of Huxley.

The above theorem is applicable in the current paper with M = y/n.
Therefore, for any fixed A we have to deal not with a single set, but rather
with a sequence of sets B*(n) converging in some sense to the limiting set
By when n — oo. The type of this convergence will be elaborated in the
sequel. At present it is worth noting that the constant I in our case, generally
speaking, is dependent on n. Only having ascertained the fulfillment of the
inequality

’[(n)| g 007

where () is an absolute constant, we are able to apply theorem 2 without
a change of the overall order of the error with respect to n. This statement
will be proven in a separate lemma.

In the paper we prove the following important estimate of J, in the space
of any fixed dimension r > 3.

Theorem 3. For the term Jo from decomposition (7) the following estimate
holds )
J2 = O (n71+m> y T > 37 (9)

Corollary. For the statistic T\(x) denoted by formula (1) it holds that
Pr(Th\(xz) < ¢) = G.(c) + O (n_Hﬁ) . T >3,

Remark 7. In the case of Karl Pearson chi-squared statistics, i.e. when
A = 1, using result of Gotze for ellipsoids (see [5]) and applying Yarnold’s
arguments from [1] one can show (see [2]) that

Pr(Ti(z) < c) = Gy(c)+ 0O (n7"), for r=5.



2 Reduction of the term J, to a simplified
form

Let N* be the number of lattice points of
1 o
L:{m:xj:%(mj—npj), m; € Z, j=1,r}, (10)
in B, i.e. N*=#(LN B?"), and V* is the volume of B*.
Theorem 4. The item Jy can be expressed in the form
Jy = dn"3(N* =2V +0(n™Y), (11)

where
1

e24/(2m)" Hle D; '

Before we present the proof for this theorem, let us prove some ancillary
statements.

d:

2.1 Some ancillary facts from differential geometry
Let us first recall some definitions from a course on differential geometry.

Definition 1. r-dimensional manifold is defined as the set

M = U U; where

U; &V, CR Vi,
¢; is a one-one and continuous mapping (homeomorphism).

U; C U is called a map, and the set of U; is called a map atlas. For in-
stance, the circle 22 +y? = 1 is a one-dimensional manifold in R*: U; , = {z |
sign(z) = £1}, Usa = {y | sign(y) = £1}, 61, = (y, £v/1—y2), d54 =
(x, V1 —2?).

The coordinate system to which ¢; map subsets U; is called local. Func-
tions that determine the transformation of coordinates while moving from
one local coordinate system in R” to another are called transition functions.

Definition 2. r-dimensional manifold M is said to have the smoothness
class of C™ if all transition functions belong to this class. In particular, in
the case when all transition functions are infinitely differentiable it is said
that M € C*.



For a more detailed overview of above-mentioned and related notions the
reader should consult chapter 3 of [11].

From the implicit function theorem it follows that the set M = {T'(x) =
c} is an n — 1-dimensional manifold in R™ if in the vicinity of each point
P € M we can find a smooth implicit dependence of some coordinate on the
rest n — 1 coordinates.

Theorem 5. Let f : R™ — R be a mapping of class C*°, M. ={x : f(x) =
c}. If the gradient of f is non-zero at each point on the set M., then M, is
a smooth (n — 1)-dimensional manifold of class C™.

Proof. See [11], ch. 3, §3, theorem 2. ]

Rem ark The assumptions of the theorem are still met if the mapping f
is given on the set () C R™ where Q) D M..

Remark Asit will be shown in lemma 5 the set B* = {x | Th\(z) < c}
satisfies theorem 5. Thus we can study it with the help of powerful differential
geometry instruments.

2.2 Preliminary lemmas

Lemma 1. There exist such positive coefficients
a1 (A, p), as(\,p), ..., ax(\, p) and positive numbers cy, o, . .., ¢y that

Th(z) > a1 22 +aya5+ -+ apai —c1 —cy — -+ — Cp.
Proof. Included in appendix B. O
Lemma 2. The set B* = {x | T\(x) < c} is bounded.
Proof. According to lemma 1 we obtain for any A € R:
aT]+agwy+ - Fapr; <ctc eyt + o

Hence,

k
Vi |as] < M
CL@()‘ap)

]

Lemma 3. Let Q7! be an inverse matriz to the covariance matriz of Y, and
let the range of coordinates x; be bounded. Then the statistic Tx(x) can be
expressed as a <quadratic forms 1. e.

Th(z) = (2 '(n, )z, x) where
Qi’jl(n, T) = Q;jl + O(n’%) uniformly in x.



Proof. With the help of Taylor’s expansion we can obtain a schema that is
analogous to (2), to within O (n’%> in each item. Since the range of each

coordinate x; is bounded, we can assume the estimate of this error to be
independent from x. Since zy = —(x; + ... + z,), we obtain

T\(z) = gx? (pliJrO (%)) _
-2 (o () ez o ()

It remains to note that

1 1 .
Q,_,lz E—i-m When'&—j,
“ 1 when 7 # 7.

Pr+1

]

We will extract just one of the coordinates from equations defining the
sets B» and B!. Without compromising generality we will further assume
that x; is such a coordinate.

Definition 3. Let us name the section of B* mazimum section with respect
to x1 (mazimum with respect to direction e) if the result of an orthogonal
projection of this section to the plane z; = const (to a plane that is or-
thogonal to the vector e) seen as an r — 1-dimensional set is congruent to
the projection of the whole set to the same plane. At that, obviously, the
projection of the maximum section of the set B* is congruent to the set B},
and for B! it is congruent to the set Bj.

Lemma 4. Let S = {x | T(x) = ¢} be a smooth n — 1-dimensional manifold
i R™ and e 1s a certain direction. Then the mazximum section with respect
to e can be obtained from the necessary constraint

oT(x) _
e 0.

If the necessary constraint holds, the sufficient condition for the existence of
(not necessarily single) mazimum section would be the simultaneous fulfilment
of the constraints below at any given point P on the section’s boundary.

1. T(x) = ¢,
2. 9°T(x)/0e* > 0,

10



3. minimum of T'(x) on the line * = P + et is global with respect to t.

Proof. Necessity. From definition 3 it follows that the maximum section
is defined by the points on the intersection of the projected set with the family
of projecting lines, which are aligned with a directing vector e. To obtain
the boundary of the maximum section () it is necessary to extract those lines
of the family that intersect the set only in boundary points. Knowing that
each such line has the form x = x¢ + et we can set the task in terms of the
minimization of T)(x) on the line.

It is known that the directional derivative at a point P can be calculated
as per the formula

ol (x) 0T (=(t))
de ot
where x(t) is any parameterized space curve that is expressed in the following

form in the vicinity of a point P = x(0)

x(t) = x(0) + et + o(t).

t=0

Obviously, for any point on the surface S there exists a corresponding pro-
jective line. Since as stipulated above such a line will intersect the set only
on its boundary, in the vicinity of P on the line it holds that T'(xz) > c.
Therefore, the function 7'(x(0) + et) reaches its minimum when ¢ = 0 (not
necessarily strict minimum). Hence,

_ dT(=(1)
dt

~—

0

Sufficiency.

The fulfillment of the first condition is obvious. The second condition,
together with the necessary one, becomes sufficient for the existence of a
local minimum of the function 7'(x(0) + et). Indeed, by direct calculations
it is possible to show that

d>T(z(t))

t=0
T (x)
= (grad(gradT'(x), e), e) = =R ;1;::1:(0)'

If, in addition to the aforesaid, at the point P the third condition holds,
then the corresponding projective line touches S not only in the infinitesimal
vicinity of P, but also globally, i. e. the point belongs to the maximum
section.

]

11



Lemma 5. In the space R" the set

T\(x) =c (12)
is an (r — 1)-dimensional manifold (surface) of class C™.
Proof. The idea of the proof is due to Zh.Assylbekov. The function T)(x)

is defined on the set (13), which is infinitely increasing when n approaches
infinity:

Q={x: z;>—Vnp;, j=1r, v14+ ...+ 1z, </npr1}. (13)
Coupled with the boundedness of B*, we obtain that beginning with
some fixed N the set (13) fully incorporates the surface (12). Further, we
know that the function T)(x) is infinitely differentiable as a superposition
of infinitely differentiable functions. Let us show that the gradient of this
function does not equal zero everywhere on the surface (12). Assume there
exists a point % on (12) such that

o(T: R
grad [T (z°)] =0 = (2) (%) =0, j=T1,7r
8xj
0
o U _ et =TT
Vnp; Vipe ’

We can rewrite the last r equations in the form:
1o, 1 1 1 0
Vvipt | Vnpri Vnpria e Vnpri1 1
1 B ESNERS W 1 0

\/EPT-H \/ﬁp2 \/EPH—I T \/ﬁpr-‘rl 2 — O
i : R A
VNprg1 VNprg1 O Vope D Vpe /O NTT
c

To within a constant the matrix of this system is the inverse for the covariance
matrix 2. The inverse exists due to remark 5. Consequently, only the vector
x = (0,...,0) can serve as a solution. But, on the other hand, this point

does not belong to the surface since
Th(z") = T)(0,...,0) =0 < c.
Summarizing we have
grad [T} (x)] £ 0 (14)
on the whole surface (12).
Applying theorem 5 to the map T we obtain the statement of the current

lemma.
End of proof. n

12



Now let us define the maximum section of the set B in the direction

of the axis Ox; from the condition g% = 0. It determines a plane in an

r-dimensional space. For T} (z):

+ ) =—+
— Di Pr+1 Oy b1 Pr+1

"L a2 cedx)? 9Ty 2 2
ZI_Z (x1 4+ 2,) 1 Ty (@14 +1,) = 0.

Similarly for T)(x):

A1 A+1
L T+t x, _
o) = 5T (Z“ (1+55) 1]+ [(“m) ‘1D‘
A+1 A+1
. x1+...+1~7‘
A(A+1 < Hzp’( > +p’"“<1 N ) )
A RY
bt
OT\(x) 2n (1 + fm) (1 VNpria )

ori N T =0,

from whence we obtain a condition

(1+ ) )* B (1 T1+ - +xT)A

\/ﬁpl \/_ NPr41
which, accounting for the non-negativeness of the expressions in the power
base, gives

ﬂ + T + . + X,
h Pria
i. e. the same plane as in the case of the chi-squared statistic.

=0, (15)

Remark 8 When A\ = 0,—1, this plane is obtained via proceeding to the
limit with regard to .

Since 9*T'(x)/ dx? > 0 holds everywhere, from lemma 4 at the intersec-
tion of plane (15) with the manifold 9B* we have a single maximum section.
We now find the intersection of this plane with the prelimiting and limiting

13



sets. For B! we get

e P1+ Pry1 (@2t ot a)
2
Gt *Zzipz ++p)<1_—> e
(2t ety ((Pl +p11?r+1)2 " (p1 ‘]:‘T;j+1)2> " T2 %22 —C
ﬁ(ajg—k-“—#ib})z—l—gg_c- (16)

Remark 9. We would have obtained the same result if we had extracted
the first coordinate from the equation Ti(x) = ¢, which in this case turns
into a quadratic one. The domain of the unrestrained variables (xs, ..., x,)
in this case is determined by the non-negativeness of the discriminant and
coincides with the interior of the domain defined by the quadratic form (16).

For the set B, the projection of the maximum section to the plane x; = 0,
in accordance with the aforesaid, can be expressed in the form

)\()\+ ( >)\+1 < Lo 4+, ))\—H
2n Zp n Vn(p1 4 prg1)

_ At
+p+1<1_$2+ + i, — P (1 + +:cr)> |

\/ﬁpr+1

Interestingly, we could express the fourth item in the right-hand side of the
last equality in the same form as the third, and then add the two. We thus
obtain the following for the prelimiting set:

Yot A+1 Foega )\
00 1 (1) s (- 22

Vn(p1 + pry1)
It luminously holds that

(17)

Proposition 1. The equation (17) can be expressed in the form Ty(x') =
c, where ¥’ = (xa,...,2,), Py = Day...D. = Dr, Doy = D1+ Pri1- The
corresponding limiting equation will obviously be Ty (za, ..., x,) = ¢, with the
same set of probabilities as above.

14



This corollary means that the projection of the maximum section of the
set B* to the » — 1-dimensional space of variables is the same set B*, but
which has a different set of probabilities and independent variables, as well
as is one point "less dimensional”.

Now the time has come to introduce a complementary notation

Notation.
. 1 "L a2 a
Bl —— (o4 ... +x,)+ ) L<e— —,
! P1+pr+1( ) ;Pz‘ Vn

where a is a constant. Analogously, we define B}, > 2.

Lemma 6.

a(r —1 1

Proof. Obviously, the mapping

Y = — Ty 1= 2,7
c=

converts the set B} into the following set

T

v et Aty
Di P1+ Dry1

<c.
i=2

At that the Jacobian of the map comes in the form

=0 0 0
0 C% 0 0 _a r—1
T = | Y v
c— 9 C
0 0 Cﬁ 0
0 0 0 C_cﬁ

1

(o) -t

Now what the lemma states follows from the representation of volume as an
integral with regard to variables (zs,...,x,) and the rule of the change of
variables in an integral. O

15



Lemma 7.

1 1 n

Proof. In [9] it is shown that

Vi = Vi [1+ 5 € [(A—1)%[55 — 3k — 6k + 4] —

(k+1)n

k

3
3= 1)A—2)S—2k+1}]+ 0 (n_5> S=3pt.

j=1
Nevertheless, from proposition 1 we know that the set B* is self-similar in
the sense that the projection of its maximum section with respect to any
coordinate equals the set B* taken with the dimension of one unit lower.

Therefore
c

24(r+1)n

—3(/\—1)(A—2)[S—2T+1]}]+O<n_%> ,S:ZT:Z%.

Vi = Vi - [1+ {(A—=1)%[5S — 3r% — 6r + 4]—

]

Lemma 8. There ezists such a constant a = a(\, p,c), that beginning with
some ng

- . a(lr —1 1

Proof. We choose the constant a in the way that the set B% is a subset of
B} Let (x,...,z,) belong to Bi, and p’ = (ps, 3, - .., Pr, P1 + Pre1). Then

T (2s,...,2,) < c— (19)

a
V'
where TP ' is the statistic T taken for the set of probabilities p’ and variables
(xg,...,2,). On the other hand,

i AN=1z
Tf’(:cz,...,:vr):Tf’(xg,...,x,ﬂ)+z—{l+




Substituting inequality (19) we obtain a new inequality of the form

' a 1
T/\<I27"'7 )<C__+Z 3\/_]91 (ﬁ)g

<o umformly bounded | <

()\p,) l a=c ¢, Vn c
<c— \/_ —Jn +O(n)<[ 2+ 1] <c, ¥n = N(A p,c)

So we can assert that Bl C B;. Then

V<B{\\Bll) ZVB?—VB%:[lemma6and7]:

]

Now let us estimate the number of lattice points in the difference of theese
two sets (in the space of dimensionality r — 1).

Nipa = Npy = Ny =
r—1

=n? -(VB%—VB%>+04”—O( >+0( ).

The last equality is proven in the following lemma

Lemma 9.
r—2

a, =o(n 2 )

Proof. For r = 3 the estimate of the error «,, follows from Huxley’s theorem,
and for greater r it follows from Hlawka’s theorem. Indeed, the applicability
of these theorems to B; is obvious, and for B* it follows

1. from [12] (when r = 3), and
=0 <n73> = o(v/n);

2. from statement 2 proven in the second part of the present paper (for
any r > 3), and
=0 ( 2+%> .

In view of the aforesaid, we obtain a summary lemma

Lemma 10.

Ny =0 (%) (20)

17



2.3 The transformation of .J, representation into a sim-
plified form

We will prove theorem 4, if we express Jo in the form (11). Consider one
item of the embracing sum with respect to [ in representation (4).

(r—1+41)
n_ = 2 E e E
xl+1€Ll+1 €Ly

{/ ... /XBZA ($)[Sl(\/ﬁxl + npl)qﬁ(m)]ill(é?) dry, -+ ,dri_q
(21)

Having expanded the indicator function into a sum of indicator functions
Xprngr + Xppap, we will split it into two parts. Three cases are possible for
the part that comprises the indicator over the difference of sets.

1. I = 1. The expression (21) consists only of the following sums:

nTE Y Y g (@)[Si(Vim + np)é(@)] )

r2€Lo Tr€Ly

It has the order O (%) because the number of lattice points in the

2

difference B} \ B}, according to lemma 10, has the order O (n%>

2.1 = r. The integration is carried out over the set B} \ B! with

the Lebesgue measure O (n_%>, which, together with the coefficient

n_“f;rl), results in the final order of O (%)

3. General case: | =t, 1 <t < r. Here not only summation but also
integration has to be carried out. After the integration with respect to
variables 1, ..., 2, follows the summation of the value O(1) over the
lattice with respect to coordinates x;y1, ..., x,. In this summation only
those points of the lattice are taken that belong to B;‘lth \ B;lxt

Due to the property of self-similarity (see proposition 1), we can sequen-

tially fix the coordinates x1,...,x; and prove that the two obtained

sets have the same structure as their predecessors. Consequently, in

line with lemma 10 the number of points of a corresponding lattice of
dimension r — ¢ in the difference set equals O (nr_§_1> . Providing for

the coefficient before the item we obtain a part in J; of the order O (%)
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Let us further address to the other item. We transform the expression

[S1(Vnzy + np) ()5 (22)

in the following way

Sy (Vibu(a®) + np) (B0 ("), 27) — G(B(a*), 2")) + d[Sy(Vbu(a*) + npr)—
—Su(Vi () + npn)] — S (Vih(a®) + np) (G(u(a), 2%) — S(A), 2)),

where 6(z*) and A(z*) are analogues of 6;(x*) and A\ (z*) for Bl. At that
d = ¢(0(z"),2") = p(A(z"), 2%).

Remark 10. Applying Lagrange’s theorem to the function ¢ in the first and
the hindmost part of the expression obtained, we could reduce the problem
of the estimation of their orders to the estimation of the rate of uniform
convergence of the roots 6;(z*) and \(z*) (on the set B} N B}). Indeed, the
following holds

Theorem 6. On the set BN Bll the following uniform estimates hold:

a) — 0a)] < 7. )~ 2@ <

n

ilQ

Proof. See appendix. m

However, if this is the case, then the residual O (n_i> results in the error

of O <n_%> in the aggregate representation for J, after the summation over

all lattice points, belonging to B} N B} = B}. This error turns out to be the
leading term in J5 for all » > 3 if we use Hlawka’s result, which is not helpful
for proving the main theorem of the paper.

Let us change our method and utilize remark 3.

Theorem 7. Expression (22) will take the form

d[Sl(\/EGl(x*) +np;) — 51(\/5)\1@*) +np)]+ O ( %)

Proof. We have

Q2 7) 11x1+QZﬂljx1xj+ZZQ ;%

=2 j=1
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(601 (x), ") = $(0(a"), 2)] = ——— - €72 Zima i A

w e~ 3 @02 T, 07 0an)e) _ @042 T, 9706 )|

< [ Lipschitz property of the exponent | <

<L (fo(@f(m*) — 0*(z%)) + 22 Qi_jl(ﬁl(x*) — Q(x*))xj> =0 (%) )

It is possible to estimate the last expression using the relationship derived
from lemma 2,

(', 2)| (0.0

=c, (7' (n,2)7,2)|(0(@) .0 = C
1 -1 _
Q; (n,x) — Q; =

I
O(n™2).

NI

]

If we summate the error obtained through the theorem over the lattice
points in the set B} N B} (integrate in the appropriate case) and multi-
ply by a corresponding coefficient, we will obtain O(n™') in the aggregate
representation for Js.

Now it can be seen that the principal part of J; is a sum-integral of the

form
(r—i+1)
n- 2 E e E
Ti41€L141 ZrELy

[/ . '/XBZA Nxp(x)[d- St (vna + npl)]?\ll((z?) day,-- - dry

Rewriting it as a difference through the use of indicators x B and x BMB! and
attributing the sum-integral over the difference of sets to the error, we have

_(r=i+1)
2 . e

" Z$l+1€l¥l+l Z-TTGLT
{/ S \/XBZA($)[CZ - S1(vnx + npl)]?\’l((f;)) dry, -+ dzi | +O0(n)

Finally, we apply the reasoning on p. 1571-1572, [1] for the chi-squared
statistic to the principal part of the last expression and obtain the item .J,
in the form

Jo= (N —niV) i/ (e [ p)t+0 (). (23)

J=

Thus, we obtain the simplified version of J;. End of the first part.
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3 Applicability of Hlawka’s theorem to the
sequence B*(n)

On the next step we aim at the estimation of
N> —nzV?,

taken from (23). To do this we investigate geometric properties of the set
B

3.1 Convexity of B*

Lemma 11. Let a function f(z) be defined and have two derivatives on
a convex set (). Then the function s strictly convex on @ if the second
differential d° f of this function at all points Q is a positively defined quadratic
form.

Proof. See [7], chapter 14, §7, lemma 2. ]

Lemma 12. The function Ty(x) defined by formula (2) is strictly convex on
the set

Q={x: z;>—/np;, j=1,r, 11+ ...+ 2, < V/np41}. (24)

Proof. The idea of the proof is due to Zh.Assylbekov. The set @) is convex
since it is an open r-dimensional pyramid. We compute second-order partial
derivatives of the function 7)(x):

02(T 2 S\ 2 b\ M .
_(;):_(1+ ’ > + (1——x1+ +x> ,i1=1,7, (25)
Ox; Di Vi Dr41 Vnpri1

2 A—1
3%8%’ Pri1 \/ﬁprﬂ

All the above-mentioned derivatives are continuous on (), that’s why the func-

tion T)(x) is two times differentiable on @). Due to lemma 11 the statement

of the current lemma will be proven if we show that d*(7) is a positively

defined quadratic form. To do this it is sufficient to prove that leading prin-
(1)
Ga:iaij
Sylvester’s criterion. We then make use of induction with respect to [:

1. I=1.

cipal minors A;, [ = 1,7 of the matrix A = ( ) are positive and use

O*(Ty)

2
Oxy

Al = >0 (27)
due to (25) and (13).
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2. Let A;_; > 0. We denote

2 T, Al
=2 (14 " ) T 28
92 A
b= (1 — u> ' (29)
Dr+1 VP41

Observe that a; > 0, b > 0 due to (13). It follows from (25) and (26)
that the matrix A can be rewritten in the form:

a1+b b b
b as+b ... b
: 2: .. : ’ (30)
b b ... a,+b
and, consequently,
a1+b b b
b CL2+b b
A = , ) _ ] = { from the property of
b b .oa+b
a;+0 b .. b a;+b b ...b
‘ b a+b ... b b a+b ... b
a determinant} = | | , _ A+ . R
0 0 oo b b ... b
A By
(31)

Conducting the decomposition of the determinant A; with respect to
the last row, we obtain:

A=A >0 (32)

due to the induction assumption. Subtracting from the first (I — 1)
rows the [th row, we obtain in the determinant B;:

aq 0O ... 0
0 Ao ... 0

Bl = | . . . Ll =a1aq ... al,lb > 0. (33)
b b b

22



From (31), (32), and (33) we infer that

Al>0.

End of proof. Il
Lemma 13. The set B* is strictly convex.

Proof. The idea of the proof is due to Zh.Assylbekov. See also Lemma 5 in
[12].

We fix some x; € B, &z € B}, t € [0,1]. Then Ty(x1) < ¢, Th(x2) < c.
Due to lemma 12 the function T)(z) is strictly convex on Q). Therefore,

)+ t(Ta(x2) — Ta(21)) =
1 —t)Th(x1) + tTh(x2) < (1 —t)c+te=c.

Consequently, 1 +t(xe—x1) € B*. Repeating this reasoning for an arbitrary
pair of points &7 and x5 taken from the boundary of the set B* (i.e. for such
x1 and x, that T)\(x1) = ¢, Th(x2) = ¢), we prove the strict convexity of the
set. End of proof. O

3.2 Sufficient conditions for the applicability
of Hlawka’s theorem

Recall that N* is the number of lattice pomts in L that fall into the set B*.
Since the lattice L has a step equal to n™ 2 we can regard N* as the number
of integer points in the set derived from the set B* by a linear extension with
the factor \/n. Thus, in terms of theorem 2 we can consider the linear factor
M = /n.

For a start we will show that the condition on the <canonical> mapping
can be excluded from those conditions of theorem 2 that require our con-
sideration. The mapping is from R" to R", and it maps each vector u on
the unit sphere to a vector x(u) € B*(n) such that the unit normal to the
surface at this point equals u. Obviously, the vector &(u) defined in such a
way is equal to the support vector of the set B*(c) in the direction u. We can
assume that all the set is parameterized by points of a unit sphere. At that
the mapping inverse to the <canonical> mapping moves the radius-vector of
any point on the surface into the normal vector to the surface at this point.

Since B*(c) is a strictly convex set (lemma 11), the «canonical> mapping
is one-one. Moreover, the set B*(c) is implicitly defined by a function of
class C* and, consequently, can be regarded as a level surface . Hence, it
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is possible to define a normal at a point on the surface via a normalized
gradient of the function T*(z), which in accordance with the aforesaid does
not equal zero and is infinitely smooth. As a result the inverse and initial
<canonical> mappings are infinitely differentiable in our case.

The following lemma states the requirements that should be satisfied in
order to get rid of the dependence on n in the result of theorem 2.

Lemma 14. Assume that the conditions of theorem 2 are satisfied for B(n),
and, moreover,

1. at every point of the boundary of the set its Gaussian curvature K, (u)
1s located within limits that are independent from n,u and uniformly
separated from zero with regard to these parameters:

0< Ko< Kp(u) < Ky,

2. for any u on the unit sphere the support function H,(u) of the set B(n)
is uniformly bounded with respect to n and uniformly separated from 0,
1. e.

3. Partial derivatives of H,(u) of any order have a uniform upper bound
with respect to n.

Then )
!N —nz V| <c-n2 e (34)

where the constant ¢ does not depend on n.

Proof. The proof almost verbatim reiterates the reasoning in the proof of
proposition 9 of [13]. However, we have to ensure that residual constants will
be bounded uniformly in n. To achieve it we consistently trace estimates in
Satz 1-9. Some short remarks on this process are given below.

Satz 1. Does not involve any residual terms.

Satz 2 (Hilfssatz 1). In the proof of Satz 2 Hlawka introduces additional
parametrization of the unit sphere E,, by points of another unit sphere E,, _1:

m
uy = cosv,u; =sinv - a;(j = 2), Za? =1, x =x(v).
j=2

At that all the derivatives of functions u; with respect to v are bounded. In
place of functions f and g being used in Hilfssatz 1 the functions f,(v) =
71(v), gu(v) = K,(v)-sin™ ?v-cosv, a = 0, b = 7 are taken. From
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estimates (14) — (17) in Satz 2 and the reasoning that immediately follows
we can conclude that the estimates

fi(a) < —pr <0, f1(B) = py >0,
min |f/(x)] = C; >0, max|f. (z)] = Ca(n) < Cy
latci,b—ci] [a,b]

are uniform in n. Let us go on to Hilfssatz 1. First, note the constant C' from
Hillfsatz 1 can be regarded as uniformly bounded. Moreover, since K, (u)
is the sum of all m — 1-dimensional minors of the gessian of the support
function H,(u), this curvature, together with its derivatives of all orders,
will be uniformly bounded in n. Consequently, the same will hold for g, (v).
That’s why O(e™7) in (6), Hilfssatz 1 can be deemed independent from n.
Tracing the whole proof throughout Hilfssatz 1 makes sure that the order of
errors is nowhere dependent on n. Then we trace the order of errors in Satz
2 in the same way.

Satz 3, Satz 4. All the errors can be regarded as independent from n
providing the requirements of the theorem are fulfilled.

Satz 5. In equality (3) constants C; and Cy are uniformly bounded in n.

Satz 6 - Satz 8. These sections prepare the ground for conclusions nar-
rated in Satz 9. We just continue to trace the order of errors.

Satz 9. Hlawka uses the results of previous sections of his paper. He
manipulates with the residuals, which as proven before are not dependent
on n. As a result we obtain inequalities (9), which are translated into the
following equality

m m(m* )
Oy, 1) = Vi% +0 <t72<m+11> ) , (35)

where V is the m-dimensional volume of the set B(n), v/t is the order of
linear expansion (M = /n), y is the transition vector of the set with respect
to the origin, ®(y,t) — the number of integer points in the set obtained by
the linear expansion and the transition. Putting m = r, t = n we obtain the
sought after equality (34).

O

3.3 Fulfillment of sufficient conditions for the sets B*(n)

We investigate the fulfillment of lemma-14 requirements for the sets B*(n).
First, we look at B! as the limit of the above-mentioned sets and at the same
time the simplest member of the family B*(n).

Lemma 15. The Gaussian curvature of a unit sphere in a multidimensional
space equals one at each point of its surface.
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Proof. Since the Gaussian curvature is an invariant of weight 0 (such known
absolute invariant) with respect to the group of smooth non-degenerate co-
ordinate transformations, it is sufficient to consider a unit sphere in the
multidimensional spherical system of coordinates. We have

r1 =rcosbq, (36)
Ty = 1 8in 0 cos by,

T3 = 7 sin 0 sin 05 cos 6y,

Tp_1 =rsinf#sinf,...sinb,_ocosb,_q,

T, =7rsinf;sinfy...sinf,_5sinf,_;

where 0; € [0,7),7 = 1,7 — 2, and 6,_; € [—m, 7). In the new coordinate
system the sphere has a simple representation of » = 1; such value of the
spherical radius determines an unequivocal parametrization of the sphere,
which is obtained from coordinate transformation equations.

The Gaussian curvature at any fixed point u can be calculated via a ratio
of the determinants corresponding to the second and the first forms of the
surface given on the tangent space. Utilizing a simple calculation it can
be proven that the first- form matrix I € RC=D*("=1 for the unit sphere
consisting of elements

Oox Ox
i = (557 )
00, 00,
equals the identity matrix. That is to say, [;; = 5? . Further, the second form
IT € RO=Dx=1) consists of elements

0’z ox On

where n is an <outward-looking> unit normal vector to the surface at the
given point. The obvious geometrical fact that « is orthogonal to each vector
ggz can be verified by calculating the corresponding scalar product in terms of
the spherical parametrization & = a(8). Since for the unit sphere ||z|| = 1,

we conclude that the system of vectors

ox
861 i=1r—-1,T

is orthonormal. Therefore, the normal

9 8 9
o [55 X go0 X --- X 5] (37)
=0 B )
\[8—5”1><6—5”2><...>< 8931]\
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should be equal to the spherical radius-vector  in modulus. In order to de-
termine whether these vectors have the same orientation we consider the
determinant D( g—; i=T,r—1,&¢). Since any orthonormal system in the
multidimensional space belongs to one and only one of two classes of equiva-
lence (divided by the sign of the determinant of this system), an <outward-
looking> unit normal by definition represents the very normal vector that

complements the subsystem g—;ﬁ_ i=T,r—1 to a <right> basis; a positive sign

of D will mean that n = @, and a negative sign will result in n = —x. We
thus have
Oox Ox Ox Oox Ox ox
Di—,—,...,—— =(-1)""'xD(x,—, —, ..., —) =
(8917 892’ Y 69T717w) ( ) X (m7 601’ 6627 ) 897171)

_1\r—1
zﬁxJWhereJ: D(@y, @y, )

prr—1 D(T,91,927--'79T—1)‘

(38)

It is known that the Jacobian J of the transition from a spherical coordinate
system to a rectangular coordinate system equals

r—1
J=7r""1 H(sin 0;)" % > 0.

k=1
Hence, n = (—1)""! x . Substituting into the formula for I1;; we obtain
1I; = (=)L, 11 = (1)1, |II| = (=1)""=Y|1].

Keeping in mind that the product of two consecutive natural numbers is
always divisible by two, the Gaussian curvature should equal 1.
End of proof. O

Lemma 16. The Gaussian curvature of the set By is uniformly separated
from 0.

Proof. The proof is predicated on the fact that B; is an image of the or-
thogonal transformation (rotation) of an ellipsoid. For the Gaussian curva-
ture is not changed under orthogonal transformations of the surface, it is
sufficient to prove that the curvature is uniformly separated from 0 for a
<«standard> ellipsoid

xi | 3 x;
—2+—2+-~'+—2:1.
aj as a,

Note that such an ellipsoid can be obtained via a linear transformation of
the unit sphere. The transformation matrix

A =diag(ay,as,...,a.), y= Az, x € 51(0),
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is obviously non-degenerate.

We then look how the first form changes under a non-degenerate linear
transformation of coordinates. We first notice that the matrix [ is a Gram
matrix and therefore can be expressed in the form

I = BB, B is the matrix of vector coordinates dz/90; written in rows.

After the transformation of A these vectors for a given point become 0Ax/ 00;
A Ox/ 06;. Hence, we get

I' = (BA")(BA") = BATABT.

Since B € RU=DX" e are generally not able to decompose the determinant
of the matrix I into the product of determinants A and B. However, for a
unit sphere (g—;i, %’;) = 0], and that’s why for the ellipsoid I}, = ATAL; =
a;a;00 and |I'| = |AP|I| = |A]?.

In order to comprehend how the elements of the second form are changed
we in the first place define the notion of a normal in a multidimensional
space. In the space R™ we use the symbol [z X x5 X ... X xx] to denote an
m — k-valent tensor z, the coordinates of which in the simplest case are given
by formulae

o — E : o J1 .2 Jk
z2112---2m—k - 5]1]2---]kl112---1m_k1'1 Ty .. 'xk . (39)
Jije.--J

Herein the symbol 6y 4, s denotes £1, depending on the evenness of the

number of transpositions necessary to move the permutation of fi, fo, ..., fs
into the natural permutation. It denotes 0 if the set f1, fo, ..., fs is either not
a permutation or can not be moved into the natural permutation 1,2,...,s.

The reader should consult book [?] as a detailed source on tensor calculus

and vector products. The operations with the generalized § are explored in
book [?].

Put m =r, k=r — 1. Then from formula (39) we obtain

L L . . J1,.J2 Jr—1 _
Zi = E a1 Yy =

J1J2--Jr—1

— — U(jlvj?vnyj'rfl) "~ J1 .02 Jr—1
= § (=1 057 Gr i1 T2 - Ty

J1j2---Jgr—1

where 1, Ja, ..., jr_1 are ordered ascendingly. Noting that the coordinates
ji are changed on the set {1,2,...,r} \ {i} we come to the symbolical
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determinant (denote the j-th coordinate of the vector z; by xz) of the form

€1 €9 e €,
1 2 T
1 ml :El .. xl
_ r— 1 2 T
z=(-1) Ly Ty 0 Xy (40)
1 2 r
.TT,,1 LUT,1 l’r,1

Applying this formula to the vectors y = Ax and accounting for the diagonal
property of A, we get
z; = Hak X z;, Vi (41)
ki

0Ax __ A ox
96,;00; — *196,00,°
set we have

for the elements of the second form of the transformed

Since

or N’ d |IN|
Il =(A——r, —) = Il X —-. 42
ij ( 891'(96’]-7 |N’|) ]Hak X Lli; X IN'| (42)

Herein we use N, N’ to denote vector products of tangent vectors to the ini-
tial and transformed surfaces respectively. Further, for an arbitrary smooth
r — 1-dimensional manifold we prove the following equality:

IN|? = det(I). (43)

To accomplish this we make use of the index notation for sums which is
explained in detail, for instance, in [?]. From the definition of the vector
product

2 ro|2 1 r—1|2
) 7 Ly Ly Ly
IN|"=1].........o .. do =
r 1 r—1
Tr1 Tr_1 Tr_1 Lp_1

r—1
- 2 : 11 ,..12 r—1\2 __
- (6’i1i2...’ir_1i X xl $2 e xr—l) -
=1

_ 5. .. L 01,91 02 .02 Ir—1_Jr—1
= Oiyigeciip—1i X Ojjo..jryi X T1' T TETY' .. 2, w0,

Then

_ cJ1geeJdr—1t _ cj1j2.Jr—1
Oiyig..ip—1i X Ojijocjrzi = Oipin 50 i = Oitinoin o -

Consider the set of indices (I1,ls,...,l._1) obtained from (1,2,...,r —1) by
number of transpositions needed to move the permutation (ji, ja, ..., jr—1)
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into the permutation (i, iy, ...,4,—1). When the selection 4 is fixed, we can
transpose the multipliers z7', 3?, ..., /"' in each summand in the way that
the selection of their lower indices would spell as I. For one summand we
obtain

J1J2---Jr—1 i1 41 Gp—1 _ir—1
51-”»2.__“_1 Xziwy oo g

The whole sum can be expressed in the index notation:
7 7 ir—l ir—l
6l112---l7‘71 X xllxli T Xy = 6l112-~-l7‘71 X (xh xh)(x?’ le) s (ZL’r—l, ‘/L‘lrfl) =
=det

Thus, statement (43) is proven.
We now compare (42) and (43). We get

varl

1B
Hence,
_ r—1
o LAY N
|7'] tdsx
1N\ At K 1
:KAH(—) =K = = — >0
AT AT " TAF T L2

O

Lemma 17. Assume that the manifold B has an unequivocal smooth parametriza-
tion in the spherical m-dimensional system of coordinates

xr = r(@) = (7"(9),61, R 79m—1)-

Then its first form can be written in the following way

29 oo . Or _or
Tt 562 96, 06, 901 90,1
or or 2 0 . or_or
7— | o000 003 905 00, 1 (44)
oo _or_or . 2 0%
80y 1 001 90,1 902 202,

Proof. This lemma can be proven by calculating vectors dr/d0; in the mul-
tidimensional spherical system of coordinates and then calculating their pair-
wise scalar products. O
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Lemma 18. The sets B*(n) have an unequivocal smooth parametrization in
the space R".

Proof. The proof is grounded on the implicit function theorem and the fact
that there exists a constant s independent from n such that the derivative of
T, with respect to the polar radius fulfills the inequality

O (2(0) _
or -

Indeed, expressing the statistic T in the spherical coordinate system and
introducing the aliases

1

r41 = ,bi=—, a;=b;+ a1, i=1,r,
Pr4+1 Di
we have T X
6?_7’/\ =2r(0)- f(010y...0,_1)+ O <%)
where

f(9192 e 0,_1) =ai cos? 01+ as sin? 01 cos? Oy +---

2
+ a,sin® 0y sin® 6y .. .sin% 6,_5sin?6,_1 + Z 9ij

i=1,1=1
cos 1 sin 67 cos O,
i=1,1<1l<l<r—1
cosfysinfysinfy...sinf ;1 cosby1,
_)i=1l=r—-1
Ii, i = cosfysinfqsinfy . ..sinf;_q sin b,
i>1,l=r—i
sin 0 sin% 0y . .. sin? 0;_1(cos 0;sin ;) sin B; 1 ...sinb; 1 _osin By 1,
1>1, 1<Ii<r—1

sin? 61 sin? 0y . ..sin?6;_1(cos ; sin ;) sin O; 1 . ..sin 041 cos O; ;.

Note that for the sets B*(n) the radius-vector r is uniformly separated from
0, and we only have to construct a lower estimate for f.
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Let us turn to the double argument with respect to the angle #,. Then

1 2 1-— 2
(6626 1) = ar <+C§S€1> tap <C§S91> cos 0y + ..

1-— 260
ta (C;)Sl) sin 0. ..sin0,_9sin®6,_1+

r—1 r—1
/ : 7
+ Qpi1 (1 — COS 291) X E gi7 i+l + Ar41 S11 201 X Z gl, 141
i=2 =1
=1, r—1

Herein

J B {l <r—i sin®fy...sin?60;_1(sinf; cos;)sinb; 1 ...sinb; ;1 sinb;y,
i, il =

l=7r—i sin®@y...sin%0;_1(sinb;cosb;)sinb;yy ...sinb;_ocosbiyi_1,

(45)
=1 cos B,
9l 111 =91<l<r—1 sin6,...sin6 cosb, (46)
l=r—1 sinfy...sinf;_q sin ;.

System (46) defines a unit sphere in the space of dimension r—1. It means
that all the equalities that are valid for the coordinates of such a sphere
also hold for the quantities g7, ,; (further denoted by z;,,). In particular,
(#9)? + ()" + - - + (27)” = 1.

After regrouping and applying a; = b; + a,;1 the function f can be
expressed as

b
- GTQH 1 + cos? 0y + - - - + sin® Oy sin B5 . . . sin” 6, _o sin? 9r—1) + §1+
b
<22 cos? 6y + 3 sin 205 c08% 05 + -+ + Er sin? 6, sin® ,_ sin’ HT_1> +

—1 r—:

r—1
/
Far )Y it
1=2 =1

+ cos 291[%;1 (1 —cos®fy —---

— sin? 0 sin’ 05 . . . sin 0,_o cos® 6,1 —

r—1 r—i

b b . .
-2 E E 9¢ i) 1 - <22 cos? 0y + - 2 — sin?6y .. .sin 6, _o cos> 9T_1>]+
=2 [=1

r—1
+ sin 26 (aH_l Z 9/1/,1+l> .

=1
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In the sequel we use the notation

A=zxy+ay+--+a,
B = by cos? 0y + by sin® 05 cos? 05 + ... + b, sin? O, sin? @ - - - sin® 6,_, sin 6, _;.

We note that from the definition of B it follows that
0 < min(by,b,...,b.) < B < mazx(by, by, ..., b).
To construct the final uniform in n lower estimate for the partial derivative

of the initial statistic we express the function f in terms of all the notational
elements described so far:

T B r —B .
a;1(1 + A2 0Tt +cos291(a2“(1 ~AY) ¢ blT) + 8020, Aay g >
. B
> Gl a2y 0B
2 2
(@ N g Az, =B ar o, (01— B 2,2
\/(2)(1 A% 4 S 4 (1 - AY) () + A% >
. by + B
>a’+1(1+A2)+ 1+56
2 2
2 2
e ()

We observe that in the last inequality the lower boundary is independent
from n and 6. O

Denote the scalar radius-vector of B* by 7,(0), and the radius-vector of
B! by r(6).

Lemma 19. There exists a uniform (in 6) convergence r,(0) = r(0) and
an analogous uniform convergence for partial derivatives of any order.

Proof. Without loss of generality we discuss only the three-dimensional case
when r = 2. In this case instead of the vector of parameters 8 we have only
one parameter to be named t. The proof for higher dimensions mirrors the
one below.

Let 7,(t) be the polar radius of the set B*, and r(t) be the polar radius
of the set B'. Then it can be proven that

[rn(t) = r(8)] < (47)

S0

33



Indeed, we have

Ta(ra(t),1) = ¢ = Ty (r(t), 1), Ta(r,t) = Ty(r,t) + O (%)

At that the error in the second equality is uniform in n due to the limitedness
of the domain of coordinates. We have

Ty (rn(),1) — Ta(ra(t), 1) = O (%) |

Hence, we can obtain a uniform estimate of the form:

[Ty (ra(t),8) = Ta(r(t), )] = T2 (ra(t), 1) = Ta(ra(t), )] <

B

On the other hand,

(rp(t)cost)? (rp(t)sint)® (r,(t)(cost + sint))?

Ty (ra(t),t)=Ty(r(t),t) = o - o + o —
B [(r(t) cost)? N (r(t)sint)? N (r(t)(cost + sin t))z} _
b1 b2 D3

1 1 1 1 in 2t
= {coszt (— + —) + sin® ¢ (— - —) + = } (r2(t) — (1))
pr D3 P2 D3 p3
From the previous lemma we know that the first multiplier is uniformly

lower-bounded (let us denote this multiplier by E and the corresponding
lower bound by Ej). We have

C/\v/n C/v/n (o
< < —=.
E(ra(t) +r(t)) = Eo-r(t) =~ vn
The last transition follows from the trivial non-negativeness of r,(¢) and the

existence of a uniform lower bound for r(t).
Thus, (47) is proven.

rn(t) = (8] <

We know that the derivatives of solutions 7,(t), r(t) are expressed in
terms of the derivatives of an implicit function with respect to its arguments
t and r(t). At that in the denominator we will notice the first derivative with
respect to 7 of the functionals T)(r,t),T1(r,t) to some power, for instance,

OT (rn ().0) AT (r(1),1)
L ot I at
ra(t) = = TN (D) * | (t) = - OT1(r(0).0)
or or
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From what was proven in the previous lemma

N o1 (r(t),t) > IT\(rn(t),1)
or or

In that very lemma it was virtually shown that

OTx\(r(t),t)  OTi(r(t),t) 1
or B or 0 (%) '

Similarly, we can obtain the same for the derivatives with respect to ¢:

OT\(r(t),t)  OTy(r(t),t) 1
a - a1 (%) '

AN :Vn > s> 0, > s> 0.

So it can be easily seen that

ITx(r(t),t) T (r(t),t) < 1 >

ot _ ot L
T\ (r(t),t) — OTi(r(t),t) +0 \/ﬁ

or or
Let us work out the difference 7/(t) — 7/} (¢):

0T\ (rn(t),t) OT1(r(t),t)
ot . ot
AT (1 (t),t) Ty (r(t),t)
or or
OTx (rn(t),t) Ty (r(1),) OTx(r(1),t) 0Ty (r(t),t)
_ ot . ot + ot . ot
0T\ (rn(t),t) OT\(r(t),t) OT\(r(t),t) OT1(r(t),t)

or or or or

Adding up the smoothness of the functions Ty(r,t), Ti(r,t) with respect to
the combination of their arguments, the boundedness of the domain for (r, ),
and Lagrange’s theorem, we reach the inequality

1
@) —rt|<M-|r,t)—r@®)|+0 | —=].
() = 7' (8)] < M - |ry(t) — r(2)] N
which entails the uniform convergence of the first derivatives of the polar
radius. We can prove the uniform convergence for higher-order derivatives
in absolutely the same way. Il

Corollary 1. There exists a uniform convergence in 6 of the Gaussian
curvature of B to the Gaussian curvature of B'.

Proof. The statement follows from formulae (40), (44), formulae for first- and
second-form coefficients and the fact that a determinant is a sum of products
of its elements. The structure of the Gaussian curvature in terms of the
spherical system of coordinates preserves the uniform convergence originating
from the uniform convergence of corresponding radius-vectors. m
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Corollary 2. The Gaussian curvature of the sequence B*(n) is uniformly
bounded and uniformly separated from zero mirroring the behavior of the
Gaussian curvature of the limiting ellipsoid B*.

In what follows we utilize the Hausdorfl metric that measures the distance
between two sets A and B. Recall the definition:

AC B+ 5,(0),

haus(A,B) =r <
B C A+ 5,(0).
Lemma 20. The support functions H,(¢)) of the manifolds B(n) are uni-

formly bounded and uniformly separated from 0 on a wunit sphere || =
1.

Proof. The proof consists of proving two substatements.

1. The sequence B*(n) converges in the Hausdorff metric to the lim-
iting ellipsoid B!, and there exists a positive constant d such that

haus(B*(n), B') < \/iﬁ.

2. For the support function H of the manifold B! it holds that

Providing these substatements are proven, we can take advantage of the
inequality widely known in optimal control theory

[Ha() — Hy(w)| < 6] x haus(4, B). (48)

We will thereby obtain the uniform in n estimate for the difference of the
support functions as needed.

The statement of point 2 becomes obvious if we take into account that
the ellipsoid B! includes 0 as its inner point. In this case we are able to find
a ball S,.(0) fully incorporated into B!. That is,

H() > Hg,(oy(¢) = r|Y| =7 >0

on a unit sphere. On the other hand, the upper estimate follows from the
boundedness of the ellipsoid, i. e. the possibility to insert it into a ball of
some fixed radius.

Let us prove point 1. Conducting the reasoning similar to the one in
lemma 8 we obtain that there exist such constants a; and a, independent
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from n that the sets

Bl'(xl—i—...—i—x,,)Z_'_ ! x? a,

c— —, 49
Pr+1 i—1 Pi vn 49)
2 T2
g ot F ) T4 2 (50)
Dr+1 =1 Di vn

are in the following relationships with each other

B'c B*c B". (51)

On the other hand, there exist such d > 0 that

BlCBl—i-SL(O), 81C31+Si(0).
Vn vn

(52)
Consider, for instance, the first of these relationships. In the sequel we use
the following matrix rule for sets: AB = {y = Az | x € B}. We have

. fc+ 22 1
Bl = TﬁEBl — B' ¢+ 2Ca\2/ﬁEBl +0 (—) EB!'.

n

Since B! is bounded, there exists such b > 0 that

. b
B'c B' + -%2_5.(0).
- +20\/ﬁ 1(0)

It remains to require the fulfillment of the inequality on d:

(53)

d>a2b

VT 2ey/n’

Under this requirement the right part (53) will be embedded into the right
part of (52), which is what we strive to prove.

In summary for some constant d simultaneously

B*c B'c B +5.4.(0), B' ¢ B' ¢ B+ 5.4 (0),

which proves point 1 completely.

[
We have ascertained the first two requirements of lemma 14. Now let us

check the requirement regarding partial derivatives of the support function
Hy ().
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Lemma 21. All partial derivatives of the function H, (1) are uniformly in
n upper bounded.

Proof. The uniform boundedness of first-order partial derivatives follows
from the boundedness of the set B*(c) and the equalities
OH,(¢)

o0 (1)

where x;(1)) is the i-th component of the image of the special mapping from
a unit sphere to B*(c) suggested above. The equalities hold due to general
convex body theory and are proven, for instance, in [14], p. 58.

Derivatives of second and higher orders of the function H,(¢) can be
therefore considered derivatives of the components of the vector . From
optimal control theory it is known that the vector (1)) represents a solution
of the following optimization problem

Zxﬂ/h — max, (54)
i=1

Ti(z) = c. (55)

We use Lagrange’s method to seek conditional extrema with fixed ¢ and .
Everywhere in what follows we will assume that A # 0. For the case A\ =0
the reasoning is similar. We have

L=> zuahi+ BT\ - o),
=1

oL oT) oL
=+ - =0, —=T\—c=0
om T o~ ¢
Hence we obtain a system of r + 1 non-linear equations with respect to the
dependent variables z1, ..., x,, 3 and independent variables 1, ..., ¥,.

(Fi(z1, ... 20, B0, .. 1) =0,
Fg(xl,...,mr,ﬁ,wl,...7¢T) :O,

F'I"('/’Ul7"'7$T7ﬁ7w17"'7¢7’>:()7
(T (@1,. . 20) —c=0

Herein

. Z; A ry+ -tz A 1/}1/\
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It is clearly seen that all functions of the system, together with all their
partial derivatives, are infinitely differentiable on the set B*(c). Without
loss of generality we consider partial derivatives of the dependent variables
with respect to 1;. To obtain them we differentiate all equations of the
system with respect to ¥ and in what follows we will use these equations to
simplify the reasoning and summary results. Denoting

A—1 A-1
1 . 1 i J—
a= (1_z1+x2+ +x) ,bi:—<1+ - > , 1=1,r,
Pr+1 \/ﬁprﬂ Di \/ﬁpi
(58)

A A
€T; 1 +xo+ ...+ 2, 1
=1+ ) —(1— > , L= —, 59
( } \/ﬁprJrl 26 ( )

taking into account

Vi

G = 1=1,r,

- 2/np’
and cancelling the common multiplier _Ttn)‘ out of the last (differentiated)
equation, we obtain a system of linear equations over

(91'1 3902 8@ (915 )T

y:(a—%,a—%,---,a—%,a—%

of the following form

_ax_ - —
a+ by a e a Yy g_;ﬁi —t
o atb o oa w2 |0
........................... =1 (60)
a a ceea Y| | Oz 0

oY
T I

[ 5y g

Each component of a solution to this system is a quotient of the determinant
of the matrix that is derived by substituting the right column into columns of
the coefficient matrix and the coefficient matrix determinant (name them J’
and J respectively). Higher-order partial derivative components are obtained
by differentiating the equations of system (60). Final formulae would be more
complex, but similar in structure to the simplest case of the ratio le Namely,
we get a fraction with a polynomial over J,J' and their derivatives in the
numerator and with a power of J in the denominator.
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The determinant of the coefficient matrix can be calculated by decom-
posing it into a sum of determinants.

—J(1,2,...,r) =
a a a —n by a a —n
a a-+by a —1y 0 a+ by a —gy
e R PSS
a a a+b, —1, 0 a a+b, —,
L O 0 0 P - U 0

From this recurrent relationship

—J(1,2,...,r) = — (le(2,3,...,r)+aﬁbi (%f+ r (zbl;wj)z)) |
i J

i=2 =2
(61)
_la+b =iy
T =" (62
we get
_J(1727 W)IZ%ZHZNH‘G Z (wl_wm) ku
i=1 k#i 1<I<m<r k#£l
k#m
We know that
noso 1 noso 1
a — ) bz - w? = L 63
Pr4+1 i ; ( )

Consequently, |J| is uniformly in n separated from 0.
The determinant J’ can in turn be expressed in the form (the right part
is inserted into the j-th column):

a a+ by a eea a Py
a a a+bs - a a U3
J = (=) (=DM (64)
a a a e a a+b. Y,
Y o Y Yi 0 Y 0

Note that due to (63) the determinant in the right part of the last equality
is uniformly bounded in n and .
To finalize the proof of the uniform boundedness of the partial derivatives
we equate functions F; from (57) to zero according to system (56):
vne o —

N, Vi=1,r. (65)
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Further, we slice the compact set K : Y. ¢? = 1 in the way described
below. Consider some infinitesimal ¢; > 0 and the vicinity U(e;,¢) = {9 €
K | |¢1] < e}. Put S; = U%(er, ). Within the set S¢ = U(ey, 1) we
consider another vicinity Ul(ez, ¥) = {¥ € K | |12] < €2} and denote by Sy
the intersection S NUY (ez,1). Continuing this process we can construct the
sets S1,9,,...,95,, the process being finite because at least one component
of the vector 1 is not close to zero. Since the union of all S; covers the unit
sphere K, it is sufficient to validate the uniform boundedness of the partial
derivatives on each S;, and then unite the results.

Since on S; the inequality |1;| > €; holds uniformly in n, we are able to
make use of the i-th equality in (65) and formula (59) in order to obtain

< Y < &2
A €
From this and the inequality |.JJ| > C3 > 0, proved above follows the state-
ment of the lemma. O

From what was proven above we can formulate the following summary
statement.

Proposition 2. All the conditions of lemma 14 are fulfilled for the sequence
of sets B*(n).

This is to wrap up the second part of the current paper. We now can go
on to proving the main result encapsulated in theorem 3.
4 Summarizing the point

From corollary 2 to lemma 19, lemma 20, and lemma 21 it follows that we
can apply lemma 14 to the sets B*(n). Substituting (34) into (23) we obtain
estimate (9).
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A Proof of root convergence estimate

Theorem 8. On the set B c)N\B} (c) (mentioned in remark 10) the following
uniform estimates hold:

16:(2") = 0(z")| < —, [Ala®) = Ae")] <

2
2Q

Proof. Without loss of generality consider the root 6;(z*) with [ = 1 denoted
by 0,(z*) in what follows. We have T)\(z) = Ti(x) + O (\%), therefore

T1(0,(z%),2%) + O (\%) = c. Since
1
——(1’2—|—+ZET)—|—\/5 " x2 <x2—|-.._—|—x)2
O(x*) = —2* , D=c—) = — o
@) >

1 1
o oo D1+ Dk

for 6,(z*) we obtain a similar expression:

To+...+x.)+VD,
(2, )+ rm=D+0(iJ-
__|__ \/ﬁ

p1

9n<x*> — Pk

Then it not too difficult to measure the root difference

.
u(a") = 00 = - + )w*‘¢1 -

ﬁ <
~X
x? (zat...tar)? ro a? (zo+...4z7)? 1
\/C B ZZ 2pi ) P1+pk T Zi:Q pi 2P1+Pk +0 <\/_ﬁ>
< [ we reside on the set Bl(c), see definition in section 2] <
< <
< v < i _ 0 n_i>
a a 1 Ln
W + Tn +0 <\/—ﬁ> Vvn
End of proof. O]
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B Obtaining a lower estimate for the func-
tional T)(x)

Lemma 22. There exist positive coefficients
a1 (N, p),az(\,p),...,ar(\, p) and positive constants ci,ca, ..., ¢ such that

2 2
T/\< ) @1$1+a2x2+---+akxk—cl—02_..._Ck_

Proof. From remark 1 we have

Zk;pj <(1 ! ﬁ@)m - 1)] AE{01} (66)
sl eds)

T i (x) = —QHZpJ In (1 + \/_pj) (68)

j=1

T,\(az

B 2n
)= AA+1)

Case A\ ¢ {—1,0}. Let us consider a fuction of one variable

2np £ \ M1
f<“’>:m—+1>((”%) ‘1> (69)

It is defined for all z € D = (—+/np, v/n(1 — p)), which follows from inequal-
ities L
Vi=1,k x; > —v/npi, o1+ 22+ + x5 < V/npy,

leading to inequalities

A
P =20 (14 L) () — s (10
A—1

Fla) =2 (1 + %) L f"(x) > 0 VA, (71)

L . |

. _ AO+1) )
zlin\}ﬁpf(x) {+oo, A< —1; 72)

. B 1 2np
. fle) = (p*“ N 1) AA+1) (73)
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We seek a function of the form

U(r) =ar’* +br —c:c>0, a=a(\p) >0, b=>b\n), (74)
fz) 2 ¥(z), Vo € (—=vnp,v/n(l —p)), Vn. (75)

From the analysis for f(z) it follows that the search for ¥ (x) splits into two
cases: in the first one where A > 0 the initial function strictly increases on the
whole segment whereas in the second one where A\ < 0 it strictly decreases in
the same manner. In the sequel, for simplicity we will be dealing with both
cases simultaneously

Given the strict convexity of f(z) we can formulate sufficient conditions
for the function W(x) in the form:

~

53
~—

U(0)=—c, ¢>0

_ _—2np_
when A\ > 0 b) W(=vinp) < A(A+1)
c) 0<VU'(zx)< fl(z), zeRTND, Vn
' :
\d) U (z) > 0;
() T(0)=—¢, ¢>0
—2n
when \ < 0 b) ¥(vn(l-p)) < oSy (1 B PAl“)

@]
~

0>V'(z)> f'(z), re R-ND, Vn
U (z) > 0.

(o
N

We conduct further argumentation as follows. Inequalities ¥'(z) > 0, ¥"(x) >
0 define a convex quadratic trinomial, whose apex is located to the left of 0
when A > 0 and to the right of 0 when A < 0. From type-a) conditions we can
determine the constant term of the quadratic trinomial. It is an infinitesimal
number. Since the decomposition of f/(x) in the Taylor series when A # 0

has the form 2\/_ ) D) )
T AL T Ay

from ¢) we can conclude that b(n) < %ﬁ when A > 0 (b(n) > %ﬁ when
A < 0). Condition ¢) can in turn be rewritten as

sign(A)¢(z) = sign(N)(f'(z) — ¢/(x)) > 0, Yz € RN N D,
and for its fulfillment we stipulate that
6(0) > 0, ¢'(2) = (f"(x) — ¥/(x)) > 0 Va € RV A D,

The first of the conditions is already fulfilled due to previously imposed
restrictions on b(n). The second one is equivalent to the non-negativeness of
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the minimum of ¢'(x) on the given domain z € R¥8*» N D. At that in case
A < 0 we consider the minimum on the whole D for simplicity. We obtain
the following conditions on a(\, p):

1 1
when A > 1a < —, When/\<1a<—/\.
p

p
Let us see what condition b) gives us. We have the inequality on b(n):
2\/n c
b(n) > — , when A >0
(n) = av/np + O+ 1) Vip when

b(n) < —=—— —av/n(l —p) - 20 (1 - p>\1+1> -

VA7) O 7)
R i
IR I TP e T,

and can require neglecting the minute c¢ that

2 1 A
b(n) > \/ﬁ( —i—ap),when)\>0

» r1 T2

2\/n 1—pM! aX(1 —p)
b(n) < - , wh |
<Xt - T ) e <o

Comparing in each of the two cases lower and upper estimates for b(n), we
can come to a conclusion that the necessary b(n) exists if and only if the
following additional inequalities hold a(A, p):

2 1 2
<—|1- = , when A > 0;
“ p)\( )\—l-l) p(A+1) when A =
2
<
ST DR (- pp

Now we can summarize and give the inequalities sufficient for the fulfill-
ment of conditions a)-c) for each fixed .

(1—p* = Ap* + ™) = 0(p,\), when X < 0.

for A\ > 1,

) 5 N 2vn [ 1 apA
<-, a< ; b(n) < ——, b(n) > —— | =+ 5|
CS Sy S Ty > <A+1+ 2>

for A € (0,1] ,

1 9 2/n 2y/n 1 apA
< -, < ,0 <— b Z y a1 2 )
S S paen S T = <A+1 2>

for A <0,
| 2/ 2/n (_1-pM aA1-p)
<, a<0(p, ), b(n) > =—, b(n) <
a< 5 @< 0pA), b(n) = ==, bn) < =3 <(>\+1)(1—p)pA 2



We put b(n) = %ﬁ For a per each A we choose the stronger of the two in-
equalities and set a equal to the value that turns this inequality into an

equality. Obviously, when A € (0,1), we have —2— > 2. Moreover,

p(A+1) P
O(p,\) > p—& when A\ < 0. Indeed, the comparison of the last two values
is equivalent to the comparison of 0 with Q(p) = 2(1 — p* — Ap* + M) —
AN +1)(1 —p)? At that

, ) =00, A€ (-1,0),
Jim Q(p) = {oo, A< —1 (76)
Q(1) =0, Q'(p) =22(A+1)(1 —p)(1 —p"), (77)

so that Q(p) is positive when A < —1 and negative when A\ € (—1,0).
Ultimately, we obtain

2
o AL
ap)={ Lk Ae(1] (78)
= A <0;
p
) = 2V (79)
U(x) = a(\, p)x® +b(\,n)z — c. (80)

Case A\ = —1. In this case

f(a) = —2np In (1 + %) L f(0)=0

—2/n

n<0
v

i 2

f(r) = ———=5>0,

p(1+ )

It follows that we can act in accordance with the algorithm for A < 0. At

that b(\,n) = —2y/n, and

f'(x) =

1 2 1
a= min(/\limlﬁ(p, A), /\lim —;) = min( (1 + b np) ,p) = p-
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Case A = 0. In this case

f@):%duﬁ)m(uﬁ), fO)=0, lim_ f(x)=

f'(x) =2vn (m (1 + ﬁ) )
fi(a) = —

— >0,
P+

AVt =p) = 2010

The function f(z), unlike in previously considered situations, has an interior
extremum (miminum) on D at the point x = \/n; 10(l — 1), which is equal to
=2%  Due to the decomposition of the derivative f'(z) we can take b(n) =

2\/_ Let us consider the difference

Z(x) = f(z) - V().
With given b(n)

Z'(z) = 2v/nln (1 + %) — 2az, Z'(0) =0

We require that a < 1. Then the second derivative Z”(x) will be positive
when z € (—y/np, v/n(1 — p)) making the first one increase on this interval.
Consequently, the extremum (0, Z(0)) will function as the single minimum.
In that Z(0) = ¢ >0, Z(x) > 0 holds on D. Making a = 1 we obtain

U(z) =2° + 2¢/nx —c.

Summary A € R.

. _ }%ﬂ), A€ [1,00),
(A p) = {pi e (—o0.1): (81)
Who N4
b\, n) = {21/5 ‘L (82)
U(z) = a(\, p)x* + b\, n)z — c. (83)

We recall that the above-mentioned lower-bound polynomials are found
for each pair (x;,p;), i« = 1,k. To obtain an aggregated below estimate
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it remains to sum over ¢ taking into account that the dependence on n is
encapsulated in the coefficient b(\, n), which is not dependent on i. Therefore

Z b(A,n)x; = b(A\,n) Zmz = 0.

End of proof for the lemma. O]
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